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7.2 Fakher F. Assaad

Continuous-time quantum Monte Carlo (CT-QMC) methods are a tool of choice to solve cor-
related electron problems embedded in bosonic or fermonic baths [1]. This is precisely the
problem that is encountered in dynamical mean-field theories (DMFT), where in the limit of in-
finite coordination number the environment can be replaced by a fermionic bath [2]. In DMFT,
the physics of the Hubbard model in the limit of infinite coordination number maps onto that of
the single-impurity Anderson model (STAM). This mapping provides invaluable insight into the
important problem of the Mott transition [3]. The beauty of the CT-QMC algorithms lie in their
flexibility. Rather than being Hamiltonian-based — like the auxiliary-field QMC method (see
Ref. [4] for a review), they are action-based and allow the simulation of effective low-energy
models after having integrated out high-energy degrees of freedom. This aspect of the method
has spurred many applications. In the domain of model-building, screening effects by high
energy bands, which can be taken into account within the constrained random phase approx-
imation (cRPA) [5], naturally lead to a low-energy effective model with retarded interactions
which only has an action-based formulation. Retarded interactions are also obtained in the con-
text of electron-phonon interactions. Here, one can integrate out the bosonic phonon modes at
the expense of a retarded interaction [6-9]. Other applications of the algorithm have been in-
troduced in the realm of topological insulators [10, 11]. In this context, helical liquids can only
be realized as the edge theory of a quantum spin Hall insulator [12]. In many cases, correlation
effects can be neglected in the bulk but are dominant on the edge [13]. Thereby, one can retain
interactions along the edge of the system and view the bulk as a bath, which one can readily inte-
grate out [14—17]. Further applications of the CT-QMC include for example formulations along
the Keldysh contour (see Ref. [18]) or applications within the realm of extensions to DMFT
methods to include spatial fluctuations. Here one can mention cluster generalizations such as
the dynamical cluster or cellular DMFT approximations [19], the dual fermion approach [20],
the dynamical vertex approximation [21], or extended DMFT [22].

There is a price to the flexibility of the CT-QMC algorithms. In the best-case scenario — absence
of a sign problem — the computational time scales as the third power of the Euclidean volume;
to be more precise (Nl-mpﬂ)3, where 3 corresponds to the inverse temperature and N, to the
number of impurities. This scaling has to be contrasted with the auxiliary-field methods [4],
which have linear scaling in . Such algorithms have recently been used in the context of
DMEFT [23]. In the worst case, all stochastic methods are prone to the so-called negative sign
problem, which effectively leads to a signal-to-noise ratio that grows exponentially in the Eu-
clidian volume. There is to date no solution to this problem. Different algorithms or different
formulations of the same algorithm can lead to very different sign problems. Clever tricks such
as the fermion-bag approach can sometimes solve the problem in special situations [24].

Another issue when opting for stochastic algorithms — as opposed to NCA or tensor-network
based approaches — is the fact that QMC operates on the imaginary time axis. To produce
spectral functions on the real-frequency axis so as to compare with experiments, analytical con-
tinuation is necessary. This is a numerically ill-conditioned problem which limits the precision
for the calculation of spectral functions. This issue may be especially severe when considering
multi-orbital problems with complicated spectral line-shapes. The only solution to this prob-



CT-QMC 7.3

lem is to work directly on the real time axis, or to analytically continue spectral functions with
simple line shapes.

The CT-QMC approach is the method of choice for thermodynamics and equal time correlation
functions. It is unbiased. Given an adequate error analysis, exact results are reproducible within
the cited error-bars. The CT-QMC methods have different formulations. The interaction expan-
sion (CT-INT) [25] and auxiliary-field (CT-AUX) [26,27] approaches turn out to be identical,
with CT-INT being the more general. The CT-INT is a weak coupling method and to access the
strong coupling it is more convenient to use the hybridization expansion CT-HYB [28].

The organization of this lecture is the following. In section 2, we concentrate on the CT-INT
[25,26] approach in the context of the STAM. We will review this algorithm in detail, since it
has the potential for tackling lattice problems. In section 3, we will cover the basic ideas of
the CT-HYB algorithm [28]. The CT-HYB is certainly the method of choice for multi-orbital
models in the strong coupling limit. In section 4, we provide a generalization of the CT-INT
method to tackle problems with bosonic baths. Here, the bosonic bath corresponds to a phonon
mode that after integration leads to a retarded interaction.

For completeness, we have included an appendix that reviews the basic ideas of the Monte
Carlo method as well as a discussion of error analysis. This is an important aspect of the
implementation of CT-INT algorithms.

1 The single impurity Anderson model (SIAM)

The Anderson impurity model [29] describes the formation and screening of local magnetic
moments in a metallic host. The metallic host is described by a conduction electron band with
dispersion relation €(k). The impurity state is described by a localized Kramers doublet orbital.
The localized nature of the impurity orbital obliges one to include the Coulomb repulsion in
terms of a Hubbard U. Finally, a hybridization matrix element Vi allows for charge transfer
between the localized orbital and extended Bloch states. In second quantization, the model is
given by

s = 3 e®) il ytco + D (Viedloofo + Vi flis) + €5 D g + Uiy, (1)
k,o k,o o

Here, éLU creates a Bloch electron with z-component of spin o, f} an electron on the Kramers

doublet localized orbital and 1, = fj f,. A discussion of the physics described by the single
impurity Anderson model can be found in Ref. [30]. In the spirit of action based CT-QMC
algorithms, it is convenient to integrate out the conduction electrons. To carry out this step, we
introduce fermion coherent states |c, f) that satisfy

ék,cf‘caf>:ck70|c7f>7 f0’07f>:f0|c7f>7 (2)

with ¢k, and f, being Grassmann variables. Using standard many body formalism, reviewed
for example in [31], the partition function of the SIAM is given by a path integral over Grass-
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mann variables

Zsiam = Tr [e*/BHSIAM] _

. . 3
/D {CTCfo} e J§ [ g o (1) ie,o (N+E, f3() = fo (1) +Hsiam (ch e, f1,f)] . ©)

Since the Grassmann variables satisfy anti-periodic boundary conditions in 3, we can define the
Fourier transform

B .
foliwn) = %/0 dre™7 f, (1) 4)

with w,,, = (2m + 1) 7/ a fermionic Matsubra frequency. An equivalent equation holds for
the conduction electrons.

Owing to the fact that the action is bilinear in the conduction electrons one can integrate them
out with a Gaussian integration to obtain our final result

ZSIAM—/D{fo} e SUND with

8 8 ®)
S5 == [ i Y A0 G -7 1) + U [ dr O RO,
0 = 0
Here Go(r — 7') = —(T'f,(7)fi(7')) corresponds to the non-interacting f-Green function.
The Gaussian integration yields
Gol(r —7) = —d0(r -7 i +er| + AT — 7)) with A(iw,,) = Z —|Vk|2 6)
0 or " iwm — e(k)

k

The above equation is the starting point for both the CT-INT and CT-HYB algorithms. The
CT-INT follows the idea of expanding in the interaction term, whereas the CT-HYB expands in
the hybridization. In this lecture, we will assume that the fermonic bath possesses U(1) gauge
symmetry. Generalizations of the CT-INT to account for superconducting leads can be found in
Refs. [32,33].

2 CT-INT

In this section, we will describe in some detail the implementation of the CT-INT and show that
it is equivalent to the CT-AUX

2.1 The partition function

Anticipating the elimination of the sign problem in some cases and to establish the equivalence
between the CT-INT and CT-AUX algorithms, we will rewrite the Hubbard interaction as

53 = p/2 = 55) (3 — p/2 4 5b). @)

s==1
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Here we have introduced a additional Ising variable s, and p corresponds to the average elec-
tronic density. We will discuss the additional parameter ¢ later on in this section. Starting from
the action in Eq. (5), we can Taylor expand in the Hubbard interaction to obtain

ZSZUSM :i (—TU)% /@Z ) / ﬁdZ [T0ro(r) = o)) fnor) = sl

®)

The expectation value (e) is taken with respect to the non-interacting SIAM with partition

function Z, and we have used the short cut notation
ay(s) = p/2+0s6 . )

The thermal expectation value is the sum over all diagrams, connected and disconnected, of a
given order n. Using the general formulation of Wick’s theorem, this sum can be expressed as
a determinant where the entries are the Green functions of the non-interacting system

<[n0<7—1) - aa(sl)] T [na(Tn) - O‘U(Sn)DO =
9o(T1, 1) — o (51) 9o(T1, T2) 9o(71,Tn)
9o(T2,71) 9o(T2, T2) — ap(s2) - 9o(T2, Tn)
det . (10)
. 90(Tn, 1) 90(Tn, T2) o go(Tas Tn) — @o(8n) )
EM::(C”)

where we have defined the Green function:

go(1, 1) = (T fH (1) fo(72))o 4 (11)

which we have assumed to be spin-independent. In the above, T’ corresponds to the time or-
dering. The product of the two determinants is nothing but the sum over connected and dis-
connected Feynman diagrams. The summation over individual Feynman diagrams reduces the
negative sign problem and, as we will see later, eliminates it altogether for a class of problems.
A configuration (), is defined by the n Hubbard vertices and Ising spins introduced in Eq. (7)

CTL: {[T1781]"'[TTL7STL]}‘ (12)
With the short-hand notation
0 B B
=3 [y [lan 3 13
Ch n=0 0 s1 0 Sn
the partition function can conveniently be written as
Zsiam _ > W(C,), with W(C,,) = SUARRE [ det M, (C.,) - (14)
Zo = ’ 2 ! .

Here M, (C,,) is the n x n matrix of Eq. (10).
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2.2 Observables and Wick’s theorem

Observables O(7) can now be computed with

oy - T WO,
(O0) = = p e = (15)

where for O(7) = IL O, (1) we have

HJ<T [ (1) — g (51)] -+ - [ (T0) — g (80)] OU(T)>0 (16)
HJ<T [ (1) — g (51)] -+ [0 () — @0 (80)])o '

We will compute the single-particle Green function and then show that any many-particle Green

(O(T)))e, =

function can be expressed in terms of this quantity. This statement corresponds to Wick’s theo-
rem, which holds when expanding around a Gaussian theory.

Using the determinant identity given by Eq. (10), one will readily see that the single-particle
Green function is given by the ratio of two determinants:

det B, (C,)

T ft AJ 4 = — o mn/ 17
(@M = 33 an
where
90(7—1: 7'/)
B,(Cy) = | Me(Cn) e (18)
go (Tna T )
9o(m,m1) - go(T, ) go(T,7')
To compute the ratio of the two determinants, we use the determinant identity
det(A+u®v) =det(A) (1+v-A 'u) (19)
as well as the Sherman-Morrison formula
B A-lu@vA!
A T A - 2
(A+uwv) 1+v-Alu (20
to obtain
det(A+u1®v1+ug®v2) =
(20

det(A) [(1 + vy - A_lul) (1 + vy - A_lll2) — (VQ . A_lul) (V1 . A_lllg>} ,

where the outer product is given by (u ® v), . = u;v; and the scalar product by u-v = 3, u;v;.
Eq. (20) can be formally derived by Taylor-expanding (1 + A~'u® v)~!. Eq. (19) can equally
be formally demonstrated by using the fact that det(A) = exp Tr log (A).

Decomposing the B, (C),) matrix as

B,(C,) = O +Uu; @V +ux @ vy (22)
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with
w = (9o(m1,7), -+, 90(Tus 7'), 90(7,7') = 1), (V1)i = bimpa
and
(W2)i = i1, V2= (go(7,71),---,90(T, ), 0)

yields the following expression for the single-particle Green function

97, 7)e, = (THO LM, = 00, 7) = 3 aol(r,7) (Mo(Co) ™), g0l 7). (23)
r,s=1
An important consequence of a continuous-time formulation is that one can compute the Green
function directly in Matsubara frequencies. With the Fourier transformation of Eq. (4) one
obtains:

n

. . . . 1 —lWm Tr - W), Ts .
G(1wm, W), ) e = Oupnwr Go(iwm) — go(twp,) (E Z e T (M, (Cy) 1)7“78 em L") go(iw,,).

r,s=1
(24)
For a given configuration of vertices (C),, translation symmetry in imaginary time is broken
such that g(iw,,, iw,, )¢, has to be a function of two Matsubara frequencies. Clearly, translation
symmetry has to be restored after summation over the configurations C;, has been carried out.
One can use this fact to define improved estimators for the Green function.
Higher-order Green functions may be computed by using the matrix identity demonstrated in
App. B [32]. Here we consider Green functions of the form (T fi(1)f,(1)... fi(m)f,(m/)).
For every configuration C),, a relation similar to Wick’s theorem can be found, which greatly
simplifies the calculation of higher-order Green functions. The application of the ordinary Wick

theorem to the denominator and the numerator of Eq. (16) yields

(EHWE). ) ol e, = Janf e 25)
where now B, (C,,) is a C"+m™)*(+m) matrix given by
go(m1, 1) ... go(m,m)
M, (C,,) : :
1) ... !
Bo(Cn) = g0(1,71) e 90(1, 7a) ggjo(gi’l,)) aE ggoo((T{z’Z)) ' 20
go(m, 71) e go(m,7) go(m, 1) ... go(m,m)
Defining the matrices B¥(C,,) € C(n+Dx(n+1),
9o(71,7')
BI(C,) = M(Cn) N @)
90(Tn, 7')

gO(juTlv) gO(jaTn> gO(j7i/)
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we can make use of the determinant identity (145) yielding

det Bt ... detB{™
det Bcn 1 det . " . X " (28)
e e . . . .
det Mg, (det Mg, )" ) ) )
det B! ... detBE™

From Eq. (17) and (18), it is obvious that det BY(C,,)/ det M,,(C,,) is identical to the contribu-
tion of the configuration C, to the one particle Green’s function (T'f1(;) f,(i') ). Hence, Wick’s
theorem holds for every configuration C), and is given by

(TFAWfo(1) - fim) fo(m')))e, =

<<Tf(i<1)f0(1/>>>cn <<Tf;(1>fcf(m/)>>cn (29)
det : : : .

(T m) fo (e, o (T FHm) fo(m)))e,

This demonstrates that knowing the single particle Green function ((T'f1(7) f,(7')))¢, suffices
to compute any observable.

2.3 The negative sign problem

For each configuration of vertices C,,, we are able to compute arbitrary correlation functions.
Due to the dimension of the configuration space, it is prohibitively expensive to carry out the
summation over C,, exactly. One will thus opt for a stochastic Monte Carlo approach which, for
completeness sake, is reviewed in Appendix A.

A prerequisite for applying the Monte Carlo approach is that the weight, W (C,,), of Eq. (14)
is positive. For quantum systems, a positive formulation is not always possible, and one will
decide to sample |W (C,,)|. Thereby, we will carry out the Monte Carlo evaluation with

2ocp, IW(Cn)lsign(W (Cn))((O(T))) o,

- S, W(C){O())e, e, W(Cn)]
(O(r)) = = = n (30)
W (C, S o W (Ca)Sien (W (o)
>0, W(Ch) g

and separately compute the numerator and denominator. The denominator corresponds to the
average sign. On general grounds, one can argue that it is given by the ratio of two partition
functions and thereby decays exponentially with the inverse temperature and the number of

impurities Nipmp

(sign) = M ~ = ABNimp (31)

20, WG|

In other words, at low temperatures there is a next to perfect cancellation of positive and negative
weights. The sign problem is a consequence of the law of large numbers which states that the
error on the average sign scales as

1
Osign ™~ )
VIcpu

(32)
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where Tcpy corresponds to the computational time. Obviously, to obtain sensible results, we
will require that

OSign 4 (33)
(sign)
such that
TCPU >> 62A5Nimp . (34)

Hence the required CPU time will scale exponentially with inverse temperature and number of
impurities. Note that one can counter the sign problem if one can define an improved estimator
for the average sign such that the fluctuations are greatly suppressed! Let us furthermore note
that the pre-factor A is formulation dependent. One can for instance mention recent work of
Huffman ef al. [24], who have found a CT-INT formulation for spin-polarized electron problems
at half-band filling that is free of the sign problem. Hence in this case A = (. There are other
problems which are free of the negative sign problem. To show this, for the special case of
attractive and repulsive Hubbard interactions, we will consider the mapping of the CT-INT to
the CT-AUX [26,27,34]. This mapping allows the use of results derived in the framework of
the Hirsch-Fye [35] and auxiliary-field QMC (for a review see Ref. [4]) algorithms to argue for
the absence of the sign problem.

Let us start with the repulsive Hubbard interaction, which we will write as

Hy =+ ;1 (s — 1/2) + 0] [(g — 1/2) — 0] = _M ; 35

with
1

1
COSh(Oé) —1= 5 (52——1/4

and magnetization m = n4 — ny. This identity relies on the fact that m* = m? and requires
d > 1/2. Using this identity, the weight of a vertex configuration is given by

U2 —1/4)\" 1 A )
W(Cn) _ ( ( 5 / )) E <T6as1m(ﬁ) o easnm(Tn)>0 (36)

where (e) corresponds to the thermal expectation value with respect to the non-interacting
model. Several comments are in order. (i) The notation KX = U3(§? — 1/4) makes the mapping
to the CT-AUX explicit [27]. (ii) For § > 1/2, U (6* — 1/4) is positive for the repulsive case.
(111) For a given set of Ising fields, the thermal expectation value has precisely the same structure
as in the Hirsch-Fye and auxiliary-field QMC algorithms [4]. It hence follows that the CT-INT,
CT-AUX, Hirsch-Fye and auxiliary-field QMC algorithms have the same sign problem for re-
pulsive Hubbard interactions. Thus, as shown in Ref. [36], the SIAM is free of the negative sign
problem. By the same token, one can argue that a class of one-dimensional problems [6] and
problems with particle-hole symmetry such as the Kane-Mele-Hubbard model [37,13] are sign
problem free if formulated within the CT-INT. Studies of correlation effects in one-dimensional
helical liquids [15] hinge on this observation.
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For attractive interactions, one can use a similar identity as above. In this case, we have to adopt
a different convention for the J-shift

U " ~ U (62 - 1/4) as(n—1)
Hy =+ > (g — 1/2) + s9] (2 = 1/2) + 56] = ———"— D e (37)
s==%1 s==1
with 72 = 74 + 7. Again, the above equation relies on the fact that (7 — 1)* = (72 — 1) and

the same equation as above holds for «.. Thus, for the attractive case, the weight reads

U2 —1/H\" 1 Lo N
W(Cn) — (_¥) H<T€0481(n(71) D easa(f(rn) 1)>0‘ (38)

Since U < 0 and § > 1/2, —U (6> — 1/4) is positive. Furthermore, provided that the non-
interacting model factorizes into identical spin-up an spin-down real representable Hamiltoni-
ans, the thermal expectation value reads

<T€a51(ﬁ(r1)—1) o 6o¢sn(ﬁ(7n)—1)>0 _ <T6asl (ﬁT(-rl)fl/2) o 6a8”(ﬁT(T”)*1/2)>OT 2 ’ (39)

which is manifestly positive. Here (e)( + corresponds to the thermal expectation value in the
spin-up sector. Factorization is not necessarily required for the absence of the sign problem in
the presence of attractive interactions. In general, time-reversal-symmetric fermionic problems
where time reversal symmetry is present for every configuration C,, are free of the minus sign
problem. This follows essentially from Kramers theorem and is proven in Ref. [38].

2.4 The Monte Carlo sampling

At this point, we will assume that the weight is positive such that we can carry out Monte
Carlo importance sampling. Only two moves are required to guarantee ergodicity: addition and
subtraction of vertices. Vertex addition corresponds to the proposal

Cn = {[Tl7 81] T [Tm Sn]} — Cn-i-l - {[7_17 Sl] to [Ti7 Si]ﬂ [7—,7 Sl]a [Ti—i-h Sz'—i-l] to [Tm Sn]} (40)

where we add the vertex 7/, s’ at position 7 in the string. The proposal probability reads

1

1 1
¢ = - - 41
Cnﬁcn+l n + 1 /B 2 ( )
S~ ~
Position in string Value of 7/ Value of s’
Vertex removal corresponds to
Cn = {[7'1, 31] e [Tn» Sn]} — Cp1 = {[7'1, 81] s [Tz‘7 Si] ) [Ti+2a Si+2] yo [Tm Sn]} ) 42)

where vertex ¢ has been removed. The probability to propose this move reads

T e, =1/n, (43)
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which corresponds to the probability of choosing vertex ¢ under the assumption that each vertex
is equally probable. As shown in Appendix A (see Eq. (132) ), the Metropolis acceptance reads

_(TO_ W(C) )
Poyor=min [ 82—~ 1) . ()
e (TCOY—MJ’W(C)
Thus

- UB 1, det M, (Cy,i1)

PCn—>Cn+1 - ( (Tl + 1) Ha det MU(C?%) !
. ( (n+1) [I,det M,(C,)

e, 1= i ( Upg Ho’ det M, (Crt1)’ )

Note that in our formulation the ordering of the vertices is important since we have defined the
integration without time-ordering foﬁ dry--- foﬁ dr, as opposed to a time-ordered formulation
foﬁ dr ;" dry--- ;""" d7,. The reader is encouraged to show that both formulations lead to
the same acceptance/rejection ratios. In practical implementations one will also include a move
that keeps the vertex number constant but flips the value of the Ising spin. Strictly speaking,
this move is not necessary but has the potential of improving the autocorrelation time. For
repulsive interactions, this statement follows from the notion that summing over the Ising fields
will restore the broken SU(2) spin-symmetry.

2.5 Fast updates

The Monte Carlo dynamics relies on the calculation of ratios of determinants. Such ratios can
be computed using the determinant identities of Eq. (21). For instance, under vertex addition
we will have to compute for each spin sector

go(T1,7")
det M, (Cn)
gO(Tm T/)
det M, (Cyi1) 9o(7's 1) o go(T ) go(T, ) — s (s)
det M, (C,) det M,,(C,,)
0
det M, (Cn) + U ®Vvy+u ® vy
0 ...0 1
N det M, (C),)

= (1 + V- M;l(Cn)ul) (1 + Vo - M;1<Cn)UQ> — (Vg . M_I(C’n)ul) (V1 : M_1<Cn)UQ) .

g (o2
with

u; = (90(7177’)7 e 790(Tn77/)>90(7/,7/) - Oéa(sl) - 1)7 (V1>i = Oin+1
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and
(u2)i = Oin+1, Vo = (90(7—/7 7_1)7 R aQO(T/a Tn)a O)

Carrying out the calculation yields

det Mo- (Cn—i-l)

det M, (C,) go(7',7') = ao(s) = Y go(r'7) [M;H(C)], 90(75,7') - (45)

ij=1

Hence, provided that the matrix M !(C,,) is known, computing the ratio involves n? operations.
The vertex removal takes a very simple form. Assume that we remove the n™ vertex of the
configuration C,,. Then for a given spin sector, we will have to compute

9o(T1,71) — ag(s1) ... 9o(T1, Tn—1) 0
det
9o(Tn—1,71) oo 90(Tn1, Tam1) — Qo(Sp—1) 0
det M, (C,_y) 0 0 1
det M, (C,) det M, (C},)
det [MU(Cn) T+ RV +uw® VQ]
— (46)
det M, (C),)
with
== (M (Co)l o Mo (Gl = 1)+ (V)i = b1
and
(1) = G Vo == ([Mr(Cul -+ M (O 0)
Evaluating the above gives
det Mo’(C’I’L—l) _ [M(;l(Cn)]n’n . (47)

det M, (C,,)

Again, provided that we have the matrix M ;! (C,,) at hand, the computational cost for comput-
ing the ratio for vertex removal is negligible.

Having computed the ratio of determinants, we can compute the acceptance probability, draw
a pseudo-random number, and accept or reject the move. If accepted, we will have to upgrade
the matrix M !(C,,). This is readily done with the use of the Sherman-Morrison formula of
Eq. (20) and involves n? operations.

In some cases, it is desirable to add more than one vertex at a time. For this purpose, it is more
useful to use the Woodbury formula

(A+UCV) ' =A AU (C +vAT D) T vAaT! 48)

with A € C™", U € C™*, C € C** and V € C**". The Woodbury identity reduces to the
Sherman-Morrison formula of Eq. (20) at £ = 1 and C' = 1. A discussion of block updates as
well as a demonstration of various matrix identities can be found in Ref. [39].
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2.6 Average expansion parameter

A crucial issue concerns the average expansion parameter (n) since it will determine the average
size of the matrix M, (C),). The computational effort to visit each vertex — a sweep — will then
scale as (n)3. For a general interaction term Hi, the average expansion parameter is [6]

—1)"n B B . N
m= -y /Odﬁ /Odfn (TH(r) - ()
_1\m B B B . N A
= —% ( TTll,') /(; dTl"'/O dTmA dT <TH1<7'1)"'H1(Tm)H1(T)>0
(I
__ /0 dr (F, (7)) . (49)

For the Hubbard model, replacing H, by the form of Eq. (7), we obtain

(n) = —BU [{(is — 1/2)(7y — 1/2)) — &6°] , (50)

where we have set p = 1/2. Thus, the computational time for a sweep scales as in the Hirsch-
Fye approach, namely as (SU )3. The algorithm can be used for lattice models with N correlated
sites. In this case, the computational time for a sweep scales as (N 3U)3, which is more expen-
sive than the auxiliary-field approach, which scales as 3U N*. As mentioned in the introduction,
the advantage of the CT-INT method lies in the fact that it is action-based such that fermionic
and bosonic baths can be easily implemented.

3 CT-HYB

In this section we will provide a very succinct overview of the basic formulation of the CT-
HYB. For a detailed discussion of the algorithm, the reader is referred to the review article [1]
and references therein.

3.1 The partition function

In contrast to the CT-INT, the CT-HYB carries out the expansion in the hybridization matrix
A(T — 7'). The action of the SIAM is decomposed into local

B B
Sl ) = [[ar S A0 | o] o+ U [Carion@ioam 6

and hybridization

B
Sun( 1. f) = / drdr' " Fi() Al — 7') () (52)

0
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parts. Taylor expanding in Shy, gives

B
Zsian = /D{fo} e Sioc(f1.5) Z % Z / drdry ... dr,dT),
n : 0

< fh (M) for (1) - f3 (7o) o (Th) ATy = 7)o Al = 7). (53)

The insight of Ref. [28] is to sum up a set of configurations corresponding to the permutations
of the Grassmann variables f. As we will see, the weight of this sum of configurations is
given by an n x n determinant of the hybridization function. This is the crucial step in the
basic formulation of the algorithm that leads to the absence of a sign problem for the SIAM. To
achieve this, it is convenient to introduce the notation

B
x=(1,0), /dx = Z/ dr, Apw = AT — 7050 (54)
—Jo
such that

B
> / dridri ... drudr 1 (7) fo (71) - L (7 fo () AT = 7). Al — 7))
0

01...0n

— / dryda’y ... dendal, f1 fu fI fur Apy - D,

1 / P :
=5 Z / du1dt'pyy) - deada’piy [l o, oo S Fa Derany, o Danty,, - (55)

" PES,

In the above P is a permutation of n objects, and we have merely replicated the result n! times.
Using the anti-commuting property of the Grassmann algebra, one can show that

fifa - I Fa = GO for o f

where (—1)7 is the sign of the permutation. Since dzrda’pyy . . . drgdrp ) = dridz) . .. dz,da),
Eq. (55) transforms as

1
H / dmldxll . di[fnd{E;1 f;1f$/1 . f:j;nfm/n Z (_1>PAx17x/P .. A$7L,J:’

o P(n)
PES,

. Aprwr oo Dgyar
= / doydal .. dapdal, 1 fo .. fL for det : : (56)
n:
A oo Dppar,

Using the above, the partition function is written as

Aprar oo Dy

Zsiam 1 t t ) :
Z :Z W/dxlda:’l . dzyde, (i for o L far Do det : : (57)
" A, oo Dot
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where

Zoe = /D{fo} e Sc(f1.1)

and
1

Z loc

(®)10c = /D (fiflesutlh) o

For the special case where the hybridization function is spin diagonal, one can simplify the
above equation. In this case, the spin variables {07 . .. 0/, } have to be a permutation of {0y ... 0, }
such that

(T; = 0p() with P € S,,. (58)
Hence,
Axl,le .. Awl’w%
/ doydal .. dapdal, (f5 for oo f far o det :
Awmx/l o Awn,w%
B / /
_ Z Z / drydr] ... dradt), (1 5 Frt o - L o Frtopon Doc
PeS,, 01...0n 0
A(T1,O’1),(T{,O’p<1)) e A(Tl701)7(7'r/170P(n))
x det :
A(Tnygn)v(T{:o'P(l)) T A(Tmo'n)v(Tv/wUP(n))

For a given permutation P one can carry out the substitution 7/ = 7'1’5( ;- This substitution leaves
the integration measure invariant such that the above reads

B
/! /!
Z Z /o dndn’... dmdr, <ﬁlv"1 fT}iu)’UP(l) e fin»ﬂmfﬂg(nygpw))loc

PeS,, 01...0n,
(Lo By orm) Ao (o rm)
x det
(Tn,an),('r]’;(l),ap(l)) s A(TnyU'rL)y(Tg<n)70’P(n))

One can get rid of the permutation under the integral by reordering the Grassmann variables
ffg(v),gp(i) as well as the columns of the matrix. In this process, the minus signs cancel and the
sum over the permutations gives a factor n!. Hence, the partition function reads

ZSIAM 1 p
7 = 2 2 | dndn e dndn (f o frpon s f o P e
oc n . 0

01...0n,

Ao (o) - Do) ron)

% det : : . (59)
Alrp o) (o)) - Amon)(tlon)
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3.2 The Monte Carlo sampling and evaluation of the trace

For the SIAM where the hybridization matrix is spin-diagonal, we can define a configuration as
Cn = {[7-17 7—{7 Jl] [Tn7 T UTL]} (60)

and the weight of a configuration as

Ao (o) -+ Do) (mhom)
<f7'1 O'1f7—{/70'1 : an,Un,fT7/{7le>1OC det (61)
Atron) (o) = Armon) (7 0m)

W) =

such that ZSIAM Zc W (C,,). The simplest possible proposal matrix to add a vertex reads,

1

1 1 1
0 _
16, cppr = nai B 5 B (62)
Position in string  Value of 7 Value of +/ SPin up or spin down
To remove a vertex )
0
16, ey = . (63)

With the above we are now in a position to compute the Metropolis acceptance ratio given in
Eq. (132). The update of the hybridization matrix follows the same ideas as in the CT-INT.
The computationally expensive part of the CT-HYB algorithm is the evaluation of the trace
<'>1oc' In general, as the expectation value is taken with respect to the local Hamiltonian, the
operators can be represented by matrices in a basis of the local Hilbert space.

One particular basis that is often used is the eigenbasis of the local Hamiltonian. This makes
the time evolution of the operators trivial but leads to dense operator matrices, which have to
be multiplied. Here the main drawback of the CT-HYB becomes apparent: the size of the local
Hilbert space D, and thus of the operator matrices, grows exponentially with the number of
local degrees of freedom. Thus, simulation of larger systems become unfeasible quite rapidly.
Nevertheless, there are strategies to simulate multi-orbital systems as well as small clusters for
Cluster-DMFT applications.

To reduce the size of the matrices that have to be multiplied, one can exploit certain symmetries
of the Hamiltonian. This allows splitting the matrices into blocks of size d; < D [40], such that
>.;di = D. Each block contains all the states associated with a certain value of a conserved
quantity. The most obvious conserved quantities are the total f-particle number /N; and the
z-component of the total spin S,. There are well-defined rules governing how an operator
connects the different blocks corresponding to different quantum numbers. As an example, the
creation operator fTT connects the blocks (Ny, S;) and (Ny+ 1,5, + 1/2).

In Ref. [41], another set of conserved quantities was identified, which leads to even smaller
matrix blocks. For each orbital or site, the projection onto single occupation

PSa: (na,T_na,¢)2> a=1...M (64)
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Considered symmetries ‘ None ‘ Ny ‘ N¢, S, | Ny, S., PS
N=3 64 =4%| 20 9 3
N=5 1024 = 4* | 252 | 100 10

Table 1: Largest matrix block size, with different sets of conserved quantities taken into account.

commutes with the local Hamiltonian. This makes the whole sequence of P.S= (PSS, ..., PSy)
a good quantum number, so that the Hamiltonian can be written in a block-diagonal form with
respect to PS. The resulting reduction of the matrix block sizes is shown in table 1.

Besides the matrix code described above, there are other possibilities for calculating the local
trace. An algorithm based on a Krylov-subspace method was brought forward in Ref. [42].
Here the particle-number basis is used, so that applying operators to states is trivial. However,
now the time evolution becomes more involved. Another recent proposal uses matrix product
states for the propagation in time [43].

3.3 Selected applications

The CT-HYB is clearly the method of choice to tackle complex impurity problems at strong
coupling and with the full Coulomb repulsion. In the context of the DMFT, extracting the local
Green function is essential. In this context it is important to point out the work of Hafermann et
al. [44], which describes an improved estimator for computing the self-energy.

In a two-orbital model, the inclusion of the Hund’s coupling J greatly influences the critical
Hubbard interaction U, for the Mott transition [45]. A three-orbital model studied in Ref. [46]
exhibits not only the Mott phase at integer fillings, but also a non-Fermi-liquid frozen-moment
phase. In Ref. [47], models with only d-orbitals and with d- and additional oxygen p-orbitals
where compared. With the p-orbitals included, the filling of the d-orbitals changes significantly,
which thereby leads to a very different low-energy behavior.

Another recent application of the CT-HYB method in the context of DMFT is the study of
models for topological Kondo insulators conducted in Ref. [48]. It was found that, starting from
the non-interacting case, switching on the Hubbard interaction can drive the system through
a series of transitions. In particular, a transition was observed between different topological
states that are distinct due to the point-group symmetry of the lattice considered. Meanwhile,
in Ref. [49] it was found that the edge spectrum of topological Kondo insulators is governed by
the same scale as the bulk heavy-fermion state, namely the coherence scale 7¢.,. This makes
it possible to infer information about the bulk coherence from the topological properties of the
system.
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4 Application of CT-INT to the Hubbard-Holstein model

The CT-INT allows for a very simple and efficient inclusion of phonon degrees of freedom.
The path we follow here is to integrate out the phonons in favor of a retarded interaction and
then solve the purely electronic model with the CT-INT approach. Starting from the Hubbard-
Holstein model with Einstein phonons we show how to integrate out the phonons, describe
some details of the algorithm, and then present results for the crossover from adiabatic to anti-
adiabatic phonons in the one-dimensional Holstein model.

4.1 Integrating-out the phonons

The Hubbard-Holstein Hamiltonian we consider reads

H2
f==2 b wUﬁUZ (Rig = 1/2) (i, = 1/2) +gZQZ i 1)+Z<2sz4

1,J,0

Az)

(65)
Here, n; = > _ 1, and the last two terms correspond respectively to the electron-phonon
coupling, g, and the phonon energy. The Hamiltonian is written such that for a particle-hole

symmetric band, half-filling corresponds to chemical potential 4 = 0. Opting for fermion
coherent states

Ciole) = cigle) (66)
¢i» being a Grassmann variable, and a real space representation for the phonon coordinates
Qilg) = aila) . (67)
the path integral formulation of the partition function reads
= /D{q} D {CTC} e~ (SutSep) , (68)
with
Sy = / dr) o (r ( g~ tm) o) + UZ nit (1) — 1/2)(niy (1) — 1/2)

1,5,0

B $2(
S = [ar Y (M4 L)+ gar)onr) - 1)) . ©9)

In Fourier space,
T g (70)

(1) = \/ﬁ_Nk;;

where (2, is a bosonic Matsubara frequency, the electron-phonon part of the action reads

M
Sep = Z 7 (le + w(2)) qzijk,m + QQk,mp};’m )
O,k

_ 1 —i(2mT—kj) ) .
- =% /dfzj:e (n(T) —1). (71)
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Gaussian integration over the phonon degrees of freedom leads to a retarded density-density
interaction

/D{q} o~ Sep — oo A7 [§ AT S, 5 Ini(T) =D (i=j,r—7")n; (') 1) (72)
For Einstein phonons the phonon propagator is diagonal in real space,

Do(i—j,T—T)—(Sung(T—T) with

“o ) (6*\T|w0 + 6*(5*|T|)w0) _ (73)

PO = g e

Hence the partition function of the Hubbard-Holstein model takes the form
7 — / D{clc} o~ (Su=J3 dr [ dr' 3, jni(r) =1 D (i—j;r—7)n (') =1])

In the anti-adiabatic limit, lim,,, ,, P(7) = d(7) such that the phonon interaction maps onto
an attractive Hubbard interaction of magnitude ¢g?/k. We are now in a position to apply the
CT-INT algorithm by expanding in both the retarded and the Hubbard interactions.

4.2 Formulation of CT-INT for the Hubbard-Holstein model

To avoid the minus-sign problem at least for one-dimensional chains with nearest neighbor
hopping matrix element ¢, we rewrite the phonon retarded interaction as

2
9
Hp(r) = —=— dT Y P(r =) [nie(1) — 0 (s)] nir (7)) — ()] . (74)
i,0,0" s==%1

For each phonon vertex, we have introduced an Ising variable s. Summation over this Ising
field reproduces, up to a constant, the original interaction. Since the phonon term is attractive,
the adequate choice of signs is oy (s) = 1/2 + s, irrespective of the spin ¢ and ¢’. Following
Eq. (7), we rewrite the Hubbard term as

_ % ST () = (o). (75)

To proceed with a description of the implementation of the algorithm, it is useful to define a
general vertex
V(T) = {Z7 7—7 0-7 Tl’ 0-/7 S? b} 7 (76)

where b defines the type of vertex at hand, Hubbard (b = 0) or phonon (b = 1). For this vertex,
we define a sum over the available phase space

Z > / dr, (77)

i,0,0",8,b
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a weight
2
w V()] —(5b0%—5b1P(7’—7)zk, (78)
as well as
HV(T)] = 06,000,106 10(T = ') [i4(7) = ai(s)] [, () — a—(s)] (79

+ 061 [0 (T) — @i (s)] [nior (7)) — i (s)]

With the above definitions, the partition function can now be written as

7 2 = / an 2 wlli(n) / dr > wVa(r)] (TH V()] - H [Va(m)lo:

Vi(t1) Va(Tn)

As for the Hubbard model, a configuration consists of a set of vertices C,, = {Vi(71),..., Vo.(7) }
With the short-hand notation

Z Z/ dle /dTnZ (81)

V(tn)

and
w(c) = T i m) w Va)] CA V)] H Ve 62

the partition function takes a form amenable to Monte Carlo sampling

ZO_E;Wf (83)

The Monte Carlo sampling follows precisely the scheme presented in Sec. 2.4, namely the
addition and removal of vertices. To be more specific, we consider the following form for
vertex addition

1 11 1\°
— = PA -] . 84
paran (3) . e
The first term corresponds to the addition of a Hubbard vertex and has the same form as in

Eq. (41). Note the additional factor 1/L, which corresponds to the choice of the lattice site.
This move is carried out with probability F;. The second term corresponds to the addition

1 11

1
0 _
1m0 = Fu n+1 LB§+(1_PU)n

of the phonon vertex and is carried out with probability 1 — Py. The factor P(A7) allows
a direct sampling of the phonon propagator. In particular, for a randomly chosen value of 7,
7' = 7 + Ar. The factor (1/2)3 accounts for the choice of the Ising field, as well as for the
choice of the spin variables o, ¢’ entering into the density-density two-body term. The vertex
removal retains the same form as for the SIAM

1

Te. e, , = ~. (85)
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4.3 The quarter-filled Holstein model
from adiabatic to anti-adiabatic phonons

The concept of pre-formed fermion pairs or bosonic degrees of freedom that condense to form
a superfluid can be found in many domains of correlated quantum many-body systems. Ex-
amples include the resonating valence bond theory of high-temperature superconductivity [50],
Mott metal-insulator transitions in cold atoms [51], or transitions between charge-density-wave
and superconducting states in the family of dichalcogenides [52]. As an interesting applica-
tion of the CT-INT to the Holstein model, we show that these concepts can be carried over to
one dimension where, in the absence of continuous symmetry breaking, the phase transition is
replaced by a crossover.

In the anti-adiabatic limit wy — oo, P(7) in equation (73) reduces to a Dirac §-function, facili-
tating the above-mentioned mapping of the Holstein model onto the attractive Hubbard model,
with U = ¢?/k. The ratio of this binding energy and the bandwidth 1V = 4t gives the dimen-

sionless electron-phonon coupling
2

)
T (86)

In this section, we set A = 0.35 and concentrate on the quarter-filled band with kp = 7/4.
Figure 1 shows equal-time correlation functions

Cola) = >_ ¢ ((010s) = (01)(00}) (87)
for charge, O, = fip4 + fipy; spin, O, = fi,y — i, ; pairing, O, = éITéI ;> and single-
particle, O, = ¢, + ¢, degrees of freedom at various phonon frequencies. In the adiabatic
limit wy/t = 0, any A > 0 leads to an insulating state with 2kr long-range charge order
corresponding to the Peierls instability. We choose the coupling strength A = 0.35 such that
we have a metallic Luther-Emery liquid with dominant 2k charge correlations for low phonon
frequencies and then study the evolution as a function of increasing wy/t. In particular, we
have verified that for wy/t = 0.1, the lowest nonzero frequency considered in the following,
there is no long-range order; this can be seen from the finite-size dependence of the charge
susceptibility [53].
The density (or charge) structure factor is plotted in Fig. 1(a). For classical phonons (wy = 0) the
Peierls instability leads to long-range 2k charge order at zero temperature. As discussed above,
quantum lattice fluctuations (occurring for wy > 0) can melt this order and lead to a state with
dominant but power-law 2k charge correlations [8], as confirmed by the cusp at 2kr = 7/2
in Fig. 1(a). The magnitude of the peak at ¢ = 2k initially decreases and then saturates
upon increasing the phonon frequency, signalling competing ordering mechanisms as well as
enhanced lattice fluctuations. The linear form of the charge structure factor at long wavelengths
[see figure 1(a)] indicates a 1/7? power-law decay of the real-space charge correlations and
hence a metallic state.
In Fig. 1(b), we present the pair correlation function in the onsite s-wave channel. In contrast to
the density correlator, which picks up diagonal order, P(r) detects off-diagonal order charac-
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k/m

Fig. 1: Static correlation functions for different values of the phonon frequency wy /t at A = 0.35
for a quarter-filled band (n = 0.5). The panels show (a) the charge structure factor, (b) the
pairing correlator, (c) the spin structure factor, and (d) the momentum distribution function.
Here L = 28 and ft = 40.

teristic of a superconducting state. In the Peierls state obtained for classical phonons, diagonal
long-range charge order leads to an exponential decay of pairing correlations at long distances.
The fluctuations resulting from a finite phonon frequency close the charge gap and render the
pairing correlations critical. Comparing figures 1(a) and 1(b), we see that the suppression of the
2k charge correlations is accompanied by an increase of the pairing correlations, especially at
large distances. A possible interpretation is that with increasing phonon frequency, the trapping
of bipolarons in the 2k lattice modulation gives way to a “condensation” (in the usual sense of
superfluidity in one dimension) of those preformed pairs. A detailed study of the dynamics of
the observed crossover can be found in Ref. [54].
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S Concluding remarks

The aim of this lecture was to give a detailed theoretical overview of the CT-INT and to com-
ment on the general formulation of the CT-HYB. For the STAM, the CT-QMC methods are easy
to implement and the interested reader is encouraged to try. It is essential to point out once
again that the CT-QMC methods are action based such that the pool of potential applications is
extremely large.
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A Basic principles of Monte Carlo methods
in statistical mechanics

In this section, we show how to use the Monte Carlo method to compute integrals of the form
(O)p = / dz P(z) (). (88)
2

(2 is a discrete or continuous configuration space with elements x, P(z) is a probability distri-
bution on this space,

/ dzP(z) =1 and P(z) >0 Vx € (2, (89)
7

and O is an observable or random variable.

To illustrate why stochastic methods are useful, let us assume {2 to be a subspace of R? with
volume V = L?. One can break up {2 into hypercubes of linear dimension » and approximate
the integral by a Riemann sum. The required number of function evaluations N then scales as
V/ht = (L/h)* = e™(/M) Hence, the numerical effort — which is nothing but the number
of function evaluations — grows exponentially with the dimension d. In contrast, stochasitc
methods provide an estimate of the integral with statistical uncertainty scaling as the inverse
square root of the number of function evaluations, irrespective of the dimensionality d. Hence,
in the large-d limit, stochastic methods become attractive. This result stems from the central
limit theorem.

A.1 The central limit theorem

Before proceeding in illustrating and proving the central limit theorem, let us introduce some
notation. We will denote by Pp(QO) the probability that the observable O takes the value O.
Hence in terms of integrals over the configuration space,

Po(0) = / dz P(z)6(0(z) — O) (90)
10)
such that
(0), = /dO Po(0O) O, and <02>p = /dO Py(0) 02 91)

Suppose that we have a set of configurations {z; |i € 1... N} distributed according to the
probability distribution P(z), then we can approximate (O) p by

N

1

O)p ~ + Zl (z:) (92)
i= 0,

Clearly, X will depend upon the chosen set {x; |i € 1... N} . Hence the relevant question

is the distribution of X, P(X), for a given value of N. The central limit theorem tells us that
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N = 8000, o = 0.0185
25 T T T T T T T T T

Z

~ 15 F .

12

0
29 29 3 305 31 315 32 325 33 335 34
X

Fig. 2: Boxes correspond to the distribution results obtained after 10000 simulations. For each
simulation we draw N = 8000 points. For a single simulation, we obtain o = 0.0185. The
heavy line corresponds to the result of central limit theorem with above value of o.

provided that the O, - - - Oy are statistically independent and that NV is large enough P(X) reads

1 xony
PRO = Jaro P [_T
with o® = ~ ((0%)p — (0)3). 93)

Thus irrespective of the dimension d, the convergence to the exact result scales as 1/+/ N, and
the width of the above normal distribution, o, corresponds to the statistical error. For practical
purposes, one estimates o by

1 (1 & 1« i
i=1 i=1

More general methods for estimating the error are discussed in section A.2.
Before demonstrating the central limit theorem we give a simple example, the evaluation of the
number 7 obtained with

1 1
7r:4/ dx/ dy O(1 — 2% — ). (95)
0 0

Here O is the Heaviside function, ©(z) = 1 for > 0 and vanishes otherwise. In this ex-
ample we have P(x,y) = 1. To generate a sequence of N points (z,y); from this probability
distribution, we draw random numbers, z,y, in the interval [0, 1]. For N = 8000 we obtain
an error 0 = (0.0185 with the use of Eq. (94). To check the central limit theorem, we repeat
the simulation 10000 times with different random numbers. Fig. (2) shows the thus obtained
distribution which compares well to the result of the central limit theorem.
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We now demonstrate the central limit theorem.
Proof: The probability of obtaining the result X reads

P(X):/d(Dl---dONPO(Ol,OQ,---,O (X——ZO) (96)

The assumption that the O; are statistically independent means that the combined probability
factorizes

Po(O1,04,--+ ,0n) = Po(O1)Po(Os) - - - Po(Oy).

Furthermore, using the representation 6(z) = % [ dXe™* of the Dirac-§ function, we can
reduce the above expression of P(X) to

1 ‘ )
P(X) = 271' dA dO; ---dOx PO(O1) .. PO(ON) ezA(X—ﬁZi Oi)

N
= o faen ( / 40 Po(0) eiW)

N '
= 5 [ dAe “NSAX) with S(A,X):—zAX—ln/dOPO(O)e—MO (97)
™

As N — oo the saddle point approximation becomes exact

. (A (x)-2)2 52
PX) = o [dne -(s0r 00+ 528 Fso] L, )
™
N " 0
= (oo x e NSNEX) with S X) =0 (98)
T 25 (A, )})\:/\*(X) A=A (X)
such that A*(X) is determined by:
dO Po(0) O e~ ()0

[dO Py(0) =¥ (X0

To proceed, we again use that for large values of N we can expand around the saddle point

d 0 d 0
—S(\* X = | = X — (X)) + —=S5\* X
VX = SO a0+ g S0,
=0 X=X*
= —iI\(X*)=0. (100)

Hence with Eq. (99) we have X*=(O)p. Expanding around X* (note that S(\*(X™*), X*)= 0)
yields

N _y&x=o)p)? .
mmZJ NI RO o

0 .
2m 2= S(A, X*) A=A (X7)
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Using Eqn. (100) and (99) we obtain

d? CdM(X) 1
——SO\(X), X - R
7 e s G N (02 P (0}
82 * 2 2
5\, XT) = (0% p —(O)p (102)
2 A=A*(X*)
such that
N _N(X—<O>P)2 1
P(X) ~ e 2 (O%Np=O)p 103
%) \/ 2 (0% — (O)) (109

This completes the demonstration of the central limit theorem. The two important conditions
for the validity of the theorem are that (i) the O, - - - Oy are statistically independent and that
(i1) N is large.

A.2 Jackknife and bootstrap methods for error evaluation

The jackknife and bootstrap methods [55] provide alternative ways of estimating the error (94).
These methods become particularly useful, if not essential, when one wishes to estimate the er-
roron f((Oy),---,(0,)), where f is an arbitrary function of n variables. For a given sequence
of configurations {x; - - -z} drawn from the probability distribution P(x), the jackknife fo-
cuses on the samples that leave out one configuration at a time

J# J#

The error estimate on f is then given by

2 1 & 1 & ’
(of) N 5 D) = (N fo) - (105)
i=1 i=1
One may verify explicitly that for n = 1 and f(x) = x Eq. (105) reduces to Eq. (94) up to a
factor (N/(N — 1))?, which tends to unity in the large N limit.

An alternative method for determining errors of f is the bootstrap algorithm. For a given sample
of N configurations {x; - - - 2y } drawn from the probability distribution P(z), we can construct
N¥ sets of N configurations, {z;, -+, } withi; € 1---N,ip € 1---N, -+, iy € 1--- N,
which correspond to the ideal bootstrap samples. For a given bootstrap sample, defined by the

vector i = (i1, ,in),

1 < 1 <
k=1

The bootstrap estimate of the error is given by

1 1
(oF) ~ 5w W = 5 22 K] (107)
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Again, one may check that for the special case n = 1 and f(x) = z, Eq. (107) reduces
to Eq. (94). Clearly, when N is large, it is numerically out of reach to generate all of the NV
bootstrap samples. Typically, to estimate the right-hand side of Eq. (107), 200 or more bootstrap
samples are generated stochastically. Since each bootstrap sample is equally probable we can
generate them with: i, = trunc(NV x§; + 1) where & is a random number in the interval [0, 1)
and the function trunc returns an integer by truncating the numbers after the decimal point.

A.3 Markov chains

Our task is now to generate a set of states distributed according to a given probability distribu-
tion. Here we will consider a discrete space (2 with N states; x runs over all the states 1 - - - N,
and P(x) denotes the probability of the occurrence of the state x. We introduce a Monte-Carlo
time ¢ and a time dependent probability distribution P;(x) that evolves according to a Markov
process: the future (¢ + 1) depends only on the present (¢). To define the Markov process, we
introduce a matrix T} ,, which corresponds to the transition probability from state x to state y.
The time evolution of P;(x) is given by

Pria(y) = Y TyuPi(2), (108)

T has to satisfy the properties

> T,.=1and T,, >0. (109)
Y

Hence, if P,(x) is a probability distribution then P, ,;(z) is also a probability distribution.
T has to be ergodic
Vo, ye R 3s| (T°),, > 0. (110)

Thus, we are assured to sample the whole phase space provided the above is satisfied. Last, we
have the requirement of stationarity

> T,. P(x) = Py). (111)

Once we have reached the desired distribution P(z) we wish to stay there. Stationarity is
automatically satisfied if
Tya Px) =Ty P(y) (112)

as may be seen by summing on both sides over . This relation is referred to as detailed balance
or microreversibility. However, one has to keep in mind that only stationarity and not detailed
balance is essential.

Given the above, in the Monte Carlo simulation we will generate the Markov Chain

L1, L2505 Tp ,
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where the conditional probability of sampling the state x;,; given the state x; reads
Plap| me) = Ty - (113)

Our aim is now to show that when n — oo the fraction of the time one can expect the Markov
process to be in state x is P(x), independent of the initial state x;. In other words as n — oo
the set of states x; - - - x,, are distributed according to P(x).

At step t in the Markov chain, the state x will occur on average with probability, [Tlt]ijl . Hence,
we have to show that

n

lim + > [1"],,, = Px). (114)

n—oo M
t=1

We will first show the above under the assumption that 7" is regular. That is, there is an integer
N such that TV has only positive, non-zero, entries. If T is regular then T is ergodic. However
the inverse is not true so that the condition of regularity is more stringent than that of ergodicity.
After the demonstration, we will argue on the basis of a simple example that Eq. (114) is equally
valid for ergodic but not regular transition matrices.

We now demonstrate Eq. (114) for regular transition matrices.

Proof: We introduce the set of vectors of real numbers, a;

a1 = a7 and d; = max(a;) — min(ay) (115)
where max(a;) corresponds to the largest element of the vector a. Since

a1, = Z [at]yTy,x < max(ay Z = max(ay)

Y

and a1, = Z [at]yTw > min(ay Z = min(ay) (116)

Y

the sequence d; satisfies
dysr < dy. (117)

We now show that there is a subsequence that is strictly decreasing. Let us consider vector
a; with max(a;) = [a;],, = ay and min(a;) = [a;],, = a,,. We define the vector a' (a™)
by replacing all the elements of a; apart from the minimal (maximal) one by a,; (a,,). Hence
a™ < a, < a™ where the inequalities hold element-wise. Furthermore let € be the minimal
entry in 7'V, In light of the assumption that 7" is regular, ¢ > 0. With those definitions, we have

iyl = [aTV], < [@"TY], =an Y T} +anTy,
y#m
= ay (1 — Trjnvx) + aanj\;x =ay — (ap — am)Tn]Xm

< ap — (apy — ap)e

and [ayn], > [a"T"] = am+ (ay —am)Thy, > @+ (an —am)e. (118)
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With the above inequalities,
diyn = max(ag ) —min(agyn) < apy — (ap — ap)e— am — (ap — ap)e = di(1—2¢) (119)

Hence, diy,y < di(1 — 2¢)™ such that the series d;,,y decreases at least exponentially with
increasing m. Recalling that d; 1 < d;, we can find positive numbers 7 and b such that

d, < be /7. (120)

In particular, we can set a; = e; such that ;T corresponds to the i*" row of the matrix 7.
Hence, since d; tends towards zero in the limit ¢t — oo, the i*" row of matrix 7" tends towards a
constant when ¢ — oo. Hence, we have

al “ .. al

a2 “ .. a2
lim T" = - (121)
t—o0 . . .

O{NS .. aNg

where N, denotes the total number of states. Many comments are now in order.

(i) Since T satisfies Eq. (109), so does T" for all values of ¢. Thus Zivil o, = 1and o, > 0.
In other words « is a probability vector.

(i) Due to Eq. (120), T%, = o, + ALY, with |AY)| < bt/

(iii) For any probability vector v, lim;_,.. T'v = .
Hence, there is a unique asymptotic distribution: c.

(iv) Due to the stationarity condition, we have T*P = P for all values of ¢ and hence also for
t — oo. Since there is a unique asymptotic distribution, o« = P.

The validity of Eq. (114) now follows from

n n n

.1 .1 .1
i 3D IT,, = di 30 (PG +AG) = Pl + Jun 234, a2

However since

SRR SIETRIED it 129
t=1 t=1 t=1
andb) ;| e~/ is a convergent series as n — oo, Eq. (114) is satisfied. QED

We now show on the basis of a simple example that if 7" is ergodic but not regular, Eq. (114) is
still valid. Consider N, = 2 and

1 1
T = 0 . T = X , Tl =T (124)
10 0 1
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T is ergodic but not regular. It is cyclic and in contrast to the regular transition matrices the
lim;_,., 7" does not exist. However, since

TP =P with P= (1/2> (125)
1/2

and for even and odd values of n

2n 2n
1 1/ 1 1 /s 1 1
Lm0 S 1= 2o T,  (126)
2n — 1 1/p 2n + 1 s 1/p 2n +1

t=1

Eq. (114) holds. For further reading and a more precise and mathematical oriented discussion
of Markov chains, the reader is referred to [56].

A.4 Construction of the transition matrix 7

Having defined 7', we now have to construct it explicitly. Let Ti ., be the probability of propos-

ing a move from x to y and a,, the probability of accepting it. 1 — a, , corresponds to the

probability of rejecting the move. T is required to satisfy Eq. (109). Since in general we want

to propose moves that change the initial configuration, Tj?,x = 0. With a,, and qux we build
T, . with

T° a, . if T

Tyw = e L 4 (127)

> F 1,(1—a.,) if y=x

Clearly T, , satisfies Eq. (109). To satisfy the stationarity, we impose the detailed balance

condition to obtain the equality

Ty aye Pe =Ty, a0y P, . (128)
Let us set

F (Lt 129
Ay,z = m (129)

with F :]0 : oo[— [0, 1]. Since

0P, 1
ax,y - f TO P == .F T;?_,ypy y (130)
=y Y 79, Py

the detailed balance condition reduces to

F(2) T7,P
= 7 wh 7 =¥ 7 131
F(1/2) where Tl(,),xpm (131)

There are many possible choices. The Metropolis algorithm is based on the choice

F(Z)=min(Z,1). (132)
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. .- 70, P,
Thus, one proposes a move from x to y and accepts it with probability Z = 70 Pj’( . In the

practical implementation, one picks a random number r in the interval [0 : 1]. If reZ (r>2)

one accepts (rejects) the move. Alternative choices of F (Z) are for example
F(Z)=——= (133)

which is referred to as the heat-bath method.

That the so-constructed 7" matrix is ergodic depends upon the choice of 7. In many cases, one
will wish to combine different types of moves to achieve ergodicity. For a specific move 7, we
construct 7 as shown above so that 7(*) satisfies conditions (109) and (112). The moves may

T=> ANTW, Y N=1 (134)

which is referred to as random updating since one picks with probability ); the move 7.

be combined in two ways

Clearly, T' equally satisfies (109) and (112), and the moves have to be chosen appropriately
to satisfy the ergodicity condition. Another choice is sequential upgrading. A deterministic
ordering of the moves is chosen to obtain

T = H T®. (135)

This choice does not satisfy detailed balance but does satisfy stationarity (111) as well as (109).
Again ergodicity has to be checked on a case to case basis.
The observable O may now be estimated with

N

(O)p =~ %Z O(x). (136)

t=1
The required value of N depends on the autocorrelation time of the observable O

L 0600060 — (%52, 06x))
Co(t) = : (137)

YT, 00— (H 2X, 06)

One expects Cp(t) ~ e/, where 7o corresponds to the MC time scale on which memory of

the initial configuration is lost. Hence, to obtain meaningful results, N > 7. Note that one
should also take into account a warm up time by discarding at least the first 7o configurations in
the MC sequence. Naively, one would expect 7o = 7. However, this depends on the overlap of
the observable with the slowest mode in the MC dynamics, which relaxes as e 7. In particular
in a model with spin rotation symmetry the slowest mode may correspond to the rotation of the
total spin. In this case, observables that are invariant under a spin rotation will not be affected
by the slowest mode of the MC dynamics. Hence, in this case 7o < 7.

We now consider the error estimation. To apply the central limit theorem, we need a set of
independent estimates of (O) p. This may be done by regrouping the data into bins of size n7o.

ntTo

~ 1
Onlt) = — > O(X(—1)nro+s) (138)
s=1

nto
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witht = 1--- N/(n7p). If n is large enough (i.e. n ~ 10 — 20) then O,,(¢) may be considered
as an independent estimate, and the error is given by

M

1 (1 1 — i
o= |57 MZOHW—(M;O”@)) (139)

t=1

where M = N/(ntp). If n is large enough, the error o,, should be independent of 7.

A.5 One-dimensional Ising model

We conclude this appendix with an example of a Monte Carlo simulation with error analysis for
the one-dimensional Ising model

L

H({c}) = _JZUiUi+1 y OL41 = 01 (140)

i=1
where o, = 41. This model is easily solved exactly with the transfer matrix method and thus
produces a useful testing ground for the MC approach. In particular at zero temperature, a phase
transition to a ferromagnetically ordered phase (J > 0) occurs [57]. Spin-spin correlations are
given by
Z{o‘} e PN 0.,
Z{U} e—BH({o})

1 L
9(r) = 7 D (01014} with (7i034,) = (141)
=1

where 3 corresponds to the inverse temperature.
We now construct the transition matrix 7' corresponding to a random single site updating
scheme. For an L-site chain, we denote the spin configuration by

T = (Ux,la Oz2, " 70-a:,L)- (142)

The transition matrix reads

L
=1
T]Si)70 — 1 if z= (O'y,l, T fgy,ia e 0y7L) (143)
Y 0 otherwise

The above corresponds to choosing a site ¢ randomly, changing the orientation of the spin
(o0; — —0;), and accepting the move with with probability a, , corresponding to a heat-bath or
Metropolis algorithm. The MC time unit corresponds to a single sweep, meaning that L sites
are randomly chosen before a measurement is carried out.

Fig. 3 plots the autocorrelation time for g(r = L/2) on an L = 24 site lattice at §J = 1 and
BJ = 2. From Fig. 3a one can extract the autocorrelation time: 7o ~ 11,54 for 8J = 1,2
respectively. Fig. 3b plots the error as a function of bin size in units of the 7o (see Eq. (139)).
As one can see, n ~ 10 is sufficient to get a reliable estimate of the error.
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One-dimensional Ising model, L = 24

0.1

Co(t)

0.01
80

0.003

0.0025
0.002
& 0.0015

0.001

0.0005

Fig. 3: One dimensional Ising model on an L=24 site lattice. (a) Autocorrelation time (see
Eq. (137)) for g(r = L/2). The time unit corresponds to a single sweep. (b) Estimate of the
error (see Eq. (139)). Here, n corresponds to the size of the bins in units of the autocorrelation
time. n ~ 10 is sufficient to obtain a reliable estimate of the error. After 2 x 10° sweeps, our
results yield g(r = L/2) = 0.076 £ 0.0018 and 0.909 4 0.0025 for St = 1 and 2 respectively.
The exact result is g(r = L/2) = 0.0760 and 0.9106 at 5t = 1 and 2 respectively.
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B Proof of the determinant identity

In this section, a general determinant identity is proven [32] that can be used to derive Wick’s
theorem for contributions of a configuration C,, to physical observables. Let us define the
vectors u;, vi € C™ and the numbers «;; € C. Further, let A € C™*™ be a matrix of rank m.
We define the non-singular matrices M,, € C(m+m)x(m+n) and A;; € ClmHDxm+1) py

A w ... u,
vil ap aq A u
. n .
_ _ j
M, = . ] ) . , Aij = T . (144)
: : *. : Vit Qg
T
Vn (0751 App,

With these definitions, the following determinant identity holds

det A11 ... det Aln
det M, (det A)"! = det : : ) (145)
det Anl ... det Ann

The identity can be proven by induction in n. It is trivial for n = 1, so we have to start with
n = 2, where we have to show

det M2 . det A11 det A22 _ det A12 det A21 (146)
det A detA detA det A detA

For the following calculations, we introduce several vectors

. . 0
uilj = U ,Vi2j — [V cu? =vl = e Cmtt (147)
Q5 — 1 0 1

Uz Vo 0
ull\/[ = 19 ,V12v[ = | ay ,ui/[ = Vllvl = (1>€Cm+2. (148)

929 —1 0

Let us define the expanded matrix C¢ of a square matrix C as the matrix C' expanded by one
row and one column containing a unit vector

C 0
Cox = (oT 1). (149)

As a last definition, we introduce the abbreviation b;; = ViTA_luj. Using these notations, we
can write the matrices Aj; as

Ay = A +ubv!’ +uvi’ (150)

To calculate the determinant det Aj;;, we use the matrix determinant lemma det(A + uv?) =

(1+ vTA~'u)det A, yielding

detAij 2T 1. 17\_1.2 1T 4 —1..1
m: 1+Vij (Aex“—uijv ) lu (1+V Aexuij)' (151)

ij»
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The inverse matrix of (A + uiljvlT) can be obtained from the Sherman-Morrison formula, and
a tedious calculation making use of the special form of the vectors and matrices gives the result
det Aj;
det A
From this, the right-hand side of Eq. (146) can be easily obtained. For the left-hand side, we
have to perform an analogous calculation using the decomposition of the matrix M,

= Oy — sz (152)

T T

Mz = A11e + Uy + URVR - (153)

Again, we apply the matrix determinant lemma two times and insert the Sherman-Morrison

formula to calculate the inverse matrix of (Ajq., + ullvlvllvlT). Simplifying the result as far as
possible, we finally arrive at

det M
det A2 = (am1 = bur) (@22 = baz) — (12 = br2) (@21 = ban) - (154)

If we compare (154) with (152), it is clear that Eq. (146) holds.
We now assume that for a certain value n € N Eq. (145) holds. For n 4 1, we can cast the

matrix M, in a form where we can make use of Eq. (145) holding for n

A Gy ... Ogn
\75 Qg2 e A2 i1
Mup1 = : : : ; (155)
{75 O&mg e an,n-‘,—l
‘7£+1 Qpy12 -+ Qpiingl

A= (AT “1>, iy = <ui>, ;= (Vi>. (156)
Vi 11 a5 Qi1

Further, we need the matrices Aij defined analogously to (144)

~ A u; u;
< A @ i
e (v? (;j> DO (157)

T
Vi Qi1 Qyy

With these definitions, and with the abbreviations a;; = det A;; and a,; = det Aij, We are now
able to apply Eq. (145) holding for n

29 e a2 n+1

det My, 1 (det A)™=Y = det L : . (158)
CNLn—‘,—l,Q s dn—}—l,n—l—l
For a;;, we make use of Eq. (145) with n = 2, which we have proved above

1

m (CLHCLZ']‘ — ailalj) . (159)

CLZ']‘ =
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Inserting this result in (158) yields a determinant with entries of the form a1,a;; — a;1a:1;. We
make use of the multi linearity of the determinant to decompose this expression and we obtain
a sum of determinants with prefactors of the form a;;. Eliminating zero contributions, the
resulting expression corresponds precisely to the Laplace expansion of a larger determinant,
and we finally obtain

ai 1,2 cen a1 n+1
az Q22 cee a2 n+1
det My, 1 det A" = det | , _ . (160)
Ap+11 An41,2 ---  Apyln+l

This is the identity (145) for n 4 1. Hence, we have derived the determinant identity for n + 1
using only the identity for n and n = 2. By induction, the identity (145) therefore holds for
every n € N, as it is trivial forn = 1.
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