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Why Lanczos?

™ numerically exact solution
™ efficient for sparse Hamiltonians
M ground state (T=0) or finite (but low) temperature

M spectral function on real axis

O only finite (actually quite small) systems
O efficient parallelization to use shared memory

O optimal bath parametrization
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steepest descent

energy functional

VIH V)
W)

Flw] =

direction (in Hilbert space) of steepest ascent

OEV] _ HW) — EV][V) _
6<w| o <W|W> o |Wa> < Span (Wj>, H|W>)

minimize energy in span (|V), H|V))

iterate!
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convergence
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minimize on s
minimize on s
minimize on s
etc.

nan (
nan (

nan (

Lanczos idea

Vp)) to obtain |Wy)
W1)) € span (|Wo), H|Vo), H?[Wo))
Wo)) € span (|Wo), H[Wo), H*|Wy, H?[Wp))

instead of L-fold iterative minimization on two-dimensional subspaces
minimize energy on L+71 dimensional Krylov space

Kh (Vo)) = span (|Wo), H|Wo), H?|Wo), . . .. H W)

more variational degrees of freedom = even faster convergence
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convergence to ground state
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Lanczos iteration

orthonormal basis in Krylov space

Vo)
bi|lvi) = H|wy) — ag|vo)
bo|vo) = Hlvi) —ai|vi) — bi|w)
b3 lvz) = H|w) —as|w) — bo|vy)

(ao bl 0 0 0 0 \
bl dq b2 0 0 0
0 b2 do b3 0 0
HICL(|VO>) — 0 0 b3 d3 0 0
O 0 0 O a1 by
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Lanczos algorithm

v=1nit
bO=norm?2 (v)
scal(1/b0,v)
w=0
w=w+H*v
al0]=dot(v,w)
axpy(-al[0],v,w)
b[1]=norm2 (w)
for n=1,2, ...
if abs(b[n])<eps then exit
scal(1/b[n],w)
scal( -b[n],v)

swap (v,w)
w=w+H*v
a[n]=dot (v, w)
axpy(-aln],v,w)
b[n+1]=norm2 (w)
diag(alO]..a[n], b[1]..b[n])
1f converged then exit

end
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not part of tridiagonal matrix
v=|vo)

w= H|vp)

w=|i1) = H|vo) — a|w)

Invariant subspace
W= |V,)
V= —bn| Vn_1>

w= H|v,) — by|Vp_1)
alnl= (vy|H|Vn) — bn{Va|Vy_1)
W::“%+1>

getting a,.1 needs another H|v)



convergence to ground state
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overconvergence: ghost states
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resolvent / spectral function

N
1 WelWn) (Wn|We)
Gete) = (Ve | ;2| ve) = - PN
| v
y 1 (W W) (WL We)
G — w > l// p— —
= (v %) "L
/ Z — do — bl 0 0 0 0 \
—bl Z — dq —bz 0 0 0
0 —b2 Z — do —b3 0 0
0 0 —b3 Z — a3z 0 0
b O O O Z — d| -1 —bL
\ 0 0 0 0 — by Z—ag /




resolvent / spectral function

/:/ o Z—a() B(l)T
SRR W) R e

iInversion by partitioning

] . —1
[(Z B HC)_l}oo — (Z —do — B(l)T(z — H((:l))—l,g(l))

= (zma-gife-Am])

recursively
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convergence: moments
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application to Hubbard model and
shared-memory parallelization
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dimension of many-body Hilbert space

H=—t Z CJTO Ci
(i.J),o

ot U mianiy
/

solve finite clusters M N; N,;| dimension of Hilbert space memory
@ @ @ 2 1 1 4
4 2 2 36
@ @ Q 6 3 3 400
8 4 4 4 900
@ @ @ 10 5 5 63 504

12 6 © 853 776 6 MB

14 7 7 11 778 624 89 MB

dim(H) = (/\/\Z) y (/\/\Z) 16 8 8 165 636 900 1263 MB

18 9 9 2 363 904 400 18 GB

20 10 10 34 134 779 536 254 GB

22 11 11 497 634 306 624 3708 GB

24 12 12 7 312459 672 336 53 TB
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choice of basis

real space: sparse Hamiltonian
H=—t ) cocotU niniy
(1.J).o /

hopping only connects states of same spin
iInteraction diagonal (even for long-range interaction!)

K-space

_ : U : :
H =) ekCioChy + M D it Cemqrr by iyl
ko k.k',q



choice of basis

work with operators that create electrons in Wannier orbitals

[—1
n; n;
{nio}) =] (Cfl) ¢ (Cf%) "10)
1=0
0) 1 !
my bits  state iy m; bits state i L
0 000 0 000 1 i
1 001 1 001 cf[0) O 2 + +
2010 2 010 ¢,|0) 1 5 o
3 011 chch\0> 0 3 011 . L
4 100 4 100 c}jlo) 2 v
5 101 CSTC§T|O> 1 5 101 > !
6 110 cl.cljo) 2 6 110 o — +
7 111 7 111 . 4 ‘
4 4
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sparse matrix-vector product

H ¥ = Wi
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sparse matrix-vector product: OpenMP

J,0

subroutine wpHtruev(U, v,w)
c --- full configurations indexed by k=(kdn-1)+(kup-1)*Ndnconf+1

I$omp parallel do private(kdn,k,i,lup,ldn,1,D)
do kup=1,Nupconf

do kdn=1,Ndnconf _ ,
k=Ckdn-1)+(kup-1)*Ndnconf+1 U Z Nj 41y
w(k)=w(k)+U*Double(Ckup, kdn)*v(k) I
enddo
do 1=1,upnCkup)
lup=upi(i,kup)
do kdn=1,Ndnconf
k=Ckdn-1)+(kup-1)*Ndnconf+1 Z ’ _CT C
1=Ckdn-1)+(lup-1)*Ndnconf+1 IJ >~ '
w(k)=w(k)+upt(i,kup)*v(l) I
enddo ()0
enddo
do kdn=1,Ndnconf
k=Ckdn-1)+Ckup-1)*Ndnconf+1

do 1=1,dnn(kdn) :
ldn=dni(i, kdn) Z tlj C. C.
1=C(1ldn-1)+(Ckup-1)*Ndnconf+1 '
w(k)=w(k)+dnt(i,kdn)*v(l) (ij),0=
enddo
enddo
enddo
end
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OpenMP on Jump

32 1

( 90 MB)
(1.2 GB)

14: 747
16;: 8+8 ——

subroutine wpHtruev(U, v,w)
22‘1 c --- full configurations indexed by k=(Ckdn-1)+Ckup-1)*Ndnconf+1

I$omp parallel do private(Ckdn,k,i,lup,ldn,1,D)
do kup=1,Nupconf
do kdn=1,Ndnconf
k=Ckdn-1)+Ckup-1)*Ndnconf+1
w(Ck)=w(k)+U*Double(kup, kdn)*v(k)
enddo
do i=1,upn(Ckup)
16 " Lup=upi(i, kup) -
do kdn=1,Ndnconf
k=Ckdn-1)+Ckup-1)*Ndnconf+1
1=Ckdn-1)+(lup-1)*Ndnconf+1
1 22 B w(Ck)=w(k)+upt(i, kup)*v(l)
enddo
enddo
do kdn=1,Ndnconf
k=Ckdn-1)+Ckup - iMldaednf+1
63 B do i=1,dnn(lga8e =
ldn=dni# (f;n)
1=(Jg#)+Ckup-1)*Ndnconf+1
oy =w(k)+dnt (i, kdn)*v(l)
Zl B ¥nddo -
enddo
enddo

1 = end -

12 4 8 12 16 24 32
# CPUs

speed-up
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12

speed-down
(00
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distributed memory

MPI1-2: one-sided communication

speed-down

# CPUs

16



hopping: spin unchanged

Hubbard model

H = Z(ij),o Lij

4 L
Y | | Y
N~
A S S
Y ] Y

N~
interaction diagonal
A | A|
Y | K
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Idea: matrix transpose of v(i,i)

thread O thread 1 thread 2

Lanczos-vector as matrix:
v(iy,ir)

before transpose: |-hops local
after transpose: 1-hops local

Implementation:

MPI_alltoall (N, = N,)
MPI_alltoallv (N, #N;)
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Implementation on IBM BlueGene/P

16384 I 16 sites ¢ sites | memory
18 sites
g19o | 20 sites o ] 16 1 GB
18 18 GB
4096 7
20 254 GB

2048

speed up

1024

512

256

128 1 1 1 1 1 1 1
128 256 512 1024 2048 4096 8192 16384

# CPU

Adv. Parallel Computing 15, 601 (2008)
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performance on full Jugene?

file Options Step o0 s W active %|  Search gr:3000. Last Update 02/1011-10:16:26 nextin 47 s Source WWW | Help

100% 2949)

.'6 32 a8 64 B0 95 112 138 1!4{“’“ 0, 0 nds ({7

jobs (run/wait):

N =i

E !3 s = -~i--.rr.': C)wwtns ‘l
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Info for Jobstep jugenedd.125768.0 [spacla big] (Jug) (R26-10, $12) (R27-M0, 512

---------------------------------------------------- | (R24-10,512) (R2S-m0, 512
Vser: tanOOO" | (RSO-M,S!J)(PS]-D’O,S]I
CPVUs: 912 (n0D.p5132.001) | (RS2~-0,512) (pS3-m0, 512
Tine! 0 ih of 1:2 ending at 11:3§5 | (RS6-10,512) (»pS7-m0, 512
Class: mid4 | (RS4-m0, 512)(nS5-m0, 512
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»
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4 350002

.
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$8 updates, started at Thu Feb 10 10:10:34 2011 -
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performance on full Jugene!

65536
32768
16384
8192 |
4096
2048
1024
512
256
128
64

speed up

64 128 256 512 1024 2048 4096 8192 16384 32768 65536

#MPI processes
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performance on full Jugene!

mess. size [Bytes]/slices

8k/1000 800/100 80/10
< 0.0001 | — —
0 5 ParLaw —
a O
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< @
E  1e05}
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= 1e-07 A — N
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#MPI proc / vdim
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DMFT and
optimal bath-parametrization



reminder: single-site DMFT

Hubbard model l‘
Z tij € /a Cio + U Z Ny Njy Gloc(w) = /dk (w — —e(k) — Z(w))_l
Ijo

!

WIOISIOIOIDIOISIO

Bloch: e—/k 1 e/k e2//< e3/l< e4/l<

G, (w) = Z(w) + Gt (w)

_ 5
Cka Z NI T — /—/(k) e(k) Gbl(w) AW+ U — € — Z (w—¢))

project to single site: [ dk H(k) = €

Hand = Hioc + ZE/G a;raa,a + Z Vii (a}Lac,-a + H.C.)
lo li,o

Hloc — €p + U nyny

!

0000HO000 E() = 6, (@) = Gy (@)
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bath parametrization

—1 -1 = AW
G, (W) =G (w)+2(w) =w+u— dw ,
oo W — W
N 5
V
Grl(w) =w — /
And( ) - W W— €
/=1
how to determine bath parameters g, and V,? [0 Vi Vo V5 - \
\/1 €1 0 0
HO — \/2 O Eo O
And \/3 0 0 e

\ )

Np
Hang = €0 3 s+ Unpny + > (eimig + Vi (al,¢, + clay, ))
o [=1

o
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use Lanczos parameters

AW
Bethe lattice: /dw’w (_ Lj, = t*Gimp (W)
t2h<? t2b
26 (w) + 1767 (w) = -
W+ ag - w+all<—--- W= 85  w—ay—

/ t2b§

0
HAnd — :
t?bg
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by —a;
>
dp
>
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fit on imaginary axis

fictitious temperature: Matsubara frequencies

Nmax

P({Vie}) = wliwn) |G (iwn) — Gany(iwn)|
n=0

weight function w(iwn):
eemphasize region close to real axis
emake sum converge for n—« (sum rule)
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reminder: single-site DMFT

Hubbard model l‘
Z tij € /a Cio + U Z Ny Njy Gloc(w) = /dk (w — —e(k) — Z(w))_l
Ijo

!

WIOISIOIOIDIOISIO

Bloch: e—/k 1 e/k e2//< e3/l< e4/l<

G, (w) = Z(w) + Gt (w)

_ 5
Cka Z NI T — /—/(k) e(k) Gbl(w) AW+ U — € — Z (w—¢))

project to single site: [ dk H(k) = €

Hand = Hioc + ZE/G a;raa,a + Z Vii (a}Lac,-a + H.C.)
lo li,o

Hloc — €p + U nyny

!

0000HO000 E() = 6, (@) = Gy (@)
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DMFT for clusters

Hubbard model

Z tij € /0 Cio + UZ N Niy

Ijo

HOOLOHOO®

Bloch: e—/k 1 e/k e2//< e3/l< e4/l<

C}EJ = Y ekricl = H(k)

project to cluster: [ dk H(k) = H

Hioc = He + U Z Nip-Njy

0001100
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L

G(w) :/dR (w+ 1~ H(E) —Zc(w))_l

v

G,'(w) =% (w) + G H(w)

v

G,'(w)~w+u—H,—T[w—E

v

Hand = Hioc + Y Eimo alpame +Zr, (al,cio + H.c.)

— ]

T (w) = G5 (w) — Gl (w)




DCA 3-site cluster

0 e e~k
HKk)=—-t | e’ 0 ek O O Ol e o
ei/( e—ik 0
0 1 1
3 (™3 L 3v/3
H.o = — dkH(k):——\/_t 1 0 1
2T —7/3 2T 1 1 0

translation symmetry
coarse-grained Hamiltonian
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DCA CDMFT

0 ol o~ ik
Hk)=—t | ek 0 ek O O O|e @ @¢|0 O
eik e—ik 0
0 1 1
3 (M3 3V/3
H.o = — dkHM):—Ql:t 1 0 1
2T —7/3 2T 1 1 0
translation symmetry no translation symmetry
coarse-grained Hamiltonian original Hamiltonian on cluster
0 1 e—3i/?
HkK=-t]| 1 0 1
e3//< 1 0

L

S

|

Q.

>

L

Y

X1

N—"

|

|

(N|.
O~ O
= O
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DCA - CDMFT

—IkL 1 1 1 1 Ik L Ik L Ik L Ik L 21k L

€ € e € € €

-0 /{0—0—0—0  0—0—0—00-

—Ik 1 e/k tek e3/k e4/k e5/k e6//< e7//< eS/k

€

CDI\/IFT(k) _ Z e—/kr GriR,.0

~DCA _ E —ik r+R;
CR,‘O’ (k) _ € ( ) CF—|—R,',O'
r

auge determines . ~ e
gClu%ter method: Crio (k) = Ze (WHetsR)) iR, o
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bath for cluster

Hand = Hau + Z Eim,o ar;faamc7 + Z [ (a}LUC,-(I + H.c.)

Im,o li,o

diagonalize bath: E¢, = €/¢, and define V;; =>" [ 0y d1.m

YA
W — &

G,'(w)~rw+pu—Hc—»
/

G, (w) =X (w)+ (/ dk (w + u — H(k) — zc(w))l)l

expand up to 1/w?: sum-rule
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hybridization sum-rules: single-site

H with hopping t, to the z, n'’-nearest neighbors

ZV’ (zw)d/_ hei=2 ot

special case: Bethe lattice of coordination z with hopping Az

ZV/QZ 2
/
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hybridization sum-rules: DCA

hybridizations diagonal in the cluster-momenta K:
) ) 2
STk = [ dke i ( [ ke
/

all terms Vi k Vi k mixing different cluster momenta vanish
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hybridization sum-rules: CDMFT




hybridization sum-rules: CDMFT

t’

A

t2 4+ttt 0
(Z \/,,,-\7,1) = tt 2t2  tt
/ 0 tt' t? 4+t
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0.35

03 r

0.25 r

0.2 r

0.15 |

0.1 r

0.05

example: 1-d clusters

CDMFT

DCA

hybridize

only surface

full cluster

strength

const.

1/Nc?

Thursday, October 6, 2011

0.35

03 r

025 r

0.2 r

0.15 r

0.1

0.05 r

025

02

0.15

0.1 r

0.05

0.15 r

0.1

0.05 1

0.1

0.05

K=0 —— ‘ ‘ K=n
Nc=2 DCA

ﬂ
WA R WAV

=4

A

(o-w)/t| |

I

ﬂ (0-w)/t

1 IJL Jt‘n.nAl
S50 5 10 500 5 10 S50 5 10
(w- u)/t (w-w)/t (w-w)/t
NC—6
o I . Lo PO
0 10 0 10 0 10 0 10
(w- u)/t (w-w)/t (w-u)/t (w-u)/t
NC— _
0 10 0 10 0 10



symmetry of bath

1 0 1
1 : . .
W=—1|0 v2 0 irreducible representations: A (even), B (odd)
V2 1 0 -1
1 Goiy + Gz V2610 0
WG, 'W = V2G5, Gp 3 0 block-diagonal
0 0 Gl:,%l - Gb_&:a

\
\

>
.
/I\
9;<-;§<z<
/—
® O ©o
o
.
/\
<
7/ ‘ \\
® 0 ¢
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summary

steepest descent = Krylov space

OE[W] _ HWV) — EV][V)

i)

= [W3) € span (|¥), H[V))

v

14 U=2t
B0 U=4t
102 s U
4 s |
510° |
4
108
10
10712 '\ ’\\
10714 , » . "o, L%,
0 20 40 60 80 100
iteration
sparse Hamiltonian in Wannier representation
0 (0,0) 16384 | 16 sites
18 sites
1 (0,1) 8192 | 20 sites [ |
2 ©.2) 4096 |
3 (1,0) o
=S 2048
4 (1,1) kS
3
5 (1.2) @ 1024 |
6 (2,0) 512
7 (2,1) 256 |
8 . 22)
128 : : : : : : :
128 256 512 1024 2048 4096 8192 16384
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# CPU

spectral function: moments
Gr(w) =

Ajj(w-u)

75
100

-

bath parametrization

v
Gw) = / dk (w - HEK) - ;:C(w))f1
— ®
- Vi !
A @ = Vi, =@ G, (w) = Ec(w) + G} ()
Va ~ v
@
G,l(w)~w+p—H.—T[w—Ert
v
Hand = Hioc + Z Eimo a}oam 4 Z I (afoc,g = H.c.)
t Im,oc li,o
{\\ JI\ !
Q ‘ o \ p Fo(w) = Gyl (w) — G} (w)
[

v

Zv,v}f :/dRH2(R)— (/dRH(R))2



