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1. Introduction
the Kondo effect: magnetic impurities in metals
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modelling of magnetic impurities in metals
here: single-impurity Anderson model
[A.C. Hewson, The Kondo Problem To Heavy Fermions, CUP 1993]

H = εf

∑
σ

f †σ fσ + Uf †↑ f↑f †↓ f↓

+
∑
kσ

εk c†kσckσ + V
∑
kσ

(
f †σckσ + c†kσfσ

)

the model describes:

• formation of local moments: | ↑〉f , | ↓〉f
• scattering of conduction electrons

• screening of local moments below temperature scale TK



available methods

I Bethe ansatz
I density matrix renormalization group
I equations of motion
I exact diagonalization
I local moment approach
I non-crossing approximation
I numerical renormalization group
I quantum Monte Carlo
I perturbation theory



2. The single-impurity Anderson model
quantum impurity models

H = Himp + Hbath + Himp−bath .

in the single-impurity Anderson model

Himp =
∑
σ

εff †σ fσ + Uf †↑ f↑f †↓ f↓ ,

a specific geometry
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bath: one-dimensional tight-binding chain

Hbath =
∑
σ

∞∑
l=−∞

εl c†lσclσ +
∑
σ

∞∑
l=−∞

tl
(

c†lσcl+1σ + c†l+1σclσ

)
.



impurity-bath coupling

Himp−bath = V
∑
σ

(
f †σc0σ + c†0σfσ

)
,

general form of the bath

Hbath =
∑
σl

εlc†lσclσ +
∑
σ

∑
ij

tij
(

c†iσcjσ + c†jσciσ

)
.

Hbath =
∑
σ

~cσ
† T ~cσ with ~cσ

†
=
(
. . . , c†−1σ, c

†
0σ, c

†
1σ, . . .

)
,

site-representation of the siAm
example
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diagonal form of the bath

Hbath =
∑
σk

εk b†kσbkσ ,

orthogonal tranformation

ciσ =
∑

k

aik bkσ , c†iσ =
∑

k

a∗ik b†kσ .

The aik are the matrix elements of the unitary matrix A which diagonalizes the
matrix T (

AtTA
)

kq
= εkδkq .

hybridization term

Himp−bath =
∑
kσ

Vk

(
f †σbkσ + b†kσfσ

)
,

with Vk = Va0k .
k -representation of the siAm



single-particle Green function Gσ(z) = 〈〈fσ, f †σ〉〉z can be written in the form

Gσ(z) =
1

z − εf − ∆̄(z)− ΣU(z)
, (z = ω + iδ) ,

with ΣU(z) the correlation part of the one-particle self energy

equations of motion give for the hybridization function:

∆̄(z) =
∑

k

V 2
k

1
z − εk

.

imaginary part of ∆̄(z)

∆(ω) = − lim
δ→0

Im
[
∆̄(z = ω + iδ)

]
= π

∑
k

V 2
k δ(ω − εk ) ,



another geometry: siAm defined for a semi-infinite chain
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Hbath =
∑
σ

∞∑
l=0

εl c†lσclσ +
∑
σ

∞∑
l=0

tl
(

c†lσcl+1σ + c†l+1σclσ

)
,

hybridization function can be written as a continued fraction

∆̄(z) =
V 2

z − ε0 −
t2
0

z−ε1−
t21

z−ε2−
t22

z−ε3−...

.



generalize the impurity-bath coupling to

Himp−bath =
∑
σm

Vm

(
f †σcmσ + c†mσfσ

)
,

example
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in the k -representation

Himp−bath =
∑
kσ

Vk

(
f †σbkσ + b†kσfσ

)
,

with Vk =
∑

m Vmamk



integral representation of the siAm

Hbath =
∑
σ

∫ 1

−1
dε g(ε)a†εσaεσ ,

Himp−bath =
∑
σ

∫ 1

−1
dε h(ε)

(
f †σaεσ + a†εσfσ

)
.

hybridization function

∆(ω) = πh(g−1(ω))2 d
dω

g−1(ω) ,

with g−1(ω) the inverse function of g(ε)



summary of Sec. 2
I the impurity-bath coupling and the structure of the bath are encoded in a

single frequency-dependent quantity→ the hybridization function ∆(ω)

I the dimensionality of the bath does not play a role
I the siAm defined on different geometries might give the same ∆(ω);

there is no unique mapping of the siAm with a given ∆(ω) onto the
site-representation

I for a given ∆(ω), one can always write the siAm in a one-dimensional
form



3. The numerical renormalization group

K.G. Wilson, Rev. Mod. Phys. 47, 773 (1975)→ Kondo problem

review: R. Bulla, T. Costi, and Th. Pruschke, Rev. Mod. Phys. 80, 395 (2008)
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3.1 Logarithmic discretization

starting point: siAm in the integral representation
Λ > 1 defines a set of intervals with discretization points

xn = ±Λ−n , n = 0, 1, 2, . . . .

width of the intervals
dn = Λ−n(1− Λ−1) .

Within each interval: introduce a complete set of orthonormal functions

ψ±np(ε) =

{ 1√
dn

e±iωnpε for xn+1 < ±ε < xn

0 outside this interval .

expand the conduction electron operators aεσ in this basis

aεσ =
∑
np

[
anpσψ

+
np(ε) + bnpσψ

−
np(ε)

]
,



the inverse transformation

anpσ =

∫ 1

−1
dε
[
ψ+

np(ε)
]∗aεσ ,

bnpσ =

∫ 1

−1
dε
[
ψ−np(ε)

]∗aεσ .
transformed hybridization term∫ 1

−1
dε h(ε)f †σaεσ = f †σ

∑
np

[
anpσ

∫ +,n

dε h(ε)ψ+
np(ε)

+ bnpσ

∫ −,n
dε h(ε)ψ−np(ε)

]
,

with ∫ +,n

dε ≡
∫ xn

xn+1

dε ,

∫ −,n
dε ≡

∫ −xn+1

−xn

dε .



For a constant h(ε) = h∫ ±,n
dε hψ±np(ε) =

√
dnhδp,0 .

⇒ the impurity couples only to the p = 0 components of the conduction band
states!
For non-constant h(ε), introduce a step function for h(ε)

h(ε) = h±n , xn+1 < ±ε < xn ,

with

h±n
2

=
1
dn

∫ ±,n
dε

1
π

∆(ε) .

the hybridization term then reads∫ 1

−1
dε h(ε)f †σaεσ =

1√
π

f †σ
∑

n

[
γ+

n an0σ + γ−n bn0σ
]
,

with γ±n
2

=
∫ ±,n dε∆(ε).



the conduction electron term transforms into∫ 1

−1
dε g(ε)a†εσaεσ =

∑
np

(
ξ+n a†npσanpσ + ξ−n b†npσbnpσ

)
+
∑

n,p 6=p′

(
α+

n (p, p′)a†npσanp′σ − α−n (p, p′)b†npσbnp′σ

)
.

the discrete set of energies ξ±n can be expressed as

ξ±n =

∫ ±,n dε∆(ε)ε∫ ±,n dε∆(ε)

[
= ±1

2
Λ−n(1 + Λ−1)

]
,

For a linear dispersion, g(ε) = ε, we have

α±n (p, p′) =
1− Λ−1

2πi
Λ−n

p′ − p
exp

[
2πi(p′ − p)

1− Λ−1

]
.

The actual discretization of the Hamiltonian is now achieved by dropping the
terms with p 6= 0 in the expression for the conduction band



Finally, after dropping the p 6= 0 terms and relabeling the operators
an0σ ≡ anσ, etc., we arrive at the discretized Hamiltonian

H = Himp +
∑
nσ

[
ξ+n a†nσanσ + ξ−n b†nσbnσ

]
+

1√
π

∑
σ

f †σ

[∑
n

(
γ+

n anσ + γ−n bnσ
)]

+
1√
π

∑
σ

[∑
n

(
γ+

n a†nσ + γ−n b†nσ
)]

fσ

ω
−1 1

∆(ω)



3.2 Mapping on a semi-infinite chain

With
c0σ =

1√
ξ0

∑
n

[
γ+

n anσ + γ−n bnσ
]
,

and

ξ0 =
∑

n

(
(γ+

n )2 + (γ−n )2
)

=

∫ 1

−1
dε∆(ε) ,

the hybridization term can be written as

1√
π

f †σ
∑

n

(
γ+

n anσ + γ−n bnσ
)

=

√
ξ0

π
f †σc0σ ,

we aim at a Hamiltonian of the form

H = Himp +

√
ξ0

π

∑
σ

[
f †σc0σ + c†0σfσ

]
+

∞∑
σn=0

[
εnc†nσcnσ + tn

(
c†nσcn+1σ + c†n+1σcnσ

)]
,



ε ε ε ε

t tV t 0 1 2

0 1 2 3

orthogonal transformation

anσ =
∞∑

m=0

umncmσ , bnσ =
∞∑

m=0

vmncmσ , cnσ =
∞∑

m=0

[unmamσ + vnmbmσ] .

For the coefficients unm, vnm, as well as for the parameters εn, tn, one can
derive recursion relations (see lecture notes).
Analytical solutions for the recursion relations: for a constant density of states

tn =

(
1 + Λ−1) (1− Λ−n−1)

2
√

1− Λ−2n−1
√

1− Λ−2n−3
Λ−n/2 .

In the limit of large n this reduces to

tn −→
1
2

(
1 + Λ−1

)
Λ−n/2 .



3.3 Iterative diagonalization

The chain Hamiltonian eq. (1) can be viewed as a series of Hamiltonians HN

(N = 0, 1, 2, . . .) which approaches H in the limit N →∞.

H = lim
N→∞

Λ−(N−1)/2HN ,

with

HN = Λ(N−1)/2
[
Himp +

√
ξ0

π

∑
σ

(
f †σc0σ + c†0σfσ

)
+

N∑
σn=0

εnc†nσcnσ +
N−1∑
σn=0

tn
(

c†nσcn+1σ + c†n+1σcnσ

)]
.

Two successive Hamiltonians are related by

HN+1 =
√

ΛHN + ΛN/2
∑
σ

εN+1c†N+1σcN+1σ

+ΛN/2
∑
σ

tN
(

c†NσcN+1σ + c†N+1σcNσ

)
,



starting point

H0 = Λ−1/2
[
Himp +

∑
σ

ε0c†0σc0σ

+

√
ξ0

π

∑
σ

(
f †σc0σ + c†0σfσ

)]
.

renormalization group transformation

HN+1 = R (HN) .

here, we characterize HN , and thereby also the RG flow, directly by the
many-particle energies EN(r)

HN |r〉N = EN(r)|r〉N , r = 1, . . . ,Ns ,

set up an iterative scheme for the diagonalization of HN

→ construct a basis for HN+1

|r ; s〉N+1 = |r〉N ⊗ |s(N + 1)〉 .



ε

V t 0

0 ε

t N−1

N

H :N

V

ε0

t 0 t N−1

εN

|r,s
N+1

: |r
N

|s (N+1)

ε0

V t 0 t N−1

εN

t N

εN+1

HN+1:

construct the Hamiltonian matrix for HN+1:

HN+1(rs, r ′s′) = N+1〈r ; s|HN+1|r ′; s′〉N+1 .

Diagonalization gives the new eigenenergies EN+1(w) and eigenstates
|w〉N+1 which are related to the basis |r ; s〉N+1 via the unitary matrix U:

|w〉N+1 =
∑

rs

U(w , rs)|r ; s〉N+1 .



truncation

E
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(r)E
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(r) E
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0



3.4 Renormalization group flow

plot the rescaled many-particle energies EN(r) as a function of N
(odd N only)

fixed points of the
single-impurity Anderson model
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NRG flow diagram

FO: free orbital
LM: local moment
SC: strong coupling
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parameters: εf = −0.5 · 10−3, U = 10−3, V = 0.004, and Λ = 2.5



4. single-particle Green function

Gσ(z) = 〈〈fσ, f †σ〉〉z = i
∫ ∞

0
dt eizt〈[fσ(t), f †σ ]+〉 (1)

with the self-energy Σ(z):

G(z) =
1

z − εf − Σ(z)
(2)

this self-energy consist of two parts:

Σ(z) = ∆(z) + ΣU(z) , (3)

with ΣU(z) the contribution due to the U-term
spectral function:

A(ω) = − 1
π

Im G(ω + iδ+) , (4)



In each iteration, calculate the spectral function for each cluster of size N via:

AσN(ω) =
1

ZN

∑
nm

∣∣∣∣ N

〈
n
∣∣∣f †σ∣∣∣m〉N

∣∣∣∣2δ(ω − (EN
n − EN

m )
) (

e−βEN
m + e−βEN

n
)

(5)

E E

0 0

T=0 T>0

T

T

T = 0: transitions between ground state

and all excited states

T > 0: in addition:

transitions between excited states



effect of the truncation on the spectral functions of each iteration:
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this means:
final spectral function = superposition of the data from all iterations



superposition of δ-Peaks:

0

0

0 ω
min min max

ωN N+2ωN+2

N+2

up to N

up to N+2



finally: broadening of the δ-peaks −→ Gaussian on a logarithmic scale

δ(ω − ωn)→ e−b2/4

b ωn
√
π

exp
[
− (lnω − lnωn)2

b2

]
(6)

results for the single-impurity Anderson model:
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