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Why Lanczos?

™ numerically exact solution
™ efficient for sparse Hamiltonians
M ground state (T=0) or finite (but low) temperature

M spectral function on real axis

O only finite (actually quite small) systems
O efficient parallelization to use shared memory

O DMFT with optimal bath parametrization



minimal eigenvalue: steepest descent

energy functional

VIH V)
W)

E[V] =

direction (in Hilbert space) of steepest ascent

OEV] _ HW) — ElV|[V) _
5<W| o <W|W> o |Wa> < Span (W>, H|w>)

minimize energy in span (|V), H|V))



minimal eigenvalue: steepest descent

minimize energy in span (|V), H|V))
construct orthonormal basis

Vo) = W) /(W)
by |vi) =)= Hlw) —|vo){vo|H|v)

define: an = (Vpo|H|va) by =/ (in]|0h)

/_/‘Vo> — bl ‘V1> + dg |V0>

" B do bl
span(|V),H|V)) — b1  ap

diagonalize to find lowest eigenvector

iterate!
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convergence

10-site Hubbard-chain, half-filling; dim=63,504
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minimize on s
minimize on s
minimize on s
etc.

nan (
nan (

nan (

Lanczos idea

Vp)) to obtain |Wy)
W1)) € span ([Wo), H|Wo), H?[Wo))
Wo)) € span (|Wo), H[Wo), H*|Wy, H?[Wp))

instead of L-fold iterative minimization on two-dimensional subspaces
minimize energy on L+71 dimensional Krylov space

Kh (Vo)) = span (|Wo), H|Wo), H?|Wo), . . .. H W)

more variational degrees of freedom = even faster convergence



convergence to ground state

10-site Hubbard-chain, half-filling; dim=63,504

7

AE ot

100
iteration



Lanczos iteration

construct orthonormal basis in Krylov space

n

bri1lVar1) = [Vni1) = HIVa) = D Vi) (vi|H|vn)
1=0

define: adp ‘= <Vn|H|Vn> bp = \/<\7n|\7n>

n

(V| : bnt10m,nt1 = (Vim|H|Vn) — (Vm|H|Vpn) Om i
1=0

[ (Vm|H|Vp) for m < n (ao ?

(V| H| Vi (= ¢ an for m=n b %1 Zl

it bnt1 form=n+1 — 2

\ 0 for m > n-+1 \ 0 0

H has upper Hessenberg form
symmetric/hermitian = tridiagonal

?
?
ap

0




Lanczos iteration

orthonormal basis in Krylov space

Vo)
bi|lvi) = H
bo|lvo) = H
bs|lvs) = H

(ao bl 0

b1 a1 bo

0 b2 do

H/CL(|V0>) — 0 O b3
O O O

\0 0 o0

Vo> — do
V1> — di
V2> — dp

0 0 0
0 0 0 \
b3 0 0
d3 0 0
0 a1 bp

Vo>
v1) — bi|w)
Vo) — bo|vi)




v=1nit
bO=norm?2 (v)
scal(1/b0,v)
w=0

w=w+H*v
al0]=dot(v,w)

Lanczos algorithm

axpy(-al[0],v,w)

b[1]=norm2 (w)
for n=1,2, ...
if abs(b[n]
scal(1/b[n.
scal( -b[n.

swap (v,w)
w=w+Hx*v

)<eps then exit
, W)
, V)

al[n]=dot(v,w)
axpy(-al[n],v,w)
b[n+1]=norm2 (w)

diag(alO]..

aln], b[1]..b[n])

1f converged then exit

end

not part of tridiagonal matrix
v=|vo)

w= H|vp)

w=|i1) = H|vo) — a|w)

Invariant subspace
W= |V,)
V= —bn| Vn_1>

w= H|v,) — by|Vp_1)
alnl= (vy|H|Vn) — bn{Va|Vy_1)
W::“%+1>

getting a,.1 needs another H|v)



convergence of Ritz values

En: eigenvalues of H in ascending order, n=0,...

E®,: eigenvalues of Lanczos matrix HV (Ritz values)
Ritz value n approaches eigenvalue n with increasing L from above:

En S E,gL+1) S EISL)

general basis-set methods: MacDonald’s theorem
Phys. Rev. 43, 830 (1933)



spectrum of tridiagonal matrix

toy problem: matrix with eigenvalues -3, -3, -2.5, -2,-1.99, -1.98, ... -0.01, 0

-1.5 |

Ritz values
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Krylov space cannot contain degenerate states

assume |@1> and |p2> are degenerate eigenstates with eigenvalue ¢,
then their expansion in the orthonormal basis of the Krylov space is

(VolH"|pi) = €" (volei)

= |@1> and |p2> are identical up to normalization



loss of orthogonality

toy problem: matrix with eigenvalues -3, -3, -2.5, -2,-1.99, -1.98, ... -0.01, 0
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convergence to ground state

10-site Hubbard-chain, half-filling; dim=63,504

n
o = ) -
A L AT
p s -~
— N CAaa
~

//

20 40 60 80 100
iteration

Eo — Eo _ tan(arccos({Wy|Ws)))

28\ (1e28)



construction of eigenvectors

let ¥, = (¥, ;) be the nt eigenstate of the tridiagonal Lanczos matrix

Hict(jw)) =

do bl
(bl a1
0 b
0 O
0 0
\0 0

0
bo
d?
b3

0
0

0
0
b3
d3

0 0
0 O\
0 0
0 0
ar—1 by
bL aL)

the approximate eigenvector is then given in the Lanczos basis

L
|UDh> — :E::’JLmI‘V7>
1=0

need all Lanczos basis vectors = need very large memory

instead: rerun Lanczos iteration from same |vo>
and accumulate eigenvector on the fly



spectral function

6e(2) = (e | ;2| e ) = > Wbt Wil

n=0 n

need to calculate entire spectrum?



resolvent / spectral function

N
1 WelWn) (Wn|We)
Gete) = (Ve | ;2| ve) = - PN
[ ~
1 WelWn) (Wp|We)
G Z) — w = l// p— —
= (v %) "L
/Z—a() —bl 0 0 0 0 \
—bl Z — dq —bz 0 0 0
0 —b2 Z — do —b3 0 0
0 0 —b3 Z — a3z 0 0
b O O O Z — d| -1 —bL
\ 0 0 0 0 — by Z—ag /




resolvent / spectral function

/:/ o Z — do B(l)T
cTeT B o p®

iInversion by partitioning

y ~1
(z - HC)_l}oo — (Z — do — B(l)T(z — H((:l))—l,g(l))

= (zma-gife-Am])

recursively




downfolding

partition Hilbert space
Hoo  To1 )
H =
( Tio Hi

resolvent

1
_ e—H — T
o= = (€ T )

iInverse of 2x2 block-matrix

Goo(e) = (¢ — [Hoo  Toa(E = Haa) T*Tio] )

downfolded Hamiltonian
Hets ~ Hoo + To1(g0 — H11) ' T1o

good approximation: narrow energy range and/or small coupling



convergence: moments
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application to Hubbard model and
shared-memory parallelization



dimension of many-body Hilbert space

H=—t Z CJT’O Ci,a + U Z ni+Nj |
(i.J),0 I

solve finite clusters M N; N,;| dimension of Hilbert space memory
@ @ @ 2 1 1 4
4 2 2 36
@ @ Q 6 3 3 400
8 4 4 4 900
@ @ @ 10 5 5 63 504

12 6 © 853 776 6 MB

14 7 7 11 778 624 89 MB

dim(H) = (/\/\Z) y (/\/\Z) 16 8 8 165 636 900 1263 MB

18 9 9 2 363 904 400 18 GB

20 10 10 34 134 779 536 254 GB

22 11 11 497 634 306 624 3708 GB

24 12 12 7 312459 672 336 53 TB




choice of basis

real space: sparse Hamiltonian
H= —t Z CJT’(7 Ci,a + U Z ni+N;j |
(i.J),0o I

hopping only connects states of same spin
iInteraction diagonal (even for long-range interaction!)

K-space

_ i U : :
H = ngckocka + IV Z CrrCh—g 1Skl Chitq,l
ko k,k' q
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choice of basis

work with operators that create electrons in Wannier orbitals

bits

state

1
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sparse matrix-vector product: OpenMP

J,0

subroutine wpHtruev(U, v,w)
c --- full configurations indexed by k=(kdn-1)+(kup-1)*Ndnconf+1

I$omp parallel do private(kdn,k,i,lup,ldn,1,D)
do kup=1,Nupconf

do kdn=1,Ndnconf _ ,
k=Ckdn-1)+(kup-1)*Ndnconf+1 U Z Nj 41y
w(k)=w(k)+U*Double(Ckup, kdn)*v(k) I
enddo
do 1=1,upnCkup)
lup=upi(i,kup)
do kdn=1,Ndnconf
k=Ckdn-1)+(kup-1)*Ndnconf+1 Z ’ _CT C
1=Ckdn-1)+(lup-1)*Ndnconf+1 IJ >~ '
w(k)=w(k)+upt(i,kup)*v(l) I
enddo ()0
enddo
do kdn=1,Ndnconf
k=Ckdn-1)+Ckup-1)*Ndnconf+1

do 1=1,dnn(kdn) :
ldn=dni(i, kdn) Z tlj C. C.
1=C(1ldn-1)+(Ckup-1)*Ndnconf+1 '
w(k)=w(k)+dnt(i,kdn)*v(l) (ij),0=
enddo
enddo
enddo
end



speed-up

32

24

16
12

OpenMP on Jump

( 90 MB)
(1.2 GB)

14: 747
16;: 8+8 ——

subroutine wpHtruev(U, v,w)
c --- full configurations indexed by k=(Ckdn-1)+Ckup-1)*Ndnconf+1

I$omp parallel do private(Ckdn,k,i,lup,ldn,1,D)
do kup=1,Nupconf
do kdn=1,Ndnconf
k=Ckdn-1)+Ckup-1)*Ndnconf+1
w(Ck)=w(k)+U*Double(kup, kdn)*v(k)
enddo
do i=1,upn(Ckup)
Lup=upi(i,kup)
do kdn=1,Ndnconf
k=Ckdn-1)+Ckup-1)*Ndnconf+1
1=Ckdn-1)+(lup-1)*Ndnconf+1
w(Ck)=w(k)+upt(i, kup)*v(l)
enddo
enddo
do kdn=1,Ndnconf
k=Ckdn-1)+Ckup - iMldaednf+1
do i=1,dnn(keSe
ldn=dni# (f;n)
1=Jgf=1)+(kup-1)*Ndnconf+1
oy =w(k)+dnt (i, kdn)*v(l)
¥nddo
enddo
enddo

end
L1 1 1 1 1 1

12 4 8 12 16 24
# CPUs




speed-down

12

distributed memory

MPI1-2: one-sided communication

speed-down

# CPUs

16



Hubbard model

H = Z(ij),o Lij CJT,JC/',U T UZ/ Nj 41y

hopping: spin unchanged 1 1 !
2
I L —
v | Y 3
N~ K L
4
. S | R
v L v ° |
~_ 7 ) )
° v
interaction diagonal [ - 4
A \ A| Mt
o | ¥ ; 1

(1,1)
(1,2)
(1,3)
(2,1)
(2,2)
(2,3)
(3,1)
(3,2)

(3,3)



Idea: matrix transpose of v(i,i)

thread O thread 1 thread 2

Lanczos-vector as matrix:
v(iy,ir)

before transpose: |-hops local
after transpose: 7-hops local

Implementation:

MPI_alltoall (N, = N,)
MPI_alltoallv (N;# N;)




speed up

Implementation on IBM BlueGene/P

16384 [ 16 sites @ & | | | ] sites | memory
18 sites
g19o | 20 sites o ] 16 1 GB
18 18 GB
4096 |
20 254 GB
2048 |
1024 }
512 |
256 |
128

128 256 512 1024 2048 4096 8192 16384
# CPU
Adv. Parallel Computing 15, 601 (2008)



performance on full Jugene?

Search grs30000

Last Update 02/10/11-10:16:26 nextin 47 s Source WWW

Help
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speed up

65536
32768
16384

8192 |

4096
2048
1024
512
256
128
64

performance on full Jugene!

256

512

1024 2048 4096 8192 16384 32768 65536

#MPI processes



time per iteration / vdim / maxhop [sec]

performance on full Jugene!

mess. size [Bytes]/slices

8k/1000 800/100 80/10
0.0001 | — — |
: ParLaw —
( 7, 7) VN ®
)V @
)V @
1e-05 ¢ )V
' )V ®
) m
) B

1e-06 3

1e-07

0.001

0.01

#MPI proc / vdim




Spin-Systems

pairwise interaction spin configurations matrix transpose via
MPI_alltoallv or
Z Jjk Sk w 1&0/1—1% systolic algorithm
U.k) I~ I<

decoherence: single spin
H = ugBoS§ + >, Ak SkSo
Q000000000
OO0 000000

Sudden Death of Entanglement

decoherence: entanglement
fidelity of 2-qubit gates

CO0000@0e000 00
000000000

Entanglement of formation




transpose for spins

43 210 43 210 43 210 43 210

00 000 01 000 10 000 11 000 @ 8 1lo 24
00 001 01 001 10 001 11 001 1 9 17 25
00 010 01 010 10 010 11 010 2 10 18 206
00 211 01 011 10 Q11 11 011 3 11 19 27
00 100 01 100 10 100 11 100 4 12 20 28
00 101 01 101 10 101 11 101 5 13 21 29
00 1106 01 110 10 110 11 110 6 14 22 30
00 111 01 111 10 111 11 111 /15 23 31

MPI_alltoall
21 043 21 043 21 043 21 043

00 000 01 000 10 000 11 000 O 2 4 ©
00 100 01 100 10 100 11 100 1 3 5 7
00 001 01 001 10 001 11 001 8 10 12 14
00 101 01 101 10 101 11 101 9 11 13 15
00 010 01 010 10 010 11 010 lo 18 20 22
00 1106 01 110 10 110 11 110 17 19 21 23
00 211 01 011 10 Q11 11 011 24 20 28 30
00 111 01 111 10 111 11 111 25 27 29 31

bit reordering: 43 210 ---> 21 034 -> 21 430 (mirror iJ)



speed up

Heisenberg model on IBM BlueGene/P

16384 F

32 spi'ns o
34 spins 4
8192
4096
2048
1024 F
512 ] ] ] ] ]
512 1024 2048 4096 8192 16384

# CPU

spins| memory
32 32 GB
34 256 GB




Cell Broadband Engine

GG Gy RAMbUS FiexiO Spin mOde|S Lanczos on Ce"
additional partitioning rotate spin-slice
of local memory through local store
spin configurations h
100100 1100111 101001 ) ()i
Idistr Icell ISPE 20)|(53)  [o23)|(e=3)
(o] ()| ()
(g1 (220] (o2} st

1 Power Processor
8 SPE with 256 kB
fast local store each

JUICE report; FZJ-ZAM-1B-13
PARA 2008, Trondheim



DMFT and
optimized bath-parametrization



single-site DMFT

Hubbard model l*
Z tij € /a Cio + U Z Ny Njy Gloc(w) = /dk (w — —e(k) — Z(w))_l
Ijo

!

WIOISIOIOIDIOISIO

Bloch: e—/k 1 e/k e2//< e3/l< e4/l<

G, (w) = Z(w) + Gt (w)

cl =3 eicl = H(k) = (k) Gyl W) M wtp—co—)

project to single site: [ dk H(k) = €g Hang = Hioe + 3 €t aly a1, + > Vi (al,cio + H.c.)

Hioc = €0 + U nmng

!

0000HO000 E() = 6, (@) = Gy (@)




bath parametrization

—1 -1 = AW
G, (W) =G (w)+2(w) =w+u— dw ,
oo W — W
N 5
V
Grl(w) =w — /
And( ) - W W— €
/=1
how to determine bath parameters g, and V,? [0 Vi Vo V5 - \
\/1 €1 0 0
HO — \/2 O Eo O
And \/3 0 0 e

\ )

Np
Hang = €0 3 s+ Unpny + > (eimig + Vi (al,¢, + clay, ))
o [=1

o




HAnd

/

G (w) + t2G” (w) =

0 t2bs
2
teby —agy
by
2
t=bg

use Lanczos parameters

by

_ <

bs —

. A(w')
Bethe lattice: dw'’ - = t*Gimp(w)
W — W
2 (<2 2 p>2
t<bg : | t<bg 2
< >
< _ 1 _ > by
t?by \
b3
ay
a5 by
b> &> b2
bs a5

/ -1.0 -0.5 0 0.5 1.0
(w+U/2)/D



fit on imaginary axis

fictitious temperature: Matsubara frequencies

Nmax

P({Vie}) = wliwn) |G (iwn) — Gany(iwn)|
n=0

weight function w(iwn):
eemphasize region close to real axis
emake sum converge for n—« (sum rule)



reminder: single-site DMFT

Hubbard model

Z tij € /0 Cio T UZ Nip Ny

Ijo

WIOISIOIOIDIOISIO

Bloch: e—/k 1 e/k e2//< e3/l< e4/l<

cl =3 eicl = H(k) = (k)

project to single site: [ dk H(k) = €g

Hloc — €p + U n+ny

0000HO000

L

Gioe(w) = [ i (1w = 1~ e(k) — =)

=1

!

G, (w) = Z(w) + Gt (w)

Hand = Hioc + ZE/G a;raa,a + Z Vii (a}Lac,-a + H.C.)
lo li,o

!

Y (w) = G, Hw) — Gir_nlp(w)




DMFT for clusters

Hubbard model

Z tij € /0 Cio + UZ N Niy

Ijo

HOOLOHOO®

Bloch: e—/k 1 e/k e2//< e3/l< e4/l<

C}EJ = Y ekricl = H(k)

project to cluster: [ dk H(k) = H

Hioc = He + U Z Nip-Njy

00011000

L

G(w) :/dR (w+ 1~ H(E) —Zc(w))_l

v

G,'(w) =% (w) + G H(w)

v

G,'(w)~w+u—H,—T[w—E

v

Hand = Hioc + Y Eimo alpame +Zr, (al,cio + H.c.)

— ]

T (w) = G5 (w) — G (w)




0 e”? o~ ik
Hk)=—t | ek 0 e’k
eik e—ik 0
0 1
3 (™3 L 3v/3
H.o = — dkH(k):——\/_t 1 0
2T —7/3 2T 1 1

translation symmetry
coarse-grained Hamiltonian

3-site cluster

O Ol & e

O = =
N——

O



DCA CDMFT

0 ol o~ ik
Hk)=—t | ek 0 ek O O O|e @ @¢|0 O
eik e—ik 0
0 1 1
3 (M3 3V/3
H.o = — dkHM):—Ql:t 1 0 1
2T —7/3 2T 1 1 0
translation symmetry no translation symmetry
coarse-grained Hamiltonian original Hamiltonian on cluster
0 1 e 3k
HkK=-t]| 1 0 1
e3//< 1 0

L

S

|

Q.

>

L

Y

X1

N—"

|

|

(N|.
O~ O
= O

O~ O



DCA - CDMFT

e—ikL 1 1 1 1 e/'/(L eikL e/'kL e/'kL e2/'/<L = CDMFT
-0 /{0—0—0—0  0—0—0—00-
e—ik 1 eik eQik e3/'l< e4/'l< e5/'l< e6i/< e?ik eSik = DCA

CDI\/IFT(k) _ Z e—/kr GiR, o

~DCA _ E —ik r+R;
CR,‘O’ (k) _ € ( ) CF—|—R,',O'
r

auge determines . ~ e
gClu%ter method: Crio (k) = Ze (WHetsR)) iR, o



bath for cluster

Hand = Hew + Y Eiw alpa, + » (V/,/ aj, Cio + H-C->
lo

lI,o

YA
W — &

G,'(w)~rw+p—Hc— )
/

G, '(w) =X (w)+ (/ dk (w + 1 — H(k) — Zc(w))_1>1

expand up to 1/w?: sum-rule




hybridization sum-rules: single-site

H with hopping t, to the z, n'’-nearest neighbors

ZV’ (zw)d/_ hei=2 ot

special case: Bethe lattice of coordination z with hopping Az

ZV/QZ 2
/



hybridization sum-rules: DCA

hybridizations diagonal in the cluster-momenta K:
) ) 2
STk = [ dke i ( [ ke
/

all terms Vi k Vi k mixing different cluster momenta vanish



hybridization sum-rules: CDMFT




hybridization sum-rules: CDMFT

t’

A

t2 4+ttt 0
(Z \/,,,-\/,J) = tt 2t2  tt
/ 0 tt' t? 4+t
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example: 1-d clusters

CDMFT

CDMFT | DCA

hybridize |only surface| full cluster

strength const. 1/Ng2/d
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symmetry of bath

1 O 1
1
W = 7 ( 0 vV2 O ) irreducible representations: A (even), B (odd)
1 0 -1

block-diagonal

Gps V2G5, 0 )
G

b,
—1 —1
0 Gb,11 R Gb,13

“><
UU<
|\
\
o o o

7




symmetry of bath

1 L0 ! : . .
W=—1|0 v2 0 irreducible representations: A (even), B (odd)
V2 1 0 -1
1 Gb %1 + Gb 13 \/_Glb 12 0
WG, W = V2Gy 1, Gp 2o 0 block-diagonal
0 0 Gl:,%l - Gb_&:a
cluster replica: 2A+B
e e —v,—t
A 0\\\; :—T @ B 0<3—0 ;<?+V2—o
e -0 o——V,—e
Va1 (Vi +V5)/v2
Vap = W

Ve = (Vi—VW5)/v2



supercells

are they all different?



Hermite normal form

A1 O 0
A1 Az O - \
A=1 X1 A s U= A < A

Euclidean algorithm

gcd(b, a) if |a| < |b| (exchange columns)

El if b=0 (change sign of column)
gcd(a, b) =
gcd(a — |a/b|b, b) otherwise (add integer multiple of col)



Hermite normal form

HNF symmetry



enumeration & properties of clusters

O 4+ &8 www.cond-mat.de (&
@ List supercells HNF reduction LLL reduction Align primitive vectors
Number of lattice points N Primitive vectors (d;,3,) Betts numbering  Betts labeling
8 : square :] 1 0 v Show number v Show label
0 1

List all supercells

Show all plots
No Nak Iy I | L, Yvow Sy Jv v Izvy hide all
1 8h0 (8,0 flco,1) Jc¢o,1) (e, 0 ||0S0 Coy 19 6
2 8hi (8,0 Jc1,1) Jc1,1) | ¢4.-4) [|069 &) 9 6 3

http://www.cond-mat.de/sims/cluster/
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supercell: k-point sampling

Ks=(2rC 1) =G’

supercell

° °
° Ko °
° K,

°
° °

Brillouin zone




supercell: k-point sampling

Ks=(2rC 1) =G’

supercell Brillouin zone



Monkhorst-Pack grid

particularly suited for Brillouin-zone integrals

m 0 0 ~ (n,- — 1)k,
L=( 0 n O k=) ——
0 0 3 / I

PHYSICAL REVIEW B VOLUME 13, NUMBER 12 15 JUNE 1976

Special points for Brillouin-zone integrations*

Hendrik J. Monkhorst and James D. Pack

Department of Physics, University of Utah, Salt Lake City, Utah 84112
(Received 21 January 1976)

A method is given for generating sets of special points in the Brillouin zone which provides an efficient means
of integrating periodic functions of the wave vector. The integration can be over the entire Brillouin zone or
over specified portions thereof. This method also has applications in spectral and density-of-state calculations.
The relationships to the Chadi-Cohen and Gilat-Raubenheimer methods are indicated.
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steepest descent =
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summary

Krylov space
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sparse Hamiltonian

In Wannier representation
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spectral function: moments
Gr(w) =
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