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Prelude: 3d transition metals and their compounds

What makes the 3d transition metals special: small radius of their 3d shell
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‘Nuclear charge’

Taken from: D. van der Marel and G. A. Sawatzky, Phys. Rev. B 37, 10674 (1988).



The small spatial extent of the 3d shell enhances the Coulomb repulsion between electrons strongly
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Up to 10eV increase in energy!

To study the motion of conduction electrons under the influence of this strong Coulomb repulsion Hubbard,
Gutzwiller and Kanamori more or less simultaneously introduced a simplified model, nowadays known as the
Hubbard model

After the discovery of the copper oxide superconductors and after Zhang and Rice showed that these materials

can be described by the 2D Hubbard model there was renewed interest in the Hubbard model



The Hubbard model is highly oversimplified:

e All atoms besides the transition metal atoms are ignored

e The five-fold degeneracy of the 3d orbital is neglected - one s-like orbital/site
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An important additional parameter in this model is the density of electrons

We call N the number of sites, N. = N;+N| the number of electrons - densities are denotes by n: ny = Ny /N
For copper oxide supercondutors the important range of densities is 1 > n, > 0.7 and U/t ~ 10

ne =1 means ny = n| = % - i.e. a metal with a half-filled band for noninteracting electrons

In contrast to this the cuprates are insulators for n., = 1 - i.e. Mott insulators



Reminder Green's Functions and Self Energy

The imaginary time Green's function is (with ¢(7) = e™H=#N) ¢ o= T(H=1N))

Golk,m) = —(T ¢,,(7) 64 )in = =O(7) { 0 (T) €1, Jin+O=T) (G C1oo(T) it

G(7) has the Fourier transform (with iw,: (Fermionic) Matsubara frequencies)

G(r) = % Z e T Giw,)
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The Fourier coefficient G,(k, iw,) is given by the Lehmann representation (where H|j) = E,|7)):
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Lehmann representation of G, (k, iw,):
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GO. k . , _ . . A\ 12
(keiww) = 7 D g gy il exold)

G, (k,iw,) can be analytically continued - G,(k,w+i07") is (the Fourier transform of ) the retarded real-time

Green's function - this gives the combined photoemission and inverse photoemission spectrum of the system
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The poles of G, (k,w) give the ionization and electron affinity energies - i.e. the quasiparticle energies

The self-energy is defined by the Dyson equation

(w+p—ex —Xk,w) )Gk,w) = 1.



Lehmann representation of G(k,w) (n runs over pairs (7, j)):

e BEi—pN;) 4 o=B(Ej—pNj)
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with o, w,, real = For real w G(w) looks like this:




The Dyson equation:

G lw) = wtp—ea—3w)
1/B;
W — G

=>YNw) = Gl w +w+p—e=

>:(w) has simple poles at the zeros of the Green's function, (;

Luttinger has shown that >(w) can be written as (with o; = 1/5; > 0, Vi p:

Near a zero (; :

Gw) = =Fi (w—G)

+ ...

Hartree-Fock potential)



The Hubbard dimer - solution by exact diagonalization

We consider the Hubbard model on a dimer - i.e. a two-atom system with atoms 1 and 2
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This can be solved by exact diagonalization

Generate all states of the Hilbert space with given electron numbers Ny and N| on N lattice sites

NBasis =

N N
N N,

Set up the Hamilton matrix in this basis and diagonalize it numerically

Obtain physical observables from the solution



2
H=—t Z ( CI,OCQ,U + c;GcLU ) +U Z N 41 |
g

i=1
e The dimer Hamiltonian is invariant under the exchange of the two sites 1 <+ 2
e We can therefore classify states also by their parity P = 1 under this exchange

e We may also view the dimer as ‘2-site ring with periodic boundary conditions’ and hopping integral %

oo ¥

e Exchange of the sites is equaivalent to translation by one lattice site

e A Bloch state 7);, with momentum £ obeys T} ¥ = etk Wi

P =1 isequivalent to k=0, P = —1 is equivalent to k =7



We start with the sector N; = N| = 1 - ‘half filling’ and nonmagnetic

The normalized basis states with P = =41 are
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We start with the sector N; = N| = 1 - ‘half filling’ and nonmagnetic

The normalized basis states with P = =41 are

1
_ T T
1) = NG <C1,TCQ,¢:|:CQ,TC1,¢) 0)
1 T
24) = \/§< 1TC1¢:|:CQTCQ¢) 0)
1,) is spin singlet, |1_) is triplet (with §* = 0), |2,) and |2_) are singlets
14 g + g

The action of the kinetic term is
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We had

Hy|14) = =2t [24) = 2+ Hy [14) = -2t

Hy 1) = 0 = 2 |H;|1.)= 0
We recall
so that
1
I AN BN | T
1 = (sl i
L s 4 fod
2+) = 2 (01,¢C1,¢i02,¢02,¢> 0) (2:|Hy [21) = U

Writing |11) = u|l4) + v|24) the coefficients (u, v) are obtained from the eigenvalue problems

-2t U Uy Uy 0 U vV_



For negative parity the state with lower energy is |1_) with energy E = 0 - this |1_) is a triplet
The other two members of the triplet are CLTCQT 10) and chc;¢ |0) - these are the only states in the sectors

N, =2, S5, =21 and P = —1 = eigenstates by construction, energy £/ =0

For positive parity the eigenvalue problem was

O —2t Uy U
-2t U UV Uy

The lower state - which is a singlet - has energy

U U\’ Utsoe U (U 4t A2
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The ground state is a singlet the first excited state a triplet with excitation energy J = <t (for UJt > 1
g g U



To calculate the Green's function we need the eigenstates with 1 or 3 electrons, S, =0 = :I:% and parity +1

(we recall: P =1 means k =0, P =—1 means k = 7):
Lo o
3e.0) = —= (el £l ) 10)

1
41,0) = NG (Ci,acg,rcg,¢ + C;achch) 0).

e These states are the only ones in their respective (N,, S., P) sector = eigenstates by construction
e Their energies are (with ¢; = —t cos(k))

H |31,0) = Ft|3+,0) =€ |34,0)

H |4, 0) = (U=xt)|4r,0) = (U — €) |44, 0)



We thus know all eigenstates |j) with N. =0, 1,2, 3,4 as well as their energies E;

We can now evaluate the Green's function using the Lehmann representation (k = 0, 7):

e O(Ei—pNi) 4 o=0B(Ej—pNy)
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From the Green's function we can then obtain the self-energy >:(k, w) from the Dyson equation
(w+p—e —X(kw))Gk,w) = 1L

For simplicity we consider the limit of low temperature and assume that p is chosen such that the thermal
occupation factor e ?(Fi=#Ni) /7 is 1 for the ground state with 2 electrons and 0 otherwise

(this can in fact be achieved by choosing p = % and T < J)



In this limit we can actually give analytical expressions for G and X

- |+ i
Glk,w) = +
(k,w) wHp—(Ey—e) w+p—(U—e — Ep
U
Ey = §_W
2
W= (5 e
2
1
Y(kw) = —+ U_VHF‘|’Z



In this limit we can actually give analytical expressions for G and X
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Dimer spectrum compared to spectra of half-filled 16- and 18-site clusters (U/t = 10, Dots: —e¢)
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To see the implications of this let us consider just a single pole:

The equation for poles of the Green's function (=energies of electron states) reads: w — ¢, = > (w)

S(w)||

Energy




To see the implications of this let us consider just a single pole:

The equation for poles of the Green's function (=energies of electron states) reads: w — ¢, = > (w)
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To see the implications of this let us consider just a single pole:

The equation for poles of the Green's function (=energies of electron states) reads: w — ¢, = > (w)

Energy




To see the implications of this let us consider just a single pole:
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Dimer spectrum compared to spectra of 16- and 18-site clusters (U/t = 10)
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Summary, Hubbard Dimer

At - or close to - half-filling: antiferromagnetic spin correlations, electrons on neighboring sites prefer to
couple their spins to a singlet, or be antiparallel

Spin excitations with new low energy scale J = 4—5 <t

Photoemission /inverse photoemission spectrum shows Hubbard gap of order U

This is ‘pushed open’ by a single pole of the self-energy with residuum oc U?

‘Gap-opening pole’ has substantial dispersion - k-dependent self-energy

Conjecture: residuum of ‘gap-opening pole’ would be natural order parameter for paramagnetic MIT:

MIT




The Hubbard-I approximation

We consider the Hubbard model at half-filling, N. = N, and the nonmagnetic case N+ = N| = N/2
We set t = 0, U finite

The GS has one electron/site and is highly degenerate

N
N/2

Ndeg —

We ignore this degeneracy and assume that there is a single ground state | V)

|W() may be thought of as a superposition of all the degenerate states with one electron per site
Our main assumption is that |V) is ‘disordered’

Next we assume that a finite £ < U is switched on

This will result in charge fluctuations



Charge fluctuations as Fermionic Particles
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Fourier transformation gives

H o= ((G+0) d i, = 5 i)+ 5 (d bl , + He.)

k,o k,o

This is a quadratic form which can be solved by a unitary transformation

’Y—,k,a - uk dk,o‘ + vk hT_k,—O’

Yiko = —Uk dy,+ uk hT_k7_a
Demanding...
H.hee) = B
’ /Ya,k,a k /ya,k,a

... leads to the eigenvalue problem
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This is readily solved to give the energies of the two Hubbard bands

1 Ujt— k4 U
Ber = = (a+UxJe+02) 200
) 2 E_k
2
Example: U/t = 10
12 b - 12 | P
Particle-hole-symmetry : p=U/2 =15 e
10 | - 10 -
Comparison with Hartree-approximation: P
U 8k - a 8 — a
Ey = b + €k
6 - 6 -
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Charge fluctuations as Fermionic Particles
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Rigorous Derivation: Equation of motion method

We split the electron annihilation operator into the part which reduces the number of double occupancies

by one and the part which leaves the number of double occupancies constant

A

Cir = Cip N+ C@T(l — nm) =d;++ Cip
DS

A

d;+ and ¢; + are called Hubbard operators
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Accordingly these operators obey
i, Hy) = U d;, (6.0 Hy] = 0

The time ordered Green's functions for these operators is (with «, 3 € {¢, ci})

Ga,ﬁ(k7 t) — _Z< T &k,a(t) BIJL,U >

These obey the equations of motion

0, Goplk.t) = 6(t) ({8, o0} ) — i T lone, H)0) BL, ).



Consider the hopping term between the sites i and j: T}, =1t,; > (c;[,acj’a + C;U CM) with

o Tijl = tij ¢y el Tij) = —ti; cl,

Then (remember: éi,T = Ci4 (1—mn;)) = Citr Gy Ch)

[éz',TaTz’,j] = [Cm Gl C;[,¢ , Tijl

= Cit+ G [Cj,y Tijl +ciq ey, Tyl Ch + it Tigl ey C;r,¢

= tig(—Cip €y TG G Gyt Gy Gy

= tij(—Ciq ey cpy el cip e o (T=n )

= tz’,j(_cm Cil Cj}i + S Cj L+ Cit (1-— n;| ))

= tij(—cip oo+ S %w*%m(l—(%“”%>))
(n;)

B B n; <nz>
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Collecting terms and

[éi,Ta Ht]

[CZZ',Ta Ht]

writing (n;) = n. we find

The various terms describe

n 1 f
(1= 5) e+ (a5 +¢057) = 5l — ne) + ¢ 66y ]

N 1 .
5 Gt (GaST euSi) + gegp(ng = me) = c},wz,wm]

Coherent propagation from ¢ — 7 with reduced hopping element

Hopping 2 — 7 while leaving a spin excitation at ¢

Hopping ¢ — 7 while leaving a density excitation at 7

Hopping ¢« — j while leaving a pair excitation at 7 (important only for U < 0)

The Hubbard-I approximation corresponds to a rather crude truncation:

[CZi,T7 Ht]

[éi,T7 Ht] —

Zt” —5) G =( 1__ th CJT+dJT)
ne ne

Z o5 ar= Z ty (&5 +djg)
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Spatial Fourier transformation and adding the commutator with Hy; gives

N Ne ~ 7
[ Ckp, H] = (1 - 3) ek (Cir + dict)
Te

[Cik,mH] = 3 €k <ék,T+CZk,T> + U CZk,T

The anticommutators are (remember: ¢ = ¢l (1 —n,_,))

{é;r,w éi,U} - {61,07 C@U} (1 o ni—U)z =1-ni,

{CzT CZi,O'} = Nj—¢

1,07

Now we have every ingredient to set up the equations of motion

i0; Gaplk,t) = 6(t) ({8,501} ) = i Tl HI(E) BL, )-

A

For example o = d, 8 = d:

) = Ne = - =
0, Gyl t) = 8(0) (n-0)+ 5 (Gl )+ Gugk,t) ) + U Gk )



After Fourier transformation with respect to time (i0; — w) we obtain the system of equations

n n n
w—(1-%) e, —(1-%)e Gee Geg\ _ [1=% 0
_Ne _Ne o _ ) - Ne
2€k , W 2€k U Gd,é Gd,d O ’ 9
Now we can use ....
—1
a b 1 d —b
c d ad — be ¢ a

... to solve for the 2 x 2 matrix G(k, w)

Since ¢k, = Ck o + cfk,g the electron Green's function
G(k7 t) = _i< Tck,a(t) CL,U >?

can be obtained as G = Gee + G, ;+ G+ Gy



After some algebra this can be brought to the familiar-looking form...

1
w— e — L(w)

Gk,w) =

...where the k-independent self-energy >(w) is given by

N Ne N U*
e B Ry
2
= Vyr+ ¢

= Sum of Hartree-Fock potential and a single term with a pole - as established by Luttinger



First check: Comparison to exact spectra for the dimer

Simply use ‘dimer dispersion’ €, = —t cos(k) and the Hubbard-| self-energy for n. = 1 in the Dyson equation

Exact Hubbard-I
| | | | | |
A(k,w) 5 Akw)
2(k,w) — 2(k,w) —
k=m
5 =
xe Xe)
3, S,
> >
= =
c [
2 o
£ £
k=0
k=0 ,
T T ™ T T T
10 5 0 5 10 10 5 0 5 10



After fixing the chemical potential we obtain the spectral function (here: 7" — 0)

fa) i

n,=0.9 n,=0.4

NORMALIZED FLUQRESGENCE YIELD

55 s e
FHOTCGM EMEAGY (W}
Note the transfer of spectral weight upon decreasing electron density

(Experimental data on Lay_,Sr,CuO,4 by C.T. Chen et al.,, Phys. Rev. Lett. 66, 104 (1991))



For small doping the Fermi surface is a small pocket around (7, 7) - the Fermi surface volume depends on

electron density in a strange nonlinear way - this is a well-known deficiency of the Hubbard-I approximation
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Comparison to A(k,w) obtained by

QMC on an 8 x 8 cluster, U/t =8, n. =1

o

C. Grober et al, PRB 62, 4336 (2000).
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QMC at kgT =t - Fermi surface volume



Rough estimate for fractional Fermi surface volume
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Summary: the Hubbard-1 approximation

Basic physical idea: consider half-filled state as ‘vacuum’

- interpret charge fluctuations as hole-like and double occupany-like ‘particles’

The particles have energies 0 and U = two Hubbard-bands

Self-energy has a single dispersionless ‘gap opening peak’ with residuum oc U? (cave exact diagonalization!)
At half-filling (n. = 1): lower Hubbard band is filled completely

Less than half-filling: lower Hubbard band is ‘hole doped’

Fermi surface is a small hole pocket at the maximum of the lower Hubbard band (usually (7, 7))
Hole-pocket volume — 0 as n, — 1 - MIT by vanishing carrier density

Strange nonlinear dependence of Fermi surface volume on electron density

Comparison with QMC: soso....



The Gutzwiller wave function

Basic idea: With increasing U/t the probability to find doubly occupied sites will decrease

This may be described by the following variational wave function

D) = [ (0= Anigniy) |FS)

1

e |F'S) is the free electron ground state i.e. the Fermi sea

e )\ is a variational parameter - to be determined from (Og|H|Pg) /(Pa|Pa) — min

The operator 1 — A nyn acts like this

(1=Anmny) |0) = 0)
(I=Amny) [1) = 1)
(I=Amny) [) = Iy
(I=Anmny) [T = A=)

A state with N; double occupancies gets a factor of (1 — M)V < 1



Rewriting the Fermi sea |F'S)

We use (spin index suppressed!)

Then

M M
1 :
H A, 0) = —7 g exp | i g k- Ry, c;-flcj2 : ..c;fM\0>
J=1 VN 11,012,030 [ J=1

Here we sum over all M -tuples of site indices

We may as well sum over all ordered M -tuples and then sum over all permutations of M indizes

M M
1 .
[Lag0 = — > D e id kR | o, e 0
j=1

~—M
g=1 N 11 >19>13 > o



We had

~
~

M M
1
T _ ; . R. ] T
H ij ‘O> o Z Z exp ZZ k; R%(.i) C'a(l)c'a(z) T cio(M)‘O>
J=1

M
7=1 Vv N 11>19>13 >l O

The product of creation operators can be brought back to the original ordered sequence

c}a(l)c;[a@) . .c;-[o(]\/[) 0) = (=1)7 C;[l% . c;-[M|O>

Since obviously o' = 0! we have (—1)7 = (—1)7 we finally have

M M
1 R .
H C}L{j ‘O> = M Z Z <_1) eLp ZZ kj ’ R’ia(j) jl ;rg IM‘O>
j=1 VN i1>i9>ig- >l O j=1
1 o :
= —7 Z D(kl,kg,...,kgﬂll,ZQ,...ZM) ;[1 jz jM|O>
\/N 11>19>13 >0



Assuming this procedure carried out for both spin directions, the Fermi sea |F'S) therefore may be thought of

as the superposition of all real space configurations

D(ki, ...,k i1, ..in) DK, ... Ky |, v el e c;m ko cjw 10)

In the Gutzwiller wave function each of these configurations gets an additional factor of (1 — \)"¢ < 1 where

Ny is the number of sites belonging to {i1,...in.} N {Jj1,...Jn}
Why do we insist on ordered M-tuples (i1, ...%x,) and (j1,. .. jn,)?

Because then each real-space configuration of electrons is included only once and all real space configurations

are mutually orthogonal



The Gutzwiller wave function can be decomposed into components with fixed number of double occupancies

D) =) |D(Ny))

| ®(0)> =a +b +c + ..

|®&(1)> =d +e +f + ..

| (2)> =g +k +h +o




The Gutzwiller wave function can be decomposed into components with fixed number of double occupancies

D) =) |D(Ny))

Since the overlap of any two states with different N; is zero we have

(Dg|Dg) =D (D(Ny)|@(Ny)) Z W (N,)

Ny

Question: Which N, has the largest weight W (NV,)in this sum?
W (N4) obviously is the probability distribution for the number of double occupancies in the Gutzwiller wave
function

Therefore the question may also be stated as: Which number of double occupancies is the most probable one?



Remember: |®(N,)) is the sum over all ordered Nj-tuples i1, i9, . . .in, and N -tuples ji, j2, ... jN, of

D(kl, ce ,ki\%‘il, . Z\T> D(kll, ce ,k/Nle, .. .j]\@) CIL;T ce C;\Vﬁ’T C}lai ]Nii |O>

Ny 1

such that {7y, .. 'iNT} N {j1,-. 'jNi} comprises Ny sites - additional prefactor: (1 — \) Wi

Since any two configurations are orthogonal we only need D*(k;|i;) D(k;li;)

D(ky, Ko, ..., Kylir iz, ... ipg) = > (=1)7 exp Z k; - Ri,

D*(kjli;) D(kjli;) = Y (=1)7 (= )7 exp Z —Ri,)

o,0!

M
— Z 1+ ; 0 exrp Z Rig,(j))
_ M' o#o’



We want to calculate (®(N,;)|P(Ny))

Remember: |®(Ny)) is the sum over all ordered Ni-tuples i1, io, . . .in, and N-tuples ji, j2, . .. jn, of

D(kl, ce ,ki\%‘l’l, .. Z\T> D(k’l, ce 7k/N¢’j17 .. 'jNi) Cj]-T ce CT A C;['lvi' . 'C;['Ni,i ’O>

IN}

Ny 1

such that {i1,...in} N {J1,...jn } comprises Ny sites - additional prefactor: (1 — ) Wi

We have just seen that
D*(kjli;) D(kjli;) = M!

The total weight of all states with /N; double occupancies therefore is the norm of each state times the number

of states

W (Ng) = (®(Ng)|®(Ny)) = YAz

(1 — )\)21\3{1 C(NT, Ni’ Nd)

C(Ny, N, Ng): number of ways in which N} T-electrons and N| |-electrons can be distributed over the N

lattice sites such as to generate /N; double occupancies



We seek: C'(Ny, Ny, Ny): the number of ways in which N; 1-electrons and N, |-electrons can be distributed

over the IV lattice sites such as to generate /N; double occupancies

All in all we have N sites - these N sites have to be divided into

e N, sites with double occupancy
o N, — Ny sites with T-electron only

o N| — Ny sites with |-electron only
e N—N;— (Nt —Nyg)— (N, —Ng) =N — Ny — N + N; empty sites

The answer then is the multinomial coefficient

N

C(N+, Ny, Ny) =
(N, Ny, Na) = (Nt — No)! (N, — Nl (N — Ny — N, + N)!




We briefly remember what we are currently working on....

[Da) = Y |P(N))
(Daldg) = D (D(Ng)|D(Ng))

Ny

Question: which N, gives the largest contribution W (Ny) = (®(Ny)|P(Ng)) to this sum?



We just found

Ny N N!

W(Nd) = (1 _ )\)21\*’(1

NN, Ng! (Ny — Ng)! (N — Ng)! (N — Ny — N + Ny)!

Take log(W(Ny)), use Stirling formula for the factorials ...

log(N!) ~ Nlog(N)— N

dlog(N!)
dN

~ log(N) = &V + 1)1!> — log(N)

...and differentiate with respect to Ny:

d (Nt — Ng) (N] — Ny

— 1 Ny)) =1 1—\)?

gy = (L :

avz eV = AN TN =N, TN =Ny N—N:— N, + N,



We had

d (Ny — Ny) (N, — N)
—— log (W(Ny)) = log ( (1 —\)?

an, o8 (W (HNa) Og(( S N NN = N TNy

T g (W(N) by 1y :

— |0 —

dNz e N, Ni—N; N, —N; N-—N;—N,+ N,

Switch to densities n, = N, /N, a € {1,],d}

d (np — ng) (ny —ng)

— log (W(Ny)) = 1 1—\)?

v Joe (W) = log (1 - x2 e (= ne)

d? 1 /1 1 1 1

— log (W(N,) = —— [ —

dNC% Og( ( d)> N(nd+nT—nd+n¢—nd+l—nT—n¢+nd>

Demanding d;]‘f,d log (W(Ng)) = 0 the first equation gives n4(A\) (remember: nq4,n| are given!)

(1 . )\)2 (nT _ nd) (ni _ nd) — 1

Ny (1—nT—n¢+nd)




We had

(1 . )\)2 (nT — nd) (ni — nd) — 1

Ny (1—nT—n¢+nd)

For general n,, this is involved - so put ny = n| = 1 (half-filling!):

(l — nd)2 1—A
1 — 2 \2 -1 —
(L= n2 I STONY

Check: A — 0 - i.e. no projection - implies ng = 1/4 = ny - n| - correct at half-filling!



We have found the value Ng,,4, which gives the largest weight - the second derivative was

d? 1

1 1 1 1 c
—— log (W (Ny)) = —— | — = ——
dNC% Og( ( d)) N(n(1+n¢—nd+n¢—nd+1—n¢—n¢+nd> N
All densities n,, are of order unity = c is of order unity
Taylor expansion of the logarithm around Ny 4. (remember: ng = Ny/N — Ny = N - ny)
1 c
lOg (W(Nd)> — 1Og (W(Nd,max)> - 5 N (Nd - Nd,maw)Q +
C ) c N 2
— W(Nd> — W(Nd,max) * €XP (_ﬁ(Nd - Nd,maz) > — W(Nd,max) Y _T(nd - nd,maw)

— W(ng) is a Gaussian of width /= = as N — oo the width becomes zero

The Gutzwiller wave function consists of configurations with Ng = N - ng !



The probability distribution for the number of double occupancies in the Gutzwiller wave function is a Gaussian

with a width \/LN and the center of the Gaussian is shifted by varying A

0 0.05 0.1 0.15 0.2 0.25 0.3

The expectation value of Hy; therefore is trivial: (Hy;) = U - Ny =U - N -ny



Expectation value of the kinetic energy

Basic idea: Reducing the number of double occupancies reduces the number of ‘hopping possibilities’
7NN A V RN R
N> S AP A WA N 4

@@@@@@@Q

A A SO 4



The Gutzwiller Approximation

Basic assumption: the expectation value of the kinetic energy can be obtained from that of free electrons

by multiplying by suitable renormalization factors 7, which account for the reduced probability for hopping

(Pg|Hi|Pc)
relforey

|F'S, 0): Fermi sea for o-electrons

- Z 770(”% ny,na) (F'S,o|Hi|F'S, 0)

Number of hopping possibilities with ng double occupancies

g n 7n 7n — . e e e g - .
7o (7 7 1) Number of hopping possibilities with ng=ny-n|

The evaluation of the 1,(n+,n|,nq) then is a combinatorical problem - this is discussed very understandably

by Ogawa et al. Progr. Theor. Phys. 53, 614 (1975).



Introduce fictitious Hilbert space with 4 ‘book-keeping kets' for every site i: |i,0), |7,1), |i,]) and |7, T{)
Define a wave function of a single site i (with «,, (3 real).....

‘i,0> + Qi ‘Z,T> + |Z,¢> + |”L,T¢>

|B;) =
\/1+oz%+ozf+52

(B;| B;) =1

.. and a wave function of the whole lattice

(U]T) = 1



We had
_ i 0) F oy i, 1) + ey i) + B[, 1)

2 2 32
\/1+O‘T+O‘¢+”B

v) = 1] 182

If |\') were a true electron state we would have

a? + 32
Ny) = N 1
(M) 1+oz%+ozi—|—527
2
(Ng) = N b

2, 2. 3o
l+ai+aj+p

Ng — Ngq
Ay = )
I —ny —nyg +ny

nq
b= \/1—nT—n¢+nd'

which can be reverted to give




Our auxilliary wave function was (remember: (a4, o, ) <> (n4, ny, ng))

‘i, O> + OZT‘Z',T> + Oé¢|2',¢> + B|Z,T¢>
\/1 +af +af +

|1Bi) =

v = I1 1)

/W) has norm 1 and as many ‘empty sites’, ‘singly occupied sites’ and ‘doubly occupied sites' as the true

Gutzwiller wave function if we adjust a,, and 3 correctly
But: |U) does not correspond to a state with fixed electron number = in principle we should instead use
’\Ij/> - P(NTvNide) 0)

where P projects onto the component of |¥) which has precisely (V) T-electrons etc.



But®: It is straightforward to show that the probability distribution of the N, - with a € {1, ],d} have a

Gaussian distribution around their mean values N,, with a width which is again oc N—1/2

Therefore, in calculating expectation values we may drop the projector P and replace |U') — | V)

Compare J. Bardeen, L. N. Cooper, and J. R. Schrieffer Phys. Rev. 106, 162 (1957)

‘\IJBC’S> = P H (uk+vk C]Lk’TCT_k’¢> ‘O>
k



Our auxilliary wave function was (remember: (a4, oy, ) <> (ns, ny, ng))

‘i, O> + C¥¢‘Z',T> + C¥¢|Z',¢> + 6|Z,T¢>
\/1 +af +af +

|[Bi) =

W) = H | B;)

Now we ‘translate’ the electron operators (note: this ignores the Fermi sign)

éi,T — ’Z7O> <7’7T ‘ + ‘27\L> <Z7T\L ‘

Then we estimate the number of hopping possibilities per bond as

(Wle; 4 ¢;41V) . N N
h(T, ny,ny,ng) = oy (Wlc; 4+ ¢;+1V) = (Bilc; 1| Bi) (Bjl¢;+]B;)

2
—|<B¢|61,T\BZ->\2—< a1+ 0 )

L +af +af + 5



2
Oy + 0o f3 >

Number of hopping possibilities per bond h(o,ny,my,ng) = (1 - a% - ai e

We found earlier how «,, and 5 can be expressed by n, and n,....

S Ng — Ng 5 - ng
7 l—ny—n;+ng l—ny—n; +ng

.. and inserting this we find

2
h(o,ny,n;,ng) = ( Ve — Ny \/1 —np — N +Ng+ /Mg \/N—g — nd)

The final renormalization factor then is obtained by dividing

77(07 ny, 1y, nd) =

2
h(O', nT,ni,nd) B (\/TLU — nd\/l — Ny — N +Ng + /Ng /N—g — nd>

h(o,n,ny,niny) Ve (1 —ngy)



Collecting everything

We decomposed the Gutzwiller wave function into components with fixed number of double occupancies
D) =) |P(Ng))
Ny

(D(Ny)|P(Ny)) is the probability distribution for the number of double occupancies and we found this is

‘infinitely sharply peaked” around Ny = N - ng with

e (mr—mng) (ng—ng)
(1 A) nd(l—nT—n¢+nd)_1

This equation allows to switch from A — ng, as variational parameter!



The expectation value of Hy; then becomes trivial
<HU> =N-U- nq
The expectation value of the kinetic energy was approximated as

(Hyy = > nlo,ne,ny,ng) (FS,o|H|FS, o)

with the renormalization factors 7,

Number of hopping possibilities with ng double occupancies

g n 7n 7n — . e e e g - .
7o (14 7 1) Number of hopping possibilities with ng=ny-n|

Their evaluation is a combinatorical problem and they can be expressed as functions of ny, n) and ng

2
Ve — ng/1 —ny —ny 4+ ng+ /ng /n_g — nd>
\/na(l—na) .

n(o, ny, Ny, ng) = (

We thus have calculated the expectation value of the energy as a function of ng



Here it is:
E = (H;) + (Hy) = Z Ne(o,ne,ny,ng) (FS,o|H|FS,0) + N -U-ny
We specialize to the nonmagnetic case ny = n| and divide by NV (i.e. we consider the energy per site)
e =1n(ng,ng) to + U ny

where 7 is the kinetic energy of the Fermi sea per site - which can be obtained by numerical integration

2
to == N zk: €k @(EF—Gk)

We further specialize to n, = %

1

n(na) = 16 nq (5 —na)

1
e(ng) = 16 ny (§ —ng) to+ U ng

Demanding dd—é = 0 we find the ny (or \) which minimizes the energy

1 U
432[t

ng



The ng which minimizes the energy was

1 U
432[t

ng =
This decreases linearly with U and becomes zero for
U. = 8lto|
This is the famous Brinkman-Rice transition

For the 2D square lattice with nearest neigbor hopping we obtain ty = —1.621 ¢t = U, = 12.969 ¢



Quasiparticle Dispersion

The Gutzwiller wave function was

[Dc) = JJ(1 = Anigniy) [FS),

]

The wave function for a state with a hole-like quasiparticle then would be

[Da(k) = J] =N nigniy) ccr [FS),

The ‘quasiparticle dispersion’ then can be obtained from

_ (P¢|H|Pq)  (Palk)|H|Pa(k))

(Pa|Pg) (Pa(k)|Pa(k))




[Da(k)) =[]0 =N nigniy) acr [FS),

i
The condition on ng (i.e. \’) was the minimization of the energy per site

0
e:n(ng,nd)toJrndU = 0:—77 to+ U
8nd

The variational procedure for |®;(k)) amounts to

L
% -
e e N k
1
to — tQ—NEk
1
1
ng — nd+N5nd

Inserting and expanding gives

1

1 1
N kK = (n(na,nd)———+——5nd> (t()—N€k>+ndU+N5ndU

6_



[Da(k)) =[]0 =N nigniy) acr [FS),

i
The condition on ng (i.e. \’) was the minimization of the energy per site

0
e:n(na,nd) to+ng U = ():—nto—i—U
and

The variational procedure for |®;(k)) amounts to

L
% -
e e N k
1
to — tQ—NEk
1
1
ng — nd+N5nd

Inserting and expanding gives

_— L (On | Oy on
€k = 77(710, nd) ex + to § <anT + anT ong on, to+U




We had

1 (3?% N on,

K = o +10 5 = N\Ng,Nq) € +C
ek = N(ng,ng) €x '5 \ an: am) n( d) €k

The quasiparticle dispersion is renormalized by the same factor 7) as the expectation value of the kinetic energy

(C can be absorbed in a shift of 1)

Free electrons — Free electrons —
Quasiparticle — Gutzwiller —
ke
[T
L X
'x c
w | L
k k

At the Brinkman-Rice transition (for half-filling) we had n — 0
The Gutzwiller wave function describes the metal insulator transition at half-filling by the vanishing of the

bandwidth or, alternatively, by the divergence of the effective mass



Suppose we choose U > U, (Brinkman-Rice!) so that the system is a Mott-insulator at half-filling
What happens in the lightly doped Mott-insulator i.e we start from the doped case n. < 1 and let n, — 17

The condition on n; continues to be minimization of the GS-energy per site...




Summary, Gutzwiller Wave Function

Basis idea: gound state corresponds to a ‘Fermi sea’ with the same number of quasiparticles as the free
electrons system, but reduced band width (and kinetic energy)

This correlation narrowing takes into account that electrons have fewer possibilities to hop due to a
reduction of the number of double occupancies

The Fermi surface agrees with the free electron Fermi surface

The metal-insulator transition (Brinkman-Rice transition) is realized by a vanishing bandwidth - divergence

of the effective mass



Intermediate Summary: Hubbard-| versus Gutzwiller

We consider the case of large U/t such that the system is a Mott-insulator at half-filling, n, = 1
How does the system behave as n, — 1 from below?

Hubbard-l approximation and Gutzwiller wave function describe two completely different scenarios

Gutzwiller

Y s

Hubbard-1

(0,0) (7t,7) (0,0) (7t,7)



Experimens show that in the cuprates Hubbard-| is closer to reality....

(From W. J. Padilla et al., PRB 72,060511 (2005): Hall constant and Drude weight as functions of 1 — n,)



Dissipative part of optical conductivity in Drude theory:

n62 7'_1

(W) = m* w? 4 772

*

(77! inverse lifetime, n: carrier density, m*: ‘optical mass’)

It follows that

neQ 7

m* 2
1

NeffZ/O dw 0'1((,0) =

In practice the integral is carried out only up to w,,,, = 650 cm™" so as to pick up only the Drude peak

The Hall constant is in Drude theory:

we have




Experimens show that in the cuprates Hubbard-| is closer to reality....

(From W. J. Padilla et al., PRB 72,060511 (2005): Hall constant and Drude weight as functions of 1 — n,)



Summary

Which ‘true’ behaviour might the Hubbard-| approximation be ‘trying to approximate'?

AF
1 T T T T T T T T T 1 T T T T T T T T
Hubbard-l — 3 Gutzwiller ---
Gutzwiller — ! .. Hole doped insulator ----
! “~. _With phase transition —
0.8 E 0.8 1 -
0.6 | . 0.6 [ | .
E E !
L il {
> > 1
04 E 04 -
02 | . 0.2 | -
O 1 1 1 1 o } 1 1 1 1
1 0.8 0.6 0.4 0.2 0 1 0.8 0.6 04 0.2 0

Perhaps a phase transition between two phases of different Fermi surface volume?



Does one see anything like this in experiment?



Underdoped cuprate superconductors show ‘Fermi arcs' (z =1 — n,)

ARPES spectra on Las_,Sr,CuOy (20 K) from T. Yoshida et al., J. Phys. Soc. Jpn. 81 011006 (2012).



These may also be ‘half of a pocket’

(7t,7)

(t,70)

N

(0,0)
(0,0)



T-dependence of resitivity in HgBayCoOy, s: (Barisic et al., Proc. Nat. Acad. Sci. 110, 12235 (2013))

p(T)=A, T T >280 K
p(T)=A4T> T<I10K

The prefactors A; and A, vary with

hole concentration d =1 —n,



Doping dependence of prefactors: Ay, Ay %
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We had p(T) = A; T and p(T) = A, T? and in both cases A o 5 - this can be explained like this

ne’r m*  m*/e* |
—  p= = T

with inverse lifetime 7! oc T, 7% and carrier density n = § — Fermi surface volume o< &

(we have seen before that m* is doping independent)



Transport properties also are consistent with a ‘small’ Fermi surface

(Data from W. J. Padilla et al., PRB 72,060511 (2005) - remember: n, =1 — x)



Therefore

Possible Scenario




Question: Which ‘true’ behaviour might the Hubbard-l approximation be ‘trying to approximate'?

AF
1 T T T T T T T T T 1 T T T T T T T T
Hubbard-I 3 Gutzwiller ---
Gutzwiller — ! >~._  Hole doped insulator ---
| “~._With phase transition —
0.8 - 0.8 1 N -
0.6 - . 0.6 || T
£ £ | e
g (I
> >
04 - 04 ™ -
02 F . 0.2 || .
o L 1 L 1 L 1 L 1 L O i 1 L 1 L 1 L 1 L
1 0.8 0.6 0.4 0.2 0 1 0.8 0.6 0.4 0.2 0
ne ne

Perhaps a phase transition between two phases of different Fermi surface volume?



Spin density wave theory

e The interaction term Hy = U n;4+n; | can be rewritten:

HU n; SZQ

0|0 0 0

[t o 1
|\L> 0 ;3 = U?%ﬁ?%ﬂ U

4

U2 o

e The system can lower its energy by forming magnetic moments: (S?) # 0

e The moments can be static (S;) # 0 or fluctuating (S;) =0

e The Hubbard dimer was an example for fluctuating moments

e Spin density wave theory deals with static moments



e We consider a 2D square lattice with NV sites - with a static moment (.S;) # 0 at each site
e From the solution of the Hubbard dimer we know that the spins on sites connected by the hopping term
prefer to be antiparallel

e |f we assume hopping only between nearest neighbors this defines the Néel state:

2 R
(R R N
2 R
(R R N
o Accordingly we set (with @ = (7, 7), a lattice constant)
(mig) =5 + 5 €9, (niy) =5 = 5 6O,
1 .
= (ni) = (nig) + (ni)) = ne, (S7) = 5 ({nig) = (mis) ) = 5 €@

Let R; = (ma,na) = @i = /)™ which is +1 (—1) if (m +n) is even (odd)



We set

nNjo = <ni,0> + 577'2',0 5ni,a = Njo — <ni,0>

e 0n,;, is the operator of fluctuations of n;, around its mean value (n; )
e We assume that fluctuations are ‘small’ - this is the basic assumption of any mean-field theory

e Then we can approximate the interaction term
Unigniy = U({nig) +0nig )( (niy) +0niy )
= U ((nig)(nig) + (ig) 0niy + (i) 0nig + 0nig ongy )

~ U ((nig) niy + (nig) nip — (nig)(niy) )

Now insert M) — e + m QR n: 1) = Me M QR
< Z7T> 2 2 < Z;¢> 2 2
n.U mU .H p. n? — m?
and find Un;tn; = 62 Z Niog — BN e'@ 1 (nip—mn;y ) —U eT

g

This is now quadratic in c-operators so and thus H can be diagonalized by unitary transformation!



We had

2

2 2

n.U mU .. p. n: —m
Unini, = > nig—— 9B (nig—my ) - U —~———
o

Now switch to Fourier transformed c-operators and add the kinetic energy

_ f
Hy = g €k Ck oCik o
k,o

- the mean-field Hamiltonian K = H — ;1N then becomes

Kur = D @cdptn =8 ) ( i@ ~ ChiCirQul ) AU
k,o k
whereby
. n.U mU

4

2



We had

n2—m2

k.o

Now we follow Gorkov (Soviet Phys. JETP 7, 505 (1958)), and define the imaginary-time Green's function

Golk,7) = —(T e, (1) cf, ) = —O(7) (e, (1) ch, ) +O(=7) (e, ()

This obeys the equation of motion (upper sign for o =1)
0

—5-Calk,7) = 3(1) ({el g o)) = (T [ Korr 1) )
= 0(7) = (T (& (1) F A ciqol(m) ) G, )
— §(r) + ( (T ciol(T) o, ) ( (T ccraolT) ey >)
= 6(1) + & Go(k, 7) F A Go(k, 1),

with the anomalous Green's function Gy(k,7) = —( T ki QolT) CLU )



We had

) n2 —m?
Kyr = Z €x CLaCk,a — A Z ( CLTCHQ,T — c;r{,icker ) — NU 1
k.o k
a ~
_EGU(k’ 7') = 5(7‘) + €k Gg(k, 7') + A Ga(ka 7_)7
éa(ka 7_) — _< r Ck+Q,U(T) Cir(,a >

Proceeding as above we find the second equation of motion

= —%éa(k, 7) = éuq Go(k,7) F A Go(k, 7).
The system of equations of motion closes:
0 ~
~5- Golk,7)— €& G,(k,7)+AG,(k,7) = 6(7)
0

—5 Go(k,7) — éq Go(k, 7) £ A Gy(k,7) = 0



We had

_ag Ga(k7 7_) — €k Ga(k7 7_) + A éa(k’ T> -
T
-2 Gl7) s Goll ) £ Gk

T

After Fourier transformation with respect to 7

1

5 > e Gk, iw,) 5(7)

V=—00

Go(k, 1) =

so that —0, — iw,:

(iw, — & ) Golk,iw,) £ A Gy(k,iw,) =

(iwy — €k+Q> Gg(k, iw,,) + A Gg(k, iwy) =

This can be written in matrix form

iw, — €x +A Go(k,iw,)

+A iwy — €k+Q Gg(k, iwy)



We had

iw, — €x +A Go(k,iwy) | 1
FA W, — Eeq G,k iw) |\ 0
Now define
Ck = % (€x + €x+q) Mk = % (€x — €x1q) ;
€k = Ck + Mk €x+Q = Ck — Mk
so that
iw, — (e — Mk +A G,k iw,)

+A iw, — (e + Mk G,k iw,)



We had

iw, — Ce—Nk +A Go(k,iw,) 1

+A 1wy — Gtk Go(k,iw,) 0

The matrix on the l.h.s. can be written as (with 1: 2 X 2 unit matrix, 7: Pauli matrices)
(iw,, - Ck:) 1A 7, —ng T2

One can show (Landau-Lifshitz, Quantum Mechanics) that for any a and any vector b:

1-b-
(al+b-T)al—b-1)=d>—b> = (a1+b-7')_1:aa2_b;.
In our case a = iw, — (i, b= (+A, 0, —n) Therefore
Ga(k, iwy> 1 1wy — Ce+nk FA 1

G (K, iw,) (iwy — C)* — (A% + mi?) A dw, — Ce— 0



We had

iw, — Ce—Nk +A Go(k,iw,) 1

+A 1wy — Gtk Go(k,iw,) 0

The matrix on the l.h.s. can be written as (with 1: 2 X 2 unit matrix, 7: Pauli matrices)
(iw,, - Ck:) 1A 7, —ng T2

One can show (Landau-Lifshitz, Quantum Mechanics) that for any a and any vector b:

al—b-T1
2 —p2

(al+b-7)(al —b-T)=a*—b = (al+b-7) ' =
In our case a = iw, — (i, b= (+A, 0, —n) Therefore

Gy(k,iw,) 1 wy — Cet+1k

Colleiy) | (00— G2 — (A2 e?) A



We had

Go(k,iw,) | 1 wy — Crt1k
G, (k,iw,) (1w, — C)* — (A% + m?) +A
1 1 .
Remind Ck:§(€k+€k+Q)a nkzé(Gk—€k+Q),
em ;
inder ) U U
€k = €k + 5 — I A = T

e This is the complete solution for given n., 1 and m
e The Green's function can be analytically continued iw, — w, w complex

e Both Green's function have simple poles (=quasiparticle energies) when (w — ()? — (A*+n7) =0

S w=E" =G+ W, Wi = /A2 + 72

e For each k there are two poles E,E:i) = two ‘bands’ rather than one

e It is straightforward to show that the bands obey E,(i)Q = E,(j) (with Q@ = (£,%))

a’a



The Green's function was

(=) (+)
w — Ck + Mk Zk: Zk;
Grllow) (w = G)? — (A2 + 1) w_E,g—>+w_E,§,+>
with
1
E]E::l:) = (= Wi Z}E;i> =5 (1 + —gg)

We can now obtain the single particle spectral function (=combined photoemission and inverse photoemission

spectrum) A(k, w) by analytical continuation iw, — w + i€ and using

1
limZ — = —7(w)
e=0 w4+ 1€
we get
1 . .
Ak, w) = —= lim T Go(k,w+ie) = Z ) §(w— EL)) + 27 §(w — ELY)

T e—0



Combined Photoemission and inverse Photoemission spectrum
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We had

Ga(k, zwy) _ 1 Z.(/‘Ji/ — Ck+nk
G, (k,iw,) (1w, — C)* — (A% + m?) A
1 N 1 .
Ck = = (Ek + €k+Q) ) Nk = = (Ek - €k+Q) 3
Reminder: 2 2
. n.U mU
€k — €k + 5 2 A= bl

e This is the complete solution for given 7., ;& and m



How to determine 1 and m for given n,

We recall the definition of the Green's functions...

Golk,7) = ~(T (1) ¢, ) Golk,7) = ~(T iq,(7) o, )

.. and the expectation values (for any site i !)

(i) = 5 +5 =™ Ne = (Mg +mniy),
(niy) = 56_5 ¢!t m = (nj+—n;|) ! QR

We sum this over ¢, divide by NV, and switch to Fourier transformed c-operators:

1 _
Ne = NZ cchkT+ck¢ck7¢> :NZ Gik,7=07)+ G (k,7=07))

1 _ = _
m = Z CkTCkJrQT C;[(¢Ck+Q¢ N Z 07) — Gk, 7=07))
k k



We recall (upper sign for o =1)

1

Ga(k7 iwu) B
G (K, iw,) - (iw, -

Ck)? — (A% + mx?)



How to determine 1 and m for given n,

We recall the definition of the Green's functions...

Golk,7) = ~(T (1) ¢, ) Golk,7) = ~(T iq,(7) o, )

.. and the expectation values (for any site i !)

(i) = 5 +5 =™ Ne = (Mg +mniy),
(niy) = 56_5 ¢!t m = (nj+—n;|) ! QR

We sum this over ¢, divide by NV, and switch to Fourier transformed c-operators:

1 _
Ne = NZ cchkT+ck¢ck7¢> :NZ Gik,7=07)+ G (k,7=07))

1 _ = _
m = Z CkTCkJrQT C;[(¢Ck+Q¢ N Z 07) — Gk, 7=07))
k k



How to determine 1 and m for given n,

We recall the definition of the Green's functions...

Golk,7) = ~(T (1) ¢, ) Golk,7) = ~(T iq,(7) o, )

.. and the expectation values (for any site i !)

(i) = EﬂLEei o ne = (nit+niy),
(niy) = 56_5 ¢!t m = (nj+—n;|) ! QR

We sum this over ¢, divide by NV, and switch to Fourier transformed c-operators:

1 2 _
Ne = NZ cchM+ck¢ck¢> :—ZGT(k,T:O)

1
_ T
m= N E CkTCkJrQT O 1 Cerql ) E:GT 07)
k



The Green's functions at infinitesimally negative 7 can be evaluated using contour integration techniques

After some calculations (see the lecture notes) we obtain the self-consistency equations

2 e
e =~ > (B 20+ 15D 77 2
k
L= SN () - 1)) (3)
N 4= 2W, k k
with Wk:\/AQ—F??i
(+) () _ 1 Tk
EE — ¢ + ZE — Z (14 =
k Ck: Wk k 2( Wk)
1 1
Ck:§(€k+€k+Q)a 77k:§(€k—€k+Q)a
ngGk—I—n;U—,LL A:WLTU

Zi and Ey depend on © and m = for given n, and T" we solve this by a self-consistency procedure

Choose m,,, - Determine p from (1) - vary m;, until (2) is satisfied



Results of solving the the self-consistency equations

At
At

05

T/t=OI.OO1 — 7
Th=0.5 —
Th=0.6 --
Th=0.7 - _

0.8 0.7

(0,0)

(0,0)

e Vanishing of m - AF phase transition - for increasing temperature/decreasing electron density

e Fermi surface is an elliptical hole pocket centered on (

25

(7t,70)



Summary, Spin density wave theory

Basic physical idea: assume static antiferromagnetically ordered moments

Predicts antiferromagnetic insulator at half-filling

Insulating gap o< ordered moment

Mean-field theory - self-energy reduces to the Hartree-Fock potential

At the antiferromagnetic transition the gap closes - the system becomes an ordinary metal
For the lightly doped case the Fermi surface is an elliptical hole pocket centered on (7, )

Fractional area of hole pockets is 1 — n. - MIT by vanishing carrier number



The above derivation closely parallels Gorkov's re-derivation of BCS theory in terms of imaginary-time Green's
function

The only Difference is that in the case of BCS theory the anomalous Green's function is G/(k, 7) = —(T cx4(7) c_p.,)
The formulation in terms of Green's functions allows to treat spatial inhomogeneity (Landau-Ginzburg theory)

systems with impurities (gapless superconductivity) and to go beyond simple BCS theory (Eliashberg theory)



