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Standard Model: Elementary Particles
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indistinguishable particles

notion of elementary particle change over time/length/energy-scale
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what does indistinguishable mean?

observable for N indistinguishable particles

M(x) = MO—I—Z/Wl(X/)—l— T ZMQ(X, XJ)+ N M x5, ) + -

I7) /;é_/;ék
_ MQ+ZM1(X,)+ ZMQ(X, XJ)—|— Z M3(Xi:Xj1Xk)‘|""
1<J 1<J<Kk

operators must be symmetric in particle coordinates,
If not they could be used to distinguish particles...



indistinguishability and statistics

N-particle systems described by wave-function with
N particle degrees of freedom (tensor space):
‘~/"(X1, ceey XN)

introduces labeling of particles

indistinguishable particles: no observable exists to distinguish them
in particular no observable can depend on labeling of particles

probability density is an observable
consider permutations P of particle labels

PV (x1,x0) =V (xo, x1) with [W(x1, x)|? = |V (x, x1)|?
~ PW(Xl, X2) = €i¢W(X1, X2)

when P?=|d = e?= +1 (¥ (anti)symmetric under permutation)
antisymmetric: ¥(x+, x2—x1) = 0 (Pauli principle)



Do we need the wave-function?

we use the wave-function as a tool for calculating observables

expectation value

(My) = / dxy -+ dxy V(xq, ..., xn) Y M) V(x, ..., xn)

=N /C/Xl Ml (Xl) /dX2 e dX/\/ W(Xl ..... X/\/) W(Xl ..... X/\/)

:/_(1)()(1)
for non-local operators, e.g. M(x) = -2 A

<M1>:/dxl---deW(X1 ..... xn) Yy M) W(xa, ... xn)

— N/dxl lim Ml(xl)/dxz°--deW(X{ ..... xN) WV (x, ..., XN )

X|—X1

:/—(1)()({;)(1)



reduced density matrices

p-body density matrix of N-electron state
for evaluation of expectation values of M,

allows evaluation of expectation values of observables My with g < p:
recursion relation



external potential

Kinetic energy

Coulomb repulsion

Coulson’s challenge

l//> = /dx V(r) r'Y(x; x)

1
ZA” l//> =5 /dx A, T (X x)
rj — 1j] r—r]

minimize Ewt = <T) + (V) + (U) as a function of the

2-body density matrix [@)(x1’,x2"; x1,x2)

instead of the N-electron wave-function W(xj,..., xn)

representability problem:

what function (x+1’,x2’; x1,x2) is a fermionic 2-body density-matrix?



antisymmetric wave-functions

(anti)symmetrization of N-body wave-function: N! operations

St W(Xl ..... X/\/) = \/% Z(:zl)PW (Xp(l) ..... Xp(/\/))
P

computationally hard!

antisymmetrization of products of single-particle states

Vo, EX% Pas Exli o Pay EX1§
S (Pal(Xl) Do (XN) _ \/% (pocl. XD (Pocz. XD ) (Poc/\/. X5
oy XN) P (Xn) -+ Pay(Xn)

much more efficient: scales only polynomially in N

Slater determinant: ®,..q, (X1, ..., XN )




Slater determinants

Vo (X1)  Var(X1) - Paylxi)
1 | Yo, (X2)  ©ar(X2) - Qay(X)

d)al---a/\/(x) — W _ _ - _
Qo (XN) Qo (XN) 0 Vo (Xn)

simple examples
N=1: Do, (X1) = Vo, (X1)

N2 Basaa () = (o (0)0acl00) = 0 ()0 ()

expectation values need only one antisymmetrized wave-function:

/dx (S+Va(x)) M(x) (S+£Wp(x)) = /dx (\//\/! Wa(X)) M(x) (S+V¥p(x))

remember: M(x1, ..., XN)
symmetric in arguments

corollary: overlap of Slater determinants:

/C/Xl C/X/\/ Cbal N (Xl ..... X/\/) @51...5/\, (Xl ..... X/\/) = det (<Q0an‘(,0'3m>)




reduced density-matrices: p=1

Laplace expansion

r(x'; x) = N Z(—l)”+m Pa,(X') Py, (X)

n,m

for orthonormal orbitals

FOXx) =D 0a,(X) @a,(x)  and

det(((pa#n ‘(Pak;ém»
det((@a, |Pay))

n(x) =) l@a(x)



reduced density-matrices

expansion of determinant in product of determinants

1 |
Z (—1)1—|-Z/ n; Cbanl QU (Xl ..... XP)QDOC/Q{nl o} (Xp_|_1 ..... X/\/)

Ny 0 L= T/ TS A n P Gy
(p) n<np<---<np

Dayoay (X) =

p-electron Slater det (N-p)-electron Slater det

express p-body density matrix in terms of p-electron Slater determinants:
FOKX) =) 0a,(X) @a,(x) and  n(x) =D ea(x)|?
n n

FOx0%x, ) = Y Payan (4. X5) Payan(x1, %)
n<m
and I7(X1, XQ) = Z ‘qban,am (Xl, X2)|2
n,m

1 2

In particular n(x;, x) = Z ﬁ ((Pan(xl)(pam(XZ) — (Pam(XQ)(Pan(Xl))

n,m

= 3 (100, () P60y (52)I2 — D, (61 001 (32) Py (52 001, (32)




Slater determinants

Hartree-Fock method:
know how to represent 2-body density matrix derived from Slater determinant

M) (X xbh: xq, x0) = Zd’an,am(xi'xé)d)amam (X1, x2)

n<m
minimize (a la Coulson)

could generalize reduced density matrices by introducing density matrices for
expectation values between different Slater determinants

see e.g. Per-Olov Lowdin, Phys. Rev. 97, 1474 (1955)

still, always have to deal with determinants and signs.

there must be a better way...



second quantization: motivation

keeping track of all these signs...

1

Slater determinant ~ ®u5(x1, X2) = 7 (Pa(X1)pp(X2) — Ya(x1)Pa(X2))
1

corresponding Dirac state |a, 3) = 7 (|la)|B) — |B)|a))

use operators o, B) = C}QCJ;IO>

position of operators encodes signs

cicl|0) = |a. B) = —|B, ) = —clcl|0)

product of operators changes sign when commuted: anti-commutation

anti-commutator {A B} =AB+ BA
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second quantization: motivation

specify N-electron states using operators

10) (vacuum state)

normalization: (0]|0) =1

/o) = ¢! |0) (creation operator adds one electron)

normalization:  (a|a) = (0|c,c!|0)

overlap: (@|B) = (0 Cacg 0)

adjoint of creation operator removes one electron:
annihilation operator

cx|0) = 0 and Can = ::C[];Ca + (|B)

o, B) = clcl|o)

- : P AT — AT A1
antisymmetry. ¢ Cg = —C5€



second quantization: formalism

vacuum state |0)

and
set of operators cq related to single-electron states @q(x)
defined by:

cx|0) =0 {ca,cﬁ}:O:{c;Z,cg}

00y =1 {ca ci} = (alB)

creators/annihilators operate in Fock space
transform like orbitals!



second quantization: field operators

creation/annihilation operators in real-space basis

Wt(x) with x = (r,0) creates electron of spin o at position r

then ¢ = /dx Yo )VT(X)

put electron at x with
amplitude @a(x)

{©wa.(x)} complete orthonormal set Z Pa,(X) 0o, (X)) = 0(x — X)

J
U(x) = ) ay(X) Ca,
n
they fulfill the standard anti-commutation relations

W(x),¥(x)} =0={¥(x),¥V(x)}
W(x), ¥T(xX)} =6(x — x)



second quantization: Slater determinants

1 " " N
DParas..an (X1, X0, .. ., XN) = NI (0 } V(x)V(x) ... V(xy) C;N . C(L Cj;l | 0)

proof by induction
N=1: (0| ¥ (x)cl, [0) = (0] pa, (1) = ¢k, ¥ (1) [0) = @, (x1)

using  {W(x), cl} = [dxX 0a(x) {U(x), Ut(x)} = @a(x)

N=2: <O‘UA/(X1)1//)(X2) cl.cl. 10)

— <O lp(Xl) ((,0@2 (XQ) — Cngp(Xz)) Cc])Lcl ‘ O>
— <O Lp(Xl)Cg‘l O> (paz(Xg) — <O ‘ l//}(Xl)C(])chl//)(XQ)Cgcl | O>

= Pa, (X1)Par (X2) — Pa, (X1)Pay (X2)



second quantization: Slater determinants

general N: commute ¥(xn) to the right
(0 | V(). . V)W (xw) choch. .l

0) =

+ <O ‘ U(x1) . . W(Xn-1) Cloy s - - - Co

_ <O ‘ l//)(xl) .. .V/)(X/\/_l) Hn;éN—l CCJJrcn

O> Pay (Xn)
O> Pay_; (Xn)

(—i)N <o‘u7(x1)...u?(xN_1)c;N .

0> Qo (XN)

Laplace expansion in terms of N-7 dim determinants wrt last line of

Pa, (Xl) ©as (Xl) o Pay (Xl)
oy (X2)  Qar(X2) 0 Qo (X2)

<Pa1.(></v) wazl(X/v) WaN-(X/\/)



second quantization: Dirac notation

product state CQ;N . ;2 Cﬁ;l 0)
corresponds to
Slater determinant @y, an . ay (X1, X2, . . ., XN )
as

Dirac state |a)
corresponds to

wave-function g, (x)



second quantization: expectation values

expectation value of N-body operator wrt N-electron Slater determinants

/dx1 e dXy P,y (X1, XN )M(X, XN ) P oy (X2, XN)
0)

! V(xq) - V(xy) C;N c Cj;l 0)

)

10)(0] = 1 on O-electron space

:<O‘C51.”C5NMC(J§C/\/”.C261

Cs, " Cg, @T(XN) . tlA/T(xl) ‘ O> M(xq, - - -

/C/Xl---dX/\/\/% <O ,XN)\/%@

:<o

collecting field-operators to obtain M in second quantization:

M = % /dxl Xy VT ) VT M, - - o xn) W) - - - W (xy)

1 A " " N
o+ G gyt [ 1+ X Co) - G)OMOx =)D )+ D) -+l

apparently dependent on number N of electrons!



second quantization: zero-body operator

zero-body operator Mo(x4,...xn)=1 independent of particle coordinates

second quantized form for operating on N-electron states:

Mo = % dxydxo - xy VT (xn) - - VT )T (x) U)WV (x0) - - - W(xn)
— % dxo - xy WT(xy) - - Ul (x) N V(x) - W(xy)
= [ de W) Be) 1 U0) - Uw)

only(!) when operating on N-electron state
:% 1.9 00N =1 using /dxt/A/T(x)l/A/(x):/V

result independent of N



second quantization: one-body operators

one-body operator M(xy, ..., Xn) = )i Mi(x;)

A 1

My = N dxy - dxy VT (xy) - U (x) Z Myi(x) V(x1) - W (xn)

= 3 [ g9 06) M) (N = 1)1 By
J
= % Z/dxj Ut () My (x) W ()
J
— /dx UT(x) Myi(x) ¥(x) result independent of N
expand in complete orthonormal set of orbitals

=3 [ dxa (I M) 6, () €, 6o, = (Mt ]en) o,

n,m
transforms as 1-body operator




second quantization: two-body operators

two-body operator  M(xq, ..., Xn) = D ic; Ma(Xi, X))

/\

Mo

1
N!

dxy -+ dxn T oa) 0T () Y - Ma(xi, %) W(x1) -« W (x)

1<J

— % Z / dX/de Ul)T(Xj)U/}T(X/) MQ(X,‘, XJ) (N — 2)| @(Xl)lﬁ(xj)
N(Nl— 1) Z / axidx u/)Jr(Xj)UA/T(Xi) Mo (X, X;) lﬁ(x,)l/A/(XJ)

_ ! / dx dx’ WH(x') WH(x) Ma(x,x') W(x)¥(x')

2
result independent of N

expand in complete orthonormal set of orbitals

M

1
— 5 Z /dXdX/ (pan, (X/)(pan (X) MZ(X1 X/) P, (X)QOam, (X/) C;rzn/ C;n Cam COtm/

n.n mm

1
— 5 Z <OtnOén/|M2|amam’> CcJ)rzn/ C;rc,, Coun Cocm/

n,n . m,nm’



expectation values

WMD) = Z ML) (| cte (W) = Tr rY MW
S
=M

WMy = N M2 Wi cicnc ) = Tr FRM®

nn', mm’ m>=m’

n>n, m>m
_. 2

" nn’, mm’

Slater determinant

@) =cl, - cl,10) P =) lan)

1-DM: projector on occupied subspace

) = (ol Ploy) 0 N
/ /_nlml S [_nlmp \
rir) :<<I>\C,T,- clec oo c ) - '

ny--+Np,My---Mp ny —my mp

|P) = det

\r, - : rn



many-body problem

HIW) =

iIntroduce (orthonormal) orbital basis

\

ElW)

Cl expansion

matrix eigenvalue problem

/<<bn1“_/|<bnl> <<bn1“_/|(pn2>
<<DI72‘H’<D"1> <<Dn2“_/’<bn2> T

{lon) |

induces an orthonormal basis in N-electron space {\¢n1---nN> < -

\ [

dn,

\ )




dimension of Hilbert space
number of ways to pick N different indices out of K
K- (K=1)-(K=2)---(K—=(N-1))

pick one ordering of the set of indices: 1/N!

K K
(V) _
dim A = itk — Nyt (/\/)

> bc

bc 1.06

Copyright 1991-1994, 1997, 1998, 2000 Free Software Foundation, Inc.
This 1s free software with ABSOLUTELY NO WARRANTY.

For details type “warranty'.

define f(n) { if (n==0) return 1 else return n*f(n-1) }
define b(k,n) { return f(k)/f(n)/f(k-n) }

b(100,25)

242519269720337121015504

b(100,25)*8/1024/1024/1024 # memory in GB
1806909365358480



non-interacting electrons
H = Z Hom ClC,
apply to single Slater determinant: linear combination of single-excitations

choose orbitals that diagonalize single-electron matrix H

H = E €n0nmClc = E e clc
n,m n

N-electron eigenstates  |®,) = ¢ -+ ¢/ |0)

N
anc,‘;cn C,];N e C,‘;1|O> = (Z en,) C);N e C,il|0>
n i=1



Hartree-Fock

variational principle on manifold of Slater determinants

(®|H|®)
(@|®)

E|_||: — mirkp

unitary transformations among Slater determinants

O(\) = e with M= Magclc; hermitian
a0

energy expectation value
(IN)?

E\) = (0]e* [ e M) = (d|H|d) + iN(|[H, M]|D) +

variational equation

(" [[H, M]|o"") =0

(@|[[A, M, M]|®) + -



unitary transformations on Slater manifold

O(\) = e™  with M= Mysclc, hermitian

oS
€I>\M C;N C - Can ’O> _ e/AMC(];N e—/AM e/>\/\/I o e—/AMe/AMCgll e—/>\M e/AM‘O>
N———— —
Zﬁ(eD\M)a/\/ﬁ Cs =|0)
d e - e o .
ﬁ e/)xM C,]; e—/)xl\/l _ e/)xM | [M, C;] e—/>\/\/l o — /Z Cl Mafy
A=0 B e
d2 ~ NS d RN _ Y :
L R 1N (0 EA Y IR DD sl
A=0 A=0 o o' \oc’ P
(Aﬂz)aw
d" At —iAM |
i — i _ n
N . Oe C,Ye = / an (Mn)Ot’Y
= o



HF variational condition
(PNF|[H, M]|o"F)Y =0 ~ (ONF|[H, clc, +clc ]y =0 Yn>m

orthonormal basis  |®HF) = ¢ ... cf|0)

Onml® Y ifn, med{l,..., N}
t HFE\ __ ,m
ChCpy|PTT) = { 0 ifm ¢{1,..., N}

simplifies variational condition to (Brillouin theorem)

(et c Hlo"FY =0 Vmel{l,..., N}, né&{l, ..., N}

applying Hamiltonian does not generate singly excited determinants



analogy to non-interacting problem

Z CT nm Cm Z C/]; C/Ty’ (Unn’,mm’ o Unn’,m’m) CrCm

n>n", m>mn’

Brillouin condition

<Tnm + Z (Unm’,mm’ o Unm’,m’m)>C,T;Cm‘<bHF> =0 Vn>N2>m

same condition as for non-interacting Hamiltonian Fnm (Fock-matrix)

depends on ®HF = self-consistent problem

(Tmm T Z mm’ mm' mm’,m’m)) — (Tmm T Z Amm’)

m<N
=:A

mm’



quasi-particle picture

total energy

<¢HF‘IL\/‘¢HF> — Z (Tmm —|—Z Amm’) = Z (Tmm + % Z Amm’) = Z (5/';2': _ % Z Ay

m<N m'<m m<N m <N m<N

remove electron from eigenstate of Fmn (Koopmans’ theorem)

R A 1 1
(@ |c] A c,|9™F) — (@"F| A = (Taa to 2 Aamf) —5 2 Ama= et

m <N m#a<N

electron-hole excitation (b > N = a)

el p = (OL5 | HI®EE ) — (@ [H|0T) = e)m — el — A,

electron-hole attraction
1

1 1
Aap = §(Aab + Apa) = 5 <soa<pb — PpPa | Qapp — (pb(Pa> >0

m' <N






homogeneous electron gas

i
Z/dk—ckacka Z(QW)SZ/dk/dk/ dq ch 00Chta o Ck o'k o

o,0’

Slater determinant of plane waves

dDHF H Cka|0

|k|<kge

no single-excitations (Brillouin condition)

density of electrons of spin o

ne(r) = (@I (N _(r)|o™F) :/ dk ek | _ ki
d iy i k| <kr (2m)3/2 672

—/kr e—/kr

(40 0 = [ i (0. 0o} = (5




dispersion & DOS

guasiparticle energies

e k21 / 1 k2 ke k2 — k2
= - dk = — - (1 |
“kio 2 Jwicke lk—K]2 2 ow T kK "

ke + k
ke — k

quasiparticle density-of-states

—1
dEHF 2 2
DI () = 4mk? ( k"’) = 41k (k _ ke (1 LN

dk Tk

HF —— "HF ——
nonint - nonint -

0) 0.5 1 1.5 0) 5 10 15 20 25 30
K/Kg density of states



exchange hole

diagonal of two-body density matrix

(1)(’, r) (1)(r r)
rOw T

O—/ O—/

a1, Y01 ()00 (P () be ) = det (

one-body density matrix for like spins

Foo(r 1) = / Ik e_’k'(r;r/) a5 sin x —;<cosx
|k|<k/: (27T) X

exchange hole

0. (r.0) — 1 — PuelVo (P)Ve (Ve (Ve ()
o Ne(r)ne(r'
SINKer — Ker COS Ker 2
= —9
(ker)?




exchange hole

(sin(kpr) — kercos(ker))®
(/(/:l’)6

9(0,0;r,0)—1=-9

0
=
O
©
-
N
=
O .
N/
L
)
-
O

r/r



exchange energy

correction to Hartree energy due to antisymmetry
1 r,r')—1 1 . r,0)—1
EX:—/drna/dr’nggX( ) :—/drna/drnagX( N)
2 r —r'| 2 r
N——
=N

exchange energy per electron of spin o

~ 4mn, /Oodrr2 g(r,0) -1 :_9-47;n(7 /Oodx (sin x — x cos x)? _ 3ke
2 Jo r 2kz 0

E

X Q

X° AT

—1/4




HF state as vacuum

PPy = H CkU\O
k| <kre
cl |®y.) =0 for |k| < ke

Cro|Pre) = O otherwise.

HF ground state acts as vacuum state for transformed operators

(it

~ C for ‘k‘ < Kr
— O(ke — |k ¢!+ O(lk| — k — ko

Cko' ( F ‘ D Cko' (I ’ F) Cko' < fOI’ |k’ > kF

Cka

\

5k0|¢HF> =0 {Cka Ck’a’} = 0= {Cka CI]:’U’}

(PHF|pHFY = 1 {¢.. e }=06(k — k') b5

note: vacuum state no longer invariant under basis transformations!



BCS theory

BCS Hamiltonian

8 _ T TAT
ko kk’

Bogoliubov-Valatin operators mix creators & annihilators

canonical anticommutation relations
{by . b, ,}=0={bl_, b, } and {b, . b, }=05k—k)bs

fulfilled for ux? + vi? = 1

corresponding vacuum state?



BCS state

obvious candidate (product state in Fock-space)

|BCS> X H bka‘o>
ko

need only consider groups of operators with fixed zk

b_ 1 by bir b 10) = vi(uk + v CikTC,L) Vi (Ui + Vi C;ETCL@) 10)

normalizable?

<O|(uk+vkc_kickT)(uknLvkc,LcikT)(ukwLvkcich,L)(ukwLvkciTcik¢)|O> = Ul 2upvg+ vy

(normalized) vacuum
1
BCS) = ][ -brol0) = [ J (v + vic L) 10)
k k
contributions in all sectors with even number of electrons



electronic properties

momentum distribution

(BCS| cfs iy IBCS) = (BCS|(ukbly + vieb_y ) (ukbyy + vicb! 4 )|BCS) = v}

BCS wave function has amplitude in all even-N Hilbert spaces
pairing density
(BCS|circ! o IBCS) = (BCS|(ukbjy + vikb_g; )(ukb! , — vicby +)IBCS) = uyvi



minimize energy expectation value

energy expectation value
fix average particle number via chemical potential

<BCS“:/ — ,U.N‘BCS> — Z(gk — ,LL) V/% — Z Gkk’ U VicUpr Vi
ko k., k'

variational equations

Vik
4(8k — [L) Vi = 2 Z Gkk’ (Uk — —Vk> U Vi

K’ Uk

N:ZQV,f
k

solve (numerically) for vk and u



simplified model

assume constant attraction only for electrons close to Fermi level

A= E Gkk’ Uk Vir — G E Uk Vi
k/

k:close to FS

momentum distribution
V/% _ l 1 Ek — W
2\ Ve ppr 22

gap equation electron density
1

_ G 1 Ek — K
1] =— —
2 zk:\/(gk—M)Z‘FAQ : N;(l \/(Ek,LL)2+A2)

solve for A and u




quasi electrons

1
(unrelaxed) quasi-electron state k1) = U_C£T|BCS> = b}iﬁBCS)
k

quasi-particle energy

(k t|H—uN|k 1) — (BCS|H — uN|BCS) = sgn(ex — 1) v/ (ex — p)? + A2

2

0 0.5 1 1.5 0O 5 10 15 20 25 30
K/Kg density of states



summary

indistinguishable electrons 2 HE —— HE
nonint - nonint -
Pa, (Xl) Pas (Xl) T Pay (Xl) CDHF H Ck0|0 |
1 Qo (X2)  Par(X2) o0 Py (X2) k| < ke
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