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Why Lanczos?

numerically exact solution 

efficient for sparse Hamiltonians

ground state (T=0) or finite (but low) temperature

spectral function on real axis

only finite (actually quite small) systems

efficient parallelization to use shared memory

DMFT with optimal bath parametrization



minimal eigenvalue: steepest descent

E[ ] =
h |H| i
h | i

�E[ ]

�h | =
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h | i = | ai 2 span (| i, H| i)

energy functional

direction (in Hilbert space) of steepest ascent

minimize energy in span (| i, H| i)



minimal eigenvalue: steepest descent

minimize energy in span (| i, H| i)

iterate!

construct orthonormal basis

|v0i = | i/
p
h | i

b1 |v1i = |ṽ1i = H|v0i � |v0ihv0|H|v0i

H|v0i = b1 |v1i+ a0 |v0i

diagonalize to find lowest eigenvector

an := hvn|H|vni b1 :=
p
hṽ1|ṽ1idefine:

Hspan(| i,H| i) =
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Lanczos idea

instead of L-fold iterative minimization on two-dimensional subspaces
minimize energy on L+1 dimensional Krylov space

more variational degrees of freedom ⇒ even faster convergence

minimize on span (| 0i, H| 0i) to obtain | 1i
minimize on span (| 1i, H| 1i)2 span

�
| 0i, H| 0i, H2| 0i

�

minimize on span (| 2i, H| 2i)2 span
�
| 0i, H| 0i, H2| 0, H3| 0i

�

etc.
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�



convergence to ground state
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Lanczos iteration

construct orthonormal basis in Krylov space

bn+1|vn+1i = |ṽn+1i = H|vni �
nX

i=0

|vi ihvi |H|vni

an := hvn|H|vnidefine: bn :=
p
hṽn|ṽni

bn+1 �m,n+1 = hvm|H|vni �
nX

i=0

hvm|H|vni �m,ihvm| :

hvm|H|vnh=

8
>><

>>:

hvm|H|vni for m < n

an for m = n

bn+1 for m = n + 1

0 for m > n + 1

H =

0
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a0 ? ? · · · ?
b1 a1 ? ?
0 b2 a2 ?

0 0 0 aL

1

CCCCA

H has upper Hessenberg form
symmetric/hermitian ⇒ tridiagonal



Lanczos iteration

HKL(|v0i) =

0
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a0 b1 0 0 0 0
b1 a1 b2 0 · · · 0 0
0 b2 a2 b3 0 0
0 0 b3 a3 0 0

...
. . .
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H|vni = bn|vn�1i+ an|vni+ bn+1|vn+1i

orthonormal basis in Krylov space

|v0i
b1 |v1i = H|v0i � a0|v0i
b2 |v2i = H|v1i � a1|v1i � b1|v0i
b3 |v3i = H|v2i � a2|v2i � b2|v1i

· · ·



Lanczos algorithm

v=init

b0=norm2(v) not part of tridiagonal matrix

scal(1/b0,v) v= |v0i
w=0

w=w+H*v w= H|v0i
a[0]=dot(v,w)

axpy(-a[0],v,w) w= |ṽ1i = H|v0i � a0|v0i
b[1]=norm2(w)

for n=1,2,...

if abs(b[n])¡eps then exit invariant subspace

scal(1/b[n],w) w= |vni
scal( -b[n],v) v= �bn|vn�1i
swap(v,w)

w=w+H*v w= H|vni � bn|vn�1i
a[n]=dot(v,w) a[n]= hvn|H|vni � bnhvn|vn�1i
axpy(-a[n],v,w) w= |ṽn+1i
b[n+1]=norm2(w)

diag(a[0]..a[n], b[1]..b[n]) getting an+1 needs another H|vi
if converged then exit

end



convergence of Ritz values

En: eigenvalues of H in ascending order, n=0,...

E(L)n: eigenvalues of Lanczos matrix H(L) (Ritz values)

En  E(L+1)n  E(L)n

Ritz value n approaches eigenvalue n with increasing L from above: 

general basis-set methods: MacDonald’s theorem
Phys. Rev. 43, 830 (1933)



spectrum of tridiagonal matrix

toy problem: matrix with eigenvalues -3, -3, -2.5, -2,-1.99, -1.98, ... -0.01, 0
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Krylov space cannot contain degenerate states

assume |φ1〉 and |φ2〉 are degenerate eigenstates with eigenvalue ε,
then their expansion in the orthonormal basis of the Krylov space is

⇒ |φ1〉 and |φ2〉are identical up to normalization

hv0|Hn|'i i = "n hv0|'i i



loss of orthogonality

toy problem: matrix with eigenvalues -3, -3, -2.5, -2,-1.99, -1.98, ... -0.01, 0
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convergence to ground state
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construction of eigenvectors

let                       be the nth eigenstate of the tridiagonal Lanczos matrix 

the approximate eigenvector is then given in the Lanczos basis 

 ̌n = ( ̌n,i)

| ̌ni =
LX

i=0

 ̌n,i |vi i

need all Lanczos basis vectors ⇒ need very large memory
instead: rerun Lanczos iteration from same |v0〉

and accumulate eigenvector on the fly

HKL(|v0i) =

0
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spectral function

Gc(z) =

⌧
 c

����
1

z �H

���� c
�
=
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n=0

h c | ni h n| ci
z � En

need to calculate entire spectrum?



resolvent / spectral function
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resolvent / spectral function

z � Ȟc =

 
z � a0 B(1)

T

B(1) z � Ȟ(1)c

!

inversion by partitioning
⇥
(z � Ȟc)�1

⇤
00
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⇣
z � a0 � B(1)

T
(z � Ȟ(1)c )�1B(1)

⌘�1
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h
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i

00

⌘�1

Ǧc(z) =
⇥
(z � Ȟc)�1

⇤
00
=

1

z � a0 �
b21

z � a1 �
b22

z � a2 � · · ·

recursively



downfolding

H =

�
H00 T01
T10 H11

⇥

G(�) = (��H)�1 =
�
��H00 �T01
�T10 ��H11

⇥�1

G00(�) =
�
��

⇤
H00 + T01(��H11)�1T10

⌅⇥�1

He� ⇥ H00 + T01(�0 �H11)�1T10

partition Hilbert space

inverse of 2×2 block-matrix

resolvent

downfolded Hamiltonian

good approximation: narrow energy range and/or small coupling



convergence: moments
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application to Hubbard model and
shared-memory parallelization



dimension of many-body Hilbert space

dim(H) =

✓
M

N"

◆
⇥

✓
M

N#

◆

solve finite clusters M N↑ N↓ dimension of Hilbert space memory
2 1 1 4
4 2 2 36
6 3 3 400
8 4 4 4 900

10 5 5 63 504
12 6 6 853 776 6 MB
14 7 7 11 778 624 89 MB
16 8 8 165 636 900 1 263 MB
18 9 9 2 363 904 400 18 GB
20 10 10 34 134 779 536 254 GB
22 11 11 497 634 306 624 3708 GB
24 12 12 7 312 459 672 336 53 TB
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choice of basis

real space: sparse Hamiltonian

H = �t
X

hi ,ji,�

c†j,� ci ,� + U
X

i

ni ,"ni ,#

k-space

H =
X

k�

"kc
†
k�ck� +

U

M

X

k,k 0,q

c†k"ck�q,"c
†
k 0#ck 0+q,#

hopping only connects states of same spin
interaction diagonal (even for long-range interaction!)



choice of basis

|{ni�}i =
L�1Y

i=0

⇣
c†i#

⌘ni# ⇣
c†i"

⌘ni"
|0i

work with operators that create electrons in Wannier orbitals

m" bits state i"
0 000
1 001
2 010

3 011 c†0"c
†
1"|0i 0

4 100

5 101 c†0"c
†
2"|0i 1

6 110 c†1"c
†
2"|0i 2

7 111

m# bits state i#
0 000

1 001 c†0#|0i 0

2 010 c†1#|0i 1
3 011

4 100 c†2#|0i 2
5 101
6 110
7 111

1

2

3

4

5

6

7

8

0 (0,0)

(0,1)

(0,2)

(1,0)

(1,1)

(1,2)

(2,0)

(2,1)

(2,2)



sparse matrix-vector product

=×

H                     |Ψi〉  =    |Ψi+1〉 



sparse matrix-vector product: OpenMP

 

      subroutine wpHtruev(U, v,w)
c --- full configurations indexed by k=(kdn-1)+(kup-1)*Ndnconf+1
 ...
!$omp parallel do private(kdn,k,i,lup,ldn,l,D)
      do kup=1,Nupconf
        do kdn=1,Ndnconf
          k=(kdn-1)+(kup-1)*Ndnconf+1
          w(k)=w(k)+U*Double(kup,kdn)*v(k)
        enddo
        do i=1,upn(kup)
          lup=upi(i,kup)
          do kdn=1,Ndnconf
            k=(kdn-1)+(kup-1)*Ndnconf+1
            l=(kdn-1)+(lup-1)*Ndnconf+1
            w(k)=w(k)+upt(i,kup)*v(l)
          enddo
        enddo
        do kdn=1,Ndnconf
          k=(kdn-1)+(kup-1)*Ndnconf+1
          do i=1,dnn(kdn)
            ldn=dni(i,kdn)
            l=(ldn-1)+(kup-1)*Ndnconf+1
            w(k)=w(k)+dnt(i,kdn)*v(l)
          enddo
        enddo
      enddo
      end

w = w + H v

U
�

i

ni ,�ni ,⇥

�

⇥i j⇤,�=�

ti ,j c
†
j,�ci ,�

�

⇥i j⇤,�=�
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†
j,�ci ,�

H =
�
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†
j,�ci ,� + U

�
i ni ,�ni ,⇥



      subroutine wpHtruev(U, v,w)
c --- full configurations indexed by k=(kdn-1)+(kup-1)*Ndnconf+1
 ...
!$omp parallel do private(kdn,k,i,lup,ldn,l,D)
      do kup=1,Nupconf
        do kdn=1,Ndnconf
          k=(kdn-1)+(kup-1)*Ndnconf+1
          w(k)=w(k)+U*Double(kup,kdn)*v(k)
        enddo
        do i=1,upn(kup)
          lup=upi(i,kup)
          do kdn=1,Ndnconf
            k=(kdn-1)+(kup-1)*Ndnconf+1
            l=(kdn-1)+(lup-1)*Ndnconf+1
            w(k)=w(k)+upt(i,kup)*v(l)
          enddo
        enddo
        do kdn=1,Ndnconf
          k=(kdn-1)+(kup-1)*Ndnconf+1
          do i=1,dnn(kdn)
            ldn=dni(i,kdn)
            l=(ldn-1)+(kup-1)*Ndnconf+1
            w(k)=w(k)+dnt(i,kdn)*v(l)
          enddo
        enddo
      enddo
      end

OpenMP on Jump
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distributed memory
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Hubbard model

H =
�
⇤i j⌅,� ti ,j c

†
j,�ci ,� + U

�
i ni ,�ni ,⇥

hopping: spin unchanged

interaction diagonal
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Idea: matrix transpose of v(i↓,i↑)

Lanczos-vector as matrix:
v(i↓,i↑)

implementation:

MPI_alltoall	 (N↓ = N↑)
MPI_alltoallv	(N↓ ≠ N↑)

(1,1) (1,2)

(2,1) (2,2)

(3,1) (3,2)

(4,1) (4,2)

(5,1) (5,2)

(6,1) (6,2)

(1,3) (1,4)

(2,3) (2,4)

(3,3) (3,4)

(4,3) (4,4)

(5,3) (5,4)

(6,3) (6,4)

(1,5) (1,6)

(2,5) (2,6)

(3,5) (3,6)

(4,5) (4,6)

(5,5) (5,6)

(6,5) (6,6)

thread 0 thread 1 thread 2

before transpose: ↓-hops local
after    transpose: ↑-hops local 



Implementation on IBM BlueGene/P
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16 sites
18 sites
20 sites

sites memory
16 1 GB  
18 18 GB
20 254 GB

Adv. Parallel Computing 15, 601 (2008)



performance on full Jugene?



performance on full Jugene!
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performance on full Jugene!
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Spin-Systems

100100⇤ ⇥� ⌅
i>

1100111⇤ ⇥� ⌅
i<

matrix transpose via
MPI_alltoallv or

systolic algorithm

decoherence: single spin

Sudden Death of Entanglement

spin configurations

H = µBB0Sz0 +
�
k Ak SkS0

�

�j,k⇥

Jjk SjSk

pairwise interaction

decoherence: entanglement
fidelity of 2-qubit gates
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transpose for spins

43 210   43 210   43 210   43 210   
00 000   01 000   10 000   11 000        0   8  16  24
00 001   01 001   10 001   11 001        1   9  17  25
00 010   01 010   10 010   11 010        2  10  18  26
00 011   01 011   10 011   11 011        3  11  19  27
00 100   01 100   10 100   11 100        4  12  20  28
00 101   01 101   10 101   11 101        5  13  21  29
00 110   01 110   10 110   11 110        6  14  22  30
00 111   01 111   10 111   11 111        7  15  23  31

                                         MPI_alltoall
21 043   21 043   21 043   21 043
00 000   01 000   10 000   11 000        0   2   4   6
00 100   01 100   10 100   11 100        1   3   5   7
00 001   01 001   10 001   11 001        8  10  12  14
00 101   01 101   10 101   11 101        9  11  13  15
00 010   01 010   10 010   11 010       16  18  20  22
00 110   01 110   10 110   11 110       17  19  21  23
00 011   01 011   10 011   11 011       24  26  28  30
00 111   01 111   10 111   11 111       25  27  29  31

bit reordering: 43 210 ---> 21 034 -> 21 430 (mirror i<)



Heisenberg model on IBM BlueGene/P
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32 spins
34 spins

spins memory
32 32 GB
34 256 GB



Cell Broadband Engine

spin models

spin configurations
100100⇤ ⇥� ⌅
idistr

1100111⇤ ⇥� ⌅
icell

101001⇤ ⇥� ⌅
iSPE

additional partitioning
of local memory

Lanczos on Cell

rotate spin-slice
through local store

1 Power Processor
8 SPE with 256 kB
fast local store each

JUICE report; FZJ-ZAM-IB-13
PARA 2008, Trondheim



DMFT and
optimized bath-parametrization



single-site DMFT

H = �
�

i j�

ti j c
†
i�cj� + U

�

i

ni�ni⇥

Hubbard model

Bloch: e�ik 1 e ik e2ik e3ik e4ik

project to single site:

Hloc = �0 + U n�n⇥

�
dkH(k) = �0

c†k� =
�
e ikri c†i� � H(k) = �(k)

Gloc(�) =

⇤
dk

�
� � µ� ⇥(k)��(�)

⇥�1

G�1b (⇥) ⇥ ⇥ + µ� �0 �
�

l

|Vl |2

(⇥ � ⇤l)

G�1b (�) = �(�) + G
�1
loc (�)

HAnd = Hloc +
⇤

l�

�l� a
†
l�al� +

⇤

l i ,�

Vl i
�
a†l�ci� +H.c.

⇥

�(�) = G�1b (�)� G
�1
imp(�)



bath parametrization

G�1And(!) = ! + µ�
NbX

l=1

V 2l
! � "l

HAnd = "0
X

�

n� + Un"n# +
X

�

NbX

l=1

⇣
"lnl� + Vl

⇣
a†l�c� + c

†
�al�

⌘⌘

how to determine bath parameters εl and Vl ?

H0And =

0
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use Lanczos parameters

H0And =

0
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0 t2b<0 · · · t2b>0
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Bethe lattice:
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fit on imaginary axis

�2({Vl , "l}) =
n
maxX

n=0

w(i!n)
��G�1(i!n)� G�1

And

(i!n)
��2

fictitious temperature: Matsubara frequencies

weight function w(iωn):
•emphasize region close to real axis
•make sum converge for n→∞ (sum rule)



reminder: single-site DMFT

H = �
�

i j�

ti j c
†
i�cj� + U

�

i

ni�ni⇥

Hubbard model

Bloch: e�ik 1 e ik e2ik e3ik e4ik

project to single site:

Hloc = �0 + U n�n⇥

�
dkH(k) = �0

c†k� =
�
e ikri c†i� � H(k) = �(k)

Gloc(�) =

⇤
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�
� � µ� ⇥(k)��(�)
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G�1b (⇥) ⇥ ⇥ + µ� �0 �
�

l

|Vl |2

(⇥ � ⇤l)

G�1b (�) = �(�) + G
�1
loc (�)

HAnd = Hloc +
⇤

l�

�l� a
†
l�al� +

⇤

l i ,�

Vl i
�
a†l�ci� +H.c.

⇥

�(�) = G�1b (�)� G
�1
imp(�)



DMFT for clusters

H = �
�

i j�

ti j c
†
i�cj� + U

�

i

ni�ni⇥

Hubbard model

Bloch: e�ik 1 e ik e2ik e3ik e4ik

project to cluster:

Hloc = Hc + U
�

i

ni�ni⇥

�
d k̃ H(k̃) = Hc

c†
k̃�
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�
e i k̃ri c†i� � H(k̃)
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⇤
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�
� + µ�H(k̃)��c(�)

⇥�1

G�1b (�) = �c(�) + G
�1(�)
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�1�†
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⇤
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l�am� +

⇤

l i ,�

�l i
�
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DCA                       3-site cluster

H(k̃) = �t

�

⇧⇤
0 e i k̃ e�i k̃

e�i k̃ 0 e i k̃

e i k̃ e�i k̃ 0

⇥

⌃⌅

Hc =
3

2�

⇧ �/3

��/3
dk̃ H(k̃) = �

3
⇥
3

2�
t

�

⇤
0 1 1
1 0 1
1 1 0

⇥

⌅

translation symmetry
coarse-grained Hamiltonian



DCA                                 CDMFT

Hc =
3

2�

⇧ �/3

��/3
dk̃ H(k̃) = �t

�

⇤
0 1 0
1 0 1
0 1 0

⇥

⌅

H(k̃) = �t

�

⇧⇤
0 1 e�3i k̃

1 0 1

e3i k̃ 1 0

⇥

⌃⌅

H(k̃) = �t

�

⇧⇤
0 e i k̃ e�i k̃

e�i k̃ 0 e i k̃

e i k̃ e�i k̃ 0

⇥

⌃⌅

Hc =
3

2�

⇧ �/3

��/3
dk̃ H(k̃) = �

3
⇥
3

2�
t

�

⇤
0 1 1
1 0 1
1 1 0

⇥

⌅

translation symmetry
coarse-grained Hamiltonian

no translation symmetry
original Hamiltonian on cluster



DCA – CDMFT

e�ikL e ikL e2ikL

e ik e2ik e3ik e4ike�ik

e ikL e ikL e ikL

e5ik e6ik e7ik e8ik1

1 1 1 1 ⇒ CDMFT

⇒ DCA

c̃DCARi� (k̃) =
�

r̃

e�i k̃(̃r+Ri ) cr̃+Ri ,�

c̃CDMFTRi� (k̃) =
�

r̃

e�i k̃̃r cr̃+Ri ,�

gauge determines 
cluster method: c̃Ri�(k̃) =

X

r̃

e�i(k̃̃r+⇥(k̃;Ri )) cr̃+Ri ,�



bath for cluster

G�1b (⇥) ⇥ ⇥ + µ�Hc �
�

l

Vl V
†
l

⇥ � ⇤l

G�1b (⇥) = �c(⇥) +

⇤⇧
d k̃

�
⇥ + µ�H(k̃)��c(⇥)

⇥�1⌅�1

⇤

l

Vl V
†
l =

⌅
d k̃ H2(k̃)�

�⌅
d k̃ H(k̃)

⇥2

expand up to 1/�2: sum-rule

HAnd = Hclu +
⇤

l�

�l� a
†
l�al� +

⇤

l i ,�

�
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†
l�ci� +H.c.
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hybridization sum-rules: single-site

H with hopping tn to the zn nth-nearest neighbors

�

l

V 2l =
1

(2�)d

⇥ �

��
ddk ⇥2k =

�

n

zn t
2
n

special case: Bethe lattice of coordination z with hopping t/√z

�

l

V 2l = t
2



hybridization sum-rules: DCA

hybridizations diagonal in the cluster-momenta K:

⇤

l

|Vl ,K|2 =
⌅
d k̃ �2

K+k̃
�

�⌅
d k̃ �K+k̃

⇥2

all terms Vl,K Vl,K’ mixing different cluster momenta vanish



hybridization sum-rules: CDMFT

H(k̃) = �t

�

⇧⇤
0 1 e�3i k̃

1 0 1

e3i k̃ 1 0

⇥

⌃⌅

t
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Vl V
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�
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��
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⇥2
=

⇤
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t2 0 0
0 0 0
0 0 t2
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hybridization sum-rules: CDMFT

tt'

t t'

�
⌥

l

Vl ,i V̄l ,j

⇥

=

⇤

⇧
t2 + t �2 t t � 0
t t � 2t �2 t t �

0 t t � t2 + t �2

⌅

⌃



 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0.3

 0.35

 0  10

(!-µ)/t

K=0

 0  10

(!-µ)/t

K="/4

 0  10

(!-µ)/t

K="/2

 0  10

(!-µ)/t

K=3"/4

 0  10

(!-µ)/t

K="

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0.3

 0.35

 0  10

(!-µ)/t

K=0

 0  10

(!-µ)/t

K="/3

 0  10

(!-µ)/t

K=2"/3

 0  10

(!-µ)/t

K="

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0.3

 0.35

-5  0  5  10

(!-µ)/t

K=0

-5  0  5  10

(!-µ)/t

K="/2

-5  0  5  10

(!-µ)/t

K="

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0.3

 0.35

-5  0  5  10

(!-µ)/t

K=0

-5  0  5  10

(!-µ)/t

K="

example: 1-d clusters
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hybridize only surface full cluster
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symmetry of bath

W†G�1b W =

�
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G�1b,11 + G

�1
b,13

⇥
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irreducible representations: A (even), B (odd)



symmetry of bath

cluster replica: 2A+B

W†G�1b W =

�

⇤
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supercells

C = AL V =
��det(C)

��

are they all different?



Hermite normal form

⇤ =

0

BBB@

�11 0 0 · · ·
�21 �22 0
�31 �32 �33
...

. . .

1

CCCA

gcd(a, b) =

8
<

:

|a| if b = 0 (change sign of column)

gcd(b, a) if |a| < |b| (exchange columns)
gcd(a � ba/bcb, b) otherwise (add integer multiple of col)

0  �i j < �i i

Euclidean algorithm



Hermite normal form

L :

✓
2 0
4 8

◆

HNF

✓
4 2
0 4

◆ ✓
0 4
�4 �2

◆ ✓
4 8
�2 0

◆ ✓
4 0
2 4

◆

HNF

HNF symmetry



enumeration & properties of clusters

http://www.cond-mat.de/sims/cluster/

http://www.cond-mat.de/sims/cluster/
http://www.cond-mat.de/sims/cluster/


supercell: k-point sampling

KS = (2⇡C
�1)T = G(L�1)T

supercell Brillouin zone



supercell: k-point sampling

KS = (2⇡C
�1)T = G(L�1)T

supercell Brillouin zone



Monkhorst-Pack grid

particularly suited for Brillouin-zone integrals

L =

0

@
n1 0 0
0 n2 0
0 0 n3
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A k̃ =
X

i

(ni � 1)ki
2ni
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Special points for Brillonin-zone integrations*

Hendrik J. Monkhorst and James D. Pack
Department of Physics, University of Utah, Salt Lake City, Utah 84112

(Received 21 January 1976)
A method is given for generating sets of special points in the Brillouin zone which provides an efficient means
of integrating periodic functions of the wave vector. The integration can be over the entire Brillouin zone or
over specified portions thereof. This method also has applications in spectral and density-of-state calculations.
The relationships to the Chadi-Cohen and Gilat-Raubenheimer methods are indicated.

I. INTRODUCTION

Many calculations in crystals involve integrating
periodic functions of a Bloch wave vector over
either the entire Brillouin zone (BZ) or over
specified portions. The latter case arises, for
example, in averages over states within the Fermi
surface, and the calculation of the dielectric con-
stant and generalized susceptibilities. To optimize
the calculations it is helpful only to compute these
functions at a carefully selected set of points in
the BZ. This becomes more urgent in sophisti-
cated calculations where the computational effort
for each BZ point is substantial.
Methods for finding such sets of "special" points

have been discussed by Chadi and Cohen' (here-
after referred to as CC). This paper presents an
alternate approach which yields sets of points
identical to those given by CC and additional sets
with the same properties. It will be shown that
the use of such points simply generates an expan-
sion of the periodic function in reciprocal-space
functions with the proper symmetries. This sug-
gests an obvious, and rather accurate, interpola-
tion of the function between the special points
which is intrinsically more satisfactory than linear
or quadratic methods. The relation to Gilat-
Raubenheimer methods will be pointed out.

k~„, =u~b, +u„5, +u, b, . (4)

This gives q' distinct points uniformly spaced in
the BZ. Let A (k} be given by

A (k) Iq-)h Q e(k R

I Rl = c
(5)

where the sum is taken over all R vectors related
by the operations of the lattice point group. This
set of vectors is usually called a star. The C
are in ascending order, starting with C, =0. N
is the number of members in the mth star of R
[or the number of terms in the sum in Eq. (5}].
Note that A (k) is totally symmetric under all
point-group operations.
Let us now consider the quantity S „(q) given by

v is the unit cell volume, and 5,-5, span the re-
ciprocal lattice with BZ volume 8v'/v.
Let us define the sequence of numbers

u, =(2r —q —1)/2q ( r1, 2, 3, . . . , q),
where q is an integer that determines the number
of special points in the set. With the above u„'s
we now define

II. DERIVATION S „(q) =—Q A (k „,)A„(k „,).
p.r.s=i (6)

In this section we will prove the existence of a
set of periodic functions which are orthonormal
on a uniformly spaced set of special points in
the BZ.
Consider a lattice defined by the primitive trans-

lation vectors ti, t„ts. A general lattice point is
given by

R =R,t, +R272+R3t, ,
where R,-R, are integers.
The associated primitive reciprocal-lattice

vectors are given by

Substituting Eq. (5}for A „and A„we can reduce
S „(q) to

(7)

where

1~+('(q) — ~ e(&(/c)(2r-a-()( - s))s)
q ~ (8}

In Eq. (7) the a and b sums are over the members
in the stars m and n, respectively. It can now
easily be seen that the 8'&bean assume the follow-
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