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Motivation: Materials

T

rongly correlated electron systems in
alistic condensed matter offer a large
riety of complex phenomena
on-Fermi liquid, charge-, spin- and
bital order, charge density waves,
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[E. Dagotto, Science 309 (2005)]
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Well, lets start from scratch ...

-relativistic Hamiltonian for the Solid State:

RPA. 1 ZoZ i e?
o 4= (=: Tk + Vkk =: HK)
za: 2Mo 2 2 IRa — R/
(676
aFa’
Zoe?
-2 R (= Vie)
an [Ra — 1y
N
S R2A 1 e?
_Z M"‘_Z (:37E+Vee::7‘[e)
2m 2~ |ry, —r,
H e
pE
>sides being extremely heavy ( N, Ne ~ 1023), intriguing coupling of lattice and electronic degrees of freedom !
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Well, lets start from scratch ...

-relativistic Hamiltonian for the Solid State:

PA. 1 ZoZ i e?
o 4= (=: Tk + Vkk =: HK)
; 2Mo, 2 Z/ |Ra—Ro¢’|
(676
aFa’
Zoe?
-2 R (= Vie)
an [Ra — 1y
N
S R2A 1 e?
_Z M"‘_Z (:37;+Vee::7‘[e)
2m 2~ |ry, —r,
H e
pA !
>sides being extremely heavy ( N, Ne ~ 1023), intriguing coupling of lattice and electronic degrees of freedom !

> Born-Oppenheimer approximation  Decoupling nuclei and electrons

He = He({R}) := He + Vke
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Electrons on the Lattice

ronic Hamiltonian in Second Quantization: N R
? /
tLaLb C ”‘\ \ e\ \ \
2 : RoRp “RaLaoRgLyo CREPe , S5
alBabO- ‘. \ \ \‘ ( ! ; » / A /",": A
+§ Z Vee({R’ L}) CRQLaaCRBng’cRéLda’CR7L00 \ R " S P \
afyé WL S RS i N
abcdoo’ } -r/_
ed lattice R, orbitals L spin-projection o,
: s (1)
ectron creation/annihilation operator c ;
2
| | L.L h=A
hopping amplitude tijl 2 = /dr w;r, (T) {% - ’U(I‘)} W;L,, (1)
wi; (r)w? (r')w (r')w (r)
. . L Loo’ kLgo’ L
Coulomb interaction ~ V. ({R,L}) = ¢? /drdr’ e 1229 | / 37 7
r—r
rr(r) :=wr(r — R) :Wannier function (— presentation by J. Kunes )
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The Big Problem

ow do we go from the manageable homogeneous electron gas ...

Wigner
lattice
real metals

—1 I —

1 2 10 20 g
ligh intermediate density low density

lensity

KE>>PE KE~PE KE<<PE

DM [R.D. Mattuck: A Guide to Feynman Diagrams, McGraw-Hill (1976)]
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to the notoriously complex inhomogeneous, realistic electron gas:

Electrons in metals (Fermi liguid)

Polarized fluid?

Wigner crystal

Classical plasma

10 100
Temperature (K}

® density functional theory (LDA, GGA, ...) (— presentation by P. Bléchl )

® quantum chemistry (CI, CC, MP, .. .)

1,000
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The Lesson

Because of the complexity of the interacting
problem in condensed matter
(1.e. exponential grow of the Hilbert space In
a complicated potential landscape),
simplified model Hamiltonians are needed to

get access to the essential physics !



ntroduction to the
single-band Hubbard model



Theory Reminder: Green’s Functions

ensity Functional Theory (LDA, GGA, SIC, OEP, ...): (ground-state) electronic charge density n(r)
uantum Chemistry (Cl, CC, MP, .. .) . many-particle wave function |¥) (landlord view)
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Theory Reminder: Green’s Functions

ensity Functional Theory (LDA, GGA, SIC, OEP, ...): (ground-state) electronic charge density n(r)
uantum Chemistry (Cl, CC, MP, .. .) . many-particle wave function |¥) (landlord view)

>olid-State Many-Body Formalism . Green’s functions (propagators)

ne-particle Green’s function:  “collecting events in the life of an electron”  (tenant view)

£>0 Go(k,t)=—iOc_—c O e ""x

free electrons Go(k,w -1
with dispersion ey ( 7 ) w—ey +i0

G(k,t) = —i (Wo| Ty ()cf (0)|Wo)
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Theory Reminder: Green’s Functions

ensity Functional Theory (LDA, GGA, SIC, OEP, ...): (ground-state) electronic charge density n(r)
uantum Chemistry (Cl, CC, MP, .. .) . many-particle wave function |¥) (landlord view)

>olid-State Many-Body Formalism . Green’s functions (propagators)

ne-particle Green’s function:  “collecting events in the life of an electron”  (tenant view)

Go(k t):—i@ . ©O,etext
) t>0 ’ € IS t
G(k,t) = —i (Uo|T e ()l (0)]Wo) > e
free electrons G()(k, w):—.
with dispersion gy w—e, +id

G(k,w) = Go+ GoXG = Go + GoXGo + GoXGoXGo + -+ = Go(1 + GoX + GEx? +---)

1 1 1
Go = — = : 3 (k,w) : self-energy
1-Gox G, ' —-¥ w-¢g —33kw)
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Theory Reminder: Green’s Functions

ensity Functional Theory (LDA, GGA, SIC, OEP, ...): (ground-state) electronic charge density n(r)
uantum Chemistry (Cl, CC, MP, .. .) . many-particle wave function |¥) (landlord view)

5olid-State Many-Body Formalism . Green’s functions (propagators)

ne-particle Green’s function:  “collecting events in the life of an electron”  (tenant view)

Go(k t):—i@ . ©O,etext
) t>0 ’ € IS t
G(k,t) = —i (Uo|T e ()l (0)]Wo) > e
free electrons G()(k, w):—.
with dispersion gy w—e, +id

G(k,w) = Go+ GoXG = Go + GoXGo + GoXGoXGo + -+ = Go(1 + GoX + GEx? +---)

1 1 1
Go = — = : 3 (k,w) : self-energy
1-Gox G, ' —-¥ w-¢g —33kw)

pectral function: ’reading out the energy dependence”

AT(k,w) =3 (EH Y el 1002 6(w — wimo)  for w >0
Ak, w) = <

A (kw) = Y TR Ve [To) 2 (w — wom)  for w <0

\

k-summed version: p(w) = ) ~ A(k,w)
K
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Chopping off hoppings and interactions

rt from full electronic Hamiltonian on the lattice:

_ La Ly el
He T Z tR RB CR L,o RBLbO' + a Z {R L}) CR L,o RBLbJ R6Ld0' R L.o
afBabo aByé
abcdoo’

— 1. Approximation: only single orbital with nearest-neighbor (NN) hopping

HG = - Z tRo Ry cR O'CRgo'—i_ Z cH{R}) CRao EBJ’CRW R, o
(aB)o a575

oo’

— 2. Approximation: keep only local Coulomb interaction V. (R, Ra, Ra, Ra)

woo_ T T
'Lle _ o Z tRaRB CR O'CR,BO' + Z Ra’Ra7Ra’Ra)CRQO'CRQO',CROAO-/CRQO-

(aB)o aaa
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Chopping off hoppings and interactions

rt from full electronic Hamiltonian on the lattice:

He

mplify notation:

%

LaLy el
Z tR RB CR L,o RBLbO' + a Z {R L}) CR L,o RBLbJ R6Ld0' R L.o
afBabo aByé
abcdoo’

1. Approximation:

only single orbital with nearest-neighbor (NN) hopping

.l.
N Z tRq Rg CR UcRﬁff—'_ Z {R} CRaO' RBU’CR(sO' Ryo

(af)o

2. Approximation:

aﬁ75

oo’

keep only local Coulomb interaction V__ (R, Ra, Ra, Ra)

T T
—_ Z tROéRB CR O_CRIBO- —|— Z Ra,Ra,Ra,Ra) CRaaCRaU,CRaJ/CRQU

(afB)o

= Hubbard model:

OéO'O'

Ro,Rg —14,5 , tij=:t , V(44,41 =U , ni=c

(ig)o
[J. Hubbard, Proc. Royal Soc. London A 276, 238 (1963)]

Hyp, = —t Z cw o T UZnZan

C.

10 10
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Itinerancy versus Localization

Hubbard model:  Hpu, = —t » ¢l c;o + U ngny ,  forfiling n=1 (halffilling)
(ij)o )

oninteracting limit (U = 0)

occupation
O empty
@® single
® double

_ E : T
' Hhub — €k CkJCkg
ko

- ideal metal, Fermi gas
P
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Itinerancy versus Localization

Hubbard model: ~ Hpu, = —t » | ¢l c; + UanTnz ., forfiling n=1 (halffiling)
(ij)o
oninteracting limit (U = 0) atomic limit (¢ = 0)
occupation
O empty B H [tha) , 260+ U
® single L be), 0
® double % % W), €0

— disconnected sites

— only single-occupied sites
populated in ground state

ideal metal, Fermi gas

P P

d G
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Itinerancy versus Localization

Hubbard model:  Hpu, =—t » ¢l c;o + U ngny ,  forfiling n=1 (halffilling)
(ij)o 7

ninteracting limit (U = 0) intermediate (U ~ t) atomic limit (¢ = 0)

_ correlated metal — disconnected sites

—  dominant population — only single-occupied sites
ideal metal, Fermi gas of single-occupied sites populated in ground state
P o) P
W | | U | W wt U

"Three-Peak Structure”
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Spectral Function A(k, w)

1e spectral function A(k,w) is of cen-
al interest and can be interpreted
5 the many-particle generalization of
e band-structure and density-of-states
)ncept for a solid. Measured by:

gle-resolved (inverse) photo emission .

1 (k, w) with and without interactions:

ARPES

k
___________________________ A
P k-
bl J
Vi 4
A1
/
/
Er E N1 Er N+l E N1 Er N+l

Non-interacting electron system

Fermi liquid system

[
—&-

B

ARIPES

photon “
hy .

Correlated condensed matter

9

o

k is not always a good
guantum number

finite lifetime of states
away from Fermi level

band-narrowing close to
Fermi level

filling of states affects
the whole spectrum
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Main Excitations

1 strongly correlated solids there are in principle
vo dominant types of excitations:

@ low-energy (coherent) quasiparticles
with well-defined wave vector

9
9
9
9

energy shift from the noninteracting eigenvalue
exist on a long but still finite timescale

band narrowing by ZD ~ €7,

will be destroyed at high temperature

L high-energy (incoherent) atomic-like excitations

o000

form Hubbard bands around atomic levels

exist on a short time scale

lower and upper Hubbard band are separated by U
Mott insulating state for small ¢t /U

=> Theory has to describe the interplay of different energy sca

les !
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Experimental Evidence

1/CaVOs;

1
H(c)
e hv=900¢eV &:
A hv=275eV g™

& -2750V 4 a- and 6-Pu
—hv=21.2eV§g

Ill-

E-330€V  znn 100

T=10K

Sr Ruh, eleaved at 1R0 K
=10k ne=28 eV

= H5-Pu

_Illtl\m‘“

-1.0 -0.8 -0.4 0 0.4
Energy Below EF (eV)

[Shen group, Standford]
[Arko et al. PRB bf 62 (2000)]

>kiyama et al. PRL 93 (2004)]
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Some properties of the Hubbard model

parameters: t, U (filling n, lattice type)

spin-rotational invariant

analytically exact solvable in one dimension and numerically exact in infinite dimensions
U = 0: Fermi gas, t=0: atomic limit

limit U/t > 1: perturbation approach in ¢t/U

® half filling: Hubbard model — antiferromagnetic quantum Heisenberg model

2t2
Hpeis = — Z Si S
(i)

® doped case: Hubbard model — t-J model

2
Pttt
=P |—t > el cjo = 5 ) (%% - Cu%) (chm - Cﬁ%) P
(ij)o (ijk)

Mott transition at half filling for larger U/t :  complete breakdown of Bloch picture !
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ometimessingle-band may indeed be ok ...

400

strange metal

300

High-Temperature

Cuprate Superconductors:

temperature (K)
200

100
1
antiferromagnet

pseudogap

" 01 02 03
hole doping

o

'_\I
A O N A O b N ow b
\/ ‘\I\
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ometimes single-band may indeed be ok ..

High-Temperature

Cuprate Superconductors:

'_\l
A O N A O R N W b

temperature (K)

G -
g
& strange metal
G -
(5]
=
N |Z
=
£ pseudogap
g Al g Fermi liquid
5
o l_: : -I.-. '-l' lll. ."'~ T 'l
0 0.1 0.2 0.3
hole doping
However ...

Wannier function

for the band at the
Fermi level with
strong Cu(3d,2_,2)
character

[O. K. Andersen et al.]
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Viulti-orbital Hubbard models



Atoms on the Lattice: Crystal Field

ingle-Band modeling often insufficient, since usually several bands live at low energy ...

. how can one decide which bands/orbitals to consider ?
J"

[\ [ —
T -
—
-
-

example:
atom with correlated 3d
shell in cubic structure

—

b

v

—
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Atoms on the Lattice: Crystal Field

ingle-Band modeling often insufficient, since usually several bands live at low energy ...
. how can one decide which bands/orbitals to consider ?

example:
atom with correlated 3d

shell in cubic structure "T\
-
L

=
]

»

-

<
\
9 9 ==
€g1 atomare Zustande spalten anhand der Punkt-
— a1 a1g gruppe des Kiristalls energetisch auf, dadurch
g . . . .-
3d e T reduzieren sich viele realistische Probleme auf
622/
tag =i einen orbitalen Unterraum
€q/ €g1/

tomic cubic hexagonal orthorhombic
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eq,t2,) generalized Hubbard Hamiltonian

rt again from full electronic Hamiltonian on the lattice

He =

_>

Jtation:

cub —

LoL o
Z tR fﬁﬁ CR Lyo R-,BLb0'+ 5 Z Vee R, L}) CR Lyo RBLbU CRsL40' Ry Lco

afBabo aBvyé

abcdoo’

Approximation: keep two/three orbitals with local rotationally invariant Coulomb interactions

.. / L -I-
Ro,Rg— 14,7 , a,b—=>mm |, nNiymoe =¢,. . . Cimo
1
2 : mm’ i E I W
t ij  Cimo© im'o +U Wi g, —I_ o E : [U NimoMim/s T+ U nzmdnim’a]
igmm’ o im i,m#m’,o

! P o
+ 5 Z [J CWYLUsz JC%mU im’ o —I_ JC szo zmaczm aczm a]

m#m/’,o
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eq,t2,) generalized Hubbard Hamiltonian

rt again from full electronic Hamiltonian on the lattice

B LoLy < T T
H, = E tR R CR Lo R,BLbU+ E Vee {R, L}) CRaLaaCRBLbo’CR5Ld0’CR7LCU
aBabo afByd
abcdoo’

—  Approximation: keep two/three orbitals with local rotationally invariant Coulomb interactions

tation: Ro,Rg — 1,7 , a,b—m, m' , Nime =cC, __C

1
cub = Z trgm ija Cim!o + Uznzanzm¢ ‘l‘ = Z [U/ NimoMim/s T U nimanz’m’a]

igmm’ o m i,m#m/’ o

! P o
+ 5 Z [J C%WLUczm JC%mU im’ o —I_ JC szo zmaczm aczm a]

m#m/’,o
m m/ ! m m/ ! m m/
L o | o + -
K | | ! | | | establishing Hund’s rule
U U'=U-2J | U'=U-3J
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full-shell Hubbard Hamiltonian

1
. mm’ T E T T
Hg = E : t; ij  Cimo© im’ o + 5 Umm m''m"" CimoCim/ o’ Cim! o' Cim! o

ijmm’o i,mm’m’’ m’" oo’

ottty Via Slater integrals Fi: Uit = (mn! |V m! ' m/"y = E ar(m,m’',m"” , m'"") F

> spherical approximation to the local Coulomb interaction =
epending on angular-momentum quantum number [:
=1 U:FO,J:éFQ ,
=2 U:FO,J:i(FQ—l—FZL),F4:0.625F2
=3 : U=F, J= é(QSGFQ + 195F4 + 250Fs) , F4 = 0.668F% , Fg = 0.494F%
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full-shell Hubbard Hamiltonian

1
. mm’ T E T T
Hg = E : t; ij  Cimo© im’ o + 5 Umm m''m"" CimoCim/ o’ Cim! o' Cim! o

ijmm’o i,mm’m’’ m’" oo’

ottty Via Slater integrals Fi: Uit = (mn! |V m! ' m/"y = E ar(m,m’',m"” , m'"") F

> spherical approximation to the local Coulomb interaction =
epending on angular-momentum quantum number [:
I=1 U:FO,J:éFQ ,
=2 U:FO,J:i(FQ—l—FZL),F4:0.625F2
l=3 : U=Fy, J= é(QSGFQ + 195Fy + 250Fg) , F4 = 0.668F% , Fg = 0.494F%
\dvances for realistic models, especially in the LDA+DMFT context:
® computing U, ..,/ m’m (w) from first principles (— presentation by F. Aryasetiawan )

$ many-body technique to handle U = U (w) (— presentation by P. Werner)
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3asic technigues
1. Hartree Fock



Mean-Field Approach

Hubbard model:  Hpu, = —t » ¢l c;\p + U nipny,
i

(ij)o
write particle-number operator: Nig = c;.racw = (nw> + Mo (decoupling ansatz)
N—— ——~
expectation value fluctuations
teraction kernel: NirNi | = (i) (Nay) + (i )N + (nip)dn; | + dnqpdng =: A(nppngy ) +0np0n,

ipproximation: neglecting on;+0n;
= Uznm’fm ~ UZA("%T?%O = UZ (nig(niy) + nig(nir) — (nip)(niy))

> essence of mean-field theory on the atomistic level: neglect of the correlations of fluctuations !
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Mean-Field Approach

Hubbard model: ~ Hpup = —t » ¢l ¢ o+ UZnZan

(ij)o
write particle-number operator: Nig = c;-racw = (nw> + Mo (decoupling ansatz)
N—— ——~
expectation value fluctuations
teraction kernel: NirNi | = (i) (Nay) + (i )N + (nip)dn; | + dnqpdng =: A(nppngy ) +0np0n,

ipproximation: neglecting on;+0n;

= Uznm’fm ~ UZA("%T?%O = UZ (nip(niy) +nip (nip) — (nig)(niy))
> essence of mean-field theory on the atomistic level: neglect of the correlations of fluctuations !
yroblem: decoupling of operators not unigue in any case here rotational invariance is lost !

Wick
ETCmCLCu = _CITCLCmCu - = <CT¢C¢¢>CI¢%T — (¢ l Cip)C IT ¢y + (i ! Cit)Ciy 3l Ciy +< Ci )¢ TT Cit
.|_

+{che; el ei) — (e (el ei))
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Hartree-Fock representation

e local decoupling of the interaction kernel in
T + T — T
Nic = C; Ciy NS = Ci Cit S, = C; 1 Cit

1ds to Hartree-Fock (HF) theory  of the mean-field approach to the Hubbard model:

hub__tz CisCio T & Z{nz (ni) —48;(S;) — < >2_2<Si>2} ni =) 5 Nio

(ij)o

( n
€k—|-U(— —m) for o =1
OEHE  p(HME 2
= modified dispersion eflf .= —hub _ OHyub) _ 4

8<nkg> 8<nkg>

(using an = ;nka , m= %(Wm — <nz¢>)>

5k‘|‘U<g—|—m) for o =]

\

simple approximation, numerically very efficient
in principle no correlations in HF, ill-defined for metallic systems

can be useful for long-range ordered Mott insulators (— LDA+U !)

other decoupling schemes possible (e.g., to describe superconductivity)

LDA+DMFT school. Models — pn. 24/34



1F phase diagram for the Hubbard model

1gle-band Hubbard model on the 3D simple cubic lattice wit hout non-collinear phases
R. Penn, Phys. Rev. 142, 350 (1966)]
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3asic technigues
2. Hubbard |



Employing the Green’s function

one-particle Green’s function: Go(k,t) = —i(Vo|T ¢y, (t)CLG (0)|[ W)

2hmann representation:

Ne+1 Ne—1
ey = 3 LI ek 190) 2| o [0 Dl o) L W A (i, w)
7 w+ @ — wmo + 1 W+ — Wom — N oow—l—,u—w + sgn(w’)i0+

m m

@ample: Fermi-gas limit A, (k,w) = d(w — ex)

o0 5 ! 1
= GeY(kw) = / du’ w o) .
oo w4 p—w +sgn(w)i0t w4 pu—ex + ik

general
1

Go(k,w) =
(k) w+pu—ex — Yok, w)

elf-energy >+ (k, w) carries all many-body effects !

@ample: Hartree-Fock approximation (first order diagrammatic expansion)

EHF _ Z(k) EHartree + EFock ]"W“O i w
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Computing the atomic self-energy

ncentrate on the local Green’s function: Gio(w) = g Go(k,w)
k

half filling the local spectral function p(w) in the atomic limit is given by

(> (i) (Walel, 0ol 6w — waz) = D (nig) 6w — (0 +0)) B} H |da), 2e0+U
(W) = < ¢ ¢ —_— e/ 0
) D (nio) | (Weleig o) * 8w — weo) = > {nig) 8(w — <o) Lo IZé o

' Aol o) | [ (i) 9 = o+ U)
0

— G’éa(w) — / w—l—,u—w’—l—z'0+

oo w+p—w —i0t

1 — (niz) 4 (niz)
wH+p—eg—1i0F  w+pu—eg—U-+1i0T

1

now adapt to Gio =
P (W) W+ — E?;om (Cd)

niz (1 — nis
yatom () = Unys + U? ia ( io) atomic-limit self-energy of the half-filled Hubbard model
w4+ pu—U(l —niz)
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Hubbard-l approximation

e structure of atomic self-energy for the crystal Green’s function:

1

Gk, w) =
(k) w+ p — e — D™ (w)

ots of the denominator (poles) yield the excitations of the system:

1
65&: 5{€k+UV:|:\/(€k—I—U)2—|—4U<niJ>}

simple approximation, numerically very efficient
atomic reference point, does not reduce to Hartree-Fock
appropriate for paramagnetic Mott insulators

dispersing Hubbard bands, but no quasiparticle peak

violates particle-hole symmetry
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3asic technigues
3. Slave Bosons



ntroducing additional degrees of freedom

half-filled single-band Hubbard model inthe U — oo limit: H=—t Z Pcl c. P

10 JO
(ij)o

yubly occupied sites are forbidden: Z Nie < 2 noteasy to handle !

g

ew auxiliary quantum degrees of freedom gbf;“ el = f;aqbi N Ciy = fwcbz

10

lecomposition of original electron operator into fermionic f part and bosonic ¢ part

0; : mp =1 AN np, =
#lvac) = |0;) e !
; |T2> : np =0 A ngpq=
filvac) = |oy)
i) + np=0 A ngL =

cessary constraintfor U — oo > fl fi, +¢le, =1=:0Q

Hamiltonian problem may then be expressedas H = —t Z qbz-cb;r.ffafjg
(ij)o

lave boson ¢§T) takes care of high-energy excitations, while fz.(;r) carries the sole quasiparticle part at low energy
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Slave-Boson Mean-Field Approximation

U— oo : Hyup = —t Z Cw o T Uznnnw — H}?Eb = —1 Z P; (be’LTGfJU
(ij)o (ij)o

lean-field approach: condensing the slave bosons (saddle-p oint approximation)

P (6 . Ylng) H P =1 Ha =Pt > 515

o (ij)o

inkman-Rice effect: 7|2 =1— (ng):=6 = tog =4t (strong bandwidth reduction at doping 9)

teracting ground state may be found my minimizing the grand potential with constraint:

Q= (Het) + A <Z<nfa> +|rf? = 1> — 1) (ngo)

g

Generalization to finite-U and multi-orbital Hubbard problems possible !

— Hhub = —t Z TZT szO'fJO' + UZCbTi’L qb/Nﬂ’

(ij)o
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Green’s Function and Self-Energy

8ESBMF
quasiparticle dispersion: 5IS£’MF = = |’I“|2€kg + A
a(ny.,.)
Green'’s function of non-interacting quasiparticles:
1 1
G k,w = —
k) w+p—epBME W — |r2ex — A
-ull electronic Green’s function and local self-energy:
GSBMF (k w) = |r|2Gy(k,w) = ulk = .
’ L wHp—rfex — A w4 p—ex — TSBMF ()
1 — A
ESBMF(w) — w (1 . _) ‘|—,LL . M
|r|? |2

® still simple approximation, numerically very efficient
® good description of renormalized quasiparticles at low energy

® Hubbard excitations only via static multiplets — no complete spectral function !
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Conclusions

® Models

9
9
9

are needed to investigate complex physics beyond effective single-particle problems
are still very difficult to solve, most often only in approximations manageable

Hubbard-like models are at the heart of describing the competition between localization and
itinerancy

® Techniques

o000 b0b

static mean-field approaches are simple, but most often a good starting point

central goal: modeling self-energy > (k, w) as good as possible

many approaches concentrate on certain limits/energy-ranges

one needs to describe strong/weak interacting limit as well as all relevant energy scales
Hartree-Fock and Hubbard-I are ok for the start, but one has to understand their limits

Slave-Boson Mean-Field ok when explicit quantum-fluctuactions are negligible and dynamic
Hubbard bands are irrelevant
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