It

Karlsruhe Institute of Technology

The Variational Cluster Approximation

R. Eder

Karlsruhe Institute of Technology, Institut fiir Festkorperphysik



Introduction

LDA calculations often do not reproduce the single-particle spectra of correlated insulators like NiO
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Preliminaries

We consider a solid as a periodic array of orbitals

—!e“j!'

We introduce Fermion operators c /cm for electrons in these - « is shorthand for ‘orbital type’ and spin

The number of orbitals per unit-cell is 1,4

The Fourier transform of these operators is

i1 Z k-(Ritra) i
Ck,a _ = el (Rj+rq) Ci,a?
v 7



Hamiltonian

In terms of these the Hamiltonian reads

Hy = ZZ tas(k ckackﬁ

— /
H1 = = E E V’/@(Sfykk )Ck+qack/ qﬂcklﬁcka
kk’,q @, B,7,0

The matrix t(k) has dimension 2n,,;, X 2n,,; (factor 2 for spin) and its eigenvalues F, (k) give the
noninteracting band structure

(in the absence of spin-orbit coupling and magnetic field all (k) are twofold degenerate)



The Green's function

The time ordered imaginary time Green's function is defined as

Giajs(T) = =O() { ¢alr) sy +O(=7) (€] 5 cia(T) i

eT(H—,uN)/h

Ci,oz(T> — Ci,a e—T(H—uN)/ﬁ

It can be shown that this is well defined only for 7 € [—3h, Bh| and that it is antiperiodic: G(7+5h) = —G(T)

Accordingly G can be expanded in a Fourier series with the Matsubara frequencies w,

G(r) = T Y e Gliw, )
(2w —I—_1>7T
w, = Gh

The Fourier transform G(w) is an analytic function in the complex w-plane with the exception of the real-axis
The poles of G(w) on the real axis give the ionization/affinity energies i.e. the ‘quasiparticle band structure’

G(w £40") (with w real) gives the retarded /advanced real-time Green's function



The imaginary-time Green’s function can also be expanded in Feynman diagrams

This allows to introduce the self-energy 32 (sum of all one-particle-irreducible diagrams with two ‘plugins’)...

S

>\ \I

.. and derive the Dyson equation

Goy = GV +GY =, 60 + @G,



The Dyson equation

Note: G(k,w), t(k) and X(k,w) are matrices of dimension 2n,,;, X 21, - this is a true matrix inversion!

For a single band we can write

1

Gk,w) = w— (e —p) -2k w)

The poles of G(k,w) give the ionization/affinity energies — the equation for the excitation energies thus is
hw — (ek - M) - hz(kvw)
On the few next pages we omit 1 and A for simplicity then

w—ex = Nk, w)
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The Dyson equation

Note: G(k,w), t(k) and X(k,w) are matrices of dimension 2n,,;, X 21, - this is a true matrix inversion!

For a single band we can write

1

Gk,w) = w— (e —p) -2k w)

The poles of G(k,w) give the ionization/affinity energies — the equation for the excitation energies thus is
hw — (ek - M) - hz(kvw)
On the few next pages we omit u, h and k for simplicity:

w—ex = Nk, w)



Luttinger has shown (J.M. Luttinger, Phys. Rev. 121, 942 (1961)) that the self-energy has a simple analytic

structure (with 7, 0;,¢; real, o; > 0)

Sw) =0+~

A real constant (='potential’) plus a sum of terms which have poles on the real axis

To see the implications of this let us consider just a single pole:
o
w =G

The equation for poles of the Green's function (=energies of electron states) reads: w — e, = X(w)

Y(w) =

2(w) |

Energy
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Luttinger has shown (J.M. Luttinger, Phys. Rev. 121, 942 (1961)) that the self-energy has a simple analytic

structure (with o;,(; real, o; > 0)

A real constant (='potential’) plus a sum of terms which have poles on the real axis

To see the implications of this let us consider just a single pole:

w—=C

The equation for poles of the Green's function (=energies of electron states) reads: w — e, = X(w)
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A self-energy with a single strong pole could resolve a good deal of the discrepancy

G. A. Sawatzky and J. W. Allen
Phys. Rev. Lett. 53, 2239 (1984).




Outline

In 1961 Luttinger and Ward prooved a famous theorem which is the basis of many important developments in
the field theory of condensed matter systems

They showed that the Grand Canonical Potential €2 of an interacting Fermi system can be expressed as a
functional of its self-energy >. which is stationary with respect to variations of > at the exact X

When we apply this theorem for actual calculations we face a similar situation as in density functional theory:

Density functional theory | Self-energy functional theory

Ey = Eylp] Q= Q%)

0Ey _ 09 _
S5, = U 5 = U

In both cases the actual form of the functional is unknown (or impossible to actually evaluate)
In both cases one must therefore find a way to ‘evaluate’ the functional at least approximately
In the case of Self-energy functional theory one way to do this is the Variational Cluster Approximation invented

by M. Potthoff (Eur. Phys. J. B 32, 429 (2003))



The Grand Canonical Potential

The Grand Canonical Potential €2 is defined in terms of the Grand Partition Function Z

Q0 = —% log(Z)

/ = trace <€_ﬁ(ﬁ_MN))

e H: Hamiltonian, N operator of particle number
o 3=1/(ksT)

e kp: Boltzmann constant, T": Temperature, p: chemical potential

If we know a complete set of eigenstates |i)

Hli) = Eli)

Ny = Nili)

we obtain



() can be evaluated analytically for some systems

Noninteracting Bloch electrons

[\

Norb

1
0 = ——
&

S o (1 +6—5<En<k>—u>)
k

e 1, number of orbitals per unit cell, 2n,,;, the number of bands

e E,(k): Dispersion of n'" band

n=1

o Gives for example: C), o< T

But: No way to calculate this for an interacting system of macroscopic size



The Grand Canconical Potential of interacting Fermions

Luttinger and Ward have derived an expression for the Grand Canonical Potential of interacting Fermions

(J.M. Luttinger and J.C. Ward, Phys. Rev. 118, 1417 (1960))

1 |
Q= — lim — Z e [In det (—G '(k,iw,) ) + trace (G (k. iw,) B(k, iw,)) | + ¢ [G].
=0t 6 kv
° w, = (QV;;)W: Matsubara Frequencies

e G: Green's Function, 3I: Self-Energy
e ®[G]: The Luttinger-Ward functional:




We now want to proove that {2 = () thereby following the original proof by Luttinger and Ward

e We replace H — Hy+ \H;
e We show €)' = () for A = 0 (the case of noninteracting electrons)

e We calculate N0, (2

e We calculate Ad, €)' and show that it is equal to A0, 2

Obviously this prooves the equality of €)' and (2



The case A = 0: Noninteracting Fermions

The Grand Canonical potential of free Bloch electrons is

210

0 _1t S Y (1_|_€—ﬁ(En(k)—u))
f o
n= k

The expression by Luttinger and Ward is

1 |
Q= — lim — Z e [In det (—G7'(k,iw,) ) + trace (G(k, iw,) B(k, iw,)) | + P[G]
n—0+ [ oy



The case A = 0: Noninteracting Fermions

The Grand Canonical potential of free Bloch electrons is

2norb

0 — _% S Y (1_|_6—6(En(k)—u))
n=1 k

The expression by Luttinger and Ward is

1 |
Q= — lim — Z e [In det (—G7'(k,iw,) ) + trace (G(k, iw,) B(k, iw,)) | + P[G]
n—0+ [ oy

For noninteracting electrons we have > = 0 and ¢ = 0:




The case A = 0: Noninteracting Fermions

The Grand Canonical potential of free Bloch electrons is

2norb

0 — _% S Y (1_|_6—6(En(k)—u))
n=1 k

The expression by Luttinger and Ward is

For noninteracting electrons we have > = 0 and ¢ = 0:




We had

¥ = 3 e I den (-G )

Theorem: The determinant of a matrix A is equal to the product of its eigenvalues a,,

detA:H a, — In detA:Z In(ay,)

For noninteracting Fermions we have

G lkw) = w—3(tk) —pu)



We had

t -l 33 ()

Theorem: The determinant of a matrix A is equal to the product of its eigenvalues a,,

detA:H a, — In detA:Z In(ay,)

For noninteracting Fermions we have

G kw) = w—p (th) —p)
1
g = w7 (El)—pn)



Intermezzo: Sum over Matsubara-frequencies

Consider the Fermi function

1
e
This has a pole (zero of the denominator) if e’ = —1 or Shw = im + v - 2mi (v integer) or
v+
Ww=1——"—=1Ww
Gh ’
The Fermi function has poles at all Matsubara frequencies
To obtain the residuum: set w = 1w, + 2
1
W = gy
B 1
o e’iﬁhwy 6[)’712 +1
B 1
(=) (14 Bh2) +1
B 1 1
 Bhz

All poles have the same residuum: —1/3h



Intermezzo: Sum over Matsubara-frequencies

Im(w) Matsubara
The Fermi function f(w) has poles at all Matsubara frequencies
frequencies iw, each with residuum —1/(h
Therefore if g(w) is an analytic function

. 1 . e(w
édw flw) g(w) = 2mi Z (—%) g(iw,) Re(w)

- —% S gliw) = —= ¢ dw f(w) glw)



We had

Now use

Ql

— lim —
n—0t 3

2n00p

DI IED W

(i +3 (B0 n) )



We had

Now use

and obtain

Q= — lim

n—0"

2n00p

EDIDILLD I
v k n=1

(

_ 1
_Zw]/ —|— -

h

(

B0~ )



Deforming the Contour

Consider the following three contours:

~_

“

r/‘

The integrand

2norb

n=1

flw)en -
k

The integral along the closed contour vanishes

(w4 (B0 - ) )




Consider the following three contours:

Deforming the Contour

The integrand

flw)en -
k

DO

Nord

(w4 (B0 - ) )

n=1

The integral along the closed contour vanishes




Consider the following three contours:

Deforming the Contour

|
T

The integrand

flw)en -
k

The integral along the right arc vanishes

n=

%mm(—w+%U%&%ww)

—




Deforming the Contour

Consider the following three contours:

\//

The integrand
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The integral along the left arc vanishes




Consider the following three contours:

Deforming the Contour

|
T

The integrand




We now have

2norh

— lim Z — jgdw w"21n(—w+ ( E,(k) — u))

n—0"




We now have

2Norp
= ] d el ] — ( Bk
i 3 g s 3w (e (R0 )
Next we use
1 d
= —— —1In(1 —Phw
fw) = —g5 o +e™)
»_
B 1 —Bhe M
- Bh 14 e P

and integrate by parts



We now have

2norp
1
_ e _ -
_nhjgl+§ m%ldwf g n( w+h

n=1

Next we use

and integrate by parts

2n orb

— Bhw d wr,
——nll)r(r)l+z2m j{,dwln 1+e )%[e’zm

n=1

(w+%<En<k>u>)]



We had

= = lim Z S f,dw In (1+e ™) — [”“%bln(—w+ ( En(k) — u))]

B n—o+

Norp 1

:nlirgl+g%227{dwlnl+e >€nww—%(En(k)—,u)+O<n)




We had

= = lim Z S f,dw In (1+e ™) — [W%ln(—w+ ( En(k) — u))]

B n—ot

Norp 1

_nlirgl+ﬁ2mZZy{dwlnl+e )e o LB k) =




We had

2N0rb
O = Bnlggl+z S f,dw In (1+e ) — [“”’ Z 1n(—w+ ( En(k) — u))]

Norp 1

R E-p3 Z f ol € O

Equation for pole: hwye = E,(k) — p

-, — Residuum is

In (14 e Pt} = In (1 + e_ﬁ(En(k)—u))




We now want to proove that {2’ = () thereby following the original proof by Luttinger and Ward:

e We replace H — Hy+ \H;
e We show €)' = () for A = 0 (the case of noninteracting electrons)

e We calculate N0, (2

e We calculate Ad, €)' and show that it is equal to A0, 2

Obviously this prooves the equality of €)' and (2



: o)
Calculation of A E

The definition of 2

() = —l InZ

s

B In (trace e_ﬁ(HOHHl_“N))

Here we use

A ——Q(\) = —% A (% In ( trace (¢~ =) )

= i trace ()\Hl e_ﬁ(HOHHl_“N))
Z

= (AH))

(...)a: thermal average at interaction strength \



Calculation of (AH1) )

This can be obtained from the equation of motion of the Green's function

(AH1)\ = 1 lim Ztrace <h£—,u+t(k)) Gi(k,T),
- oT

T—0~

Now: Use the Dyson equation

1 1
(z’wy A t(k) — 2, (k, iwy)> Gk, iw,) =1



Calculation of (AH1) )

This can be obtained from the equation of motion of the Green's function

(AH1)\ = 1 lim Ztrace <h£—,u+t(k)) Gi(k,T),
- oT

T—0~

Now: Use the Dyson equation

1 1
(z’wy A t(k) — 2, (k, iwy)> Gk, iw,) =1

Its Fourier transform is

(—— RS t(k)) Gk, 7) - /Oﬂhzk(k, r 1) Go(k, )’

(-%) (h T u t(k)) Gk, 7) - /0 Sl — 1) Gy (k7



Calculation of (AH1) )

This can be obtained from the equation of motion of the Green's function

(AHy )y, = —= lim Ztrace(h—,LHrt(k)) Gi(k,7),

T—0~

Now: Use the Dyson equation

1 1
(z’wy A t(k) — 2, (k, iwy)) Gk, iw,) =1

Its Fourier transform is

Bh
(—— + === t(k)) Gk, 7)— /0 ik, 7 =7 Gi(k,T)dr" = o(1)

(_%) <ﬁa%_ "t t(k)) Gk, 7) — /0 st — 1) Galle ) — 8(r)



Calculation of (AH1) )

This can be obtained from the equation of motion of the Green's function

(AHy )y, = —= lim Ztrace(h—,qut(k)) Gi(k,7),

T—0~

Now: Use the Dyson equation

1 1
(z’wy A t(k) — 2, (k, iwy)) Gk, iw,) =1

Its Fourier transform is



Calculation of (AH1) )

This can be obtained from the equation of motion of the Green's function

1 . 0
(H), = 3 lm ?race(hgwum) Gk, 7),

We found....
a ﬁh / / /
ha——u+t(k) Gk, 7) = —h Sk, 7 —7) Gi(k, T)dr
T 0
1 —lwy T . .
= —h% g e Sk, iw,) Gi(k,iw,)

14

.. so that the end result is

0 1 . .
A 5@()\) = (AH1)) = 33 gy: trace X)\(k,iw,) G\(k,iw,)



We now want to proove that {2’ = () thereby following the original proof by Luttinger and Ward:

e We replace H — Hy+ \H;
e We show €)' = () for A = 0 (the case of noninteracting electrons)

e We calculate N0, (2

e We calculate Ad, €)' and show that it is equal to A0, 2

Obviously this prooves the equality of €)' and (2



The Precise Definition and Properties of the Luttinger-Ward Functional ®|G]

Reminder: The Luttinger-Ward functional is defined in terms of Feynman diagrams

The diagrams which are included into @ are

e Closed (no open ends)
e Connected (no subdiagrams with no lines connecting them)

e Skeleton diagrams (no self-energy parts in any Green's function line)



Excluded diagrams

Open ends! Disconnected! Self-energy insertion!



Short disgression: Self-energy diagrams can be reduced uniquely to skeleton diagrams




Short disgression: Self-energy diagrams can be reduced uniquely to skeleton diagrams

unique reduktion

>

<o o«

Each self-energy diagram can be reduced uniquely to a skeleton diagram by removing all self-energy insertions



This also goes the other way round

—~— [ = +«@++«{>ﬂ_©_<_+

<o o« oy

13

By drawing all skeleton-diagrams for the self-energy and ‘translating’ Green’s function lines into the full Green's

function instead of the noninteracting one the total self-energy is obtained



The Precise Definition and Properties of the Luttinger-Ward Functional ®|G]

Reminder: The Luttinger-Ward functional is defined in terms of Feynman diagrams

The diagrams which are included into @ are

e Closed (no open ends)
e Connected (no subdiagrams with no lines connecting them)

e Skeleton diagrams (no self-energy parts in any Green's function line)



The Diagrams are Converted into Multiple Sums using the Standard Feynman Rules....

Gas
o - B
B
a> VO(My <
d y

1 \?
ﬁh2N> (_1)2 S: S: S: S: VO‘ﬁ’(Sﬁ(k? kl? q) ‘/51,’)/1,041,ﬂ1 (k + q, k/ —q, —q)

kX' q a,8,7,0 a1,B1,71,01 v/

Gojok+ q,iw, +w,) Gss,(k,iw,) Gg, sk — q, iw, —iw,) Gy, (K, iw,)



.... but there is one crucial difference!

GGB
a - B
B
a> VO(BE)Y <
) Y

1 \?2
(ﬂhQN) 1220 D > D Vasss(kK @) Vi (k+a. kK — g, —q)

kk'.q a,08,7,0 a1,61,7,01 v, p
. . / . . / .
Gap ok +q,iw, +w,) Gss (K, iw,) Gg, sk — q,iwy —iw,) Gy, (K, iw,)

The Green's function in the algebraic expression corresponding to a given diagram is not the noninteracting

Green's function G”) but the Green's function G which is the argument of the functional: ®[G]!



Reminder: using the full Green's function instead of the noninteracting one is precisely the same idea as in the

skeleton-diagram expansion of the self-energy!

—~— [ = +«@++«{>ﬂ_©_<_+




The properties of the system under study enter only at one point

Gyp
o - B
B
a> VO(BEV <
0 Y

1 \?
(ﬁh2N> (_1>2 S: S: S: S: v@7s6>6>7<k7 k/7 q> ‘/(517717a17s61 <k + q7 k/ o q7 _q>

kk.q 0,70 a1,61,71,01 v,V
GOq,CY(k + q7 iwl/ —|_ Wu) G5,51 <k7 Zwy) Gﬁ1’ﬁ<kl _ q, iw]// - Zwu) G%’Vl (l{/7 iUJ,/)

The only property of the system which enters the functional ® therefore are the interactions lines -
that means the matrix elements of the interaction
This implies in particular that the elements of the single-particle Hamiltonian H, appear nowhere in the

Luttinger-Ward functional



Symmetry factors

In addition to the factors from the Feynman rules the expression for each diagram is multiplied by

1
- BS

where the integer S is the symmetry factor of the diagram

In simplest terms .S gives the number of ways in which the diagram can be ‘deformed’ such that it is

identical to itself



Example

The final diagram looks exactly like the original one - including direction of all arrows - but the Green’s function

lines are permuted!



Determination of the Symmetry Factors .S

We label the lines on the diagram by integers € {1...n}

We imagine that the diagram can be ‘taken off the paper’ and is completely flexible

We deform the diagram but without breaking any line or changing the direction of any arrow on a Green's
function line - this means we maintain the connectivity properties of the diagram

If the resulting diagram looks exactly the same as the original one but with permuted labels we call this
a symmetry operation of the diagram

The symmetry factor S of a diagram is the number of different symmetry operations

(including the ‘unit deformation’)

All Green's function lines then can be grouped into classes such that the members of a class are permuted
amongst themselves

If two lines i and j belong to the same class the diagram can be deformed such that it looks completely
the same but i and j have switched their positions

We call all lines of a class symmetry equivalent



Example

For this diagram there are no further symmetry operations — the diagram has S = 2 (we include identity!)

The classes of equivalent Green's function lines are (1,2), (3,6) and (4,5)



Another example

Above we show two symmetry operations corresponding to the permutations (2,1,4,3) and (3,4, 1,2) - there
is a third operation corresponding to the product of these two permutations namely (4, 3,2, 1) — the diagram

has S = 4, there is only one class comprising all lines



Further discussion

An n'" order diagram - i.e. a diagram with n interaction lines - has 2n Green's function lines

Assume that the diagram has symmetry factor S

This means the classes of equivalent Green's function have S members each

The number of classes - therefore is %" (which of course better be an integer...)

If two lines - say ¢ and j - belong to the same class it means that the diagram can be redrawn such that

it looks completely the same but with line 7 in place of line 1



The real defining property of the Luttinger-Ward functional

The Luttinger-Ward functional is the generating functional of the self-energy

Btel 1 |
— 5, (K iw,
0G5k, iw,) B sk, iwy)

To see this we need to consider the change of a given diagram contributing to ® under a change of G:

Gag(k, iwy) — Ga/g(k, iw,/) + 5Ga/g(k, ’iwy)



Let us consider the variation of ® under a variation G,s(k, iw,) — G,s(k, iw,) + G5k, iw,)




What is the meaning of the ‘substituted’ diagrams?

1 \?
(ﬂh2N> (_1)2 Z Z Z Z Vo‘ﬁa‘;ﬁ(k’ kl’ q) %17717041,51(1{ + q, kl —q, _Q)

kX' .q 8,70 a1,81,7,01 v,/ p

Go‘lva(k +q, iw’/ + w,u) 5G5>51 <k7 in) G5175<kl —q, iwu’ o iwﬂ) G%“Yl (kl7 iwu’)



Let us consider the variation of ® under a variation G,s(k, iw,) — G,s(k, iw,) + G5k, iw,)




Let us consider the variation of ® under a variation G,s(k, iw,) — G,s(k, iw,) + G5k, iw,)




Let us consider the variation of ® under a variation G,s(k, iw,) — G,s(k, iw,) + G5k, iw,)




Let us consider the variation of ® under a variation G,s(k, iw,) — G,s(k, iw,) + G5k, iw,)




Forming the derivative

oD
0G5k, iw,)

means ‘opening’ one of the Green's function lines in the diagrams contributing to ®

The ‘opened’ diagrams then indeed ‘look like' self-energy diagrams:

U
pag

The question is: Do we have the correct prefactors so as to fulfill

oD |
— vk iw,) ?
0G. sk, iw,) B 5.0k, iwy)




Factoring out the variation 0G ‘fixes’ the momentum, frequency and band indices of the remaining diagram

1 \?
(ﬁfﬂN) D230 D D D Vesask K @) Vi (k + . K —q,—q)

k7k,7q O{767775 a1761 771761 V7V/7M

Gojok+q,iw, +w,) 0G4 (k,iw,) G kK — q,iw, —iw,) Gy (K iw,)



Factoring out the variation 0G ‘fixes’ the momentum, frequency and band indices of the remaining diagram

| -1\’
5G()"()‘1 (k, Zu),,) (ﬂh—2N) (—1)2 Z Z Z Z va,ﬁ,é,'y(k’ k/’ q) ‘/251’717a1,ﬁ1 (k + q, k/ —q, _q)

k' q a8y a1,61.m iz

Gal,a(k + q, iwy + Wlu) Gﬁlﬁ<kl —q, iw,// — Zwu) G%fyl (kl, 'I:w,//)



Factoring out the variation 0G ‘fixes’ the momentum, frequency and band indices of the remaining diagram

| -1\’
5G()"()‘1 (k, Zu),,) (ﬂh—2N> (—1)2 Z Z Z Z Va,ﬁ,é,'y(k’ k/’ q) ‘/;51,717041751 (k + q, k/ —q, _q)

k' q a8y a1,61.m iz

Go‘lvo‘(k +q, 1w, + w#) G51,5<kl — q, W, — iw#) G%% (kla iwu’)

e The incoming and outgoing momentum and frequency are k and w,
e There is still momentum /frequency conservation at each vertex and all remaining momenta, frequencies,

band indices keep on being summed over - exactly as in the true expression for X (k, w)



Factoring out the variation 0G ‘fixes’ the momentum, frequency and band indices of the remaining diagram

| -1\’
5G()"()‘1 (k, Zu),,) (ﬂh—2N> (—1)2 Z Z Z Z Va,ﬁ,é,'y(k’ k/’ q) ‘/;51,717041751 (k + q, k/ —q, _q)

k' q a8y a1,61.m iz

Gabo‘(k +q, 1w, + wﬂ) G51,5<kl — q, W, — iw#) G%Vl (kla iwy’)

e The remaining diagram has band index ¢ on its incoming entry and d; on its outgoing entry

e This is exactly as in the true expression for £5, s5(k,w)



Factoring out the variation 0G ‘fixes’ the momentum, frequency and band indices of the remaining diagram

| ~-1°
5G(5,(51 (k7 ZWV) (ﬂfﬂN) (_1>2 Z Z Z Z Va,ﬁ,5,’7(k7 kla q) %1,71,a1,ﬁ1 (k +q, k/ —q, _q>

k' q a8y a1,61.m iz

Go‘l’o‘(k +q, 1w, + wﬂ) G51,5<kl — q, W, — iw#) G%Vl (kla 7:Wl/)

e The order n (number of interaction lines) is not changed by opening a Fermion line

_1 n
(ﬁh2N> remains correct




Factoring out the variation 0G ‘fixes’ the momentum, frequency and band indices of the remaining diagram

. -1y
0G5, (k,iwy) (571—2]\/') (—1)? Z Z Z ZVa,g,a,y(k, kK'.q) Vs, o1k + 9,k —q,—q)

k'.q o8y a1,61,m N

Gozl,oz(k + q, iw}/ + w,u) Gﬁhﬁ(kl —q, z'wy/ — iwﬂ) G%Vl (kl, iwyl)

e Opening one Green's function lines reduces the number of Fermion loops F' by 1 — the factor (—1)F

changes sign - the extra (-1) in the prefactor takes care of this:

1
- BS



What about the factor 1/57

e Let us consider an n'* order d-diagram with symmetry factor S

e The symmetry factor S was the number of ways in which the diagram could be deformed into itself

e Then there are 2n /S classes, each containing S Green's function lines, which are symmetry equivalent to
each other

e Symmetry equivalence means that the diagram can be deformed such that it looks exactly the same but

with the two symmetry equivalent Green's function exchanged

This means that if two symmetry equivalent lines are opened the resulting self-energy diagrams also can

be deformed into each other and thus are completely identical

All .S Green's function lines in one class therefore give exactly the same self-energ diagram when they are
opened
e Since we have 2n/S classes with S lines in each class the ®-diagram gives 2n /.S >-diagrams and each is

produced S times

This factor of S exactly cancels the factor of 1/S in the prefactor of the diagram



Example

For this diagram there are no further symmetry operations — the diagram has S = 2 (we include identity!)

The classes of equivalent Green's function lines are (1,2), (3,6) and (4,5)



Example, cont'd
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Example, cont'd

| |
| |
! i
N ’
N ’

e The diagram has n = 3 and S = 2 — 3 classes with 2 members each
e By successively opening the lines we get 3 different self-energy diagrams

e Each of them is produced 2 times



We have seen that the derivative

0P[G]
0G5k, iw,)

gives precisely all skeleton diagrams for X5 ,(k, iw,) but with the the Green's function G used for all Green'’s

function lines (and a prefactor 1/03)
If G is the exact Green's function this is the exact self-energy

Therefore: If G is the exact Green's function we have

00[G] 1 |
0G5k iw,) g0k, iwy)




This also goes the other way round

—~— [ = +«@++«{>ﬂ_©_<_+

<o o« oy

13

By drawing all skeleton-diagrams for the self-energy and ‘translating’ Green’s function lines into the full Green's

function instead of the noninteracting one the total self-energy is obtained



We have seen that the derivative

0P[G]
0G5k, iw,)

gives precisely all skeleton diagrams for X5 ,(k, iw,) but with the the Green's function G used for all Green'’s

function lines (and a prefactor 1/03)
If G is the exact Green's function this is the exact self-energy

Therefore: If G is the exact Green's function we have

00[G] 1 |
0G5k iw,) g0k, iwy)




We saw that 3(k,w) can be obtained from ®|G] by ‘opening’ Green's function lines

The question is then: can this be reversed, that means:

Can ®[G] be obtained from 3 (k,w) by ‘reconnecting’ the two entry points by a Green's function?



Factoring out the variation 0G ‘fixes’ the momentum, frequency and band indices of the remaining diagram

1 \?
(ﬁfﬂN) D230 D D D Vesask K @) Vi (k + . K —q,—q)

k7k,7q O{767775 a1761 771761 V7V/7M

Gojok+q,iw, +w,) 0G4 (k,iw,) G kK — q,iw, —iw,) Gy (K iw,)



Factoring out the variation 0G ‘fixes’ the momentum, frequency and band indices of the remaining diagram

| -1\’
5G()"()‘1 (k, Zu),,) (ﬂh—2N) (—1)2 Z Z Z Z va,ﬁ,é,'y(k’ k/’ q) ‘/251’717a1,ﬁ1 (k + q, k/ —q, _q)

k' q a8y a1,61.m iz

Gal,a(k + q, iwy + Wlu) Gﬁlﬁ<kl —q, iw,// — Zwu) G%fyl (kl, 'I:w,//)



The correct operation to ‘undo’ the opening of a line therefore is something like

1 S.n .
PG| 5 SN Gaslk,iw,) B (K, iw,)
vk a0

1 .
— B Z trace G(k, iw,) Z(é;ﬂ)<k, iw,)
v,k

™ is the sum of all n'" order diagrams for ®: closed, linked skeleton diagrams, with Green's function lines

standing for the full Green's function G

Zg’(?’)(k, iw,) is the sum of all n'™ order skeleton diagrams for the self-energy with Green's function lines

standing for the full Green's function G

We include only skeleton-diagrams for 3. because we only want skeleton diagrams for ¢

However, again we need to be careful about prefactors!




We consider n'"-order diagrams for ® and ¥

This shows

(n) — (s:) (14
o Qnﬁ Z trace G(k, iw,) X" (k, iw,)

=
\
/

O OO0

OO

2n
S

S|y



Summary of the properties of the Luttinger-Ward functional

e The Luttinger Ward functional involves only the interaction matrix elements V3,5 of the Hamiltonian,
but not the single particle matrix elements ¢,3
e The Luttinger-Ward functional is the generating functional of the self-energy, which is obtained by opening

Green'’s function lines

0P 1

0G5k, iw,) G

Zg)a(k, ’iwy)

e The Luttinger-Ward functional can also be written by ‘closing’ the open ends in the self-energ - however,
there is an extra factor of 1/2n (n is the order of the self-energy diagram) which makes resummation

impossible

o =) o

1 1

— 5 E 5 E trace G(k, iw,) 2 (K, iw,)

n
n vk

2 (1) is the n'™ order ‘skeleton self-energy’



. !
Calculation of A\ %—%

1 .
Q= — lim — Y " [In det (—G ' (k,iw,) ) + trace (G(k, iw,) B(k,iw,)) | + ¢ [G].
n—0t [3 .y

Reminder: we replaced H — Hy + AH; - a variation A — A\ + 0\ has two different effects

e The self-energy X will change
e The interaction lines in the Luttinger-Ward functional will change

(since Hy — A\ H; they carry a factor of \!)

We treat these two variations separately and first consider the variation of €)' under a change ¥ — X + §X



. oY
Calculation of sl

To avoid calculations with many indices we treat only the case of a single spinless band

(see the notes for the full multi-band case)

1 .
Q= — lim — Z e [In det (—G~'(k,iw,) ) + trace (G(k, iw,) X(k, iw,)) | + ¢ [G]
n—0t O v
then becomes
1 .
Y = — lim = e n (=G Yk, iw,) ) + G(k,iw,) X(k,iw,) | +® [G
Jm g 2 e [ (26706 i) ) + Gl ) Dl ) ] + 26

e We need to differentiate this with respect to X(k, iw,)
e The first two terms are a sum over terms with different k and iw, - only one term contributes

e All G and ¥ in this term have the same argument (k, iw,) - we omit this for simlicity



QO = _n% B Z e [In (=G '(k,iw,) ) + G(k,iw,) L(k,iw,) | +® [G]

Then we have

oY 1

1 a(—G—1)+aG2+G N 00 0G(k,iw,)
oL B | (-G 0% o%. OG(k,iw,) 0%(k,iw,)

Now we use the Dyson equation

1
Gk, iw,) = —iw, + —

Al
L o=6Th)

)

Ek) — p) + X(k, iw,)

So that

oy 1 oG o6 OG(K, iwy)
ar_ - %5
B> 3| C Tt | T aGk i) ook iwy)




We had

oY 1 0G N 0P 0G (k, iw,)
0)d B o0x 0G(k,iw,) 0%(k,iw,)

Now we use the fact that @ is the generating functional of X

0P 1
= —2(k,w,
Gk i) 5 i)
Then we have
oY 1 0G 1 oG
o5 Gox - tgc oY

() is stationary under variations of the self-energy

Once we have shown that €)' = () this prooves a variational principle of central importance: The Grand

Canonical Potential of an interacting Fermi system is stationary with respect to variations of its self-energy



. !
Calculation of A\ %—g

1 :
Q= — lim — Y " [In det (—G ' (k,iw,) ) + trace (G(k, iw,) B(k,iw,)) | + ¢ [G].
n—0t [3 .y

Reminder: we replaced H — Hy + AH; - a variation A — A\ + 0\ has two different effects

e The self-energy X will change - but the corresponding first order change of () is zero!
e The interaction lines in the Luttinger-Ward functional will change

(since Hy — A\ H; they carry a factor of \!)

Accordingly we study the change of ® under a change of A (prefactor of all interaction lines) when ¥ is kept
fixed



This is in fact a rather simple calculation: we again split the Luttinger-Ward functional

— Z )

whereby ®(™ is the sum of diagrams with n interaction lines - which is proportional to A"

But:

O\

A@)\

=n\"

It follows that (E(3=”> denotes all n'" order self-energy skeleton diagrams)

dSY dd
R E (n)
)\d)\ )\d)\ n ®

— Z n — 25” zk: trace GA(k,iwy)E(;’n)(k, iwy)

— ZtraceGAkzwy (Z Esn kay)

df)

_ % Ztrace Gk, iwy) Bk iwy) = A

This is precisely the same result we obtained for A0, (2!




Summary of the Proof

e The Grand Canonical Potential of an interacting Fermi system is given by

Q = — lim % > e [In det (-G 'k iw,) ) + trace (G(k, iw,) B(k, iw,)) | + P [G]
k,v

n—07

e () is stationary with respect to variations of the self-energy

oS2

=0
8Za5(k, ’iwy)

e The Luttinger-Ward functional is the generating functional of the self-energy

oD 1
- = E o k7 ‘ v
0G5k iw)) B 7 (ki

e The Luttinger-Ward functional is a sum over infinitely many Feynman diagrams - hard to evaluate....

e The Luttinger-Ward functional involves only the matrix elements of [ and is independent of the
noninteracting part of the Hamiltonian Hamiltonian H

e This implies in particular that two systems with the same H; but different H, have the same Luttinger-

Ward functional ®[G] - this will be of major importance in a moment!



The properties of the system under study enter only at one point

Gyp
o - B
B
a> VO(BEV <
0 Y

1 \?
(ﬁh2N> (_1>2 S: S: S: S: v@7s6>6>7<k7 k/7 q> ‘/(517717a17s61 <k + q7 k/ o q7 _q>

kk.q 0,70 a1,61,71,01 v,V
GOq,CY(k + q7 iwl/ —|_ Wu) G5,51 <k7 Zwy) Gﬁ1’ﬁ<kl _ q, iw]// - Zwu) G%’Vl (l{/7 iUJ,/)

The only property of the system which enters the functional ® therefore are the interactions lines -
that means the matrix elements of the interaction
This implies in particular that the elements of the single-particle Hamiltonian H, appear nowhere in the

Luttinger-Ward functional



Summary of the Proof

e The Grand Canonical Potential of an interacting Fermi system is given by

Q = — lim % > e [In det (-G 'k iw,) ) + trace (G(k, iw,) B(k, iw,)) | + P [G]
k,v

n—07

e () is stationary with respect to variations of the self-energy

oS2

=0
8Za5(k, ’iwy)

e The Luttinger-Ward functional is the generating functional of the self-energy

oD 1
- = E o k7 ‘ v
0G5k iw)) B 7 (ki

e The Luttinger-Ward functional is a sum over infinitely many Feynman diagrams - hard to evaluate....

e The Luttinger-Ward functional involves only the matrix elements of [ and is independent of the
noninteracting part of the Hamiltonian Hamiltonian H

e This implies in particular that two systems with the same H; but different H, have the same Luttinger-

Ward functional ®[G] - this will be of major importance in a moment!



Some remarks

e The theorem is the basis for various important developments in field theory: the Luttinger theorem and
the ‘conserving approximations’ (GW, FLEX)

e The proof above assumes a continouous evolution of the system as H; is switched on - which is highly
questionable in a correlated insulator....

e However, Potthoff has recently given a non-perturbative proof of the existence of a functional with all

properties listed above (reference in the notes)



The Legendre transform of the Luttinger-Ward functional

Reminder:

o0[G] 1
G, 5k, iw,) [

Zg,a(k, iwy)

Now define the Legendre transform

F[x] = ; ; 5 Gaﬁ k o) Gos(k,iw,)

= Yok, iw,) Goplk, iw,)
Z Eﬁ: pal

= P|G[X]] — = Z trace G(k, iw,) X(k, iw,).
k,v

We had

e [In det (—G~'(k,iw,) ) + trace (G(k, iw,) X(k,iw,)) | + ¢ [G]

o L Z Wi o det (—GH(k,iwy) ) |+ F [



We had

0 = —nli)rgl+ B Z i T det (-G (k,iw,) ) | + F [3]

— — lim = Z ) [ln det <—sz %(t(k) — ) + 2(k, iwy> ] + I [X]

n—0+t (3

In this way we have expressed €2 as a functional of 3 which is stationary at the exact 3:

of2

5—220

We could now try to derive the Euler-Lagrange equation for 3 (i.e. the analogue of the Kohn-Sham equations

in DFT) or use a ‘trial X' with a number of variational parameters

w 77+Z —C

The problem: We do not know the functional F' [3]




Basic Idea of the VCA

Let us assume that we are interested in the 2D Hubbard model on an infinite square lattice
H = Z tij Cl-LUCjU + UZniTnu
ij i
We partition the square lattice into finite clusters - say 2 x 2
jagsge

] roo
H = Z lij CivCio +U Z 1Ny
1

{i,j}eCluster



Basic Idea of the VCA

Let us assume that we are interested in the 2D Hubbard model on an infinite square lattice

H = Z tij c;-[acja +U ZniT”il
ij i
We partition the square lattice into finite clusters - say 2 x 2
jagage

The Hamiltonian for the 2 x 2 clusters is

H = Z fij clyeje +U Z”mnu
1

{i,j}eCluster

Both systems have the same interaction part — they have the same Luttinger-Ward functional




e The 2 X 2 clusters can be solved exactly by exact diagonalization
e This means all eigenstates |i) and their energies F; and particle number N; are known

e We can therefore evaluate the Grand Partition Function Z and Q = —kp T log(Z)
- 3 e

(it is actually sufficient to know all eigenstates with ¥ — ;1N within =~ 10kgT above the GS so that rather
large clusters can be treated by Lanczos)

e Moreover we can evaluate the Green's function G;(w) (i,7 € {1,4})

e For given w we can invert the matrix G;;(w) numerically and obtain ¥;;(w) from the Dyson equation

e Now we can revert the Luttinger-Ward expression for (2 and obtain the numerical value of F[¥]

F[¥] = Q+ lim 5 Z i [ln det( w—% % S(zwy))]

n—07"

This gives us the self-energy X(w) and the numerical value of its Luttinger-Ward functional F[X]



Now we use the self-energy i(w) as a trial self-energy for the infinite system

V)
UO ) t@ O—Q—0 Uo_tf) G G
DD F— o o
C————G—0 —0 G G—=»
D ——F—0 F— oF— O
C————G—0 0 G G—=»
F——F——F—0 F— oF— O
, 1 1 : !
G(k,w) = w+—,u——t(k)—2(k,w)
h h
) 1 iwyn / . -1 N
Quaer = — lim — g e |In det (—G'(k,iw,)”") | + F[2],
n—0+ (3 I
14

(Note: this will obviously introduce an artificial supercell structure into the infinite system)



How do we perform a variation of the self-energy?

G'(k,w) = <w + E w— 1 t(k) — 2(k, w)>_1

h h
Qart = _nlir(rﬁ % ; el [ln det (—G/(k,iwy)_l) ] + F[3,

Reminder: the Hamiltonian of the cluster was

H= > i el +U > nimy

{i,j}eCluster

The only requirement on H was that the interaction part is the same as the lattice system

There is nothing that fixes the the single-particle matrix elements ;;
On the other hand changing the ¢;; will change f](w) and therefore Qs Qo = Qare (L)

We therefore replace

5Qlatt —0 — aQNZatt 0
O 8tij

This is the basic idea of the VCA



This means we are seeking the best approximation to the self-energy of the infinite lattice amongst ‘cluster-

representable’ ones that means self-energies which can be generated as exact self-energies of a finite cluster

The problem that we do not know the functional form of F'[Y]] is bypassed by evaluating this numerically



Remarks

e The system of clusters which is used to generate the ‘trial self-energies’ has been termed the

reference system by Potthoff
e There is considerable freedom in choosing the reference system - for example one may include noninter-

acting ‘bath sites’
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e The problem with the artificial supercell can be solved: there is also a ‘periodized’ version of the VCA

which is translationally invariant (W. Koller and N. Dupuis, J. Phys.: Condens. Matter 18 9525 (2006))



Remark on ‘bath’ sites

A ‘bath’ site is an orbital p without any interaction, i.e. the interaction term
1 PR A
Hi = 2 Z Z Vap.50(K, K Q) €0 g p ey Cieo
k,k/,q aaﬁa’yaa
does not contain any matrix element involving the orbital p

Obviously this implies that >, , = X, , = 0 for any a: the self-energy has no matrix elements involving p




Example: Metal-Insulator Transition in a Dimer (M. Potthoff, Eur. Phys. J. B36, 335 (2003))

We consider a particle-hole symmetric Hubbard model (with n; = C;[TCZ»T + lecil)

U U
H — /LN = Z tij CI}UC]-’U + 52 (’I”LZ — 1)(’1% — 1) — N 5
=1

1,5,0
N Ul
— Z tij C;L’Uijg + UZ nm an — 5 Z n;
i.j.0 i=1 =1
Under the transformation ¢’ < ¢ we have n; — 1 — 1 — n; — the interaction term does not change
The kinetic term changes sign: t;; — —t;; (assuming t;; = 0)

If the lattice is bipartite and the hopping ¢;; connects only sites on different sublattices this can be compensated

by a gauge transformation on one sublattice cjg — —CI’U

At half-filling (1 electron/site) this transformation exchanges photoemission and inverse photoemission spec-

trum and implies = U/2.



As reference system we decorate each lattice site by a noninteracting ‘bath orbital’ and obtain an array of

dimers
— €
Yo—oto—o Us® o & oF Ob
O—O——0O0—=0 O/O O/O O/O O/O V
O—O——0O0—=0 O/O O/O O/O O/O U
O—O0—C0O——=0 O/O O/O O/O O/O
The Hamiltonian for one dimer is (with n, = CJ%CT + cIcl)
- U U U
_ ] T _ T - _ _ 1) - =
H T :uN - _V zg:(caba + baca) + (65 2 ) za: baba + 2 (nC 1)(77,0 1) 2

The transformation ¢! < ¢, bT <> —b transforms H — uN into itself except for the second term.

If we put ¢, = ¥ — this term vanishes - the only remaining parameter to be varied is 1:

2
H—-uN = -V zg:(cj,ba +blc,) +g (ne — 1)(n.—1) — g



H—uN = —VZ (chb, +blc, g(nc—l)(nc—

All eigenstates for 0 — 4 electrons can be obtained easily and ) be calculated
We assume that the lattice Hamiltonian has a semi-elliptical density of states

(Width 4, which defines the energy scale)

,0()<€> = % 4— 62

At T' = 0 the self-energy of the "Hubbard orbital’ can be evaluated analytically

E()—Q+U2 : + 1
Y= 2 8 \w+3V  w-—-3V

The k-integrated Green's function of the lattice then is (remember: p = %)

[ ) pole)
zk:G(k,w) B / d w+Y¥ —e—2w)

1) — =

U
2

1 . : U
zk:ln (-G7l(k,w)) = /_ de pole) In (—w ) + e+ X(w)



The resulting €2,+(V') curve at T' = 0 then looks like this

! ! ! ! U
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Q [arb. u.]

5.2
5.1

0 01 02 03 04

V

Reminder: the equation we need to solve is

anatt
— 0
1%

For U ~ 5.85 (remember: the width of the noninteracting band was W = 4) there is a phase transition

finite V — V =0 - this is the metal insulator transition



Noninteracting density of states

1

pole) = or

Self-energy of the dimer
v, v

4 — €2,

1 1

E pr—
() 2+8 (w+3V+w—3V

The spectral function is

Aw) = =S G(w +1407)

pol(e€)

)

2
= d
/2 6w—|—%—e—2(w+i0+)+i0+

V=0.4 Im (@) ——

2 o 2 4

\I/:O.2 - I I
Ll

s 2 o0 2 4

V=00 -

T T T

The density of states at the Fermi surface drops to zero exactly when the two peaks merge, i.e. V =10




The resulting €2,+(V') curve at T' = 0 then looks like this
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Reminder: the equation we need to solve is

anatt
— 0
1%

For U ~ 5.85 (remember: the width of the noninteracting band was W = 4) there is a phase transition

finite V — V =0 - this is the metal insulator transition



This is exactly the scenario for the metal-insulator transition familiar from DMFT calculations - but here

obtained from a dimer

The critical value U, where the transition occurs is suprisingly accurate:
Dimer-VCA: U, = 5.85

DMFT : U. = 5.84 (G. Moeller et al. Phys. Rev. Lett. 74, 2082 (1995))



At finite temperature the VCA shows a more complicated behaviour

Q [arb. u.]

Finite region of coexistence of metallic and insulating solution with 15 order transition between the two
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Electronic structure calculations for transition metal compounds

LDA band structure calculations often do not reproduce the single-particle spectra of correlated insulators

I T 1 I I I 1 I [ 1
versus _ ] .

LDA-bandstructure experiment XPS BIS
P el = B Ni3d > | -

- = 2

cF— ] | - B .0 |—43ev N
2\ T — | : ]
/ 02 (.20 [~ . ]
6 >§> ] p E [ -
8 \ - - | ) —

i 1 i l 1 i 1 I i 1

-5 0 5

ENERGY ABOVE E; (eV)

Experiment: G. A. Sawatzky and J. W. Allen, Phys. Rev. Lett. 53, 2239 (1984).



The cluster method

Angle integrated photoemission spectra of TM oxides can be described very well by exact diagonalization

of a single TM-lon in a ‘cage’ of oxygen ligands (cluster)

Example: Valence band photoemission spectrum of NiO (Fujimori and Minami, Phys. Rev. B 30, 957 (1984))
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Crucial ingredient: the full Coulomb interaction in the 3d-shell

e Electrons in a partially filled shell scatter from each other due to their Coulomb interaction
e This amounts to a redistribution of the electrons within the partially filled shell

e For L? to be conserved the scattering electrons must ‘move along the m-ladder’ in exactly opposite ways



Calculation of the Coulomb matrix element

V= /dr dr’ Ui(r)Wi(r)

Now insert (ll =lh=Il3=1,= 2)

v — 1|

\If“{(ﬂ\ljé(ﬂ) — Rd(?") l?'m,,l(@?gb) Rd( > 2, rr12<@/ ¢>

1 l
- Z lm ljl }/1,777/(@/7 ¢/)

v — 1|
l,m

Us(r)Wy(r') = Ra(r) Yigms(©,¢) Ra(r') Yiuma(©', ¢')

and obtain

— Z /dQ %T,ml(e)? ¢) szm<@7 ¢) Y23,m3(®7 ¢) /dQ/ }/l;,mQ(@/? ¢/) }/1,777/(@/7 ¢/> Y24,m4(@/7 ¢/)
l,m

/ dr / dr' Ry(r)Ry(r') — z+1 Ra(r)Ra(r")

e Expressible in terms of Gaunt coefficients (tabulated) and Slater integrals I; (easily computed)




The cluster:

The Hamiltonian:

1
— 5 Z V<Vi7 Vj? Vk; Vl) Cz.i;i C;i;] CVk CVZ _|_ Z VCEF<Vi7 V]) CZZ_CVJ,

‘7.]‘7]{}7[ .7j

+ Z (VzM] CVz' —I—HC) ‘|‘Z €puj /L /L +Z €y € Vi Cy,

J

This comprises the Coulomb interaction in the TM 3d-shell, the Crystalline electric field, the charge transfer

between TM 3d-shell and ligands, and the orbital energies of transition metal d-orbitals and ligands



The cluster method

Angle integrated photoemission spectra of TM oxides can be described very well by exact diagonalization

of a single TM-lon in a ‘cage’ of oxygen ligands (cluster)

Example: Valence band photoemission spectrum of NiO (Fujimori and Minami, Phys. Rev. B 30, 957 (1984))
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VCA treatment of transition metal compounds

Reminder: In the dimer-VCA of the Hubbard model we used simple dimers to generate self-energies
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Some technical points

The noninteracting t(k) is obtained by an LCAO-fit (bottom) to an LDA band structure (top)
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Some technical points

The Slater integral I is strongly screened in the solid

The orbital energy e; obtained by fit to the LDA-bandstructure ‘contains’ the d — d Coulomb interaction
(Hartree potential plus V)

On the other hand the Hartree-Fock-potential is contained in the self-energy of the cluster:

A,
w— B,

S(w)=Vir+ Y

To avoid double counting e; must be corrected for (a mixture of) Vi and V.

For simplicity [, and the ‘bare’ d-level energy ¢; were adjusted to match the position of the satellite and the

insulating gap!



Some technical points

Bath

The octahedral cluster allows for a total of 6 parameters

e 2 energies of d-levels (e, and ty)
e 2 energies of bonding Ligand combinations (e, and t5,)

e 2 d-Level - Ligand combination hybridization integrals (e, and ¢s,)

It turned out that there is a kind of ‘saturation’

Optimization of more than 4 parameters leads to extremely small change of 62 o< 10~* eV and ‘almost

stationary’ directions in parameter-space — at most 4 parameters were optimized



Comparison with experiment: Angle integrated valence band photoemission spectra of NiO, CoO and MnO
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Character of states: photon energy dependence of photoelectron spectra

hy = T8eW

he = 40eV /‘/

hz =20 eV

[

) ] ] ]
© 2 e 8 6 4 2 O

ELECTROM BINDING ENERGY (V)
RELATIVE TC d-FEAK

Data from Eastman & Freeouf, PRL 34, 395 (1975)

The mechanism of the smoother variation
is the photon energy dependence of the

photoionization cross section

Cross
section

2p

3d

\

Photon energy



Rule of thumb

Features which increase in intensity with decreasing photon energy are O2p-derived

Features which decrease in intensity with decreasing photon energy are metal 3d-derived



Comparison with experiment: Angle integrated valence band photoemission spectra of NiO, CoO and MnO
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Experimental band structure of NiO (Z. X. Shen et al., Phys. Rev. B 44, 3604 (1991))
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Experimental band structure of NiO (Z. X. Shen et al., Phys. Rev. B 44, 3604 (1991))

INTENSITY (arb. units)
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Momentum along (100)

Momentum along (100) / Intensity (a.u.)
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Summary of bandstructure results for NiO along (1,0, 0)
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ARPES: Z.X. Shen et al., Phys. Rev. B 44, 3604 (1991)
DMFT: Q. Yin et al.,, Phys. Rev. Lett. 100, 066406 (2008)



Summary

The Grand Canonical Potential of an interacting Fermi system can be expressed as a functional of its
self-energy

This functional is stationary at the true self-energy but contains the Luttinger-Ward functional which is
impossible to evaluate for a given self-energy

In the Variational Cluster Approximation due to Potthoff this problem is circumvented by generating self-
energies by exact diagonalization of small clusters and calculate the Luttinger-Ward functional numerically
Combining the VCA with the cluster method for transition metal oxides allows to calcuate reasonably

accurate photoemisison spectra etc



Energy

A Self-energy with more than one pole
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A Self-energy with more than one pole
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A Self-energy with more than one pole
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Calculation of (AH1) )

This can be obtained from the equation of motion of the Green's function

Giajp(T) = =O(1) {cin(r) el din+0(=7) (b, (1) u

We assume 7 < (), temporarily replace (i,a) — a and write H — uyN — K

Gaalr) = (c ¢, (7))
= <CL eif ¢, e %K>
— —h 0Ga0(7) = (et [c,, K] e #E)
or
— lim (—h aGOW(T)) = (¢! [ca, K])
T—0" or




