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ntroduction

Electrons Ln crgstaLL'Lwe solids

Most of properties of solids are determined
by the behavior of electrons
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ntroduction

Electrons Ln crgs‘caLLiwe solids

tmportant influencing factors

B Temperature § structure

B Correlations

B Disorder

Low-temperature behavior

B uantum dynamics § fluctuations
B Noncommuting of operators in Hamiltonian

B (ndistinguishable particles — Fermi statistics
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ntroduction

Resistivity of metals

Two types of problems in disordered systems:
Thermodynamic equilibrium — spectral function

weak non-equilibrium — Linear Response Theory
(kubo formalism for electrical cowaluc’ci\/itg)
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ntroduction

Resistivity of metals

Electrons in perfect crystals arve Bloch waves
do wot scatter on tons (no resistivitg)
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ntroduction

Resistivity of metals

Thermal fluctuations
mperfections in erystals

Perfect translational symmetry must be broken J
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ntroduction

Cclasstcal electrom muotion Lin crystals - Drude theory

Scattering of electrons on Lons ]

B Probability of scattering events: 7

B Electric current:
. _ 2
j=-—env=TE=0cE

m Ohw'’s behavior — dissipative forces
(heat generation)

B Probability distribution of charge
density

classteal tra nsport - Boltzmann equation

0 1
: r —F- v ) >t - .
<8t L m v ) f(r Y ) <0t>coll
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ntroduction

uantum diffuston — coherence § wave interference

uantum coherence and backscatterings on mpurities J

B Only imperfections in the crystal
matter

® Nowlocal character of quantum
particles (waves)

B uantum coherence of
adwmissible classical trajectories

Pguant = |Ar + A_2 = |AL 2+ |A_ P +H(AL AL + AL AL) > Pejass
N———
Pclass

Quantum coherence decreases mobility and reduces diffusion
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Randomness Quantum mechanics  Many-body

Electron gas in a randowm alloy

B Nowinteracting conduction electrons tn a randow Lattice
(bmpurities) in tight-binding representation:

H="Y"m) Winn (n| +_ |n) Vi (n| = W+ V

Winn = W(Rm — Rp) with W, =0
B Disorder distribution (site independent):

X = [ dvovxv)

| Biwarg ﬂLLDg: [)(V) = CA5(V— VA) + C35(V— VB)

B uantum fluctuations: [\//\\/, /\\4 #0

Viéclav janig Correlated nsulators, Metals, and Superconductors, FZ, Jitlich



Randommness Quantum mechanics  Many-body

Averaged T-matrix and coherent potential |

m Basic object: Resolvent operator

~ e ~1-1
[21— W— v}

Gon(2) = <m

")

B Density of states (averaged)

p(E) = —ﬂ_i\/z %Gnn(E"i' i0+) - <Pnn(E)>av

m Only averaged quantities are reproducible
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Randomness Ruantum mechanics

Averaged T-matrix and coherent potential (1

B Perturbation c)qmwsiow i the random potewt’mL
(Gmn(2)) 3y = G n(2) + Y G (2) (Vi),, GO (2)
+> D (Ve DVS) G0@ +
ij

B T-wmatrix operator

~

G(z2) = <G(z)>av - <E(z)>avT(2) <5(Z)>av

B Coherent potential: absorbs multiple onsite scatterings

3(2) = _In) ou(2) (|
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Randomness Ruantum mechanics

Averageo T-matrix and coherent potential (Il

B Local T-matrix with the coherent potential

V, — on(2)
1—(V,—0n(2)) Gan(2)

T,(z) =

B Random potewt’mL replaced bg the Local T-matrix

=Y "Th(2) |1+ (G(2), Y Qm(2)

m#n

Qn(2) = Ta(2) + 1 + av Z Qm(z
m#n
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Randommness Quantum mechanics  Many-body

Averaged T-matrix and coherent potential (v

B Coherent Potential Approximation (CPA) :
vanishing of the local T-matrix

V,—o(z

V4 — ) h
<Tn( )>av - <]_ _ (\/n — O'(Z)) <Gnn(z)>av>av -

B Multiple scattering on distinct Lattice sites neglected

Response functions not uniguely defined.
Mawny-body approach meeded. J
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Randommness Quantum mechanics  Many-body

Ma wg—bod Yy approach (statistical mechantcs)

Second quantization — indistinguishable particles
(fermions)

Fock space with creation § annihilation operators

Thermodynamic Limit — restoring translational invariance

Averaged Greew functions - the only ingredients

Spectral and response functions simultaneously

Equilibrivm thermod yna mics tn natural wa Y

Viéclav janig Correlated nsulators, Metals, and Superconductors, FZ, Jitlich



Randomness Quantum mechanics  Many-body

Many-body model and grand potential

B Hawiltonian for Anderson disordered model
H = Y gelg+> Vil
<ij> i

B Averaged grand potential

Q(p) —; <In Trexp {—BFH— 5MN}>

av

B Ergodic hypothesis:
Configurational averaging = Spatial averaging

B Perturbation (diagrammatic) expansion in the random
potential: averaging term by term
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Randomness

Owne-particle Green function

Owe-electron resolvent (z - complex energy to cover dissipation)

o= =gy - (),

k — quasimomenta, Label the complete set of states
(Bloch waves)
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Randommness Quantum mec

Owne-particle Green function

Owe-electron resolvent (z - complex energy to cover dissipation)

G(k72):zfﬁ(k)1 ¥ (k, 2) /vzelk(R R)<{ V}Jl>

k — quasimomenta, Label the complete set of states
(Bloch waves)

p(E) = =2y > SG(k, E+ i0F)

determines the energy spectrum:  p(E) >0, IGox ST o —3z
no Lnformation about spatial extension of wave function
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Randommness Quantum mechanics  Many-body

Owne-particle Green function

Owe-electron resolvent (z - complex energy to cover dissipation)

G(k72):zfﬁ(k)1 ¥ (k, 2) /vzelk(R R)<{ V}Jl>

k — quasimomenta, Label the complete set of states
(Bloch waves)

p(E) = =2y > SG(k, E+ i0F)

determines the energy spectrum:  p(E) >0, IGox ST o —3z
no Lnformation about spatial extension of wave function

Elastic scatterings on Limpurities only
- energy conserved (not a dywnamical variable)
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Randomness

Two-pa rticle qreen function

Averaged two-particle resolvent (direct lattice space)

& o =l ~ . ~1-1
Gf-jzl)(/(ZLZQ): <[211—t— V} |:221—t— V} >
av

ij ki
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Randomness Ruantum

Two-pa rticle qreen function

Averaged two-particle resolvent (direct lattice space)
ijkl(zl722): {le—t—\/}__ |:221—t_\/:|
7 b ki av

Fourier transform to momenta

6 (a1, 220) = 3, 3 e Tr DRk a/2),
ijkl

" e_i(k’—Q/2)Rkei(k_q/2)Rlij?lil(zl’ 22)
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Randomness

Two-pa rticle qreen function

Averaged two-particle resolvent (direct lattice space)
ijkl(zl722): {le—t—\/}__ |:221—t_\/:|
7 b ki av

Fourier transform to momenta

6 (a1, 220) = 3, 3 e Tr DRk a/2),
ijkl

—i(k'— i(k— 2
% e iK' —a/2)Ry 4i(k ‘J/2)R’ij7,)<,(21722)

Two-particle Green function GFA = kz),(E + 0, E — i0) carries
bnformation about the spatial extension of the wave function
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Randommness Quantum mechanics  Many-body

Dlagrammatie represew’catiow

Perturbation expansion in the randowm potential Vi -
diagrammatic representation
(one-particle irreducible vertex)




Randommness Quantum mechanics  Many-body

ward tdentities

B 1P § 2P (Green) functions not independent
- (ward Ldentities) §
n veLLckag Ldewtitg —ProbabLLLtg conservation (wo restriction)

(Glk22) = Gk 2)] _ 15~ ot

z —z, N (24, 2-:0)
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Randommness Quantum mechanics  Many-body

ward tdentities

B 1P § 2P (Green) functions not independent
- (ward Ldentities) §

B Vollhardt-wslfle idewt£t5 (cowtiwuitg equation)
(kt =k=+q/2)

Y(ky,zy) — X(k—yz)

= %IZ/\kk/(Z+727; q) [G(k’_ir,z+) = G(k'_,z,)}
o

G = GG+ GGA * G1?) - Bethe-salpeter equation
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Randommness Quantum mechanics  Many-body

Diffusion: Electron-hole correlation function

m Electron-hole corvelation fuwctiow

¢EF q,w Z Gkk/ EF+ W, EF; q)
k,k’

B Diffusion pole - low-energy asymptotics (g — 0, w/q— 0):

2WnF

CDRA ~_ TE
Er (q,UJ) —iw+ D(w)qg

B Dynamical diffusion constant D(w) - center of interest for
Awnderson localization

Diffusion pole only Lf wi obeyed! J
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DMFT Renormalization Exact Limit

Functional-integral representation

unifying formalism for finding a
generating (thermodynamic) functional

Functional-integral representation of the grand potential

Q {G(O)fl} =—8"1tIn [/D@Dgp*
exp {—99*?76(0)7199 + Ho+ 0" h+ Ule, w*]H

B Complex (Grassmann) fluctuating fields ¢
(depend on all degrees of freedom)

B (nonlocal) kinetic energy GO-1 = Hy — uN

B (auxiliary) external field h, ) = +1 for bosons/fermions
m Particle interaction (Local, random): U

Viéclav janig
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DMFT Renormalization Exact Limit

Ba Hm-léaola woff formalism of remormalizations

Replacing bare one-particle quantities by
renormalized ones (mass remormalization)

B (ntroducing the full propagator G and self-energy X
GO-1l-Gglix

to be determined self-consistently from
a generating functional V[G, X
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DMFT Renormalization Exact Limit

Baym-Kadanoff formalism of renormalizations U

B Legendre transformation of the grand potential
Q[G,X] = Q5 + Q6+ Q {do)fl}

with stationa ri’cg condictions

0Bz 08 66D
5T 6G L 5601

Explicit solution

805 =17 {trln [G(OH - z} +m [G‘OH - z} m} ,
BQe=-ntrinGt+m* G m].
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DMFT Renormalization Exac

Baywm-Kadanoff formalism of renormalizations (U

B New grand potential
— BQ[m, H: G,T] = —rtrln [G(O)—l - z} + nerln G
—m GO m 4+ H'm+ m*H— BF[m,H, G+ £]

B Renormalized thermod yna mic potethaL
(perturbation theory)

— BF[m,H,G 1+ %] = In/DqSDgZ)*
exp{—¢*n [G1+Z]p+ H¢+ ¢*H+ Ulp + m, ¢* + m*]}

] Statiowaritg equations
0 0

5 3¢ °
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DMFT Renormalization Exact Limit

Limit to iwﬁwi‘ce Lattice dimensions

Exact solution in a specific (mean-field) Limit J

B Bunergy must be Linearly proportional to volume

By = —1t Z <cjgcjg> = —p Z Gijo(0T) o 2dN

<ij>o <ij>o

, , I
B Correct scaling of the hopping parameter t = T

m Behavior of renormalized quantities
G — cdiag [do] 1 eoff [d71/2] 7

y — ydiag [dO] 4 yoff [d‘3/2]
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DMFT REWO n  Exact limit

Dilsordered Anderson model (CPA) |

B Awnderson Hamtltontan with random atomic potewtiaL

A=—t3" dg+) Vicde =3 ek)cl(k)e(k) + 3 Vidc,
1 1

<ij> k

B Grand potential in the mean—field Limit

o0

NTQ[G, ] =71 Y et / depoo(€) In [iwn + p

n=—o00 N

oy, 6} +(In[1+ Gy (Zn — V,-)]>av}
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DMFT Renormalization Exact Limit

Dilsordered Anderson model (CPA) I

B Density of states for hypercubic Lattie

1
pl©) = o exp {~/2)

] Statiowaritg equations
B Soven equation

pQ 0= Y, —V,
§G,  \14+Gy(X,— V) v
B DYyson equation

+Gn

550 7 depoo (©)
fwnp+p—X,—¢€

— 00
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Diffusion CPA Beyond CPA

Response to external perturbatiow [

How to desribe the response functions?
Higher-oder Green functions.

B Replication of the system for each energy (conserved)

Q" (p1, 2y - - - pi; A)

= ; <In'rrexp -3 Z ( N6y — i ()5,-j+ Aﬁl(’j)> >

IJ_ av

B Replica-mixing term: AH() =>4 A(U ()
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Diffusion

Response to external perturbatiow "

B Matrix propagator with two energies (response funtion)

/G\.fl(kl,zl, ks, zo; A) = <Zl - 6(kl) - le(A) A — Z12(A) )

A —351(A) 75 — e(ka) — X22(A)

B Two-particle irveductble vertex (unigue)

0Xy(z1, 22)
by — — _INToV Tl
(21,22) dGy(z1, 22)

o G@)6(2) [1‘

(T o),
1+ [2(21) = Vil G(z1) 1 + [2(22) = Vi] G(22) / ,,

B DMFT generates only local irveducible higher-order vertices
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Diffusion CPA Beyond CPA

CPA cowductivitg anod vertex corrections |

B Full nonlocal two-particle vertex

:i:) )\(21,22)

ri, 1, 2o; =
(21,2210 1 — XNz1, 2)x* (21, 22; 97F)

with a two-particle bubble
X (21, 22:9) = § Y\ Gk, z1) G(q + k, 22)
H CPA cowoluatmtg at zero temperature
e2
Oaa — W % Va(k)Va(kl) |:Gkk’ RGkk’:|
with Gﬁ‘,{?(w w’;q) = G (w— 0, + 07 q)
GER(w,w';q) = Ga (w + 0F, 0 + 07 q)
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Diffusion CPA Beyond CPA

CPA cowductivitg ano vertex corrections Il

m Full electrical cowductivitg
e? 2 | R 2
Caa = w/vzk: va(k)P |G (k)| + Ava
B Vertex corrvections (begowd CPA)

2
@

AGon = 25\[2 S va(k)va(K) {‘Gfr ATAR
kk’
R [(G.’S)Z ATRR (GR,>2] }

Vertex corrections only beyond Local mean ﬁeLdJ
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Diffusion CPA  Beyond CPA

Electron-hole (ttmee reversal) symmetry

B Electron-hole symumetry: reflection in momentum space

G(k,z) = G(—k, z)
B Two-particle vertex
I‘kk/(z+, 7 Q) = Fkk/(z+, Z_;,—q— k — k/)
=T wk(zi,z 9+ k+K)
B Graphical representation

k+q k'+q k+q K +q
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Diffusion CPA  Beyond CPA

Electron-hole (ttmee reversal) symmetry

B Electron-hole symumetry: reflection in momentum space

G(k,z) = G(—k, z)
B Two-particle vertex
I‘kk/(z+, 7 Q) = Fkk/(z+, Z_;,—q— k — k/)
=T wk(zi,z 9+ k+K)
B Graphical representation

k+q k'+q k+q K +q

Nowlocal CPA vertex breaks electron-hole symmetry J
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Diffusion Beyond CPA

EXpa nston around mean ﬁeLd

B Expansion parameter — off-diagonal propagator

0.0 = gy~ | 22

B Off-diagonal two-particle bubble

NZG G(k+a,¢") = x(¢, ¢ a)—G(¢)G(¢)

E Cond u.ctWL’cg with vertex corrections

& oy 11
Oaf = 510 %‘; Vo (k) {Gﬁ {1 — /\RA*} » G
R (G,’f[ _ ARRy ]k G >} 5(K)

B Perturbation expansion for the irreducible vertices /A
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Diffusion CPA  Beyond CPA

twabLLL’cg o) obeg ward LdeWaﬁtg n PT begowd DMFT

Conflict between cau,saLLtH and Wi (beyond mean feld) J

m causal vertex N (E+ 07, E—i07;0) > 0 (second order)

T
) K

B Conserving vertex (second order)

" / : 1 ‘\‘\ 7

v Y, *,X DAY

N AN X
AN

B Self-energy (second order) — not causal (SXi(z) x —32)

X X X
VAN AN
/
A 4 \
/ 5
4 \ P NN
\ LY
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Diffusion Beyond CPA

Restoring Wi — making the theory conserving

B VW-WI with the cowserviwg trreducible vertex LA

AYAEw,q) = ZLk ', ( (E,w; q)AGEA(E w, q)

B New guantities to define a vertex compatible with wi
AG(w,q) = GF(Ey,ky) — G(E_ k)
AT(w,q) = TR (Ey ki) — TAE k)
Ey = E+w/2, ky =k+q/2
m trveducible vertex from perturbation theory A4
B Reduced Wiz maginary part of the self-energy

E) = NZAkk/ EO 0 \ka/(E)
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Diffusion eyond CPA

Restoring Wi — making the theory conserving

B Real part from Kramers-Kronig

o) ozR
%ZE(E)—ZOO—&-P/ @m

B Correction function

1
R ( ,CI) NZ/\kk’(qu)AGk’(qu) - Azk(qu)
k/

vawnishes if Wi is obeyed

T w—E

B New integral Rernel of fundamental BS equation

1
(A6

_ AGAG

{AGkRk,+RkAGk, e (RAG)

ka/ /\kk/

m Notation: (AG(w, q)?) = % >, AGy(w,q)?
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Diffusion CPA  Beyond CPA

Restoring Wi — making the theory conserving

B Fundamental BS equation for a thermodynamically
consistent (ph 5sica L) 2P vertex [

1 A Gy Ry R A G AGAGgn
— " — " — — RA
N %; {&(,k [/\kk N N + (RAG) A2

AGRe  RAGe o >AGkAGk/
(AG%)  (AG) (AG2)?

X Gy, Gy } M = M —

B Relation to the vertex from the per’curbatiow theory
Mo [N(E; 0,0) = TRA[LI(E; 0,0)

AlL macroscopie quawtities dertved
from vertex TX[L](E; w, q)
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Cconceli

Conclustons - CPA

Equilibrivm

Best Local approximation — all single-site contributions

Generating (conserving) functional for
equiltbrivm thermod yna mics

ward idewtl',tﬁ obeged
ownly local trreductble vertices directLH

Nown-equilibrium — Linear Response

Diffusive behavior — no backscatterings

Nowlocal response functions ambiguous

Electron-hole symmmetry not obeyed b response functions
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Cconceli

Expa nston begowd DMFT

Begovwl CPA

Scattering ow spatially distinct sites - distinguishes
electrons from holes

Backscatterings emerge due to restored electron-hole
sywmmetry

PT beyond mean-field unable to satisfy wi
W restored bg correcting the ‘Perturbati\/e vertex
Diffusion behavior restored — towards Anderson Localization

B New two-particle seLf—aowsistcwcg (missing tn CPA) -
parquet equations

B2 what is a wicroscopie (PT) criterion for AL?
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