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DMRG: a young adult

09.11.1992 S.R.White: Density Matrix Formulation for Quantum
Renormalization Groups (PRL 69,2863 (1992))

,, This new formulation appears extremely powerful and versatile, and we believe it will become the

leading numerical method for |D systems; and eventually will become useful for higher dimensions
as well.”

~2004 old insight ,,DMRG is linked to MPS (Matrix Product States)*
goes viral

Ostlund, Rommer, PRL 75, 3537 (1995), Dukelsky, Martin-Delgado, Nishino, Sierra, EPL43, 457 (1998)

Vidal, PRL 93, 040502 (2004), Daley, Kollath, Schollwock,Vidal, J. Stat. Mech. P04005 (2004),
White, Feiguin, PRL 93,076401 (2004),Verstraete, Porras, Cirac, PRL 93,227205 (2004),
Verstraete, Garcia-Ripoll, Cirac, PRL 93, 207204 (2004),Verstraete, Cirac, cond-mat/0407066 (2004)

reviews:

U. Schollwock, Rev. Mod. Phys. 77,259 (2005) - ,,old” statistical physics perspective, applications
U. Schollwock, Ann. Phys. 326,96 (201 1) - ,,new" MPS perspective, technical
F.Verstraete,V. Murg, J. |. Cirac,Adv. Phys. 57, 143 (2008) - as seen from quantum information



matrix product states: definitions

quantum system living on L lattice sites
d local states per site {o;} i €41,2,...,L}
example: spin 1/2:  d=2 | T>, \ ¢>

Hilbert space:

most general state (not necessarily |D):

abbreviations: {0} =01...0L ot



(matrix) product states

exponentially many coefficients!
standard approximation: mean-field approximation

cf1 9L = 91,092, %L d¥ — dI coefficients

often useful, but misses essential quantum feature: entanglement

consider 2 spin 1/12: H =H1 ® Hs Hi =] Ti), | La)}

) =T 1) + ™ 1) + ) 1) + e L)
1 1

o £ oTat
751t =5l .

generalize product state to matrix product state:

.c?2.,...-cL = M. M2.. ... ML

singlet state: |¢) =

71!



matrix product states

useful generalization even for matrices of dimension 2:
AKLT (Affleck-Kennedy-Lieb-Tasaki) model

general matrix product state (MPS):

) = Z M°*M°2 ... M°t|o105...0L)

01,...,07],
matrix dimensions:

(1 x Dy),(D1 X D3),...,(Dp—2xDp_1),(Dr_1 x1)

non-unique: gauge degree of freedom

XX—l =1 M% — M% X MCTi+1 X—1M0i+1



matrix product states

Why are matrix product states interesting?

' any state can be represented as an MPS
(even if numerically inefficiently)

“ MPS are hierarchical: matrix size related to degree of
entanglement

~ MPS emerge naturally in renormalization groups
~ MPS can be manipulated easily and efficiently

“ MPS can be searched efficiently:
which MPS has lowest energy for a given Hamiltonian?



singular value decomposition (SVD)

key workhorse of MPS manipulation and generally very useful!
general matrix A of dimension (m X n) k = min(m,n)
then A=USVT

with U dim.(m x k) U'U =1 ONcol);itm=k: UU' =1

S dim.(k X k) diagonal: 81 2 82 2 83 2 ... non-neg.:5; = 0
singular values, non-vanishing = rank r < k

VTdim.(k X n) ViV =1 (ON row);if k = n: VvV =1

popular notation: (left) singular vectors |u;)



SVD and EVD (eigenvalue decomp.)

singular value decomposition (always possible):

14:[]5"/]L §1 > 89 > 83 > ... s; > 0

eigenvalue decomposition (for special square matrices):

AU = UA Ai U =[lup)|ug)...] eigenvectors

connection by ,squaring“ A:  ATA  AAT
AAT = USVIVSUT = US*UT = (AANU = US?
ATA=VSUTUSVT = VS?VT = (ATA)V =V §?

eigenvalues = singular values squared
eigenvectors = left, right singular vectors



Schmidt decomposition

allows for direct readout of entanglement
bipartition of ,,universe™ AB into subsystems A and B:

{1).} s}
000000000000 0O0 OO

| ¢ /+1 L
dimH s dim Hpg

= > D wulialis

read coefficients as matrix entries, carry out SVD:

T
) = Z Sa|la@)ala)p  Schmidt decomposition
a=1

dim H a dim Hp
orthonormal

ya= > Ualiya |oyp= Y ViliDB cra
i=1 j=1



link to entanglement

reduced density operators for A, B from Schmidt decomposition:

T r

pa=trplt)( = 3 s2la)a alal  pm=tralp)w| =3 2la)s mlaf

a=1 a=1

entanglement between A, B: von Neumann entropy of reduced DOs:

Saip(|¥)) = —trapalnpy = —trppplnpp = — Z s%1n s>

a=1
product states: |¢) = |a)ala)p with |a)a p = Z c”Bloa B)
{0a,B}
spectrum: (1,0,0,...) entanglement O 0ln0 = lim €lne =0
€E—
11 1.1
ingl . pa = pp =diag(=, = —2-—In-=1In2
singlet state: p4 = pp 1ag(2,2) ;ng=In

maximal entanglement: —D - D 'InD ! =1InD



states decomposed as MPS

reshape coefficient vector into matrix of dimension(d x d“~!) and SVD:

C 1 g — \Ijo-lao-Q-“O-L o z :UUl,a,lSa,l,Cl,lvT

ay,02...07],

slice U into d row vectors: a1

UO‘1,CL1 — {Aal} With (17,161,1 — Uo-laa'l
rearrange SVD result:

0102...01, __ CL10'20'3---0'L a10203...01, __ T
C g Al al C — Sal,alv

ai,02...0p,

reshape coefﬁuent vector into matrix of dim. (d? x d*~2) and SVD:

aA10203...07, — T
C — \Ija,lo'g,O'g...O'L — E :Ua102,a28a27a2Va2,03---0L

. . . ao
slice U into d matrices:

Af?2 =
al,a2 Q102,02

A%2  9203893---9L and so on!

1 Noxl ai,a

rearrange SVD result: ¢71929% = Z A7?

ai,a2



graphical representation

matrix: vertical lines = physical states, horizontal lines = matrix indices

O1 Oy Or
éﬁ ay Ay 4&? day dar-1 4& dy-q —?7 dy
Oy

left edge bulk right edge complex conjug.

rule: connected lines are contracted (multiplied and summed)

O O

6606606000

matrix product state in graphical representation



block growth, decimation and MPS

RG schemes: grow blocks while decimating basis

|a€-1>A |0£> |af>A
O —»
1 /-1 7 14

ag) = > {ar—1,00|ar)|as_1)|oe) = Mgy | g lae—1)|oe)

Ap—1,0p
ap—1,0¢ apgp—1,0¢

simple rearrangement of expansion coefficients into matrices:
gy
recursion easily expressed as matrix multiplication:

‘Cl,g> — Z (]\401]\402 .. .M”)Lae\alag .. .O'g>

01,4...,0y¢

______

Lo bbb . wbbddd

_______

ay



(left and right) normalization

both state decomposition and block growth scheme give special gauge

/
(aplag) = M« MO ay_q0plag_104)

Ap_15Ap  AL—1,0,

5&2 Qg

/ /
A, 10,0010y

_ > MM = (MM,
Ap—1,a, Qp_1,a, 2Rl

Ay —10v¢ O¢

left normalization (called A); more compact representation:

1= Moimoe =3 Aot Ao r 1 " [
oy

gy

right normalization (called B): |
-3 oo 1
oy Z

mixed normalization:

AAAAAMBBBBBBBBB




matrix product operators (MPO)

general operator:

A ) —~ / !
O=)> » v o%%gy...op){o]...0p
{c} {0}

rearrange indices:

/ / / /
g1...0 g¢...0 010,090,...01,0
C &P — 71717252 O LEL

/ / / / /
,mean-field” very useful: c01010202...0L0 , _\ 0107 0203 L TLOL
SP-hHLeh®..8®...01
01070205...0 07 __ 5 5 SA,Z 5
¢ o 0-170-1 . GZao-é ( )0'7;70',2 O‘L,O"L

matrix product operator:

A

O — S: S: MalaiMceré o MCTLJ/L|O-1 o O-L><0'/1 e O-/L
toy 10’}




applying an MPO to an MPS

graphical representation with ingoing and outgoing physical states:

b4

applying an MPO to an MPS: new MPS with matrix dims multiplied

Q Q
g <

o—il
o—il— —
o—il
o—il
o—1

——
}
-
o

e / /

o _ 0i0; ag;

M(ab),(a’b’) o 2 :Naa’ Mbb’
o,

o—o
o—=




normalization and compression |

problem: matrix dimensions of MPS grow under MPO application

solution: compression of matrices with minimal state distance

assume state is given in mixed normalized form:

W) =Y ATVAT L ATMOHBO L B oy Loy

{o}
stack M matrices into one:
_ o1
Mae,0£+1a£+1 T Mag,a,g+1

carry out SVD, and use results: M = USVT

A%t — AU orthonormality of U !

BIL = V]

Ag,Ap+1 Ap,0¢4+100+1



normalization and compression |

now introduce orthonormal states:

‘CLg>A L= Z (Agl .. .A(M)l,ae‘a'l . .O'g>

014...,0p

ag)p =Y (B ...B%%)4,1l0041...0L)

Of¢+15---50L

read off Schmidt decomposition: |¢) = Z Sa,|e) Alae) B

ay
compress matrices A%, B?**! by keeping D largest singular values
A%¢S — M°°
) =Y ATAT AT MBI B oy o)

10}

mixed rep shifted by | site: sweep through chain; also normalization



time-evolution

assume initial state in MPS representation; time evolution:
P(t)) = e 1(0))

how to express the evolution operator as an MPO!?

one solution: Trotterization of evolution operator into small time steps

N — o0 T — 0 Nt =T T ~ 0.01

Heisenberg model: H = Z iLz iALZ =9, S;11

N L-1

—1I—IT He—lHT H e—lz Lok, T@H H e—lh T

k=1 1=1

first-order Trotter decomposition



Trotter decomposition

A

calculation of ™™ as(d? x d?) matrix:

HU=UA H;=UAU" = e 'Hi" =Ue UT = U .diag(e™"™M7, e 27 . ). UT

problem: exponential does not factorize if operators do not commute

. e 1iq g
WA+B _ (A B 1[A,B]

but error is negligibleas 7 — 0

[iLz‘T, }ALH_lT] XX 7'2

convenient rearrangement:

[A{ — [A{odd + [A{eveHQ ﬁodd — Z iL2i—17 [A{even — Z iLQz’

A A

R R 7 R R ) R
—1HT _ e—iHevenTe—iHoddT. e—iHevenT _ | | e—ihzﬂ e—iHoddT _ | | e_ihQi—lT
Y]
) 7

)



tDMRG, tMPS, TEBD

bring local evolution operator into MPO form:

/ /
UO-]. 02,0109 __

= <0102\€ 102
o109,0 al — SV D
[JO102:0102 U(TlJi,CTzOé — g Walaiijb,bWbmaé
b
/
o 0'10‘1 0'20'2
_ E Ml,b Mb1
b
even bonds

one time step: dimension srows as d?
odd bonds P & d

initial state

“ apply one infinitesimal time step in MPO form

"~ compress resulting MPS



some comments ...

real time evolution limited by entanglement growth:

S(t) < S(0) + vt S~InD

in the worst case, matrix dimensions grow exponentially!

ground states can be obtained by imaginary time evolution (SLOW!):

n

lim e_ﬁﬁw) = lim e PErc In) = lim e PP (¢y|0) + Ze_B(E”_EO)cn|n>
B— 00 B— 00 - B—00 20

— Bli_)rg@ e PEocy|0)



overlaps
(W@Op(0))  (SF(t) = (W(t)SF[(D))

‘ot otototototo «
overlap contractions: _.I _.I _.I _.I _.I _.I _.I _.I
W)
R A Fh B O
<¢|¢> :ZZ<{O‘/}|M01*”'MG,L*M01...MUL’{O'}> :ZM(H MO'L MOt ML
{o} {0’} {o}

(oY) = N MO MM MO
{o}

— Z MJLT N MleMal MOL
{o}

= ) M7 ( (Z M2t (Z Mffl*M"l) M@) ) M-

oL 02 01

order of contractions: zip through the ladder; cost O(dLD>)



expectation values and correlators

expectation value of local observable: simply replace sum

E turns into E O, o
0

g 0i,0;
ol A [ . 1 ———
04f sty c [ 1
0.2l ug=2442)1 [ UlJ = 3.60(4) ]
1 KIJ =510 KIJ =710
S 0 ..................
S ——————— ———————r— 0 _ _ _ .
< 0.6} c d- 0 0.5 1 15 2 2.5
04l poheenseed 44t/ h
0.2} uy=s.1e)] L = 901) ] local densities and NN correlators in a bosonic ultracold
O N A S S atomic relaxation experiment: simulation vs. experiment

O 1 2 3 4 501 2 3 4 5
4Jt h

two-point correlators: long-range or superposition of exponentials

T -
—»? : i —»9 \ Ay _ a’_ ,(a ,a’ e O * Oy
I I_»o i Ei I_»o I I E( e—1ay_1),(ae,ay) — ZAaﬁ_l,aeA%_l’%
6 — ) iy o)

hence: power laws only ,,by approximation®



purification and finite-T evolution

purification: any mixed state can be expressed by a pure state on a
larger system (P: physical, Q: auxiliary state space)

pp =Y puln)p pn )P = Y v/Paln)pln)q

ﬁp = tI’Q |¢>PQ PQ <'(M simplest way: Q copy of P
expectation values as before:

(Op)sp = trpOppp = trpOptrg|t) po po (Y| = trpeOp|Y)po ro(¥] = Po{¥|Op¥) P

time evolution as before:

pp(t) = e ppe it = e Whrg|Y) pg po(le™ = trglY(t)) P Po(¥(t)]

(1)) po = e 1) pg



time-evolution of thermal states

problem: usually we do not have mixed state in eigenrepresentation
thermal states: easy way out by imaginary t-evolution

e BH — o—BH/2. fp e~ BH/2 _ trQe‘Bﬁ/Q\p()} —BH/2

PQ PQ{pole

purification of infinite-T state: product of local totally mixed states

gauge degree of freedom: arbitrary unitary evolution on Q

lots of room for improvement:
original, improved, and currently best
scheme

verse temperature B

build MPOs and compress them:

time t time t

{B(Qt)fl)B — Z(8) " ttr (@eiﬁte—ﬁﬁ/QBe—iﬁtﬁe—iﬁtAe—ﬁﬁ/QeiﬁltD




variational ground state search: DMRG

problem: find MPS (of a given dimension) that minimizes energy

(Y[H[) . Tl —

graphical representation of expression to be minimized:

+i +i +i +i +i +i +i -M?—?—?—?—?—?—?! T U] moteiinear o

variational minimization with respect to one matrix:

T T unnormalized MPS:
+ + + + + + +_>\XJ,_$_$ o o & & 77 generalized EV problem

S0 000 mied normalzaion HFS:
& & & & & & &



ground state DMRG

analytical representation of variational problem:

aj\iaz-* (W\FIM - M@blw) =0

H,. P N /2\/_1// ;. = [V R /5, /2\/_2// /! = [\/ o /2\/_2// /
E oiai—1ai,0;a; qa;*ora;_ja; E a;—1a;,a; qa;Y%0;,0; " ola;_ja; § oiai—1ai,0;a; qa;+tora;_ja
’ /
o.a 1(1, o.a 1CL

! 7 /
;0519

Hm = \ANm

DMRG algorithm:
start with random or guess initial MPS
maintaining mixed normalization, sweep ,,hot site” forth and back

" at each step, optimize local matrices by solving eigenvalue problem

convergence: monitor <¢|[:]2|¢> — (<¢‘1’f]‘¢>)2



Hamiltonians in MPO form

construct Hamiltonian as automaton that moves through chain
(e.g. from right to left) building Hamiltonian

= NN N = 5T Mgy (o)
L-1 o L
H:JZ§(S;FS;1+S

NS




Hamiltonians in MPO form Il

short ranged Hamiltonians find very compact, exact representation!

p— A —

I 0 0 0 0
S+ 0 0 0 0
M =1 g 0 0 0 0
S 0 0 0 0
hS*(J)2)ST JESF (J)2)ST 1

-

g+

MY =T ns (J/2)5~ J=8* (J/2)5+ 1] MHYU=] g

o

_hgz -




spectral functions |

time-dependent Green's function (Heisenberg picture)
iGo(t) = (0|0T(1)O(0)|0) (¢ >0)
in frequency space (imaginary part: spectral function)

1 A

S (w) := (0|07 0|0
n(w) = (0] Bt otin— I 0)

continuous fraction (Lanczos vector) approach (old, fast, imprecise):

‘Q1> — OA‘O>/HOA|O>H ﬁm‘q'm—l—1> :AI{[|Qm> — O‘m‘Qm> — Bm—l‘Qm—1>
U = (Gm|H|qm)  Bm = <Qm—{—1|ﬁ‘Qm>

(0|0t O|0)

2
E—|—i77—041— 51
E—I—i?]—OéQ—

Sp(w) =

B3
E+in—az3—...




spectral functions I

correction vector method (gold standard, slow, precise)

)

A

0|0) G (w)

(00]c)

B EO—I—w——in—ﬁ

one has to solve large sparse equation system for correction vector:

(Eo + w + in — H)|c) = O|0)

5| ChhN=111 —— _
Ch-:N=222 ——
CV:n=0.1 +
CV:n=0.05 X

L=100, A=4.0, a=3.19
mCV=1 000, mCh=32
W,=6.3, £=0.025

recent alternative:
Chebyshev vector method
(fast, almost as precise)

S(k=n/2,0)

| | |
0.4 0.5 0.6 0.7
o/T



DMRG in two dimensions

strategy: order 2D lattice as | D snake with long-ranged interactions

problem: ground state entanglement grows as S ~ L (linear dimension)

matrix dimension exponential in S/

vertical cut: | matrix carries all entanglement. Exponential!
horizontal cut: L matrices carry entanglement. Constant!

long horizontal stripes possible!



triplet gap

DMRG in 2D: kagome lattice

Heisenberg spin-1/2 AFM on kagome lattice: old, tough problem!

VAYVANVAR - no long-range order
\/ \/ \_  -probably gap to first excitation

J
NN SN - various candidates for ground state:
N/ N\ valence bond solids (several types)

VANVANERYAN quantum spin liquids (several types)
VAV VAN

DMRG on cylinders up to |7 lattice spacings:

0.35

SU(2) DMRG Cylinders 4 —
Yanetal v

0.3 1 inear fit to ata weeeee . . .
. reessBEE 1 - finite gap to first excitation
02 | * | - no valence bond solid
e T - quantum spin liquid

0.1

- topological order: so-called Z; liquid

0.05

0

0 005 i0.1 0.15 02 025 0.3 more to Come!

nverse circumference



