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the many-body problem
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the many-body problem

(atomic units: Appendix A)

Born-Oppenheimer Ansatz

VU({ri}, {Ra}) = ¥({ri}; {Ra})2({Ra})

[ H({ri}; {Ra}) = c({Ra})V({r:}; {Ra)), electrons

H,9({R,}) = E?({R.}), lattice
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electrons and lattice

electronic Hamiltonian
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lattice Hamiltonian
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If we know the crystal structure we can concentrate on electrons
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a single iron atom

26 electrons, 78 arguments, 1078 values
10 X 10 X 10 grid
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density-functional theory
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Kohn-Sham Hamiltonian
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Walter Kohn understand and predict properties
of solids, molecules, biological

Kohn-Sham equations




strongly correlated systems
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example: Mott insulators metallic in LDA, GGA,..



strongly correlated systems

(hydrogen-like atom: Appendix B)




an example: KCuF3

K* Cu?* F-

K4s0 Cu 3d® - 2pf

odd number of electrons




energy (eV)
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LDA band structure
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partially filled d-like bands, metallic

in reality: insulator, paramagnetic for T>40 K

K4s Cu 4s

Cu 3d

F 2p

LDA,GGA,...



back to the many-body problem
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many-body models
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LDA localized Wannier functions



many-body models

second quantization

TLDA __ S \ S R T
H Jtnn mo zna’

o ’L’I’L’LTL

./ —

tile = = [ (1) + () ).

r;,n’ — _tni,n’ — /d’l" wina(r) [_§v2 +UR(T)] win%(r)



many-body models
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A long range Hartree and mean-field exchange-correlation
already are well described by LDA (GGA,..)



light and heavy electrons

electrons
00 light (weakly correlated): LDA (GGA,..)
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heavy(strongly correlated): U @ ©
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eg. I shell

Ul — HL short-range correction to LDA

local or almost local

for a /| shell, the local Coulomb interaction is
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screening? cRPA, cLDA



model for eq bands
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energy (eV)
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dynamical mean-field theory

dynamics captured self-energy local
exact in infinite dimensions

Metzner and Vollhardt, PRL 62, 324 (1989); Georges and Kotliar, PRB 45, 6479 (1992)



LDA+DMFT

Trial effective
mode}

more details in chapter 6, The LDA+DMFT Approach, last year book



energy (eV)

® ® A MDD O N A~ O ©

LDA+DMFT. KCuFs3




let us suppose we have no computers...

H, = H""* + 7 — Hpe.
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the basis set



atomic functions

r/lag

= R, (p)Ylm(Q, qb) (hydrogen-like atom: Appendix B)
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Laguerre polynomials



real harmonics

S =Yoo =Yy = \/g

Py = Y1-1 = \%(Yf + Y1) = \/g y/r

P- =y1p =Yy = \/g z/r

Pa =y = (Y =Y = \/g x/r

oy == 07 -VE) = /By
PO v TRy - e

dyr y2 = g = Y = Bk (32— 7))
Ay = Y21 = %(Yf —Y?%) = % rz /1

doryp =y = (V5 +Y%) =4/525 @ —y)/r°



atomic functions
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group theory



group

A group G is a set of elements { g; } plus an operation, x, which satisfy the following conditions

{9}} @ 9 %  operation

1. G is closed under group multiplication, i.e., g; x g, = gx € G Vg;, g; € G
2. the associative law holds, i.e., g; x (9; * gr) = (9i * 9;) * g Vi, 9;, g € G

3. there is an identity element e € GG, suchthat g, xe = exg;, = g; Vg; € G

4. there is an inverse element g; ' € G toeach g; € G,suchthat g;xg; ' = g; ' xg; = ¢
. O % O =0 2. @ * @)k O =@ % (@ * O)
3. @ w O =@ 4. @ * @ = O



one-to-one correspondence

G =19} G'={0(9)}

abstract group group of symmetry operators
defined by some algebra

+ linear space

representation of the
abstract group



matrix representations

example: group of rotations in 2D

G =g}

g:Rw%%Mw%:<mw —mw>

sin 6 cos 6

¥ =axzcosh — ysinb,

y' = ysinf + xcosb.

abstract group group of matrices linear space

SO(2) orthogonal 2X2 with det=1 (X,y)



representations

basis transformations

BAB ' = A

character

x(gi) = Tr I'(g;)

reducible representation

_( In(g) O
I'(g;) = ( Og y(g;) > Vg, € G

iIrreducible representation



characters & orthogonality

orthogonality relations

Z[le (gi)]*ij (g’t) — Z Ny [le (Ck)]*XJé (Ck) — h5j1,j2
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decomposition formula

X(90) = > aix;(9:),
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classes

gx *g; % 9X1

7
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table of characters

Cgv E 203 30’v
trivialrep 7 | 1 1 1
Iy |1 1 -1
Iz | 2 -1 0




partners for the irr reps

C;i|E I
Iyl 1 1 S,XY,XZ,yZ, X%-y?, 3z2-r?
FQ 1 -1 X,y,z

~d L

Pii=2 [17(9)] O) f(x) > [f(x)+f(-x)]/2 K

fi(r) = P f(r) f(x) - > [F(x)+(x)]/2 2



point group operations

I, the 1dentity
C',, a rotation by an angle 27 /n; in a crystal, n can only take the values n = 2, 3,4, 6
o reflection 1n a plane, classified as

— oy, reflection through a plane perpendicular to the axis of highest rotation symmetry,
called principal axis

- 0,, reflection through a plane to which the principal axis belongs

— 04, reflection through a plane to which the principal axis belongs, and bisecting the
angle between the two-fold axes perpendicular to the principal axis.

S, = o, ®C,, improper rotation of an angle 27 /n; in a crystal, n can only take the values
n = 3,4,0.

I = S5, the inversion.



functions and operators

H' =0(g)HO(g™").

group of H

H=H
O(g)Hip(r) = O(g)ejib(r) = £;0(g)vo(r) = HO(g)v(r).



free atom

spherical potential rotationally invariant, O(3) or more

eigenvalues: n
eigenvectors: n,I,m

Xy yz 3z2-r2



basis

identity E

rotation

Inversion

reflection

iImproper rotation

OB)| E

21+1-dim irr reps
wnlm(p7 (97 ¢) — Rnl(p)yrfz(ea Cb)
X'(E) =2l +1

O(Ca)YL(0.6) = Y (0,6 — a) = ™Y} (0, ).

l . 1
o osin(l + 3)a
XZ(O‘) — E : € — .

c
Sin
m=—I 2

X' (on) = (=1)
sin(l + ) (a +
Sa =1® Ooz—l—w XZ(SOA) — (_1)l ( . 20)6—(|-7T 7T)
S111 5
I Sa Y

' 1 20+1 sin(l+3)a/sing (=120 +1) (—1)'sin(l+ 3)(a+7)/sinE  (—1)



from atoms to materials:
the crystal field



perovskite structure ABC3

3C4 4Cs3

rotations (group O)

Ca

perovskite: group On=0&®C,;
it is the symmetry group of the cube



crystal-field theory
how do d levels split at the Cu site?

point charge model

() = 32y = o)+ 2 gy = ) )

crystal field

6C->




cubic perovskite

point charge model: Fs octahedron

39 3 3
Voct (T") = Zz_(; (x4 + gyt 4+ 2t — 57“4) =D (:1:4 + oyt 4+ 2 — 57“4) .

m=-2 m=-1 m=0 m=1 m=2

/ Dqg O 0 0 5Dq \
0 —4Dg 0 0 0
Hep = 0 0 6Dq O 0
0 0 0  —4Dq 0

\ 5Dq 0 0 0 Dg )

Vnim(p, 0, Qb) — Rnl(p)Ylm(ev ?)

atomic functions



atomic d orbitals




crystal field and group theory

E C, I Sa

20+1 sin(l+3)a/sing (=120 +1) (=1)'sin(l+ 3)(a+ m)/sin

Op =0 ® C

O |E 8C5; 3C,; 6C, 6C4
1 1 1 1
0 —1 -1 1

—1 1 I -1
I -1 -1 -1
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crystal field and group theory

O E 803 302 602 604
11 1 1 1 1 X(9:) = D ajx;(9i),
7P| 3 o —1 -1 1 1 J i}
il 5 —1 1 1 —1 aj = E ;Nkb{](ckﬂ X(Ck)
rr{ 1 -1 -1 -1
O | E 8C5 30, 6Cy, 6C,
(2 +y*+2%) A |1 1 1 1 1 .

A1 1 1 -1 -1 7 = a

(2 —9y*32*°—=r*) E |2 -1 2 0 0 I’ = t

(x,y, 2) T, | 3 0o -1 -1 1 I = et
(xy, xz,y2) 13 0 -1 1 -1 o= a@t ol




cubic crystal-field
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“Wannier functions”




from atoms to materials:
the tight-binding method



hydrogen molecular ion

~ 1 1 1
he(r) = —§V2 _

L |
r— Ri| |r— R, = —§V2+U(’P —Ry) +ou(r— Ry) = —§V2 + vgp(r).

basis: s functions




hydrogen molecular ion

Ae V. 1 S
-0 1s SSO .
H6130+<Vssa A€1s> O(S 1)

Aey, = /d'r 1s(r — Ry) [vr(r) —v(r — Ry)|Yis(r — R,), a=1,2
‘/ssa — /d’l" ¢1s("° o RQ)U(T‘ o Ra)wls(r o Ra’), @ 7& CV/
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hydrogen molecular ion
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crystal
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Bloch functions
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(Vi (F) [P 455 (K)), Hamiltonian
Om’,mxk) = (U (R) [ (R)). Overlap



crystal
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two-center integrals

o ffi




two-center integrals
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two-center integrals

o ffi




cubic perovskite

Cu d bands

s
AN

F p bands
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tight-binding model
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Slater integrals: Appendix B
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cubic perovskite, eg bands
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cubic perovskite, tog bands
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cubic perovskite
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group theory and periodic systems

e lattice translations T' = nja + nyb + n3ec, where n; are integers and a, b, c the primitive
translations that define the unit cell.

e ¢glide planes and screw axes, which are made by a point group operation R and a transla-
tion of a vector f which is a fraction of a lattice vector.

point group + translations = space groups



group of k point

effect of point group operations

O(R)t(r) = O(Ryun(r)e™® = u(R™'r)e™ ™ =y (r)ei™ ™ = ().

r-Rk =R 'r k.

group of Kk

Rk=k+ G

(same phase)
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-X or A direction

N
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? 4 | Zjﬁl%/
® §%§5k§
-8
T M X T R M
Cw |E CF 20y 2ICF 2ICY
1,37,3562—7“2 Al 1 1 1 1 1
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g2jz ; AL 1 1 -1 —1 1 I LA e A,
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p bands

9X9 reducible representation

'E 3C; 6C, 6C%, 8Cy I 3ICT 6ICy 6IC} 8ICs
rrrg -3 1 -1 0 -9 3 -1 1 0

/ N
0

N, |
g %\ z 2 ;% \
RS Sl
® §§;5 \/§
] — | 1 I
. /

r M X r R M

The I'* representation can be decomposed in irreducible representations of the group Oy, as
't = 20Ns @ I'ys. Along '-X the decomposition is 24, @ Ay @ 3As.



crystal field and covalency

/ LV

energy (eV)

M point
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the Jahn-Teller effect
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the many-body problem

(atomic units: Appendix A)

Born-Oppenheimer Ansatz

VU({ri}, {Ra}) = ¥({ri}; {Ra})2({Ra})

[ H({ri}i {Ra}) = c({Ra})v({r:}; {Ra)), electrons

H,9({R,}) = E®({R.}), lattice

[:[n — Tn + 5({Ra})
BO surface



minimum
BO surface

lattice equation

A

0*U,
Onyi O 1

uau+% Z

{RY} a0 !

linear term phonons

H, ~ = Z(Pgu + wng%V).
Bv

normal modes

{Ra}

UapUa!y! + - - -



degenerate BO surfaces

em({Ra})

e1({R.)) e2({Ra})

mexican hat



Jahn-Teller theorem

The Jahn-Teller theorem states that any electronically degenerate system can lower its energy
under some structural distortions, and therefore is unstable. The only exceptions are linear
molecules and Kramers degeneracy.




generalized BO Ansatz

U({r} ARY) = D tn({ri}i {Ra})@m({Ra}).

G, ({Ra}) = [T, + UH)P ({Ro}) +ZU” Dy ({Ro}) = E®,({R.}).
(U Hl{ R D) [y = e({R2}) +Z U] [aH } [ s + .
{RY}

= e({R.}) + U%Tm



cubic perovskite, degenerate eq levels




e ® E Jahn-Teller

E phonons

A

1
Ut = §C(Q% +¢).

n

e electrons
B2 ) — 32— Al -y — [,
2|37 —r%) = |2 =y, flp? —yf) =132" —r?)
. /1 0\ . (01
T lo 1) 710
0y 0 02 2
) = —Sln§‘$ — y“) +Cos§]3z — 7).
0 — 0 —
0)¢ = —sin W\ﬁ — y*) + cos 7T]3,z2 —7r?).
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e ® E Jahn-Teller

TB crystal-field elements

AR s = / dr Gy (r — Ra)[or(r) — v(r — Ra)|par (r — Ra),
variations due to Q1 and Qo
Acimim (0, Ry + 1) — Acp iy (0, Ry) ~ VA 1 (0, R,) - w

2
1 ~
2 2 2
A€322_T273Z2_T2 ~ [n — §(l +m ) Vdda,
A8322_r2,$2_y2 ~

2
3 2 2\2
A5x2—y2,a:2—y2 ~ Z(l —m ) Vddg.

sum all terms....

UJT(Q17Q2) = —A ( g? _Z; ) — —)\((]1@: + (]2@«)» A X |‘~/éda|



e ® E Jahn-Teller

o |
Ulgr, g2) = U + UH = =\ ( Lo ) +50(¢1 + ¢3)-

d1  —42

UJT__)\q<COS(9 sin@)

sin —cos6

E:)\q:t%QQ

JT energy

EJT = —)\2/20



Q1

empty orbitals




e ® E Jahn-Teller

A E

U™ (q1,42) = —B(Q5 — 3Q2Q7) ox cos 30






energy (eV)
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conclusions




conclusions

crystal-field

;
— 5
15
-4 \_}_:z | gZMS
A%
§§5 §
| — 1

r M X r R

energy (eV)

M

tight-binding model
eg and tzg band

symmetries are important!

In DMFT: e.g. symmetry of local self-energy

Jahn-Teller
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