The Kondo problem: Bethe Ansatz Solution

and underlying scaling physics
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Measurements of electric resistivity of a metal with dilute concentration

of magnetic impurities:

Enhanced scattering at low T
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The Kondo Effect — resistivity minimum

- upturn of R(T) at low-T, as opposed to the pure metal behavior:

R(T)

experimental curve

-~

AN

anomalous _,

qiou resitivity due to phonons ~ 7> — T
contripution

T

* Why is scattering stronger at low temperatures, weaker at high temperatures ?
* Source of extra scattering? ... anomalous scattering due to magnetic impurities”

- local magnetic moment : the spin of unpaired electrons in atomic d or f shell.
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transition actinide rare earth

e.g. Fe U Ce



The ( s-d) Kondo Hamiltonian

- Electrons in the presence of dilute magnetic impurities

® Conduction band of electrons (metal)

Ho = 3k €€ Cha
® Exchange interaction -
electron spin density o (& = 0) with impurity spin S :

Jdel(f — O) . g = J Z Z C/t:aaraa’ck’a’ - S

Hy

® Antiferromagnetic coupling J > 0

- Flat band approximation: (low-E, universal resulits)

€
AY

>

J> Z[CZTck’lS_ + c}';lck/TS_'_ + (cprcrt — crycr | )S”]
S

- linearize spectrum ¢, = vpk

- band-width D, —D<k<D



The resistivity (Kondo ’ 64)

- Scattering amplitude : electron with momentum k and spin/! into state
with momentum k', impurity remains with spin1):

- first order JEk |, =K |, N)=J

- second order 57k 1, -k 1.4)J" 1.4 1L

Flat band approx.

+ Scattering probability 17, = J2 4 2.J3plog (‘ €k— 611)? ’)



(Kondo ‘64)

Finite temperature resistivity —

consider electron with energy within a window £ g’I" about the Fermi energy:

R(T) = Ro [1+2Jplog (| 5= |)]

* For J ~ ( resistivity increases as T decreases

* Combine with phonon contribution to account for resistivity minimum
* Correction small at high temperatures but diverges as 7 ™\, 0

* The n-order ~ [Jplog(D/T)]™ diverges, resummation does not help.

* Perturbation theory breaks downat T suchthat Jplog(D/T) ~ 1
- Kondo temperature: T = De—1/Jp

* What to do for 1" < T'x? The Kondo Problem



Magnetic susceptibility

- We saw, considering resistivity, that the effect was weak at high temperatures,
strong at low temperatures

- Similar behavior in impurity magnetic susceptibility: Xi — Xtotal — Xmetal

o euh/T_,u e—Hh/T
Mfree = et /T | o—ph/T
__ M __ p?
Xfree — W|h:0 — MT
- |
STRONG E'DUPLLNG I:EEGIHE WEIAH COUPLING REGIME
1i-."_‘?n x'—= x, ., [1- ﬁ—;-_ ]
i pe
« At high temperatures - free spin X' = Xfree = '
susceptibility Yt — finite

- At low temperatures - spin is screened



The Kondo Effect

- Resumming leading logs (Jp)"(log(D/7))("~1)  of perturbation theory

2
' Z >, I 3 ST
“T) = —[1-J+J°log——J>logc —+---
x' (1) - | + I 9%+ ]
p? J
= —[1-— T_|-...] only for J>0 does it diverges as T is lowered
T 1+ J logH
p? 1
= —[1— 7 +---]  where: TKzDe_l/J
o legqp

- Resumming sub-leading logs (Jp)"(log(D/1))("—2)

2 1 1log(log(T/Tk))

il 4.
T |OglK 2 10g?(T/Txk)

. Perturbation theory breaks down at low temperatures (i.e. in the IR)
. Perturbation theory valid at high temperatures

. A new low energy scale appears: Ty = De~1/J

. Strong coupling IR, weak coupling UV

. How to handle such a theory? — The Kondo Problem



The Kondo Problem

Many approaches to the Kondo Problem:

= Resummation of the perturbation series (fails)
- Variational techniques (fail)

- Scaling theory — Poor Man’s Scaling (P. W. Anderson)
- Renormalization group (K. Wilson)

- Fermi Liquid theory of Strong Coupling (P. Nozieres)
- Boundary conformal field theory (l. Affleck, A. Ludwig)

- Bosonization (A. Luther, I. Peschel, G. Toulouse)

- Exact solution - (N. Andrei, P. Wiegman)



Renormalization Group Approach

« Why does perturbation theory fail in the IR?
* How to describe Kondo physics at low — T ?

The Renormalization Group (Anderson, Wilson 67-'74)
Application to the Kondo Problem

= Microscopic Hamiltonian written on the scale [
- describes physics over the full range of the band-width

= Construct effective low—E Hamiltonian
- describes physics close to the Fermi surface (low — T physics)

= Carry out construction step by step, | — D/b — D/b2 e b>1
successively integrating out high energy modes, preserving low- E

(—D,—-D/b) (D/b, D)
= In real space e.g. on the lattice a — ba (recall ¢ ~ D~1)
b=2

1 1 1 1 | 1
1 1 1 1 1 1 —_— 1 I I



Renormalization Group Approach

RG flow: the successive Hamiltonians g H’ H" ... describe
same low-E physics, eliminate high energy modes.
7
Under RG transformation
correlation length: £ — & / b

* Coupling constants are running (depend on scale D)
* |s there a fixed point: H* — H*

* Fixed point is scale invariant (conformal invariant) (¢ =¢/b —|¢ = 0,0

 How to construct RG flow?

- Eliminate (decimate, integrate) high energy modes
- Rescale
- Repeat



Renormalization Group Approach

/
Kondo RG CU]_,k‘]_,CL (1) . W3,]€3,CL/ wlak‘ilaa’ (2) an,k:%a'
L A Wn,q,d _
Contribution of the W ki T -
. - . B 7] EE "'"“'""'".“;""":"""'"""""“"“‘
eliminated modes: |, o g S~ wa, & T o,
, 5a,a/ w1, k1,a w3z, k3, a’
tWn—E€L . .
w2, Q N T T | . w47 Q{/ JO'z’a/Sééa/(S(wl + w2 — C(J3 — UJ4)
e 5,040/
1Wn
1 21 D 3¢ 1 1 . o
AH, = / ] qtgd
1 Z D/b (27.‘.)3 iwn, — € i(w1 + wo — wn) (o'c )aa’( )a,a’
1 1 o o
= ——J2 5] Y
p Z D/b z’wn — € (w1 + wo — wn) (7707} aa( )a’a/
1 o o
— —J2 i §tgqJ
3 ; iwn — D (w1 + wo — wn) S Joof
AD
= —J%p =" (0"07) 4 (S'S7) .o
1 AD 3 AD
= 7% (0Daw($Daw + 770 = Saardaw
T modifies Kondo coupling Tgenerates potential scattering (irrelevant)

Same




Renormalization Group Approach

* Reduction in band-width compensated by an increase in coupling constant

J(D — AD) = J(D) + 5Ppj% + -

* Perturbation is IR unstable (J>0)

Denoting g = pJ we have

e Perturbation is IR
stable (J<0)

6(g)

B(g) =

e.g. _M%p%ﬁ (neglect!)

— 2
(’9IogD g >0

The running coupling
g(D) = e

1+ golog(D/Dg)
1

log(D/Tk)

do

Coupling flows to zero —
perturbation thy IR stable

Ferromagnetic
regime

Jo > g
Coupling increases —
where does it flow?

Antiferromagnetic
regime



Renormalization Group Approach

Where does the coupling flow to?

* Perturbation theory fails when g(D) ~ 1

* Nonperturbative approaches:

- Coulomb gas representation (Andreson, Yuval)

- Numerical RG (Wilson) - g — 00

- Bethe Ansatz (Andrei, Wiegmann)

J
Bethe-Ansatz
1 1 e(C+1/4)

Sqreenlng of |.r.npur|ty spin at onv -T. X'|7=0 = Tx dn  m Tk 0.102676
finite susceptibility «—— screened spin T
Strongly ‘ 2

coupled singlet ‘\ Xtree T 0.1032 +0.0005
T | 5 Wilson RG

5
\‘\
= ey
= T
-—y b -
STRONG COUPLING REGIME WEAK COUPLING REGIME
o2

(I I 1
X—‘;—,Fo X —‘I'-xfr'.['l-—‘—‘-—l.,.]
T,
L4




Renormalization Group Approach

* The RG flow:
repulsive crossover attractive
fixed point fixed point
o— —p —p —p —p 9o
g~ 0 g~1 g ~ 00
weak coupling strong coupling
regime regime

* The system evolution
with temperature:

STRONG COUPLING REGIME WEAK COUPLING REGIME

2

- F I 1
x|_s-, | . x — x 1 — rew

.-Ta fred [ N "I_'-L ]

* What is the strong coupling fixed point Hamiltonian? (Wilson, Nozieres)



The Kondo Problem

Many approaches to the Kondo Problem:

= Resummation of the perturbation series (fails)
- Variational techniques (fail)

- Scaling theory — Poor Man’s Scaling (P. W. Anderson)
- Renormalization group (K. Wilson)

- Fermi Liquid theory of Strong Coupling (P. Nozieres)
- Boundary conformal field theory (l. Affleck, A. Ludwig)

- Bosonization (A. Luther, I. Peschel, G. Toulouse)

- Exact solution - (N. Andrei, P. Wiegman)



Numerical Renormalization Group Approach

 How to characterize the strong coupling fixed point Hamiltonian? ( Nozieres)

- Kondo Hamiltonian on the lattice:

H=—tY [ch(G+ 1)ea(§) + h.c] + Jc}(0)Fypcy(0) - S

7=0

nJ * J t

S ®---0 O O @ N — .

j=0 1 2 3 4
- Strong coupling J >>> t ground state: ‘gS> = %ﬂ ﬂi} — | UT}) s';z;?ét
- Electron hopping on site-0 breaks singlet, cost A F — %J
- Excluding electrons from site ; = O corresponds to phase shift § —= %
Sln(kFCIj) — Sin(kpa; — 5) with o — ja, so 0 = kFa = %a e g

- Strong coupling fixed point Hamiltonian (plus leading marginal op) - local FL

00 44
H* = —¢t Z: [cl (G4 1)eca(G) + h.c] + 3NN + ... Spin screened, induces

=1 interaction among electrons



The Kondo Hamiltonian — field theory

Rewrite the Hamiltonian as 1-dim field theory:

- Field Theory if. All scales < Bandwidth D, universal results, independent of band structure

- 1-dim theory C Do

1 1
uni regime T

Route 1: sum modes, linearize Route 2: impurity geometry, keep s-waves

CE — Cklm,a spherical modes
—+ Chooa s-waves
Vea = /d3k 5(61_5 - E) CE N linearize around
a Ckp+tq,a kp
— Yo (x) Fourier transform

{¢ea, w;[e’b} — 5ab 5(6 — 6/)1/(6)

Ya(x) /_l; jeﬂ e’ Yea ();;0

x>0

(out)

The Kondo Hamiltonian (unfolded):

H = —i [ ¢](2)0sa(@)dz + J}(0)F s (0) - §
AR

chiral fermions

X UF:1,p:1/7T



Bethe Ansatz Approach

Steps in the approach

* Construct eigenfunctions of /V electrons on ring of length L interacting with the impurity

* Identify ground state, excitations Fgs, Fspinons Enolons Equartet
e Construct the thermodynamics 2 = Z e PE — e_ﬁF(T)
E

* Take thermodynamic limit L — o00o,N — o0, D= N/L fixed

* Take the scaling limit, universality [) — oo, Tk fixed, then F'(T; D,J) — F(T/Tk)

« Compute susceptibility, specific heat, phase shifts..

- Fock space of N electrons spanned by

F) = [ Fay.aniao(er-an) [T 66, (2))10F; ao)
J

- Eigenstate equation H|F) = E|F) becomes: hF = EF with

h = —i Z Or; + J Y 8(z;)3;- S Kondo Hamiltonian 1-Qu



Bethe Ansatz Approach

Main idea: construct consistently multi-particle wave functions from

single-particle wave functions

For N =1, solve

[—i0s; + J5(2;) (&) - (F0)20]

N N
—i Y On, +J ) 6(x;)0
j=1 j=1

Fa;ag(wg‘) = EFaja,(7j)

Solution: . iby ikx
Fa,ja,o(a?j) — 67' CIZ‘] [Aa]aoe(—ajj) + Ba]aoe(ajj>] Aaaoe Ba,aoe
T
where: (using 6(xz)0(+z) = % ) .
1—=Jo-oo
— d —i(A— B liz. 6 — — B = —% A
Thus B foan i )+ 2J0 do(A+ B) =0 Z+%JJ-O'0
k / / /
Baja, = Sa]aoA / Fajao(xj) = ™[I :77%9( r;) + Sa H(mj)]A
a’.al IjO PjO
- I 0 — Joo __ —1C 77
S matI'IX S.] — Sa/JCLO p— 1_ZC CLjCLO a;ﬂjg
1 (3/4)J2 P] _Pajag 2[1 +0-.7 Jo]aja’o 5(13'5&0 a,iao I _ Iaj /0 T 5aj5a0 a’ja'O




The Yang-Baxter equation

* Consider V = 2 particles

- Divide configuration space into 3! = 6 regions, Q = 1...6, according to ordering,
example: (120) denotes (71 < 22 < 0)

- Inside each region () the wave function is: e/#171 k2224, .\ (Q)
- Total wave function A etF1T1+k272 >0 Aalazao(Q)H(a@Q)

- Regions connected by S-matrices

- |s the construction consistent?

- Starting from region (120) we can

120 102

4 — % reach region (021) via two paths

20

/ 5 \ .- Construction consistent only if:

ql2 q10
4210 4012 SQO SlO 512 — 5«12 SlO SQO

S10 g12

\ 520 / Yang-Baxter equation




On the nature of a quantum impurity

* Do the S-matrices satisfy YBE?

0_icPIo

; J : . :
- The electron-impurity S-matrix: S7¢ = ! [y derived from Hamiltonian

- What is the electron-electron S-matrix S'%J ?

- First attempt — electrons do not interactso S'%J — [1J

-YBE ¢l10 20 — g20 glO not satisfied

- Why? Quantum Impurity changes its state when an electron crosses

[ I 0

”_'/'102 012 021
120\_2111_3—>M—>JT_T

- As opposed to a potential which does not change its state

N — A — A



The Bethe basis

» what Sij satisfies YBE? Answer Sij — Pu

* But have we introduced interactions among electrons? h = —’i(@;cl (9x2)
No! We made a choice of basis of eigenstates for the degenerate subspace

correspondingto [ — k1 + ko
- The linear spectrum E = k1 + ko = (k1 +¢) + (k2 — ¢)  Infinitely degenarate
- Thus ' = Aetk1e1tkoe2) (4,0 0,00, v+ (S A)agand,, .,y eigenfunction for any S

- For Sij — Pij we have charge-spin separation

(eilk1z1thor2) _pilkizothory)) [Aa1a20 (21 —2p) T Aa2a10(25—1)]

- The choice S’ij — Pij defines the Bethe basis, the correct basis to

turn on interaction from a degenerate level (5% — % is the Fock basis)

e — - To perturbe a degenerate level need choose a |{(i|H|j)
{ basis that diagonalizes perturbation — Bethe basis  F;,— F/;

degenerate levels split by - The Bethe basis (unlike Fock basis) separates charge and
levels perturbation spin since the Kondo interaction is in the spin channel only



Bethe Ansatz Approach

* For )V particles?
- The YBE sufficientforall N = N¢ + 1
- The consistent wave functions ~ F' = Ae2=i ki Z Auy ane.an(@Q)0(x0)

- defined in one reference region A, o e.a0 (Q)0(20 )(rather than N regions)

- same set of {¥;} in all regions

Next steps

*Impose PBC, r,  (v1,....0;=L/2,...,0n) = Fu, . .an(@1,...;2; = —L/2,... 2N)

.....

* Determine spectrum [/ — >~ ] k j (Bethe Ansatz equations)

* Derive free energy and the Thermodynamic Bethe Ansatz eqns (TBA)

. T C 1
The thermodynamic limit and the scaling limit, /" — f(T/Ty,H/Tk)
universality
Universal regime
| TIK D — 00

1 1 | »




Periodic boundary conditions

* Impose PBC:

Foi . an@1,...;0;,=L/2,...;on)=F,, . an(®1,...,2; =—L/2,... 2N)

This translates to the condition

(23)211%,% Abl---bN (Q) — e_ikijlélCLl---CLN (Q) Sjj‘}j‘/jil

with
(Zg)gll = (899~1,  §ItSIN 533+1)le bjjvv

or in our case

; . ; bi...bN
. : .  JI0 — e PI0 .
(Zj)or 0N = <P931...P31P3N...e"¢ S A

1 —1c al...anN

The eigenvalues of the Z > matrices yield the momenta /f from which the
spectrum can be determlned E = Z k,

» How to diagonalize 7,7



Algebraic Bethe Ansatz approach

1. Define: S-matrix depending on a continuous variable (spectral
parameter) ,
al —icP

S(a) = = a(a)l + b(a)P

o — 1C

assign & = 1 to an electron and o = 0 to the impurity (< corresponds to the velocity)
_ i~PJ0 . . .
_ el and elel $7(a; — ap) = 57°(0) = P!

we have: el-imp s7%(a; — ag) = 57°(1) -
— 1C

- The S-matrices satisfy a continuous YBE,

M (o= B)S* (@) S7(8) = §7(8)S* () S* (a — B)

- Each electron and impurity has a spin space C? associated with it.

Define and auxiliary spin space A and S-matrices GgiA §o4

2. Define: Monodromy matrix



Algebraic Bethe Ansatz Approach

Explicitely:
by..b A b A ba, A by,
M(@)lprixr, = 0[S (e — a9 (a — o))y 2 (S a —an) 10N
S1...SN—-1

b1 bz bg bN

by...bn,v ‘ ‘ ‘ ‘
(M)al an .U Z U 81‘82‘83‘ SN—l‘v

S1...SN—-1

ai as as AN

beby | AbLON () Bhi--
[M(Oé)]al...aN o _ 031..@]\7(&) Dbl...




Algebraic Bethe Ansatz Approach

3. The monodromy matrices satisfy:

R(o = f) (M(a) @ M(5)) = (M(B) @ M(a)) R(ae — )
| | 1 0
" R=sta-p) p= STES ey R~ ( o
0 0
proof
| M () M(B)
R(a,BN C e e A(B) AMUG) R(a, B)

- follows from YBE

523513312 _ 512513323




Algebraic Bethe Ansatz Approach

4. The commutation relations:

We saw R(a —B) (M(a) @ M(B)) = (M(B) @ M(a)) R(a— B)
1 0 0 0
ith 0 Oé—iﬂc—l—ic aféfz-c 0
Wi R(a—fB) = 0 a_gﬂc a—iﬁc—l—ic 0
0 0 0 1
and [ Ala) Bla)
M(a)] = [ C(a) D(a) ]
Hence
A(a)B(B) = u(B — a)B(B)A(a) + v(8 — a)B(a)A(B)
D(a)B(8) = u(a — B)B(B)D(a) + v(a — 5)B(a)D(B)
A(a)A(B) = A(B)A(a)
B(a)B(5) = B#)B(0) ok et
D(a)D(B) = D(8)D(«) o “




Algebraic Bethe Ansatz Approach

5. Define: Transfer matrix 7 (o) = Tra M (a)

Explicitly: T (a2t = Z (M(a)]or-bv e — [A(a)]bl.....bN 4 [B<O{)]b1......bN

al...anN aj...anN,u
u

Claim:  [T(a), T(A) =0  Va,p
Recall, we wish to diagonalize 7, = S77~1 671 gV Gri+l

Claim:  Z; = T (o) = A(ay) + D(a;)

6. Claim: [3([3) - creation operator w.r.t Hamiltonian A(«) + D(«)

N
1
when acting on ferromagnetic vacuum |w >= H ( ) , upto
unwanted terms: =1 J

Write:
$4 (o) = (a+ %b)(@)lle + %b(@)O_j Lop = ( (a+ 30)(a)l; :t s0(a)o; b(a)g. )

so |w) is eigenstate of A(«) and of D(«a): A(a)|lw >= |w >




Algebraic Bethe Ansatz Approach

Consider now the state (with A/ flipped spin):

‘F<616M) >= B(ﬁl) (6M ’CU >= Z Fjl JMUjl O-]M‘w >

J1---JM

Applying the Hamiltonian A(a) + D(a) we find:
(A(a) + D(a))B(81)B(B2)|w >=

u(B1 — a)u(By — @) B(B1)B(B2)A(a)jw > +ula — Br)u(a — B2)B(81)B(B2) D(a)|w >
+u(B1 — a)v(B2 — a) + v(B1 — @)v(B2 — B1)]B(a) B(B1)A(B2)|w >
+lula = B1)v(a = B2) + vla — B1)v(b1 — B2)|B(a)B(B1)D(B2)|w >

+v(81 — a)u(B2 — 1) B(a) B(B2) A(B1)|w > +v(a — B1)u(B1 — B2)B(a)B(B2)D(B1)|w >
= Moy, 81582)B(51)B(B2)|w > +A1(a, f182)B(a) B(B2)|w > +A2(av, B152)B(a) B(B1)|w >

with
A, B1B2) = u(Br — a)u(fz — @) + H

u(a = Br)u(a — Bz2) The eigenvalue

Bl a] ]
L3 —a;+ic Unwanted terms
It — set to zero
(

BQ_Q] ]
P 62—04]4—26 aaﬁlﬁQ) = 0, Y= 1,2

A, B1B2) = v(B1 — a)[u(B2 — B1) — u(B1 — B2)

A2(a, B1B2) = v(B2 — a)[u(B1 — B2) — u(B2 — B1)



Algebraic Bethe Ansatz Approach

7. Recall we want eigenvalues of Z; = Z(a = «;)

We showed:

provided that 5, ... 3, satlsfy the Bethe Ansatz equations (BAE):

M
Bs — By +ic
H ﬁé_ﬁv_ic

.::]2

— 1C
5=1,6# i T

’L:

8. Setting B, = A, —ic/2 and recalling -, = e~ kil we have:

—ic/2 with A, v =1,..,M
H A — Ozj -+ 20/2 solutions of the BAE
For Kondo: «; = 0,1
ﬁ A6 - AV + 1c H 20/2 J 7
5=1,6 As — Ay —ic Ay — o + ic/2 For Hubbard «; = S1n kj
B For Yang = kj




The Solution

A system of /V° electrons interacting with the Kondo impurity -

- The momenta for state with 5/ spins down, N¢ + 1 — M spins up:

M
2 1
kj — %nj + Z [@(2/\7 — 2) — 7T]7 with @(gj) = -9 tan_l(x/c)
vy=1
- The energy: N°© Ne€ 9 M
7y
E=) k; = anj +D ) [0(2A, —2) — ],
J=1 j=1 ~y=1

- with the spin momenta A, satisfying:

_ﬁA(g—A7+ic (A —1—ie/2\Y (A, —ic/2
SEAs Ay~ \Ay —1+4ic/2 A, +ic/2
or
M
N°O(2A, — 2) + O(2A,) = =271, + » O(A, — Ay), v=1..M
o=1

1
- The spin of the systemis: 5= 5. = §(Ne +1)—M



Extracting the physics

How to extract the physics from these equations (in five easy steps)?

* |dentify ground state, excitations Egs, Espz‘nom Ehotons Equartet

—GBFE —BF (T
* Construct the thermodynamics Z=Z€ PE — =B (T)
E

* Take thermodynamic limit L — oo, N — oo, D= N/L fixed
* Take the scaling limit, universality D) — oo, J — 0; T = De Y7 fixed,

- the free energy takes the scaling form [ — T’ f(T/TK, h/T)

« Compute susceptibility, specific heat, phase shifts..

- Study high- and low- temperature behavior and the crossover between them

Universal regime
Tk D — 00

1 1 | »




21N ;

> | 0 —_—

BAE for an eigenstate with A/ spins down and N + 1 — M spins up, .
E = S‘ Q_an +D Z (2A,, — 2) — 7], Note: linear spectrum o
— L requires a cut-off, - N¢ < n, S
M _271']\7e :

N°O(2A, —2) +O(2A,) = —2aL, - O(A, — As), v=1..M ’

S5—1 Charge

Fermi sea

- The integers {nj, ]y} are the quantum numbers of the eigenstates

—(N“=M)/2<I,<(N°—=M)/2 and —N°<mn; so D= N°/L isthe cut-off
-There is charge spin separation: {n;} determine charge-dynamics, charge Fermi sea

{I,} Determine spin-dynamics, spin Fermisea

- Ground state configuration {n}", [9%} is a singlet M/ = (N* +1)/2 with:

I,+1=1,+1,occupyallslots—(N“—M)/2 <1, <(N°—M)/2

O—C—C—0—0—C—0
€ __
eg. N°=13 I;==3,-2,-1, 0,+1,+2,+3




Ground state and excitations

- Ground state configuration {nb7 ,Igs} with M = (N°+1)/2 corresponds to a singlet

Iyy1 =1y + 1, occupy all slots —(N¢ — M) /2 < [, < (N¢ — M)/2

o—0—0—0—C—L-0
e __
eg. N" =13 I, =-3,-2,—1, 0,+1,+2,43
e Jh=0 Jr=3
Excitations: holes hole hole Skipped integers JP
I =% B2 A1 Y, PR W are holes in the /;
¢ !y ! ! ! vy \\7 \\7 sequence —
¢/, ! ! \ T R g
A" vV v ¥ N Yy 9y excitations
At Ao A Ay As AT Ag A A3 Ag Ay
strings e.g. 2-string \* = (\" + )\})/2
hole ‘ hole
I; = =5/ 4’ Aopt | et ! PR
|

/ v\ LN
”/' [ W Y W VRN

oK e vV v ¥ ¥ vy o9y
A Ay As Ay As AT Ag Ar AS Ag Ay

/



The ground state

In the thermodynamic limit - interested in the density of solutions: o (A)

o (A)dA number of solutions in dA, equivalently: o (A,) =1/(Ay11 —A,)
- Turn BAE into integral equations for o (A):

Consider the ground state configuration- /., = /1, + 1

subtract the eqn for A,

M

N°©(2A, —2) + O(2A,) = =211, + Y O(A, — Ay)
5=1

from the eqn for A 4

M
N€®(2Afy_|_1 - 2) -+ @(2/\74_1) — —27TI,7_|_1 + Z @(A,y_|_1 - Ag)
0=1
andexpandin A ., — A, ~1/N°

| ogs(A) = f(A) — / K(A — N)oys(A)dA’

, 1 c 2¢ N¢ 1
with  K(A) = T2+ A2 and J(A) = Es [02 + 4(A —1)2 2 +4A2]

- Similarly, for each state { /., } determine the corresponding density O{I.,} (A)



String solutions

Solutions of the BAE take the form of n-strings:
n n) . C . .
A§-):A()+z§(n+1—23), i=1,2,...,n

° The contribution of a n-string to energy
oo ° ° D Z 2A(n) — 7] =D[0,(A™ — 1) — 7]
o——o | >
oo ® with  ©,,(z) = ©(2z/n)
o
VT A
1- strings 2-strings  4-string 3-strings recall: £ = Z—ng +DZ (20 —2) — ],

- They are determined by quantum numbers I§”) which induce
densities of solutions o, (A) and of densities of holes O'Z(A)

- The densities satisfy the BAE: -~
Y fn(A) =0, (A) + Z Apmom(A)
m=1
where:
)= NELA =D+ KAD) with  Kale) = ot

Apm =1[In—m||+2[In—m|+2]+---+2[n+m—2]+ [n+ m]

/KAA AYdA'.



The thermodynamics

The thermodynamics of the Kondo model

Contribution of n-string to energy
- The energy £ = E(({n;}) + £ ({1{"}) DZ 024" ~2) — 7] = DO, (A™ — 1) - ]
Ne

J=1 /
Spin energy £ ({1"}) DZ [ O(2A, —2) 71'] = DZ/dAan AN [O,(A—1)—7]

o
1
- The partition function  Z = Zexp [— T(E — 2MhSZ)] — 7)) 7(s)

The charge partition function describes the thermodynamics of
N non-interacting spinless fermions with linear kinetic energy

1 . 2 (c)
{nj},an—Ne 7=1
and taking the cut-off to infinity ) — N 50 We have
Fl) = _Z2L_T dkIn (1+ e_%) S 5 {infinite constant}
U

12

— o0



Thermodynamics, Yang-Yang entropy

The spin partition function - Sum over all solutions of BAE induced by configurations {I,(Y”)}

Z%) = 3" exp [ %[E@(]gm) +2Mphl| => " > exp [ %[E(S)({A}) + 2M 11h)

{L(yn)} M {A1,...,Am}

Rewrite in terms of string densities:

E®({A}) + 2uhM = Z/dAan(A)gn(A) with  ¢,(A) = D[O, (A — 1) — 7| + 2uhn

1
Z(S) — /H DO-nDO-Z eXpS({Jna JZ}) eXp[_T Z / dAOn(A)gn (A)”a’s —solutions of BAE

The replacement of summation over microstates {Ign)} by summation over
densities {0n, 0, } requires the introduction of the Yang-Yang entropy S({o,,c"})
which counts the number of microstates which yield the same densities.

Claim:

S({op, o)) = Z/d/\[(an + oM In(o, + 0™ =o' Ino” — 0, 1In0,].



The free energy

- The number of slots for n-strings in the interval JA is, (on + OZ)dA of which
o,d/\ are occupied, while aZdA are empty; thus the number of ways of

distributing the n-strings among the slots is:
(00 (A) + o (A))dA]!
(00 (N)dA]! o (A)dA]!

Using Stirling's formula, we can simplify this to give
(0, + o) dA]!
[0, dA]N[ohdA]!

dS,, = In

= [(op + ") In(oy,, + o) — 0, In0,, — 0™ Ino™]dA

- In thermodynamic limit, N — oo , we may evaluate Z'*) by the method of
stationary phase approximation, varying the functional,

h
F) O'n,O'h — E®) £ 2uhM — TS = d\N 0,9, — To,In 1—|—0—n — Tol1n 1—|—@
n M n n

On ot

subject to the constraint (the BAE)
dol == Apmbon
™m

we obtain the TBA (thermodynamic BA) eqns:



The TBA egns:
2D
In m = _7 tan_l e(7r/c)(/\—1) 4 Gln(l 4 772) denote
on(A)
n A) =
Inn, =G In(1+n,11) +In(1 4+n,_1)] )=o)
1 / 1 /
where  Gf(N) = 5 [ AN i F)
2uh
and nh_}rrgo n+1In(1+n,) — [n|In(l+n,11)) = o
Once the {n,,(A)} are determined, the spin free energy is:
1 N¢€ 1
F&) =T / dA In (1 A
2¢ lcosh (A —-1) i cosh TA 0 (1+m(A))
A A
Free energy the spin sector of free gas | | Impurity free energy (i7P)

of electrons



Scaling of the thermodynamics

- Scaling properties of the TBA eqns (in the universal regime ):

Universal
2D regime
Inn, = —7tan_1 e(™/e) A1) + G In(1 + 1) @ D— oo
Inn, = G[ ln(l T 77n+1) + 1n(1 T 777%—1)]

In this regime 1)1 ~ exp|—(2D/T)tan"" 2] has contribution only for = = exp|(r/c)(A —1)] < 1

T T T
with Tr = De~7/° and c="A+n T7K
C

Thus: 2D 1 rom-1) _ 2D @roa-1) _ 21K jon - 2¢¢

1 1

- Scaling form of the TBA egns and the impurity free energy (G —¢) =

Inn, = —257%16C + G In(1 + 1pg1) + In(1 + 1p—1)]

: T 1 h .
F(Zmp) - /d Inl1 + , —

~ 27 cosh(¢ — (')

)

T’k is only scale in the problem, thus in the scaling regime |F* =T f(T/Tx,h/T)




Some properties

Some properties of the solutions of the TBA eqns

1. 1, (C, h/T) is monotonically decreasing in ¢ (fixed n).
2. 1, (C, h/T) is monotonically increasing in n (fixed ().
3. (¢, h/T) has finite asymptotic limits:

sinh®(n + 1) 42

(o — T 1, as (= —o0
T sinh? “—Th :
— 9 h2 ik
n S11 n
'l My = — 2/1;1;_17 as G = +09
\ sinh” 7
A
| M (C) .
I |
n_l |
i \ '
773_: +714 plimp) _ L dc ! In[1+ n1 (¢ ﬁ)]
ny | N\ :773+ 2 ) eosh(C—In ) T
2 I I
High-T ~ | N\ 10y
regime o N\ "
g N nt L7 Low-T - T
T (= C—oo1 rd regime Main (~In
s <( > = g contribution T




High — T regime

- Impurity behavior at high T: 7" > T

| T 1 h
FOm?) = ——— [ d cosh (¢ — In I In[1+n:(¢. ) = high temperature corresponds to ( — —o0
Therefore: The free energy of
. T 1 B ph . an isolated spin in
F@mp)%——/d In[1+n;] = —T'In(2cosh
2 Ccosh (¢—Inix) nt ] (2 cos a magnetic field h

How rapidly is this point approached? Include corrections 1/¢,1/1In¢

- ph 1 ph ph 1 1Inln(T/T})
F"P — —T |In(2cosh —) — —— tanh %
— [n( cos T) 5 o tanh <1nT/TK+2 02 T/ Ty +
leading to susceptibility (obtainable perturbatively) We'll see: universal number
82Fz'mp

imp __

X T T T2

2 1 11nln(T/T In®In T/T,
:”—[1_( +_nr21(/K)>+ _a +O<n3n/k)]
heo T InT/Tx 2 In*T/Tk In*(T/Txk) In® T/T,

In RG language: Weak Coupling fixed point behavior

Scale defined up to a constant - set 7° = ¢“Tx  thenno O(1/In”) in P



- Impurity behavioratlow T: 1 <7k

T 1
d

o cosh (C — In TTK

plimp) — _

h
)ln[1+m(éaf)] . low temperature corresponds to ( — 400

Cannot use same strategy as before -nf — (). Need study neighborhood of point.

Expand the kernel in the integral 1/ cosh(¢ +1nt) = 2texp (1 — t*exp2( + t expdl +---) 1 = ——

2

T
How to evaluate: -

7TTK

h
[acemem(c. 7)) ?

Recall, the total free energy

nLT? T N¢ 1 h
F=_ . d + In[1 + -t
12 27r/ C{cosh [C—IDTTK—%} cosh [Clnj;{{}} L mie T)]

with the free energy of the electrons at temperature 7 and magnetic field h

LT? T Ne 5
Fel _ _7T B /d Il h . .
b2 om C{Cosh (¢ —In2] } n[l+m(¢, 7)] in the Bethe basis

| T . aLT? T h
imp _ gl LD Fel = — ~TNef (=, =

Same behavior
at low temp

FL fixed point

D— oo



Low — T regime

We can also evaluate electron free energy in the Fock basis

Fe T [~ >
— = U dkIn(1 4 e */T) +/ dkIn(1 + ek/T)]
L 27 —(mD—ph) —(mD—ph)
% (uh)?
N § 2T

comparing with the Bethe basis

4

h
ZT)_) we have [ dccln (1 Fm(C, T)) =5+

Fe al? T2

h

So finally, the impurity free energy at low temperatures

72 h 1 2 1 Interpretation:
Fm? = ——— [ d¢eIn (1 + (¢, —)> = —— [—T2 + —(uh)Ql strong coupling-
7Ty T Tl |12 2 FL fixed point
7 ? 'l l s
Hence: ¢imr — " mp : el _ L el =
G =T X T while €, == -

FL specific heat screened impurity

Wilson’s Ratio R— Ximp/xel _9 characterizes the strong coupling fixed point

Cy"P Ol Strong coupling scale 7°¢ = T}




The cross-over

The cross-over behavior:

- The magnetization as function of the magnetic field h (at temperature T=0):

%‘- -%-(u}‘;f‘

Exact analytic expression
obtained using Wiener-Hopf

method
. 112
/\Zl;? 7Ty f Strong coupling regime, with scale 7° =T«
K
: 1 InIn - 1 .3 Weak coupling regime with scale
Mi =y L= Mh+412’£; (1 ) —;
h> Tk T, 0o, 0, Thz(_) Ty
(&

defined by absorbing 1/1n*(h/T},)

This cross-over is non-perturbative, characterized by Wilson’s -
h T

magnetic universal cross-over (weak to strong) number: W; = 7 =\3
K



Wilson’s number

- The cross over in the temperature

2
xi+ v I,,,,:F?
LY
e \
'To ‘ k . L . .
N Susceptibility obtained by solving
= TBA egns numerically
- T
- F -
STRONG CDUPLENG REGIME WEAK COUPLING REGIME
xi_..i x'——x, . [1- I:?“ ]
) T’wC
Wish to calculate Wilson’s temperature cross-over number: W = Tac

It was calculated by Wilson and requires full machinery of NRG to carry out cross-over

Difficult to obtain directly, requires solution of all 7

Twe Twe Th
. W — _

Proceed indirectly: Tac Th Tsc
th — \ﬁ connecting non-perturbatively weak to strong coupling regime

sScC e

wce . . h T
T e computed exactly - both scales in WC regimes " we
Th s SC

1 1 e(CH+1/4) : 1 Tsc we
I - _W: - — .1 2 vee : —_— = U. .
We find: T 0.102676... Wilson =W = 0.1032 £ 0.0005 > T

T




Thermodynamic plots

* Impurity magnetiztion (7=0)

* Impurity susceptibility

|
x4 \ X -%

'fg- 5

STROMNG COUM ING SEGNFE  wEAx COUPLNG HFELINS
-2 -y . (af'e 0 qptign st + @ Fppesepan
.

- ! - 1 N
X'« 'TO x —’xh‘c[' n ]
=

* The impurity specific heat

T 1 T T 7T 7 T T T
o

04f H= O kG

H =20 kG : \

- H =38 kG : \ -
p 4

High temperature or large magnetic field drives system to weak coupling (asymptotic freedom)

m!
"'no'ﬂ
[ St Ao e - =
_“_:
Qing -
STRONG COUM NG WEAK CourLw™
miepdt "Ml g )

* The impurity specific heat
(different spins)

“ne.




The Kondo Problem -summar

Impurity weakly coupled to Impurity screened by excess of opposite spins
electrons - unscreened (kondo cloud/resonance)
}
Weak l : Strong coupling -
Sak COHPINS f f f ‘ * *f FL fixed point
x ~ 1/T * f } f‘ X ~ const
S = In2 —lre. —
tl T R
4 ¢
i ty Tt
T >>T.;J [ T<<Tx ]

* A nonperturbative energy scale emerges [{x & eNP(- 1/ pf)

o Below T, impurity spin is progressively screened
* Universal scaling with 77,
e Conduction electrons acquire a =2 phase shift at the Fermi level

o All initial AFM couplings flow to a single strong-coupling fixed point



Generalizations of the Kondo effect

* The multichannel Kondo model (Nozieres and Blandin ‘80)
H = —i / Db (@) Onbam(x)dz + T (0)F, b (0) - 3

- added a channel (flavor) index m=1---f, ( f =1 is the canonical case)

—

- S in any spin-S representation of SU(2)

« What is the effect of flavor?

- weak coupling perturbation theory is unchanged, weak coupling unstable

J:O@ - *J = oo

- does it flow to strong coupling?




Generalizations of the Kondo effect

« Stability of the strong coupling fixed point

- Kondo Hamiltonian on the lattice:

H=—tY [ch(G+ 1)ea(§) + h.c] + Jc}(0)Fypcy(0) - S

7=0
S ®---O O O o - .
=0 1 2 3 4

- Strong coupling J >>> t ground state:

X X ! w3
S@ ! - X > @
5> 1f 5=1f 5<if

underscreened screened overscreened



Generalizations of the Kondo effect

* turn on the hopping perturbation - the effective spin §/
interacts with the electrons

* the effective spin interacts with up-spins only and lowers the energy (pert. from gs)

ferromagnetic interaction -
stable

- Underscreened : 41 i

marginally ferromagnetic

- Screened H stable

- Overscreened 4_1_. antiferromagnetic interaction
U’ unstable



Generalizations of the Kondo effect

» overscreened: both strong and weak coupling fixed points unstable

—» intermediate fixed point *——>——> % ——
 properties fixed point: (Bethe-Ansatz ‘84 ) M (A)
( T\
v~ 1y
1 (T \T+2
Sin<(25+1)L> e <A AT
S’T:O =In sin Lf+2 - N \/5
\ T2 F—o
(T=0 entropy) —
* The fixed point is non-FL - Solitonic combination rules (origin of irrational entropy)
| 0,1,0

- quasi-particles not fermion-like
A P adjacency matrix A=|1,0, 1

- Solitons in eff. potential \/\ j f=2 010

— s 1 N
1 5 3 S =limy_ 7 INTr A

number of minima = f+1



Generalizations of the Kondo effect

 properties fixed point: Boundary CFT (Affleck, Ludwig '92)

——> C—S————o

- in the neighborhood of a fixed point the theory becomes very simple
- fixed point characterized by a conformal boundary condition

- weak coupling fixed point Hp = —i/wim(cv)@x%m(fﬁ)dcv can be expressed as a
combination of spin, charge and flavor degrees of freedom Ho = [[jcjc + JsJs + JJ ]

i€(@) = Y (@am(z)  JU@) = Bl (@) (0D gatbam (@) T5@) = Pln (@) O ()
charge density spin density flavor density

- at intermediate fixed point another rule of combination (fusion hypothesis).
To fix it need info from RG or Bathe Ansatz (or other methods that reach fixed point from microscopics)

- resistivity  R(T) ~ /T for f=2

* experimental realizations of multichannel Kondo:

Quadrupolar Kondo effect (Cox) U Beq3 results controversial
Quantum dots (Oreg, Goldgaber-Gordon)

* system hard to realize: need exact channel symmetry



Generalizations of the Kondo effect

« channel anisotropy Is relevant (around the intermediate fixed point)

H = _i/¢£m($)8$¢am($)dx + [lell(o)gaa’wa’l(o> + J2¢22(0)0_:aa’¢a/2(0>] g

J2
1
«— isotropic line
J>I<
/\ /strong coupling fixed points
J1
1
* The underscreened flxeoll point: - The susceptibility?
S S— S =8-35f g/ o
® > > PY z S°(S°+1)
J=0 TF — oo X /T
1 97/—/—"— S(ST-H)
channel anisotropy
is irrelevant 4I}// } /
T




Bethe Ansatz Approach



Bethe Ansatz Approach



Bethe Ansatz Approach
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The Thermodynamics
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