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Electrons in solids

condensed matter: electrons in a ionic potential
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individual atoms condensed matter unbound electrons
by () Bloch: y,, (¥) Jellium, —etkr
s, p, d, f, ... Wannier: ¢,, (r — R)
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Coulomb interaction: Vee (¥ — 7') oc

¥ — 7'
= important for strongly localized 3d, 4d, 4f, ... electrons

Hubbard model: e.g. 1 band, only U = Vjjii
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1jO — lectures



Dynamical mean-field theory

limit of large coordination number Z or large dimension d:

 scaling: t=t*/Z with Zo«d- o
 Green function: G;;(w) oc d~I1Ri=R;ll/2
e self energy: Yij(w) =0 2(w) = local

mapping onto single-site problem: *

o self-energy il Giil
= same as for dynamical single-site problem

e e.g. Anderson impurity model = numerical methods

= Dynamical mean-field theory

Metzner & Vollhardt ’89; Miiller-Hartmann ’89; Georges & Kotliar ’92; Georges et al. RMP ’96, ...
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1. Green functions

e.g., Negele & Orland
imaginary-time-ordered fermionic Green function Gyg(T):

s [ lex(Meg (@) T>0
~(Trcy(T)eg (0)) = { —{c}(0)ca(T)) T =<0

= —Gup(T+pP) for =B <T <0

G(x[S(T)

with Heisenberg operators A(T) = efTAe H7

Matsubara Green function:

+ 00
Gop(T) =T > Gaplicy) e "0nT

Nn=—o0

b .
Gaﬁ(lwn) — J dT G(X,B(T) elwnT
0

with fermionic Matsubara frequencies iw, = 2T (n + %)



Spectral representations

spectral function:

% A
G(xﬁ(iwn) = J dw - O(B(w)
—o LWy — W
1
Axp() = —Flm Guag(w +10)

retarded Green function
o—BEm _ o—BEn

VA

n,m

local Green function:

1

Giig(itwy) = Gy (iwy) = ZZGkguwn)
k

1 1 .
Ajig (W) = Ag(w) = ——ImzZ Gro(w + i0)

= interacting density of states

> (nlcjlm){mlcyIn) 6 (Ep —

— w)



Free particles

free particles: H — uUN = > (€kx — 1) CRyCry
ko

1

= (0) 5 (1wy) =

local Green function:

Go i) = =S J de— PO

Lklwn+u—ek Wy + U — €

Ao(w) =7 Y 6w +u—a)  =plw+p
k

with free density of states (which characterizes €g)

p(w)=> 6(w — €xk)
k



Self-energy

self-energy Xk (iwqy):

1

Gro (lwy) = - .
kor (100n) LWy + U — € — Zgo (TWy)

Gro (iwn) ' = Gyl (iwn) ! = Ske (iwy)

matrix notation: Gijjo(iwy) = (G)ijom

G'=G¢"Y1-%
or G =GY +GY=G

diagrammatic notation:

Dyson equation



Path-integral formulation

partition function for fermionic Hamiltonian H ({c/}, {c,})

Z=Tre BN = | D), balT)) exp(A)
¢a(B):_¢a(O)
= functional integral over Grassmann variables ¢, (T)

action:

B
A= JOdT [z b% (3r — 1) po+ H({PE}, {qba})}

e.g., Negele & Orland

imaginary-time-ordered fermionic Green function:

Gap(1) = 5 | D" B) Pa(1)pf(0)  exp()

APBC
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2. Useful concepts. Quasiparticles

spectral function: describes single-particle excitations

Ar(w) = 1 Im2g ()

T[w —€x + U — ReZp(w)]? + [ImZk(w)]?
real part vanishes if

W =€ — MU+ ReZ(w) = solutions w = Eg



2. Useful concepts. Quasiparticles

spectral function: describes single-particle excitations

1 Im2g ()

Ar(w) = m[w — €x + U — ReZSk(w)]? + [ImZk (w)]?

real part vanishes if

W =€ — MU+ ReZ(w) = solutions w = Eg

for 0 ~ Ek: LSCO Zhou et al. (2006)
0.1
Zk(Ek) 0
G ~

k(w) W — Ex + iTr (Eg) 1 < o

()]
— 02
Zr(w) = 1/[1 - s>-ReSk(w)] gy

n
Tk(w) — 1/[_Zk|mz(w)] 0.4

05—
Fermi liquid: coherent quasiparticles for sufficiently small w




Hubbard bands, Mott transition

atomic limit. H3' = >, [U nyn; — u(ng + nyp)l

N_g N 1 —N_gy

1wy +u—-U iwy+u

spectral function:

» peaks broaden for ¢;; # 0 = Hubbard bands Hubbard ’63

 Hubbard bands merge for large enough |t;;]

e quasiparticle bands develops gaps for large enough U

= |(non-magnetic) Mott-Hubbard transition at U = U, and n = 1|

Mott '46
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1. Free fermions

crystal lattices in d = 3:

e simple cubic lattice (Z = 8)

e face-centered cubic lattice (Z = 12) @

= generalized lattices for any (large) dimension d?

easy for hypercubic lattice:

in d dimensions:

212(1,0,0,... )
o o ® I:I 82:(0,1,0,... )

e; = (0,0,0,...,1)



Next-neighbor hopping

. . . S A _ +
kinetic energy: Hyin = > Lij CjCiy = D €k CiiyCro
ijo ko

~t if Ri—Rj = +e,
NN h I : t::=t(R: — R;) = J
opping ij (R; i) {O else

d
dispersion: € = —2t > cosk;
i—1

| nontrivial limit d — o? |

L — o0 d?k

1
p(E):Z%5(€_Ek) = (Zﬂ_)d5(€_€k)

density of states:




Scaling of hopping amplitudes

elegant answer:. Metzner & Vollhardt ’89

e random variables X; = v/2cosk; (mean=0, variance=1)
% Z coS k;

central limit theorem:

in law . i
ford - «o: X; — Gaussian r.v. (mean=0, variance=1)

density of states: distribution function of \/2dt X,
2

€

1 Ty g2 L
_ 2t _ %

€) = e * for t =
p( ) 2”|t>|<| \/Zd




Density of states

p(w)
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Vollhardt ’93
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2. Many-body theory

Feynman diagrams for Green functions:

= non-interacting Green function line G\

>‘ -7 '< = interaction vertex

= full (interacting) Green function line G

perturbation expansion:

|
_|_
_|_
_|_
_|_
_|_




Self-energy

proper self-energy diagrams:

e external vertex amputated
e cannot be cut in two pieces

1 1 T 1 T
1 \ Y \ !
J- N -~ - ’ S -~ - ’

proper proper not proper

self-energy:

proper



Skeleton expansion

so far: S[GV]

O

now: omit self-energy insertions, ' etc.

1
L

= skeleton expansion 2[ G|

e avoid double counting

e should be equivalent when summing all diagrams
e not equivalent when summing some diagrams



Power counting in 1/d

d dependence of Gjjs(w) for d — ?

hopping amplitudes:

1
. — +* J—5|IRi—Rjl|
tl] — tljd 2 t J

kinetic energy:

Eklna — Ztlj<clo' J0'> — Ztuj 002 GLJU((U) etw0+ — O(do)
ij

H(_J
O (d!/Ri—R;lly

Green function:

Gijo(w) = O(d2IRRilly G (w) = 0(d°)

‘:> simplifications for Feynman diagrams!|




Diagrammatic simplifications

Hugenholtz diagrams: (Hubbard model: no exchange diagrams)

i,a>‘"'<i,—(r = Unpny = ):(

skeleton expansion:

@z + + /\\ + ... (1)

consider fixed i: compare j + i with j =1




Collapse of position space diagrams

skeleton expansion: > 3 independent paths from i to j

3
e Green function lines: O(d2![Ri=Rjll)

e summation over j: O (dl'Ri=R;ll)

= skeleton diagram is O(d‘%”Ri_RJ’”)

ind = oo;

all vertices in 2[ G| have the same site label!

self-energy is local!

Yijo (W) = 0ij Ziig (W) = 0ij X5 (W)
ko (W) =25 (W) independent of k!



Consequences of local self-energy

simple k dependence:

1
Gro (lwy) = - .
ko (10n) LWy + U — € — Zg(lwy)

local Green function:

A%k 1
()4 iwy + U — €k — 2 (iwy)

Go(iwy) = Dyson equation

:J de - p(e) , Hilbert transform

(later: “self-consistency equation”)
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1. Mapping onto impurity models

Effective single-site action: A =4, + A> Kotliar & Georges *92, Jarrell *92

B B
_ / * —1 / /
Aq = JOdT JOdT gca(T)gg (T, T') e, (T')

*

= > ek (iwn) Go (iwn) ™ cg (iwn)

B
A> = —UJ aTt CT*(T)CT (T)Cl*(T)Cl (T) local Hubbard interaction
0

Weiss field G: (G_l)T,Tf =G (T, T")

Green function: Gg(iwy) = (cy(iwy)cy(iwn)) arg]




Dynamical mean-field theory

e in general A is not due to a single-site Hamiltonian
» G is a dynamical mean field
» only single-site Hamiltonian H for G ' = —9; + u

e define impurity self-energy S via

~—1
G = [Q‘l —Z] impurity Dyson equation

e skeleton expansion:

ZNZ[G] = 1 4= 4 = 4+ ., one site only!

= 2G| |same as for Hubbard model in d = oo!|




Dynamical mean-field equations

lattice Dyson equation:

G (i) — "~ dlk 1
d )M Aiw, + U — €k — S (i)
> p(€) .
= de - . self-consistenc ]

together with

-1
Go(iwn) = |G (iwn) ! = g (iwy) ] 2)

Go(iwy) = (s (iwy) ey (iwn)) ars] (solve numerically) (3)

= ‘three equations for unknowns G, G, Z|




Some simple limits

non-interacting case, U = 0: 3s(iwy) =0

(1) = Go(iwy) = G (iwy) = 1> Gy (iwy)
k

(2) = Go(iwn) = Go(iwn) = (3)

atomic limit, t;; = 0, €ex = 0: p(e) = 0(€)

(1) = Go(lwy) = -

(2) = Go (iwn) ™" =iy +

= g;l(T) = —0r + U = (3)



2. A solvable example

Falicov-Kimball model: hopping only for d spin species

H=) tijdjd; +Ef > fi'f; +U 2. did; ff,
ij i L

e d electrons hop on background of f electrons

 f configuration optimizes the free energy @/

o half-filling, bipartitie lattice, d > 2:

checkerboard phase forU >0and T, > T > 0 Lieb '86

e DMFT exaCtly solvable Brandt & Mielsch ’89, van Dongen ’90, Si et al. 92, Freericks & Zlatic ’03



DMFT equations

self-consistency for f electrons: (jjzl = —0r + U

DMFT action:

g ﬁd "d* 21 Nd(Tt’
ﬂzJOdTJO T'd* (1) G (T, 7)) d(T)

B B
+ | dr e @ - Ep) (0 U | dr s (md(m £ £

integrate out f electrons: (atomic limit!)

Galiwy) = (d(lwn)d*(lwn)>ﬂl
B ny N 1 —ny
C Galiwy) 1= U Galiwy)!




DMFT solution

self-consistency equations:

o0

o de pa(€)
Gatwn) = J—oo Wy +u—24(lwy) — €

Gd(iwn)_l = Gd(iwn)_l —24(iwy)

= determines G4 (iw; ) for any density of states p;(€)

skeleton functional >;[G4]:

Z(iw)—U— ! +J<g— ! )2+ uny
A S TG (iw,) N\ 2 T 2G4(iw,,) Ga(icw,)

involves all orders in U



Spectral function of itinerant electrons

Bethe lattice, homogeneous phase, ng = ny = %, U=0.5 1.0, ... 3.0

Freericks & Zlatic 03

T N B

| L
0.3 |
0.25 | | ‘6 -
0.2 | - -
0.15 | -
0.1 | -
0.05 | -

O HENE ] ' s 1 NN
-3 -2 -1 O T 2 3

Alw)t”

Frequency (w/t")
e Mott metal-insulator transition at U = 2
e non-Fermi-liquid
e spectrum T independent in homogeneous phase



3. Impurity solvers

representation of G via Anderson impurity model:

H=)>¢pa) a, +> Vyla) c,+cra, )+ Uci e, )¢
lo lo

integrate out host degrees of freedom = action A with

VZ
1, . {
1Wy) =1Wy + U —
Gy (iwn) = iwn + %iwn_q
1 (* A
=1y + U — — d w ()

A(w) =TT Z Vfé(w — €p) hybridization function
0



3. Impurity solvers

representation of G via Anderson impurity model:

H=)>¢pa) a, +> Vyla) c,+cra, )+ Uci e, )¢
lo lo

integrate out host degrees of freedom = action A with

VZ
1, . {
1Wy) =1Wy + U —
Gy (iwn) = iwn + %iwn_q
1 (* A
=1y + U — — d w ()

A(w) =TT Z Vfé(w — €p) hybridization function
0



Numerical methods

Hirsch-Fye QMC
Trotter decomposition of imaginary-time action

Continuous-time QMC

Expansion in hopping or interaction

ED

exact diagonalization for small number of host sites

NRG
logarithmic discretization of host spectrum, sites added successively

DMRG
blocks with varying number of sites, dynamical quantities available

— lectures



Metal-insulator transition

Hubbard model, Bethe lattice, homogeneous phase, n = 1, DMFT(NRG)

1.5 - . : . : : ,
——- U/W=1.0

— U/W=1.42
A ---- U/W=2.0

A(W)W

Bulla ’99



Summary

DMFT:

e exactford — o
e numerical solution of local dynamical many-body problem
e input: kinetic energy, interactions, band-filling (materials!)

— lectures

Outlook:

e multiband systems, real materials, LDA+DMFT
e numerical methods
e spatial fluctuations: cluster theories, dual fermions, DI'A, ...

— lectures
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