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a short (and very incomplete) history



magnetic objects

magnetar

NdFeB magnetic toy

510°T 1T 108-10MT

High Magnetic Field Laboratory: 10-100 T



what is magnetism?

Tc=858 K

1000 BC ?

(photos taken from Wikipedia)
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magnetic compass, China, Han Dinasty
200 BC- 200 AD

(photos taken from Wikipedia)



what is the origin of magnetism
iIn materials?



the theory of nearly everything
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Paul Adrien Maurice Dirac
Nobel Prize in Physics 1933
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The underlying laws needed for the description of all
chemistry as well as a large part of physics are now
entirely known. The only problem that remains is that
the exact equations of quantum mechanics are too
difficult to be solved. It is therefore necessary to derive
approximations that allow us to calculate the properties
of complex molecular systems with an acceptable
computational effort.

P.M.A. Dirac 1929



electrons and lattice

Born-Oppenheimer

non-relativistic electronic Hamiltonian
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lattice Hamiltonian
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if we crystal structure known
we can concentrate on electrons

o



a single iron atom (not magnetic yet..)

26 electrons, 78 arguments,
1078 values
10 X 10 X 10 grid




electronic Hamiltonian

non relativistic electronic Hamiltonian
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Kinetic Coulomb potential constant

magnetism is a quantum mechanical effect

interplay between Coulomb interaction, Pauli principle,
crystal field and hoppings



from the general Hamiltonian
to effective simple models

Heisenberg model
Hubbard model
Anderson and Kondo model

(and some successes of mean-field theories)



local spins and their interactions



effective elementary objects

Hund’s rules

(1927)

?

Fe3*

S=5/2

Friedrich Hund
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local moments



interaction?

inter-site Coulomb exchange
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ferromagnetic!



Heisenberg model

Coulomb exchange (FM) + direct- and super-exchange (FM or AFM)
local spins: effective emergent elementary particles

Heisenberg model: effective interaction
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Weiss molecular theory

Reduce many-body problem to single-body
problem in effective mean field

Pierre Weiss
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static mean-field theory




Linus Pauli

A THEORY OF FERROMAGNETISM

By LiNnus PauLING

GATES AND CRELLIN LABORATORIES OF CHEMISTRY,* CALIFORNIA INSTITUTE OF
TRCHNOLOGY

Communicated April 1, 1953

The properties of ferromagnetic substances are in reasonably good
accord with the theory of Weiss.! In this theory it is postulated that
the atomic magnets tend to be brought into parallel orientation not only
by an applied magnetic field but also by an inner field which is propor-
tional to the magnetization of the substance. The inner field is not due
to magnetic interaction of the magnetic moments of the molecules, but to
electrostatic interactions, which are related to the orientation of the
magnetic moments of electrons through the Pauli principle. During the
past twenty-five years many efforts have been made to develop a precise
theory of the interactions that produce the inner field, and to account in
this way for the observed magnetic properties of ferromagnetic substances,
but these attempts have not been successful-—no one has published a theory
of the electronic structure of ferromagnetic substances that permits reason-
ably good predictions to be made of the values of the saturation magnetic
moment and the Curie temperature.



generalized mean-field theory

T<Tc
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prediction: antiferromagnetism
prediction: Néel (1932)

Reduce many-body problem to single-body
problem in effective field
Generalize to more complicated situations

Louis Néel

T3131031



antiferromagnetism

prediction: Néel (1932)

T31313

experiment: Shull and Smart (1949)
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exact solution?

H. Bethe: ground state of linear Heisenberg chain has S=0

T3ttt

P.W. Anderson: broken symmetry & quantum fluctuations



magnetism & emergence

-

from electrons emerge spins

& effective elementary entities

spins interact

‘ ' ‘ ' cooperative state




Mott insulators & high-T. cuprates




Hubbard model
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atomic hoppings atomic
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t=0: collection of atoms, insulator

U=0: half-filed band, metal




| | v = uh
atomic hoppings atomic
£y > el Hy+ Hp + Hy
(i) o
perturbation theory
or canonical transformation
large U limit, n=1
1 2
2 J

(29)



metal-insulator transition
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t=0: collection of atoms, insulator

U=0: half-filled band, metal




dynamical mean-field theory
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Ui,i

Gl=@G L2
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Metzner and Vollhardt, PRL 62, 324 (1989); Georges and Kotliar, PRB 45, 6479 (1992)



DENSITY OF STATES

metal-insulator transition

Bethe lattice
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G. Koltiar and D. Vollhardt
Physics Today 57, 53 (2004)

metallic phase

Re3(w+i0")=UR+(1-1/Z)w+ O0(e?), (226)
Im3(w+i0")=—Bw’+O0(w). (227)

The quasiparticle residue Z defines the renormalized
Fermi energy of the problem:

ei=ZD (228)

This is also the Kondo temperature of the impurity
model. Since the self-energy is momentum independent,

Z directly yields the effective mass of quasiparticles
(Muller-Hartmann, 1989c):

7 ReS(wti0® 229
7_2— % e ((U l )|w=0‘ ( )

insulating phase
Im3(w+i07)=—7p,8(w) for we[—A,/2,A,/2]

(235)
and that Re3 has the following low-frequency behavior:

ReE(w+i0+)—U/2=%+O(w). (236)

A.Georges et al. RMP 63, 13 (1996)



dmft

» lattice model

H = edZchacw —tZZcZaci,a + UZ"%'T”% = H;+ Hr + Hy
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quantum impurity model
HA = ZZ&Sknkg + Zefnfg + Unanf¢
o k o

+ Z Z [ch};acfa -+ h.c.}
o k

self-consistency loop ‘
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screening of local moments

linear magnetic susceptibility

i pl
X \ Xee T Kondo problem
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Anderson model & Kondo model

metal impurity

Hy, = ZZsknkg—l—Zsfnfg—l-Unﬁnﬂ
o k o

perturbation theory l
or canonical transformation |

large U limit, n=1

H:FSf-SC(O)



dmft

» lattice model

H = SdZZC;-rJCw —tZZCIJCZ-,J -|-UZ’I”L?;TTL,L¢ = H,+ Hr + Hy
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l large U limit, n=1
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qguantum impurity model
Hyn = ZZéknkg + ngnfg + UnanJ%
o k o

+ Z Z [chLGcfa + h.c.}
o k

large U limit, n=1

self-consistency loop ‘ H =T Sf : SC(O)




scheme of the lecture

e emergence of local moments
e from the many-body problem to simple models
e the Hubbard model
e itinerant and Fermi-liquid limit
e atomic limit
e the metal-insulator transition
e Hartree-Fock
e DMFT
e Hubbard and Anderson model
e the Anderson model
e Kondo effect
e atomic limit
e conclusions




let us start from local moments



what are local moments?

Fe3*

f

S=5/2

Friedrich Hund

local moments



how do magnetic moments emerge?

let us consider one atom or ion

Atom Magnetite

Fel+ (octahedral)

Fe

3+ (octahedral)
Fe (tectrahedral)

what does it mean that it has a magnetic moment?



electronic Hamiltonian

Fe, 26 electrons

one-electron part  Coulomb repulsion



self-consistent potential
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HER:GZ;VE_;EJFZM—M

1>]

BN = 25 Vi Y va(r) €9, DFT/LDA

contains e.g. Hartree term

hydrogen-like atom

HYNR = —%ZV? — ZZeff/Tz'



atomic functions

rlag

Vnim (p, 0, 0) = Rni(p)Y]" (0, ¢) (hydrogen-like atom)
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Laguerre polynomials




spherical potential

eigenvalues: n
eigenvectors: n,I;m

real harmonics
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atomic states (radial potential)

=2

high-degeneracy,
no magnetic moments yet

=0



many-electrons
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one shell, 2nd quantization
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many electron atoms

does the atom/ion carry a magnetic moment?

total spin S and total angular momentum L

filled shells
S=L=0

partially filled shell: magnetic ions

1. Hund’s rule max S

2. Hund’s rule max L




strongly correlated systems
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here in particular transition-metal oxides
and f electron systems



origin: Coulomb repulsion

direct term: the same for all N electron states

1 l
Uavg - m Z Umm/mm/
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exchange term: 1. Hund'’s rule
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Coulomb exchange

C atom, p shell

J o, =
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positive, hence always ferromagnetic
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a C atom

iIncomplete p shell: =1
total spin and angular momentum

S 112 ® 1/2 =0 @ 1

L 1® 1 =01 @2
S P D

[He] 2s22p?

2. Hund’s rule

1. Hund’s rule

3p S=1 E



spin-orbit interaction

If weak, LS coupling approximation

SO . _1 2 Q2 712
H; AL S_QA(J S*—L%),

r dr
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3. Hund’s rule

[ |L -S| forfillingn < 1/2
e total angular momentum J = < S for filling n = 1/2
L+ S  forfillingn > 1/2

\
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what are local moments ?

emergent entities

-

integrate out high-energy states (high energy multiplets)

from electrons emerge spins (ground state multiplet)

o,

effective elementary entities




magnetic ions in solids

does the magnetic moment survive?

isolated ion Fe3*
S=5/2

isolated ion Fe?*

S=1/2 L=2 J=5/2

ion in crystals?




electronic Hamiltonian

non relativistic electronic Hamiltonian
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kinetic
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Coulomb potential

choose a one-electron basis
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let us chose a one-electron basis

y

.o

-t
“r b




localized Wannier functions
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electronic Hamiltonian

hoppings + crystal field
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Coulomb

crystal field & hopping integrals
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crystal field

-

1=
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modifies on-site energies

and thus local magnetic moment



perovskite structure ABC3

3C4 4Cs3

Cu?*

6C2

it is the symmetry group of the cube

Cul3



crystal-field theory

how do d levels split at the Cu site?

point charge model

Z|R — ol +Z]R —y — olr) Foelr)

a#0

crystal field
3C4 4Cs
CufFs
Cu?t
6C:2
dcu

(in real materials, also covalency effects!)



cubic perovskite

point charge model: Fs octahedron

35 3 3
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Vnim (0,0, ) = Rui(p)Y;" (0, ¢) atomic functions

Dq = —qr(r*)/6a®



3d Wannier functions



cubic crystal-field

eg’ . .

Cus*3d°

*\ * *\ 2P

cubic

crystal-field states

spherical
3Cs4 4Cs

6C2



energy scales

Hilbert space

10 eV U, v
central potential, direct Coulomb

1eV J
Coulomb exchange

0.1eV dJ
Coulomb anisotropy

10 meV A
spin-orbit

crystal field




density-density Coulomb

Ho

U U-2J+A U-3J+A



t2g

no 1. Hund’s rule!

A >3J

strong field

tZQ

4d, ruthenates

6U-15J



Intermediate

A tog® ey’ 3d, manganites

t 2g3

=

S=2
6U-18J+A

1. Hund’s rule satisfied

however, no 2. Hund’s rule!



does the moment survive?

it depends...

RU4+ Mn3+



transition-metal ions

Ion n S L J ?tl[,
V4t T3t 3dt 12 2 32 2D3/2
V3t 3d? 1 3 2 3,
Cr3t \&h 3d3 32 3 32 4F3/2
Mn3t  Cr?t 3d* 2 2 0 >Dy
F63+ Mn2+ 3d5 5/2 O 5/2 655/2
Fe?t 3d5 2 2 4 5Dy
Co?t | 3d" 132 3 912 4F9/2
Ni2t 3d® 1 3 4 3Fy
Cu?t | 3d° 12 2 3512 2D5/2
J=3



hopping integrals



hopping integrals

HER — _Zztmm CimoCitm’ o
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_|_ Umm mm/’ ’LmO'ij a’cjmo’cz mo

1’99’ oo’ mm’ mm/’

one-electron basis: Wannier functions

crystal field & hopping integrals
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hopping integrals
i#i

it = = [ () [ <59 4 on(r) | i (s

generates band structure

delocalizes electrons, suppresses local moment



an example: KCuFs3

atomic orbitals replaced by localized LDA Wannier functions

K+ Cu?* F-

K4s% Cu 3d° - 2p®




an example: KCuF3

Hfla\IR — _Zzt zmazma
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one-electron basis: localized LDA Wannier functions

only Coulomb effects contained in LDA



LDA band structure

partially filled d-like bands, metallic
non-magnetic & no local moments

8 -
7\ “/
6 1 /\y\- K 4s Cu 4s
4 - / L
5 0 T | Cu 3d
S -2 - —
— = o
Z I X P N

(in reality: Mott insulator, local moment, paramagnetic for T>40 K)



does the moment survive?

if hoppings very large the do not

Ko

energy (eV)
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how does long-range magnetic order arises?

step 1: from the many-body problem
to the Hubbard model



electronic Hamiltonian

hoppings + crystal field
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Coulomb

inter-site Coulomb exchange

Y
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ferromagnetic!



let us simplify ( a lot :)

real Hamiltonian

hoppings + crystal field

HER — _Zztmm CimoCi'm’ o
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Coulomb

one band Hubbard model

_gdzz CioCio tzz Cior 10+UZnZTn@¢_Hd+HT+HU



high-T¢ superconducting cuprates

Hg=2-CuO4 CuO2 planes



high-T¢ superconducting cuprates

VOLUME 87, NUMBER 4 PHYSICAL REVIEW LETTERS 23 JuLy 2001

Band-Structure Trend in Hole-Doped Cuprates and Correlation with 7', .«

E. Pavarini, I. Dasgupta,* T. Saha-Dasgupta,” O. Jepsen, and O. K. Andersen

Max-Planck-Institut fiir Festkorperforschung, D-70506 Stuttgart, Germany
(Received 4 December 2000; published 10 July 2001)

By calculation and analysis of the bare conduction bands in a large number of hole-doped high-
temperature superconductors, we have identified the range of the intralayer hopping as the essential,
material-dependent parameter. It is controlled by the energy of the axial orbital, a hybrid between Cu 4s,
apical-oxygen 2p,, and farther orbitals. Materials with higher 7, n3x have larger hopping ranges and
axial orbitals more localized in the CuO, layers.

TI2Ba2CuO




parameters for high-Tc superconductors

VOLUME 87, NUMBER 4 PHYSICAL REVIEW LETTERS 23 JuLy 2001

Band-Structure Trend in Hole-Doped Cuprates and Correlation with 7', .«

E. Pavarini, I. Dasgupta,* T. Saha-Dasgupta,” O. Jepsen, and O. K. Andersen
Max-Planck-Institut fiir Festkorperforschung, D-70506 Stuttgart, Germany
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the Hubbard model



the Hubbard model

H:&“dZZCgacw—t ZCIUC¢/J+UZniTni¢:Hd+HT+HU

(i) o

ea = —t)
o=
v o= U

t=0: Ns atoms, insulator
half filling )

U=0: half-filled band, metal



half filling

the =0 case: atomic limit

t=0: Ns atoms, insulator



atomic limit (£=0) & half filling

N, S, S.) N S E(N)
0,0,0) = |0) 0 0 0
1,31 = chlo) 1 1/2 £d
X ! S=1/2
Lsd) = o) 1 1/2 £d
2,0,0) = clejoy 2 0 244 U

Hyg+ Hy = ¢4 Zm‘JrUZ {— (52)2+nz]

emergence of the spin!

half filling: highly degenerate states, 2Nsdegrees of freedom

Insulating behavior



magnetic properties isolated S=1/2 ions



Z

L.

4
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Zeeman term

HZ — g,uthSz

Sz=1/2 Mz=-gus/2

Mz='gHBSz

Sz='1/2 Mz=+gHB/2
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)




linear response theory

linear response

M. (q;w) = X22(q; w)h.(q; w)

magnetization magnetic field

response function

thermodynamic sum rule

. OM,
x=+(0:0) =, Iim, on.




magnetization

non interacting ions
uniform magnetic field hz, Zeeman term

Tr [e_g:U'B thBS; S;]

M. = (M) = —gup Tr [e—9rBh=B5:]

= gupS tanh (gugh.BS5)

derivative with respect to h;

oM,

1
o (91BS)° — [1 — tanh® (guph.B9)]

kT




Curie susceptibility

2 1 201/2

2z O; —
Xz2(0;0) = (gupS) =~ 7

Curie constant

(gug)° S(S + 1)
3kp

C/o =




paramagnet vs disordered system

) - {(S) ~0 e
- Si) = 3/4 i =1
paramagnet
Curie susceptibility
different from
> (SL-5L)~0
i’ i
spin disorder

e.dg. spin glass behavior



spin as emergent entity (large U limit)

=0 Hubbard model

gy [T [P0 (81)] Py [omstmon i)
X22(0;0)  ~ ksT Tr [e—B(Hi_IJINi)} | Tr [6_5(Hi_“Ni)]
Chjo  ePU/2
T 1+ePU/2

U=FE(N;+1)+ E(N; — 1) — 2E(N;)

infinite U limit: the spin S=1/2

only S=1/2 part of Hilbert space remains



the small t/U limit

Mott-insulator spin regime

from electrons emerge localized spins

localized spins interact



perturbation theory

Hubbard model

_6dzzcza za_tzzcza 'La_'_UanTnli_Hd—FHT_'_HU

(i1/) ©

half filling: N=1 electrons per site

np = number of doubly occupied sites

idea: divide Hilbert space into np=0 and np>0 sector

next downfold high energy np>0 sector



np=0 sector

e
b

site 1 site 2

two sites

N=1 per site; Niot=2

np=1 sector

4
— K-

site 1 site 2



Hilbert space

np=0 sector np>0 sector

next downfold high energy np>0 sector



low energy model

eliminate states with a doubly occupied site

4 &

virtual hopping U
energy gain
AE Hy|I)(I ! I){I|H 2t



low energy model

energy gain only for antiferromagnetic arrangement

4 ) <

1 442 Pauli principle

1
"I~ (AEy — AEy) = — —
5 (AEw 1) Wi

1 1
H — —F 7 g — —TNgTLyy
5= 5 <E-.,> {S S 4nn }



a canonical transformation

Hubbard model

H = S:S‘CMZJ—I—UZnZan—HT—I—HU
(ee/) ©

here for simplicity eq =0

half filling: N=1 per site

PHYSICAL REVIEW B VOLUME 37, NUMBER 16 1 JUNE 1988

t/ U expansion for the Hubbard model

A. H. MacDonald, S. M. Girvin, and D. Yoshioka*
Department of Physics, Indiana University, Bloomington, Indiana 47405
(Received 8 January 1988)



a canonical transformation

Hr = —tY » cc,,=Hy+H} +Hy
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np= number of doubly occupied states



a canonical transformation

— ¢ > ) cwcm — Uznnnu = Hr + Hy

Hg =e“He ™ = H + [iS, H] + = [iS, [iS, H]] +

[HF, Hy) = FUH cancels Hf + Hp

o Hp = —t} JWZU_HT+H++H;,




half filling

thus

Hs = Hy+H+ = {[Hf, Hy] + [H), Hy) + [HF, B3]} + O(U )
these are zero at half filling

(no hopping possible without changing np)

the remaining term is
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example of kinetic exchange



interacting spins

:—FZ [S S; nn}
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T3

from Hubbard model

to antiferromagnetic Heisenberg model

(remember, Coulomb exchange ferromagnetic)



iInteracting local moments
1
= FZ[ nZnZ]

Weiss mean-field approach

H = W‘BZ - (h + h") 4 const)|

hi" = ngi < )/ 9B



antiferromagnetic case

bipartite lattice
sublattice A and sublattice B

& Zeeman term

{ M?/Mo = B [M0<hz + Ahf)ﬁ]
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self-consistent equation

order parameter

om = (MP —M23)/2My = By s [0mS?Tnginb]

Tn: Neel temperature
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uniform response function
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Curie-Weiss high-temperature behavior
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no divergence!
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finite g
(M?*)y = —o,Mycos(q-R;) =—gupm cos(q- R;)

relation between critical temperature and couplings

S(S+1 o
kpTy = ( ; )I’q, Iy=—) TI%ieaTith)
35 #0
Cl 2(1 — O','Qn)
Xox(q:0) = — =7

N T.(l - U?n)Tq

divergence at critical temperature



effective magnetic moment
generalization to materials
Crj2 — Cot = pilg/3kB

depends on: Hund’s rules, crystal field etc..

effective moment
SkBTXzz(qv O) —7 eft

very large temperature limit



half filling

the U=0 case: band limit

U=0: half-filled band, metal

no localized spins



energy (eV)

d=1

the U=0 limit

Hy+ Hp =) ) [ea+ k] ChyCh,
k o

hypercubic lattice

d
e = —2t Z cos(k, a)
v=1

d=2 d=3
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high-T¢ superconducting cuprates

Hg=2-CuO4 CuO2 planes



unit cell and Brillouin zone

unit cell

(a,a)

Brillouin zone

Y=(0,11/a)

M=(11/a,11/a)

'=(0,0)

X=(1/a,0)




high-T¢ superconducting cuprates

VOLUME 87, NUMBER 4 PHYSICAL REVIEW LETTERS 23 JuLy 2001

Band-Structure Trend in Hole-Doped Cuprates and Correlation with 7', .«

E. Pavarini, I. Dasgupta,* T. Saha-Dasgupta,” O. Jepsen, and O. K. Andersen

Max-Planck-Institut fiir Festkorperforschung, D-70506 Stuttgart, Germany
(Received 4 December 2000; published 10 July 2001)

By calculation and analysis of the bare conduction bands in a large number of hole-doped high-
temperature superconductors, we have identified the range of the intralayer hopping as the essential,
material-dependent parameter. It is controlled by the energy of the axial orbital, a hybrid between Cu 4s,
apical-oxygen 2p,, and farther orbitals. Materials with higher 7, n3x have larger hopping ranges and
axial orbitals more localized in the CuO, layers.

TI2Ba2CuO




energy (eV)

d=1

the U=0 limit, t'=0

Hy+ Hp =) ) [ea+ k] ChyCh,
k o

hypercubic lattice

d
e = —2t Z cos(k, a)
v=1

d=2 d=3
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density of states, =0

d=1 d=2 d=3

DOS
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Pauli paramagnetism

Ekt = €kl
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Pauli paramagnetism

1
Ek — €ko = €k + §UQMth
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Pauli paramagnetism

1 1 1 5
M, =—= — ) [ner — ey ~ - h
2(9#3) N, k Nkt — Nl ] 4(9MB) p(EF)
zero temperature
P 1 2
X" (0) =~ (9pp)" pler)

finite temperature
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DOS
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finite temperature, t'=0

d=1 d=2 d=3
VI
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parameters for high-Tc superconductors
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density of states, t’finite
r=0.2 r=0.4
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linear response theory

Pauli susceptibility: uniform and static

M. (q;w) = X22(q; w)h.(q; w)



non-interacting susceptibility, t'=0

£k = -+ cos(kya) + cos(k.a)]

finite temperature ~ 350 K

%0(9;0)
_ 4 _
d=2 d=3

2-dimensional case: M point!



non-interacting susceptibility, t’ finite

r~t/t

X X

e, = —2t[cos(kya) + cos(kya)] + 4t’ cos(kya) cos(k,a)



the large t/U limit

Fermi-liquid regime

guasi-electrons with heavy masses



Fermi liquid

In some limit an interacting electron system can be described via
iIndependent quasi-electrons

weakly interacting: small U/t ratio

one-to-one correspondence between electrons & quasiparticles

S

m 1
M 14 ZFS 1, FF>0
- +3 1 1

enhanced masses

X m* 1
— = > 1, FY <0
¥ m 1+ F¢ 0

enhanced Pauli susceptibility

Fo? and F+5: Landau parameters



Stoner instabilities: Hartree Fock

HU — UZniTnu — H(I;F

Hy" = UZ[”¢T<”7Z¢>+<”7JT>”"&¢_<niT><”i¢>]-

ferromagnetic instability?

(Nio) =Ny = g + om

8ga:8k+n_gU:8k—|-gU—O'mU



effective total magnetic field

1 7
ELy = gga _I_ §g’utho_ eeman

n2

4

Hii"=U» {—ZmSi +m? + HF



Stoner instabilities

linear response

M, ~ x*(0) [hz — W%Um} = x"(0) [hs + 2(gup) UM,

self-consistent solution for M;

x"'(0)
1—2(gup)” " UxP(0)

XS(OB 0) = RPA susceptibility

U.=2/pler) critical U



2-dimensional case

d=1 d=2 d=3
)
) A |
2 0 -2 0 -2 0 2

energy (eV)

logarithmic singularity

any U>0 triggers the instability




band and density of states
r=0.2 r=0.4
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Stoner instabilities with finite g

oscillating magnetic ; _ ia R, qji
field and spin polarization 5:(q) EJ: e Sy

(S7') = mcos(q- Ry)

supercell

a b
< > < >
=1 j=2
I=-1 i=-1 i=0 =0 =1 =1

linear chain, q=(11/a,0,0)



antiferromagnetism

(0,a)

(0,0)

(a,a)

(@,0)

two dimensional case

Y=(0,11/a) M=(11/a,T1/a)
=09 X=(11/a,0)
M
Q2=(Tr,™M)




Stoner instabilities with finite g

2
iy =3 | (hzmmU)-

sums over supercell sites!

rm?
4

1 x0(q;0)
S 2 )
X“(q;0) = = (gusB
(4:0) 2( ) 11— Uxo(q;0)]
1 Nk — Nk
Xo(q:0) = — = -
k €k+q — €k



Stoner instabilities with finite g

£k = -+ cos(kya) + cos(k.a)]

finite temperature ~ 350 K

%0(9;0)
_ 4 _
d=2 d=3

2-dimensional case: M point!



two-dimensional case

(0,a)

(a,a)

Y=(0,11/a) M=(11/a,11/a)
=0.9) X=(11/a,0)
M
Q2=(1T,1T)




perfect nesting

Ek+Q: — Sk

1 [er=Y 1
X0(Q:;0) o Z,/ dep(e)— — .

oo 3
2-dimensional case: Q=M point

2-dimensional case: divergence also at [ point
however, finite T. Q2 singularity most important one

what about t' ?

Ek+Q, = —Ek + 8t cos(kza) cos(kya)



two-dimensional case

r~t/t

X X

e, = —2t[cos(kya) + cos(kya)] + 4t’ cos(kya) cos(k,a)



remarks

e in general several instabilities possible (different q)
e which one dominates: check finite temperature susceptibility!
e instabilities possible at any doping

e g can also be incommensurate with lattice




Mott insulators:
large U limit in Hartree Fock



local moment regime and HF

paramagnetic & ferromagnetic case

Bloch function

Wi (1) WZ e® T, (1)

spin scattering function

Sz(ka kl) — ]\[i Z ei(k_k/).T Z Ucza 10
{ Si,



ferromagnetic case

Hartree-Fock Hamiltonian and bands

H — ZZsknka+UZ[ 2m S, ( +m2+7j]

diagonal in k

mU=0 mU=2t

\\ iy \\\
/

r X M rr X M r

energy (eV)
o N
N\
/




Hartree-Fock bands

very large mU case, half filling

spin down band empty, m=1/2

total energy

no t2/U term!



antiferromagnetic case

two sublattices with opposite magnetization +m and -m

2

2
HY = Z [—Qmsz +m? + Z] + Z [—I—ZmSﬁJ +m? 4

i€ A i€B 4
Bloch function Bloch functions
original lattice two sublattices A and B
Vio(r) = = [ () + 75 (r)]
o \/§ ko ko
o (1) = Z TR,

Sa ’L



antiferromagnetic case

Z Z EkNko T Z Z Ck+Q2Tk+Q20
k

2
+ UZ[ 2m S, (k,k + Q2) + 2m° +24]

scattering function couples k and k+Q>

1 1

Chx — 1= (e +ERtQy) £ 5\/(% — €ktQ,)° +4(mU)?

HF bands



energy (eV)

antiferromagnetic case

DK K

gap: mU

1 1

St — 0= 5(Ek F Eh4Qs) £ —\/(€k — €k+Q,)* +4(mU)?

2
HF bands



antiferromagnetic case

very large U case
half-filling, m=1/2

total energy

Eap = —5U — 7

4% 1 (5k)2 1 At?
U Ng



AEHF

energy difference

2 142 1
Ep — Eppl~ = ~ =T
T N Br = Barl~ 577 ~ 5

mo— B

in this example for this quantity we obtain
the same result as in exact solution!

however, this is not the triplet-singlet splitting

AFE = FEg—1 — Es—q =1



Hartree-Fock problems

Slater vs Mott insulator

Insulator with much smaller U than exact solution

gap in single HF calculation ~U

HF does not give correct spin excitation spectrum

NB. HF is used in the LDA+U approach



Mott insulators:
the dynamical mean-field approach

... Should describe at least Mott physics ..
... should be flexible, work for all models of Hubbard type ..

NB: flexible alone is not enough
e.g.: very flexible: HF, or LDA; however, no Mott transition



DMFT

stat-of-the art approach for Hubbard-like models

- - .

¢ 1\

- - -

CTY()_1 — G_l — Z(M)

dynamics captured self-energy local
exact in infinite dimensions

Metzner and Vollhardt, PRL 62, 324 (1989); Georges and Kotliar, PRB 45, 6479 (1992)



connections

» lattice model

_edzzcza za_tzzcza 10+UzannZ$_Hd+HT+HU

(ie/) ©

|

impurity model (Anderson model)

Z Zeknkg + Z&:fnfg +Unging
o k o
-+ Z Z [chLGcfa + h.c.}
o k

self-consistency loop ‘




dynamical mean-field theory




Mott transition: Hartree-Fock vs DMFT

Hartree-Fock DMFT

!, u
Si(w) \
i i \ W

T, T, Ty

‘ 2 Ei(w)“\

LDA+U LDA+DMFT




LDA+DMFT




LDA+DMFT with Wannier functions

H= - YYYt“m/cm cmo  self-energy matrix spin-orbital space
+ Uznianiﬂu
1
p—— Z (U —2J — J(Saa’)nimanim’a’ o 15M —e
i 20M = ’
8192 k
= T D (Ot ity + Cht O C G |
mzm/ % 4096 |
DMFT and cDMFT 2048 |
quantum impurity solvers:
general HF QMC gl

general CT-INT QMC
general CT-HYB QMC

* A. Flesch, E. Gorelov, E. Koch and E. Pavarini

Multiplet effects in orbital and spin ordering phenomena: ’ oo
A hybridization-expansion quantum impurity solver study ’ J U Ll C H

Phys. Rev. B 87, 195141 (2013) FORSCHUNGSZENTRUM



an example: KCuF3

insulator, paramagnetic for 7>40 K

8 LDA K 4s
RN
6-\/2\ Cu 4s
' ;o
D% s Cu 3d
g - ,4
N 4] — F2p
-6 ——
-8 |
z r X P N
AF-magnetic non-magnetic paramagnetic
LDA+U LDA LDA+DMFT
6
S 4 .
s 2 _
5 s | m
M |
-6
Z T XP NZ T XP N N 20 0

E. Pavarini, Electronic structure calculations with LDA+DMFT

in Many-Electron Approaches in Physics, Chemistry and Mathematics
Eds. V. Bach and L. Delle Site, Springer (2014)

arXiv:1411.6906

w/eV

E. Pavarini, The LDA+DMFT approach,

in The LDA+DMFT method,

Eds. E.Pavarini, E. Koch, D. Vollhardt. A.l. Lichtenstein, Forschungszentrum Juelich Verlag (2011)
www.cond-mat.de/correl11




early successes: details matter

mechanism of Mott transition in the series explained

PHYSICAL REVIEW LETTERS week endin

g
VOLUME 92, NUMBER 17 30 APRIL 2004

Mott Transition and Suppression of Orbital Fluctuations in Orthorhombic 3d! Perovskites

E. Pavarini,' S. Biermann,2 A. Poteryaev,3 AL Lichtenstein,3 A. Georges,2 and O. K. Andersen*

A=200-300 meV

LDA+DMFT 770 K

a small crystal field plays a key role



VOLUME 92, NUMBER 17

spectral functions

(one-electron Green function)

PHYSICAL REVIEW LETTERS

week ending
30 APRIL 2004

Mott Transition and Suppression of Orbital Fluctuations in Orthorhombic 3d' Perovskites

E. Pavarini,' S. Biermann,2 A. Poteryaev,3 AL Lichtenstein,3 A. Georges,2 and O. K. Andersen”

DOS staes/evispinband

DOS/states/eV/spin/band

J=0.68 eV
U=5eV Cavo3

LaTiO3

E(eV)



what about linear response functions?



Green Function

k-dependent Dyson equation matrix

G(k;ivy,) = Go(k;iv,) + Go(k;ivy,) X (k; ivy,)G(k; ivy,)

local self-energy approximation

Y(k;ivy) — X(ivy)

local Dyson equation

G(ivy) = Go(ivy) + Go(ivy) X (ivy)G(ivy,)

Susceptibility

- gq-dependent Bethe-Salpeter equation matrix

x(q; iwm) = x0(q; iwm) + x0(q; iwm) I (q; iwm)x(q; iwn,)

local vertex approximation

I'(q;iwm) — I'(iwn,)

local Bethe-Salpeter equation

X (iwm) = x0(iwm) + xo (twm) I (iwm ) x (iwm)



non-interacting case

Wick’s theorem holds

k+q k'+q 1Gktqyar (1Vn + iwm)
Vn+@Wm Vn4+Wm
a Y
X o — X 0
a V
Vn Vn’
k k'

igka’y’ ('“/n)

[XO (q; iwm)]kLa,k’L,y — —5Nk-gk/—|—Qa/7(iVn/ —+ ’l:wm)fsn,n/ 5k,k/



generalized susceptibility in LDA+DMFT

replace non-interacting G with GPMFT

GPMFT is the Green function obtained via DMFT

[Xo(q; iwm)]La,Lw = —55nn Z GDMFT k:iv, GD}\gFT(k + q; v, + iwm)

this term is relatively easy to calculate



Bethe-Salpeter equation

Vn+Wm Vn'+Wm
Vn Vn’
k+q k+q k+q
Vn+@Wm — > VntWm  Vns@Wm —>
a a
Xo + Xo T
a V a
Vn < Vn Vn




local-vertex approximation

vertex in BS equation local in infinite dimensions
approximation for real materials

x(g; twm)ly, 1, = [xo(@;wm) + xo(g; iwm-x(q; w1 L,

define local susceptibilities

. 1 .
[XO (Zwm)]LééC,L?'YC — F Z [XO (q; Zwm)]Lflc,Lgc ’
1 g

[X(iCUm)]L'&C,L%C — F [X(q7 Zwm)]L:«xc ’Lgc



local-vertex approximation

assume that local BS equation
is also valid for the local susceptibility

local susceptibility: from quantum impurity solver

insert vertex in BS equation
(@ iwm))p, 1 = Do(@swim) + Xo(: iwnn) D)X (a: )], 1.

q-dependence here from non-interacting part



VOLUME 69, NUMBER | PHYSICAL REVIEW LETTERS 6 JULY 1992

Hubbard Model in Infinite Dimensions: A Quantum Monte Carlo Study

M. Jarrell

Department of Physics, University of Cincinnati, Cincinnati, Ohio 45221
(Received 5 December 1991)

An essentially exact solution of the infinite-dimensional Hubbard model is made possible by a new
self-consistent Monte Carlo procedure. Near half filling antiferromagnetism and a pseudogap in the
single-particle density of states are found for sufficiently large values of the intrasite Coulomb interac-
tion. At half filling the antiferromagnetic transition temperature obtains its largest value when the in-
trasite Coulomb interaction U = 3.

PACS numbers: 75.10.Jm, 71.10.+x, 75.10.Lp, 75.30.Kz
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FIG. 3. Antiferromagnetic susceptibility yar(7T) vs tempera-
ture T when U=1.5 and ¢=0.0. The logarithmic scaling be-
havior is shown in the inset. The data close to the transition
fit the form yarx|7T—T.|" with 7.=0.0866 * 0.0003 and
v=—0,9910.05. The points at U=0 reflect exactly known
limits.



Li2VOSIO4 vs VOMOo0O4

poster Amin Kiani




CT-QMC solver

(performance of our general code on BlueGene) poster Julian Musshoff
> 0002 13 o5 HF
£100 -
C
o
©
S 10t
E tog full self-energy matrix
g 1 full Coulomb matrix
¢
1
YTiOs3
can include: S
S
full self-energy matrix in spin-orbital space
full Coulomb matrix 0 . o
20 30 40 50 60 70 80

spin-orbit T (K)

FIG. 3. Ferromagnetic spin polarization as a function of temper-

ature in YTiOj3. The plot shows a transition at the critical temperature
PhyS Rev. B 87’ 195141 Tc ~ 50 K, slightly overestimating the experimental value Tc ~

30 K, as one might expect from a mean-field calculations.



Mott-insulator, approximate solution



Xo term

in the t=0 limit

1

Glivn) = i + o — X(ivy,)

. U? 1
S(ivn) = p+ ———

4 v,

what about the small /U limit?

let us consider an approximate form for the self-energy

7“(](]2 1

4 v,

Y(ivn) = p+




Xo term

(replace susceptibility tensors with physical susceptibilities)



Xo term

perform Matsubara sums

X2.(q;0) = (gus)’ Z 7 Zx

1 1
_ 2__§

k
“metallic” “insulating”
oy Ea EIZ—|—q n(Ea) (EIZ-{-q)
k.g — o
T(By BBy~ By B By



Gk, (ZVn)

Xo term

what about the small t/U limit?

) TUU2 1
Y(ivy) =
(ivn) = 1+ 4 vy
1 1 Ey Ey,
iy, — X(ivy) —ex  Ef — Ep liv, — EY v, — E;

10




Xo term

at the [ point

Xo(gc:0) ~ (gus)?

X0(q;0) ~ (gpuB)’

1 11 2
o [ St
4 TUU 2Nk 2 TUU2
In general
1 1_1 Jo 1 Jg
4,/rupU 2/rvU 4./rgU

Jq = 2J[cosq, +cosq,], Joxt?/U

|




local term and vertex

(replace susceptibility tensors with physical susceptibilities)



local magnetic susceptibility

result after Matsubara sums

1 eﬂU/Q
4]€BT 1+ eBU/2

Xzz(q§ O) — (g:uB)Z

Curie-like temperature behavior

infinite U limit: emergence of spin



Xo term & the local vertex I

use atomic susceptibility as local susceptibility to determine the vertex
via the local Bethe-Salpeter equation

el am )~ e (V0 (1 2 7eg) T

the expected Curie-Weiss behavior

1 1 1

2— o
(@O =T~ YR T T

X=2(q;0) = |



what happens if we neglect the vertex?

example: atomic limit



finite temperature Green function




Xo term

atomic limit

BU/2 1 1 [ 1—e PV

)2 Pe e

Xzz gUB Z 52 ZX g,uB) 1 _|_€BU/2 1 —|—€BU/2 + Uﬁ (1 +6_5U/2)]
large U: weakly temperature dependent

X2.(0) ~ (gup)?/4U

Curie behavior? Local moments?



local magnetic susceptibility

result after Matsubara sums

1 eﬂU/Q
4]€BT 1+ eBU/2

Xzz(q§ O) — (g:uB)Z

Curie-like temperature behavior

infinite U limit: emergence of spin



the Kondo effect



the Kondo effect

diluted magnetic alloys: metal+magnetic impurities

Au+Fe impurities

minimum in resistivity
high-temperature: impurity local moments, Curie susceptibility

low temperature: effective magnetic moment disappears
(Fermi-liquid susceptibility)

characteristic temperature: Kondo temperature Tk



Anderson model

metal impurity

Hyn = ZZeknkg —I—Zefnfg +Unanf¢
o k o

Kondo regime: ns~1

canonical transformation (Schrieffer-Wolff) to Kondo model

HKZZZé“knkJ—I—FSf-SC(O) = Hoy+ Hp
o k

1 1
I~ 22|V ]2 | — —
‘kF| [é‘f €f—|—U

antiferromagnetic coupling

>0



Schrieffer-Wolff transformation

Through the Schrieffer-Wolff canonical transformation [28] one can map the Anderson model
onto the Kondo model, in which only the effective spin of the impurity enters

Hy = H,+ I'S; - s.(0) = H) + Hr, (30)

where

5 | 1 1
'~ =2|Vi,.| [5 — €f+U] > (0
is the antiferromagnetic coupling arising from the hybridization, Sy the spin of the impurity
(Sy = 1/2), and s.(0) is the spin-density of the conduction band at the impurity site. For
convenience we set the Fermi energy to zero; kr is a k vector at the Fermi level. The Schrieffer-
Wollff canonical transformation works as follows. We introduce the operator S that transforms
the Hamiltonian H into Hg

Hg = He™”.



Schrieffer-Wolff transformation

S, Ho] = —H,. 31)

From Eq. (31) one finds that the operator .S is given by

l—nf o nNf_o t
S = Ve, ¢, —h.c..
Z[sksf 5kst] ¥ koTfo

The transformed Hamiltonian is complicated, as can be seen from explicitly writing the series
for a transformation satisfying Eq. (31)

He = Hy+ — [sm] ;[5,[5,H1]]+

In the limit in which the hybridization strength [ is small this series can, however, be truncated
at second order. The resulting Hamiltonian has the form Hg = Hy + H,, with Hy = Hp +
Hgair + AHy 4+ Hg,. The first term is the exchange interaction

F:izrkk’

kEk’

Y o (0116102)Cryy - Yl <03\&\04>Cf04]

0102 0304

where

1 1 1 1
Fkk/:V;Vk/[ + ]

— —
ex—¢f Ew—¢pf U+ep—ex Uter—ep



susceptibility

high-temperature impurity susceptibility

(gup)?Sy(Sy +1) !
XL (T) ~ gk;Tf {1 - In(T/Tk) }

Kondo temperature

kpTwx ~ De=2/Pler)l’

low-temperature impurity susceptibility

C1/2
~ W {1-al?+...} Fermi liquid!

xL.(T)

pe(T) = 3kpTxL.(T) oc (S18]) + (SIs)

magnetic moment screened, S=0



poor's man scaling

eliminate high-energy states, i.e., the states with

eat least one electron in high-energy region @
eat least one hole in high-energy region O

DI

D'
-D
eone electron eone hole elow-energy state




downfolding

electron case: projectors

Py~ Y ERIFS)(FS|El high-energy sector
o q

P~ Y ) IFS)(FS|e, low-energy sector

effect of downfolding high sector at second order
§H'? ~ P HpPy(w— PyHoPy) Py HrPy

electron contribution




scaling equations

thus the Kondo Hamiltonian is modified as follows

I — I'=T+94I,

ol 1

_ 4 2
slnD 2'0(8F)F

scaling equations

I’
1+ %p(&‘p)[’lﬂ% .

I =



scaling equations

I - I'=T+46rI

oI 1 ,
slnD 5'0(5F)F
ferromagnetic coupling antiferromagnetic coupling

°  ——— | ——P

/\ /\ strong coupling

0
weak coupling



strong coupling case

one electron screens local moment

spin zero system!

starting point for perturbation theory

nearby electrons polarize moment via virtual excitations

effective repulsive on-site Coulomb interaction

Nozieres Fermi liquid



weak coupling case

asymptotic freedom

non-interacting local moment

Curie susceptibility

magnetic interaction as perturbation



scaling: two-channel case

conduction band A

; ; Kinetic exchange: AFM
M |
1

conduction Coulomb exchange: FM

situation realized in some Ce and Yb alloys

Kondo or Curie?



scaling: two-channel case
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FM

AFM



conclusion

e emergence of spin

+—

d=2

* local moment regime

%0(a;0)

d=3

T3+13

e emergence of long-range order

X

e itinerant regime
Curie and Curie-Weiss susceptibility Pauli susceptibility
Heisenberg model Stoner instabilities

in strongly correlated system both local and delocalized features present



conclusion

» lattice model

H = SdZZC;-rGCw —tZZCIJCZ-,J i UZniTnu = H,+ Hr + Hy
) o (ii’)y © )

l large U limit, n=1

1
H:§F<Z;Si.sj
@]

qguantum impurity model
Hyn = ZZ&‘knkg + ngnfo' + UnanJ%
o k o

+ Z Z [chLchU + h.c.}
o k

large U limit, n=1

self-consistency loop ‘ H =T Sf : SC(O)




thank you!



