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Electron-phonon Hamiltonian



Electron-ion Hamiltonian A

Karlsruhe Institute of Technology

Basic constituents: electrons and ions (nucleus + core electrons)
H=Te+ Vee+ Ti+ Vij+ He_j

Te and T;: kinetic energies of electrons and ions
Vee: Coulomb interaction among electrons

Vj;: interaction energy among ions

He_;: interaction between electrons and ions

m Approximate decoupling of dynamics possible due to very different
masses of electron and ions

m Idea goes back to: M. Born and W. Heisenberg: Ann. d. Phys. 74, 1 (1926)

m Correct expansion: M. Born and R. Oppenheimer: Ann. d. Phys, 84, 457 (1927)

m Application to solids: G.V. Chester and A. Houghton: Proc. Phys. Soc. 73, 609
(1959)

4 Rolf Heid Autumn School on Correlated Electrons, Jilich, September 2017



Born-Oppenheimer expansion ﬂ(“'

Task: solve
HY(r,R) = £Y(r,R)

Expansion of ionic coordinates: ~ R; = R? + xu;
Small parameter: k=(m/M)"/* <01  (except H and He)

Lowest order: adiabatic or Born-Oppenheimer approximation

¥(r.R) = x(R)yp(r:R)

— decoupling

[Te + Vee + He_i(R)]¥n(r;R) = En(R)yn(r;R)
[Ti + Vi(R) + En(R)]x(R) = £&x(R)

Electronic wavefunction depends parametrically on R
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Electron-phonon vertex

1st order beyond the adiabatic approximation:
(njorV|n')

orV: change of potential felt by the electrons under an atom
displacement R = Rp + u.

Bare vertex: gV =u- VV0|g,

Screening is important (metals):

RV =u-e 'V

e~ 11 inverse dielectric matrix

u « b+ b" — phonon creation/annihilation
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Frohlich Hamiltonian AT

Minimal Hamiltonian (Fréhlich 1952)

H == He + th + He,ph
He = Z ekaIwkava
kvo
. 1
q@/
— a/ \ t
He—ph - Z ng+qv’,kvck+q1//ackw7 (bqj+ b—qj)

kvv'o qf

® He: band electrons (noninteracting)
®  Hpp: harmonic phonons

® Hg_pn: lowest-order electron-phonon interaction
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Normal-state effects
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Green functions ﬂ(“.

Imaginary-time Green functions (single band)

Gk, 1) = —(Teeko(1)ck(0))
D(q.t) = —(Te(bg(7) + bl 4(1))(b-q(0) + b5(0)))
Fourier representation and Matsubara frequencies
B .
G(k,iwn) = % / (GTOTG ) wn = @0+ 1)aT
) 1 B ;
D(q,ivm) = > /ﬁdre"””TD(q, T) vm=2mnT
Bare Green functions
, 1
Go(k, I(Un) — m
. 1 1
Do(q.ivm) = - —

m— CUq iVm + CUq
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Many-body perturbation: Self-energies AT

Dyson equations and self-energies

G(k, iwn) ™" = Go(k, iwn) ™" = Z(k, iwn)
D(q. ivm) ™" = Go(q. ivm) ™" —T1(q, ivm)

Quasiparticle picture

Retarded GF: G(k,€) = G(k, iwp — € +i6) = [e — ex — L(k, €)] "

€l €
Small & g
® QP-energy shift: €, = ex + ReX(k, &) E
m Linewidth (x 1/7): Tx = —2ImX(k, &) 3 -
= Energy

10
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Electron self-energy

k-k o,—w,

ko, k’ o, ko,

. 1 . . S
Yep(K, iwn) = 5 Zﬁq kz 9 «Go(K' iww) (9} )" Do(q. iwy — iwn)
/ /’q

Performing Matsubara frequency sum

Z‘ k’k‘z[ wQ)"'f(ek/)+b(wq)+1_f(€k/)}

Yep(K, iwn) = -
ep( n IC() +a)q—€k/ ICL)n_CL)q—ek/

Straightforward analytic continuation: iw, — € + i
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Electron self-energy ﬂ(“.

IMEep(k, €) = nI\L b 197, 2 [6(e — 10 + wq) (blwq) + Flew))
.q
+6(€ — ex — wq) (b(wq) +1 — f(ex))]

Collect all g-dependent parts

ImXep(k, €) 7'[2 Z|gk,k| /dw(S w — wq)

[6(€ — ey + w) (b(w) + f(ex))
+o(e — e —w)(b(w) +1—f(ex))]
Introduce

1
ucszi(e,w) = Wq Zé(w — wq) 2 |gg/’k|2c5(e —€p T w)
q k!
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Electron self-energy ﬂ(“.

IMZep(k,€) = 7t / ~ deo{oPF} (e,w)[b(w) + f(w +€)]

0
—|—zx2Fk_ (e, w)[b(w) + f(w — e)]}
Scattering processes

[

+": phonon emission
k .
k+q "—": phonon absorption
/'

Quasielastic approximation:

_ 1
WPFT =~ a?F~ = a®Fy(e,w) = Vq Y 6(w — wq) Z|gﬁ,’k|25(e —€xr)
q 4
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Electron self-energy

lllustration: Einstein model (T — 0)
ImXep(k,e) = —mA(e)[2 - O(Q) —

Real part via Kramers-Kronig relation
/d ,ImZep (k,€')

ReXep(k, €) -

-X(e)
Energy

€
. . . Momantum
Dispersion kinks

Autumn School on Correlated Electrons, Jilich, September 2017
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Electron self-energy

Rolf Heid

Karlsruhe Institute of Technology

Experimental self-energy from
Cu(110) surface band

m continuous phonon spectrum
® broadened step in Zgp

APRES data after Jiang et al.,
PRB 89, 085404 (2014)
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Electron self-energy

Coupling constant

2 g—
Mo =2 [ do® Tk e Fkgjk"")

Experimental access

(1) Slope of of ReXgp at EF

. aReZep(k, 6)

M= oe

e=0,T=0
From €, = ex + ReX(k, €x)

Velocity: Ve = ve/(1 4+ Ag.)
Mass enhancement: my; = my (1 + A)

16 Rolf Heid

-Re X(E)

Energy
o

AT

Karlsruhe Institute of

depends on electronic state!

Momentum
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Electron self-energy

(2) T-dependence of linewidth

T (T) = n/ooodw{zszk(Ek,w)[Zb(w)+f(w+€k)+f(w—€k)]}
2A, T for T > Wph

Q

Cu(111) surface state

ARPES data after McDougall et al.,
PRB 51, 13891 (1995)
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Migdal’s theorem ﬂ(".

Higher-order self energy diagrams

self-energy correction of inner line
M vertex correction

Migdal (1958):

Vertex corrections are smaller by a factor wp/ef =
0.1 compared to self-energy corrections (for those
parts of Green function most influenced by phonons)
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Migdal’s theorem

Mz
12 3 2 1
12W1

B\

Karlsruhe Institute of Technology

Phase space argument

1
a large contributions for small energy
s differences €12 = €1 — €o and eo3
® momentum conservation forces large €14
i a one intermediate momentum must be
4 small
— reduced phase space
A — suppression « wp/€ef

2

Good approximation:
m take only self-energy diagrams: Gy — G in inner lines
m but: this lead to small corrections only (Holstein, Migdal)

= original diagram sufficient
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Karlsruhe Institute of Technology

Phase space argument

Migdal’s theorem
a large contributions for small energy
differences €12 = €1 — €o and eo3

small
2

— reduced phase space
— suppression « wp/€ef

1
2
3 .
1 2 3 21 ® momentum conservation forces large €14
M 1 m one intermediate momentum must be
1 2 3 41
3

Theorem fails for

m Very small Fermi surface (both momenta are small)
Example: doped semiconductors
@ Quasi-1D metals ("nesting")

a Small electronic bandwidth (wp ~ €f)
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Phonon self-energy: Linewidth AT
Y =2 Im w@
1
Yq = 27'[ka Z ‘gg+q,k‘2[f(€kv) - f(€k+q)]5[wq + (e — €k+q)]
k

Simplifications for wq < electronic scale

f(ek) — fek+q) = f'(ek)(ek — €kiq) — —T'(ek)wq

T — 0: f'(ex) — —6(ek) and drop wq in é-function

1
Tq = zanﬁk Zk; |gﬂ+q,k|25(€k)5(€k+q)

Formula often used in context of superconductivity (Allen, PRB 6, 2577 (1972))
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Phonon self-energy: Linewidth (2) ﬂ(“.

®m g measurable quantity (e.g., via inelastic neutron or x-ray scattering)
m but need to separate from other contributions: anharmonicity, defects

Example: YNi>,B,C

Weber et al., PRL 109, 057001 (2012)
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Phonon-mediated
superconductivity



Effective electron-electron interaction ﬂ(“.

Hamiltonian: H = Hy + 1nH;

Canonical transformation: H' = e "SHe!S

= H = H+y[H S+ '722[[H, S, 8]+ O(7°)

2
= Ho+1(H1 + [Ho. SI) +12[Hh. S| + L [[Ho. S). S| + O(°)
Condition to eliminate linear term: Hy +[Hy, S] =0
= H' = Ho+ Het+ O(1°)

2
Hett = §[H1 . S]
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Effective electron-electron interaction Q(IT
Application to Fréhlich Hamiltonian (single band, single phonon)

Ho = He+ Hpn= ;ekc,iq( - ;wq <b;bq + ;)

Hy, = %gk,qclhqck (bq + biq)
Ansatz: S = ngkvqcf{Jrqq( (Xk,qbq + YK,qbtq)

q
Evaluating the commutators
[He,S] = kZq:gk,q(euq — €k)Ci 1 qCk (Xk,qbq + }/k,qbiq)

[Hon. S| = ng,qCIiJquk (‘Xk,qwqbq + Yk,qwfqbiq)
kq
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Effective electron-electron interaction AT
Combining (wq = w_q)

Hi +[Ho. S] =  Lkq 9kqCi: qCk {(1 + (€k+q — €k — Wq)Xkq) bq
+

(1 + (ek+q — €k + Wq)yk'q)btq}
vanishes for

Xkq = (€k — €k+q + Wcl)i1 and  ykq = (ék — €kiq — “)q)i1 .

Effective interaction: Heyt = ?[M . S]
Recall Hy = ng’qclt+qq( (bq + biq>
kq

S = ng,qCIquCk (Xk,qbq +YK,qb1q>
kq
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Effective electron-electron interaction ﬂ(“.

Hi = Y 0kqCiiqCk (bq + biq>
kq
S = ng,qCIquCk (Xk,qbq +yk,qbiq>
kq

[Hy, S] — [Aa, Bb] with A, B« c'c and a, b o xb + yb'

Use [Aa, Bb] = AB|a, b] + [A, Blab — [A, B][a, b]

a [A Bj[a, b] — one-electron term, actually vanishes
a [A B]ab — electron-two phonon interaction
m AB[a, b] « c'ccte — effective el.-el. interaction
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Effective electron-electron interaction

Karlsruhe Institute of Technology

Cx/

3rd term
U + +
Het = & Y gkadk,—q(Vi,—q — X',—q) Ck 1 qkCir _q
kk'q
2 / + +
= 77 ) Verr(k K, q)Ci qCkCir_qOk
kk'q
with w
/ q
Veit (K. K, @) = Gk,q9K',—q =%
(€k/ — €k/,q) — (Uq
k’—q k+q
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Effective electron-electron interaction ﬂ(“.

Cooper pairs: electrons with opposite momenta (k' = —k)

Verr(k, —K, ) = |Gk q|?

Wq

(ek — €k+q)2 - w%

m attractive (< 0) for |ex — extq| < wq
m repulsive (> 0) for |ex — exiq| > wq

= phonon-mediated interaction is always attractive
for small energy differences
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Nambu formalism ﬂ(“.

Superconducting state

® Macroscopic quantum state, coherent superposition of electron pairs
m Cooper pairs (singlet): (k T, —k )
@ Anomalous Green functions (Gor’kov 1958) (vanish in normal state)

F(k, 1) = —(Tecp(T)c-,(0))  F(k,T) = —(Tecty (1)cir(0))

Perturbation

PN dit, NN dils.
it e

F =¢t——= 0 + +

Nambu (1960): clever way to organize diagrammatic expansion
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Nambu formalism ﬂ(“.

Two-component operators

Crk
‘i’k=<c+ll) ‘YJF:(CZTv C_m)

Green function

G(kt) = —({T¥k(1)¥(0))

—(Tekp(1)c(0))  —(Trcip(T)Cky (0))
—(Tecly ()€l (0))  —(Trchy (T)Ck1(0))

- (A N0
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Nambu formalism ﬂ(“.

Fourier transform

. T [ Gk, iwn F(K, icon
Gk, ’“’”>:2/_ﬁ dre G("'T)—( F*((k,liw,z) —G((—kf—iZun) )

Rewriting Fréhlich Hamiltonian

1 0
He = ZGKCIUCKU — ZGKT%I:;‘FK Tg = < 0 —1 )
ko k

He—ph = Zzgg/kC;/U.Ckg (bq + btq> — EQZ/kT;/ISle (bq + biq)
ko g kq

assuming g}, = 97, ,, (time-reversal symmetry)
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Nambu formalism

Dyson equation — self-energy
G (k,iwn) = Gy ' (k, iwn) — Z(k, iwp)

Nice feature
m same diagrammatic expansion
w propagators, vertices 2 x 2 matrices: g/, — g/, T3

Bare Green function

Go(k.iwn) = <é0(kbiwn)_1—Go(—2:—iwn)>
( e _oek) (iwn+oek)“ )

= (iwnty — exT3) ™"

Autumn School on Correlated Electrons, Jilich, September 2017
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Eliashberg theory ﬂ(“.

Eliashberg theory: extension of Migdal’s theory to superconducting state
k-k o,—0,

ko, ko, ko,
Self-energy in Nambu formalism

2(k, iwp) = Z ng/kT3G(k ’wn’)ﬁgkk/ (q,iwy — iwn)

General form of &

S(k, iwn) = iwn[1 = Z(k, iwn)]To+ x (K, iwn) T3+ P(K, iwn) Ty + P (K, icwn)To

/10 /0 1 (0 i /1 0
=\o 1) 8=\ 10) 27 i o) B7Lo —1
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Eliashberg theory ﬂ(“.

Using Dyson equation

G '(kiiwn) = Gy (ki iwn) —Z(k, iwp)
= (lwnTg — €xT3) — Z(K, iwn)
= iwpZ(k, iwn)ty — (ek + x (K, iwn))t3 — ®(k, iwn)Ty — (K, iwn)To

For self-energy we need G

G(k,iwn) = liwnZ(K, iwn)Ty+ (ex + x (K, iwn))T3
+®@(k, iwn) Ty + P(K, iwn)To] /D

with )
D:=detG ' = (iwn2)? — (ex + x)2 — P> -
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Eliashberg theory ﬂ(“.

Plug into expression for £ and separate T-components

1 1 qg |2 . . iwn/Z(k/,iwn/)
ﬁ nz Nq klzq |gk/k‘ D(qv 1y /(’Jn) D(k’, ’.wn/)

iwn(1—2Z(k,iwn))

wn) =~y Y109 2D(q, iwy — icon) KK )
xdon) = =g, %'gk’k‘ D@ low = 10n) =500 Taony)
i Ty 1 . DK iwy)
@(k, iw = 2 ). 97 12D(q, iwy — iwp) ————12
(K, iwn) 5;’\’%;7' ow|*D(@ oy — iwn) 70
Bk, i Ty 1 , DK iwy)
Dk iwn) = Y 7= Y G0 [PD(q iwy — iwn) ="
(k. iwn) ﬁ;%%' | *D(@ oy — itwn) 700

Eliashberg equations
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Eliashberg theory ﬂ(“.

Quasiparticles: solutions of
D(K,iwp —€+1i6) =0

or
D(k.e+id) = (€2)2 — (ex+ )2 — P2 — B =0

=

£ Jlek+x)? | 92+ P
k= 72 + 72

m Z: QP renormalization factor

® x: energy shift

a ®,®: gap function

D(k, iwp) — i®(k, iwn)

A(k, iwn) = Z(k, iwn)
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Isotropic gap equation ﬂ(“'

Karlsruhe Institute of

Simplifications (1)

m ® = 0: gauge choice (homogeneous superconductor)
a x = 0: particle-hole symmetry

m Ignore changes in phonon propagator:

. . 2w
D(q.ivm) = Do(q. ivm) = /dw&(w - wq)m
)2 —
et g (K iwy)
D(k,iwp) = ﬁ)n;Nk’%mk,k\ D(q, iwy Iwn)D(k’,iwn/)

%

1 1 2 (K, i,y
5/ doR DEIgh ol w0 Do (e, fcoy )

= (wy —wn)? + w2 DK, iwpy)
Coupling function

w?F(k, K, w) =N(0)Y |gf,[?(w—wg)
q
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Isotropic gap equation ﬂ(“'

—2w DK, iwy)
Wy —wn)2 4+ w2 DK, iwy)

Dk, iwn) ~ /3/ O)Nk ) aZF(k,k/’w);(

Main k-dependence from ey in D = —(wnZ)? — €2 — 2

Simplifications (2)
m Take momenta k,k’ on Fermi surface only
m Take Fermi-surface averages, e.g.

>

(ex)

. 1 .
D(iwp) = Ne Y wi@(k, icwp) Wy =
K

2
=
o
=

Eliashberg function

PF(w) = — Zwkwkux F(k K, w)
Nk kk'
= Y168, Bo(en)d(en)d(w — wq)
N(0) N2 & =Kk
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Isotropic gap equation ﬂ(“'

B 2wa?F(w) 1
Slin) =~ ¥ [ dor 200 S lion g Yt o)

k'

The final k sum is converted into an integral (N(e) — N(0))

1 1 N tN(0)
Nq; €k, lwpy) / delte Dleiwy)) ~ /(wyZ(iwy)]2 + ®(icwy)?
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Isotropic gap equation ﬂ(“'

Using A(iwn) = ®(iwn)/ Z(iwn)

, , 1 /
iwn(1 = Z(iwn)) = —m= Y Alwn—wy) “n
Ba w2, + Aiwy)?
Aiwp)Z(iwpn) = m— ZA — W) Allwy)
w,%/ + A(Iwn/)z
Kernel

2wzx2F (w)
Avm) / de (vm)2 + w?

represents phonon-mediated pairing interaction
solely depends on #?F (w) — normal-state property

positive — always attractive
frequency dependence — retardation
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Isotropic gap equation ﬂ(“'

Eliashberg function: relation to previous normal-state quantities
1 1
2 _ q |2
a“F(w) = N(0)ﬁ§§|gk’k| d(ex)é(ex)6(w — wq)

State-dependent spectral function

2Fi(e.w) = ,Jq Lo ~q) K167, 5le ~ex)
q !
= WPF(w) = Zk: %(683 w?Fi(e =0, w)

Phonon linewidth

1
Tg R ZNWQWZ|gg/,k|2‘5(€k>5(€k’)
K kK
1 1 0%
2 _ Yy a —
= o Flw) = 27TN(0)Nqu:wq5(w wq)
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Isotropic gap equation ﬂ(“'
Kernel

2wa2F (w)
Avm) / dew (vm)2 + w?

Maximum at v, = 0: coupling constant

Azz/dw‘"z’:(“’)

State-dependent coupling constant

_ v (k)
A ;N(O)/\k

Phonon coupling-constant

1 1 Yg _. 1
AN(0) w2 N
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Isotropic gap equation AT
Coulomb effects

n=NO){(Vc(k K)))Fs
Scaling down (Morel and Anderson, 1962)

K

W lwe) = 1+ uin(eg/we)

Modification of kernel in eq. for A
A(iwp — iwy) = [Aliwn — iwy) — p* (we)]|O(we — |wy])

m Reduction of T,
m Scaling down: fails if low-energy excitations are important

First principles approach: Superconducting DFT
— following talk by Antonio Sanna
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Isotropic gap equation ﬂ(“'

Transition temperature T,

m largest T with non-trivial solution
m depends on input «?F and u*: normal state properties

Approximate solution (McMillan 1968, Allen and Dynes 1975) valid for
A< 2and u* <0.15

TC == -
1.2 A—u*(14+0.621)
Prefactor

Wiog = €XP U dw Iog(w)W(w)] W(w) = /2\"‘2’;(@
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Isotropic gap equation ﬂ(“'

Asymptotic behavior: no intrinsic upper bound

Texc(p )VA < w? > c(p*)~0.15..0.2

Allen and Dynes, PRB 12, 905 (1975)
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Karlsruhe Institute of Technology

Density functional theory approach



Density functional theory approach AT
DFT: mapping of many-body problem onto effective single particle
system
{ - V24 Veff(r)}lﬁi(r) = eipi(r)
Vett[N] = Vext + Vscr[N] = Vext + Vi [n] + vixe[n]

r) = Z filpi(r) |2 electron density
1

Electron-phonon vertex via linear response

Vet (r) = OVext(r) + 6Vser(r) = SVt (T) +/d3r’l(r, r')sn(r')
) = 5vscr(r) _Owy(r)  Swe(r) 2 5?Exc
(WF) = Zaw) ~ en() T an(r) Tr=v] " snnen()
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Density functional theory approach AT

1st-order perturbation spi(r) =) Mlpj(r)
i) T
fi—*f . -
= on(r) = Y L {j1ovenli) 7 (1))

iz €1 €
= screened variation of effective potential §vgs(r)

Periodic displacement
iqgRO _iqRO
s = UF ™ - (U3)"e %%
Electron-phonon vertex

f

2 1s(q))
Nz

49 Rolf Heid Autumn School on Correlated Electrons, Jilich, September 2017
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Density functional theory approach AT

Example 1: high-pressure high-T; material: H3S
T, = 203 K at 200 GPa (Dozdov 2015)
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Density functional theory approach AT

Karlsruhe Ins

Example 2: multiband superconductor MgB, (7, = 39 K)

Extension: multiband gap equation

1 1 i 5
N, (0) Ny q;( 10, 1o 20(@ — wgj)d (e )5 (Ecrqu')

zszW/(w) =

O. de la Pena Seaman et al., PRB 82, 224508 (2010)
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Summary ﬂ(“.

m Introduction to electron-phonon coupling in metals

Focus of quasiparticle renormalization

u Normal state: information about coupling strength from renormalized
electronic dispersion and electron or phonon linewidths

m Discussions of Migdal's theorem and its limitations

m Eliashberg theory and derivation of isotropic gap equations

m DFT approach: provides insight into the microscopic form of coupling,
on the basis of realistic atomic and electronic structures

a Current challenges: extend Eliashberg framework to

® anharmonicity
m materials with small electronic energy scales
m strongly correlated systems

52 Rolf Heid Autumn School on Correlated Electrons, Jilich, September 2017



	Introduction
	Electron-phonon Hamiltonian
	Normal-state effects
	Phonon-mediated superconductivity
	Density functional theory approach
	Summary

