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Outline

1. Introduction
a. History: resistance minimum
b. Anderson model

2. Renormalization Group
a. Poor man’s scaling
b. NRG-> see Ralf Bulla'
c. exotic Kondo effects in metal

3. Kondo effect in Lattice systems
a. Heavy Fermion materials
b. Dynamical mean field theory
c. impurity solver

4. Kondo effect in nano-device
a. Kondo effect in single-electron transistors
b. Charge Kondo effect
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Anderson Model
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Eigenstates: local moment formation:
model related to the 
Kondo model 

Single level:
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charge fluctuations:
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Spektralfunktion
• fractal weighs for n=1
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1.elimination of high energy modes 
2.rescaling of all parameters
3.rescaling of the quantum fields

11

Wednesday, September 5, 2012



Correlated Electrons: From Models to Materials Jülich, 4.9.2012Frithjof Anders

example: free electron gas

12

µ

D/s

D

−D

−D/s

single particle 
energies

Wednesday, September 5, 2012



Correlated Electrons: From Models to Materials Jülich, 4.9.2012Frithjof Anders

example: free electron gas

12

µ

D/s

D

−D

−D/s

high energy
mode elimination

single particle 
energies

Wednesday, September 5, 2012



H

D
=

� 1

−1
dxx c

†
xcx =

� 1
s

− 1
s

dxx c
†
xcx +

�� − 1
s

−1
+

� 1

1
s

�
dxx c

†
xcx

Correlated Electrons: From Models to Materials Jülich, 4.9.2012Frithjof Anders

example: free electron gas

12

µ

D/s

D

−D

−D/s

high energy
mode elimination

single particle 
energies 1. mode elimination

Wednesday, September 5, 2012



H

D
=

� 1

−1
dxx c

†
xcx =

� 1
s

− 1
s

dxx c
†
xcx +

�� − 1
s

−1
+

� 1

1
s

�
dxx c

†
xcx

Correlated Electrons: From Models to Materials Jülich, 4.9.2012Frithjof Anders

example: free electron gas

12

µ

D/s

D

−D

−D/s

high energy
mode elimination

single particle 
energies

kept

1. mode elimination

Wednesday, September 5, 2012



H

D
=

� 1

−1
dxx c

†
xcx =

� 1
s

− 1
s

dxx c
†
xcx +

�� − 1
s

−1
+

� 1

1
s

�
dxx c

†
xcx

Correlated Electrons: From Models to Materials Jülich, 4.9.2012Frithjof Anders

example: free electron gas

12

µ

D/s

D

−D

−D/s

high energy
mode elimination

single particle 
energies

discardedkept

1. mode elimination

Wednesday, September 5, 2012



H

D
=

� 1

−1
dxx c

†
xcx =

� 1
s

− 1
s

dxx c
†
xcx +

�� − 1
s

−1
+

� 1

1
s

�
dxx c

†
xcx

x→ x� = sx

Correlated Electrons: From Models to Materials Jülich, 4.9.2012Frithjof Anders

example: free electron gas

12

µ

D/s

D

−D

−D/s

high energy
mode elimination

single particle 
energies

discardedkept

2. rescaling of the parameters:

1. mode elimination

Wednesday, September 5, 2012



H

D
=

� 1

−1
dxx c

†
xcx =

� 1
s

− 1
s

dxx c
†
xcx +

�� − 1
s

−1
+

� 1

1
s

�
dxx c

†
xcx

H
�

D
=

� 1
s

− 1
s

dxx c
†
xcx = s

−2

� 1

−1
dx

�
x
�
c
†
x�(x)cx�(x)

x→ x� = sx

Correlated Electrons: From Models to Materials Jülich, 4.9.2012Frithjof Anders

example: free electron gas

12

µ

D/s

D

−D

−D/s

high energy
mode elimination

single particle 
energies

discardedkept

2. rescaling of the parameters:

1. mode elimination

Wednesday, September 5, 2012



H

D
=

� 1

−1
dxx c

†
xcx =

� 1
s

− 1
s

dxx c
†
xcx +

�� − 1
s

−1
+

� 1

1
s

�
dxx c

†
xcx

H
�

D
=

� 1
s

− 1
s

dxx c
†
xcx = s

−2

� 1

−1
dx

�
x
�
c
†
x�(x)cx�(x)

x→ x� = sx

cx� → 1√
s
cx�(x)

Correlated Electrons: From Models to Materials Jülich, 4.9.2012Frithjof Anders

example: free electron gas

12

µ

D/s

D

−D

−D/s

high energy
mode elimination

single particle 
energies

discardedkept

2. rescaling of the parameters:

1. mode elimination

3. rescaling of field operators:

Wednesday, September 5, 2012



H

D
=

� 1

−1
dxx c

†
xcx =

� 1
s

− 1
s

dxx c
†
xcx +

�� − 1
s

−1
+

� 1

1
s

�
dxx c

†
xcx

H
�

D
=

� 1
s

− 1
s

dxx c
†
xcx = s

−2

� 1

−1
dx

�
x
�
c
†
x�(x)cx�(x)

x→ x� = sx

cx� → 1√
s
cx�(x)

H
�

D
= s

−1

� 1

−1
dx

�
x
�
c
†
x�cx� ⇒ H

�

D� =
� 1

−1
dx

�
x
�
c
†
x�cx�

Correlated Electrons: From Models to Materials Jülich, 4.9.2012Frithjof Anders

example: free electron gas

12

µ

D/s

D

−D

−D/s

high energy
mode elimination

single particle 
energies

discardedkept

2. rescaling of the parameters:

1. mode elimination

3. rescaling of field operators:

Wednesday, September 5, 2012



H

D
=

� 1

−1
dxx c

†
xcx =

� 1
s

− 1
s

dxx c
†
xcx +

�� − 1
s

−1
+

� 1

1
s

�
dxx c

†
xcx

H
�

D
=

� 1
s

− 1
s

dxx c
†
xcx = s

−2

� 1

−1
dx

�
x
�
c
†
x�(x)cx�(x)

x→ x� = sx

cx� → 1√
s
cx�(x)

H
�

D
= s

−1

� 1

−1
dx

�
x
�
c
†
x�cx� ⇒ H

�

D� =
� 1

−1
dx

�
x
�
c
†
x�cx�

Correlated Electrons: From Models to Materials Jülich, 4.9.2012Frithjof Anders

example: free electron gas

12

µ

D/s

D

−D

−D/s

high energy
mode elimination

single particle 
energies

discardedkept

2. rescaling of the parameters:

1. mode elimination

3. rescaling of field operators:

D’=D/s

Wednesday, September 5, 2012



H

D
=

� 1

−1
dxx c

†
xcx =

� 1
s

− 1
s

dxx c
†
xcx +

�� − 1
s

−1
+

� 1

1
s

�
dxx c

†
xcx

H
�

D
=

� 1
s

− 1
s

dxx c
†
xcx = s

−2

� 1

−1
dx

�
x
�
c
†
x�(x)cx�(x)

x→ x� = sx

cx� → 1√
s
cx�(x)

H
�

D
= s

−1

� 1

−1
dx

�
x
�
c
†
x�cx� ⇒ H

�

D� =
� 1

−1
dx

�
x
�
c
†
x�cx�

Correlated Electrons: From Models to Materials Jülich, 4.9.2012Frithjof Anders

example: free electron gas

12

µ

D/s

D

−D

−D/s

high energy
mode elimination

single particle 
energies

discardedkept

2. rescaling of the parameters:

1. mode elimination

3. rescaling of field operators:

⇒ RG fixed pointD’=D/s

Wednesday, September 5, 2012



Correlated Electrons: From Models to Materials Jülich, 4.9.2012Frithjof Anders

poor man’s scaling

Kondo Hamiltonian

13

H

D
=

�

σ

� 1

−1
dx xc

†
xσcxσ + g

� 1

−1
dx

� 1

−1
dx

�
�

αβ

c
†
xα�σcx�β

�Simp

Wednesday, September 5, 2012



P̂L

Correlated Electrons: From Models to Materials Jülich, 4.9.2012Frithjof Anders

poor man’s scaling

Kondo Hamiltonian

13

H

D
=

�

σ

� 1

−1
dx xc

†
xσcxσ + g

� 1

−1
dx

� 1

−1
dx

�
�

αβ

c
†
xα�σcx�β

�Simp

Projector onto low energy subspace: 

Wednesday, September 5, 2012



P̂L

P̂H = 1̂− P̂L

Correlated Electrons: From Models to Materials Jülich, 4.9.2012Frithjof Anders

poor man’s scaling

Kondo Hamiltonian

13

H

D
=

�

σ

� 1

−1
dx xc

†
xσcxσ + g

� 1

−1
dx

� 1

−1
dx

�
�

αβ

c
†
xα�σcx�β

�Simp

Projector onto low energy subspace: 
Projector onto high energy subspace: 

Wednesday, September 5, 2012



P̂L

P̂H = 1̂− P̂L

Correlated Electrons: From Models to Materials Jülich, 4.9.2012Frithjof Anders

poor man’s scaling

Kondo Hamiltonian

13

H

D
=

�

σ

� 1

−1
dx xc

†
xσcxσ + g

� 1

−1
dx

� 1

−1
dx

�
�

αβ

c
†
xα�σcx�β

�Simp

Projector onto low energy subspace: 
Projector onto high energy subspace: 

Definitions:

Wednesday, September 5, 2012



P̂L

P̂H = 1̂− P̂L

Hd = P̂LHP̂L + P̂HHP̂H

λV = P̂LHP̂H + P̂HHP̂L

H =
�

H
L

d
λV

λV H
H

d

�

Correlated Electrons: From Models to Materials Jülich, 4.9.2012Frithjof Anders

poor man’s scaling

Kondo Hamiltonian

13

H

D
=

�

σ

� 1

−1
dx xc

†
xσcxσ + g

� 1

−1
dx

� 1

−1
dx

�
�

αβ

c
†
xα�σcx�β

�Simp

Projector onto low energy subspace: 
Projector onto high energy subspace: 

Definitions:

Wednesday, September 5, 2012



H
L
d

D
= P̂Lg

�

αβ

� 1

−1
dx

� 1

−1
dx

�
c
†
xαcx�β [�σ]αβP̂L

= g

�

αβ

� 1
s

− 1
s

dx

� 1
s

− 1
s

dx
�
c
†
xαcx�β [�σ]αβ

= s
−2

g

�

αβ

� 1

−1
dx̄

� 1

1
dx̄

�
c
†
x(x̄)αcx�(x̄�)β [�σ]αβ

= s
−1

s
−1+1

g

�

αβ

� 1

−1
dx̄

� 1

1
dx̄

�
c
†
x̄αcx̄�β [�σ]αβ

Correlated Electrons: From Models to Materials Jülich, 4.9.2012Frithjof Anders

Kondo Hamiltonian

14

perturbative RG
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2[Ŝ, V̂ ] +

�

n=2

λ
n

n!
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Ĥ
� = Û
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HÛ = e

λŜ
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Ĥe
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Sloc > 1/2

sband = 1/2

S� = Sloc − 1/2

Sloc = 1/2

Correlated Electrons: From Models to MaterialsFrithjof Anders Jülich, 4.9.2012

Exotic Kondo effects

22

under-screened Kondo:

sband = 1/2sband = 1/2

over-screened Kondo

• residual entropy: log(S’)
• singular Fermi liquid: 

free local spin+strong 
coupling fixed point

• residual entropy: log(2)/2
• non Fermi liquid
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characteristic of a heavy Fermi liquid (FL) [1], are ob-
served in the La-doped samples with 0:05 ! x ! 0:40 over
more than one decade of temperature. As will become clear
below, this finding allows us to analyze the 4f contribution
to the specific heat !C of Ce1"xLaxNi2Ge2 in terms of the
single-ion Kondo model.

According to the Kondo resonant-level model by
Schotte and Schotte [14], the Kondo-impurity contribution
CKI to the total specific heat per 1 mol of the impurities
with effective spin S ¼ 1=2 is described by the formula

CKI

!
T

TK

"
¼ 2R

TK

2!T

#
1" TK

2!T
c 0

!
1

2
" TK

2!T

"$
: (1)

R is the universal gas constant, c 0 is the first derivative of
the digamma function, and TK is the Kondo temperature
defined as the width of the Lorentzian-shape Kondo reso-
nance at the Fermi level. As can be seen in Figs. 1 and 2,
this model describes surprisingly well our experimental
data not only in the dilute limit (x ¼ 0:99), as expected,

but also for the Ce-rich alloys (0:05 ! x ! 0:40). In the
latter concentration range, a slight upwards deviation from
the theoretical calculations above 2 K becomes apparent
with decreasing x. The behavior of this additional contri-
bution matches nicely the predictions of Desgranges and
Rasul [15,16] for the contribution of higher crystalline
electric field (CEF) levels, once the Kondo scale TK be-
comes larger than 1=10 of the CEF splitting !CEF. Such an
increase of TK=!CEF with decreasing x is indicated by
the transport properties of Ce1"xLaxNi2Ge2 (Fig. 3; see
below).
TK of the lowest-lying doublet, as obtained by a least-

squares fit of Eq. (1) to the data, was found to decrease with
increasing the La content (cf. Fig. 4). This is expected for a
dense Kondo system under volume expansion [17,18]. It is
worth noting that the CKIðT=TKÞ dependence, found by
applying the phenomenological Schotte-Schotte model, is
only a phenomenological approach to the density of states
at the Fermi level and a 1=2-effective spin. Although it is
not the exact theory of the Kondo problem, it agrees well
with the numerical (and hence less convenient in use)
solution of the s-d model, based on the on-site Kondo
interaction [19]. Therefore, TK obtained from the fits of
Eq. (1) appears to be a good approximation of the single-
ion Kondo temperature of the Ce1"xLaxNi2Ge2 alloys.
In order to find out whether some different characteristic

temperature scale potentially governs the intermediate
non-FL range, we plotted !C=T from Fig. 1 as a function
of the normalized temperature T=T&, where T& is a scaling
parameter (Fig. 2). As a consequence of the T=TK depen-
dence of CKI [Eq. (1)], for all the experimental curves from

FIG. 1 (color online). Temperature variation of the 4f-electron
contribution !C to the total specific heat of Ce1"xLaxNi2Ge2
with x ! 0:50 (a) and x ' 0:50 (b), normalized per mole of
cerium and divided by temperature T. !C was obtained by
subtraction of the specific heat of the isostructural phonon
counterpart LaNi2Ge2 from the raw experimental curves (cf.
Ref. [13]). Solid lines are fits of the Kondo resonance model
[Eq. (1)]. For the sake of clarity, the curves are shifted upwards
by 0.1 and 0:5 J=K2 molCe in (a) and (b), respectively.

FIG. 2 (color online). !C=T of Ce1"xLaxNi2Ge2 as a function
of the normalized temperature T=T&, where T& is the character-
istic temperature of the system. The solid line represents the
Kondo-impurity contribution to the specific heat !CðT=T&Þ ¼
CKIðT=TKÞ given by Eq. (1).
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local approximation, two approaches:
• lattice non-crossing approximation (L-NCA) 

(Grewe 1987)
• eXtended-NCA: Kuramoto 1985-1990

today: DMFT(NCA)

Metzner/Vollhardt,
Müller-Hartmann: (1989)
lokal approximation exact
in the limit d→∞
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(iv) single-electron transistors

2. contains an infrared divergent problem
(i) ground state changes; orthogonal to Fermi sea;
(ii) effective moment is screened (partially or perfectly)
(iii) new energy scale: TK
(iv) new fixed points: RG type methods required
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