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Outline and introduction

Ruderman-Kittel-Kasuya-Yosida (RKKY) interaction:

Coupling between local spins mediated by conduction electron sea

EF

J J

2N  J0

1

0T  = D eK

K ~ N  J0
2

Long-range interaction



Outline and introduction

Competition between Kondo singlet formation and RKKY interaction

(Doniach 1977)

2
K~N(0)J

T

JQCP

    1
2N(0)JT  =D eKK 0

magnetically
ordered

Kondo 
screened

General believe:

Kondo destruction

driven by

critical fluctuations

• Local or AF OP fluctuations coupling to the heavy fermions
[Si (2001), Coleman (2001)]; [Wölfle, Abrahams, Schmalian (2011)]

• Fermi surface fluctuations due to Kondo collapse, fractionalization
[Senthil, Vojta, Sachdev (2004)]

• Kondo breakdown due to RKKY interaction alone



Outline

• Kondo effect

− Perturbation theory

− Renormalization group

• RKKY interaction

• Competition: local Kondo and long-range RKKY interaction
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Kondo effect
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Kondo effect

J

Localized spin in a metal

H =
∑

k,σ

εk c†
kσckσ + J0

⃗̂S · ⃗̂s

ˆ⃗s =
∑

k,k′,σ,σ′
c†
kσ σ⃗σσ′ ck′σ′

⃗̂S: impurity spin

σ⃗ = (σx, σy, σz)T : vector of Pauli matrices, [σi,σj] = 2i εijk σk

σx =

(

0 1
1 0

)

σy =

(

0 −i
i 0

)

σz =

(

1 0
0 −1

)

.



Kondo effect

Pseudofermion representation of spin

⃗̂S =
1

2

∑

τ,τ ′
f†τ σ⃗ττ ′ fτ ′

Ŝ+ = f†↑ f↓ Ŝ− = f†↓ f↑ Ŝz =
1

2

[

f†↑ f↑ − f†↓ f↓
]

With operator constraint

Q̂ =
∑

σ
f†iσfiσ = 1

to restrict the dynamics to the physical spin Hilbert space {| ↑⟩, | ↓⟩}.

Abrikosov 1964



Kondo effect: Pseudofermion representation

Projection onto the physical Hilbert space

Grand canonical density matrix with respect to Q = 0, 1, 2:

ρ̂G =
1

ZG
e−β(H+λQ)

ZG = tr
[

e−β(Ĥ+λQ̂)
]

β =
1

kBT

Expectation value observable Â acting on the impurity spin space
(Q−grand canonical):

⟨Â⟩G(λ) = tr[ρ̂GÂ]

Projection onto the physical subspace Q = 1:

⟨Â⟩ :=
trQ=1

[

Âe−βĤ
]

trQ=1

[

e−βĤ
] = lim

λ→∞

tr
[

Âe−β[Ĥ+λ(Q̂−1)]
]

tr
[

Q̂e−β[Ĥ+λ(Q̂−1)]
] = lim

λ→∞

⟨Â⟩G(λ)
⟨Q̂⟩G(λ)



Kondo effect: Pseudofermion representation

Computational rules

Gckσ(iωn) =
1

iωn − εk

GG
fσ(iωn) =

1

iωn − λ
, ωn =

π

β
(2n+1)

(1) Calculate first in the Q−grand canonical ensemble.

−→ Feynman diagrams valid.

(2) Take the limit λ → ∞.

(3) Each integral along a pseudofermion branch cut carries a factor

e−βλ and, thus, vanishes in this limit.

(4) Each diagram contributing to the projected ⟨Â⟩, contains exactly

one closed pseudofermion loop per impurity site:

The factor e−βλ cancels in the numerator and denominator of ⟨Â⟩.
Higher order loops vanish by virtue of rule (3).

f

c

.

f

f



Kondo effect

Perturbation theory

σ bσ a

bsas

ω

Ω+ω

σ b

bs

σ a

as

ω

Ω−ω

σ a

as

γ (1)
cf

γ (2,d)
cf

(2,x)γ
cf

++

γ̂cf =
1

2
J0 (s · σ)

[

1+N(0)J0

∫ D0

−D0

dε
1− 2f(ε)

ε
+O(J2

0)

]

≈
1

2
J0 (s · σ)

[

1+ 2N(0)J0 ln
(

D0

T

)

+O(J2
0)
]

Breakdown of perturbation theory for T < TK:

TK = D0 e
−1/(2N(0)J0)



Kondo effect

Universality

Partial resummation of perturbation theory

cf
γ + +  . . .= +

N(0)J̃ = 2N(0)J0

[

1+ 2N(0)J0 ln
(

D0

T

)

+
(

2N(0)J0 ln
(

D0

T

))2
+ . . .

]

=
2N(0)J0

1− 2N(0)J0 ln
(

D0
T

) =
1

ln
(

T
TK

)

The resummed vertex depends on system parameters only implicitly

through the single energy scale TK!

TK = D0 e
−1/(2N(0)J0)



Kondo effect

Renormalization group

Universality implies:

Since physical observables (γcf) depend on

system parameters (J, D) only through a

(yet unknown) scale TK(J,D), systems with

different bandwidths D and

appropriately chosen couplings J

must be equivalent.

→ Systems with high band cutoff D and low band cutoff D

must be connected with each other.

→ Calculate low-energy properties by

successive, infinitesimal cutoff reduction.

→ Renormalization group (RG) flow

“Running” coupling J(D).



Kondo effect: Renormalization group

Perturbative computation of the RG flow:

γ̂cf = γ̂(1)cf + γ̂(1)cf G γ̂cf

γ̂cf = γ̂(1)cf + γ̂(1)cf [PδDG] γ̂cf + γ̂(1)cf [(1−PδD)G] γ̂cf

= γ̂(1)cf + γ̂(1)cf [PδDG]
{

γ̂(1)cf + γ̂(1)cf [(PδD + (1−PδD))G] γ̂cf

}

+ γ̂(1)cf [(1−PδD)G] γ̂cf

= γ̂(1)cf

′
+ γ̂(1)cf

′
[(1−PδD)G] γ̂cf + O(P2

δD),

with renormalized coupling

γ̂(1)cf

′
= γ̂(1)cf + γ̂(1)cf [PδDG] γ̂(1)cf =: γ̂(1)cf + δγ̂(1)cf .
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Kondo effect: Renormalization group

Perturbative computation of the RG flow:

γ̂cf = γ̂(1)cf + γ̂(1)cf G γ̂cf

γ̂cf = γ̂(1)cf + γ̂(1)cf [PδDG] γ̂cf + γ̂(1)cf [(1−PδD)G] γ̂cf

= γ̂(1)cf + γ̂(1)cf [PδDG]
{

γ̂(1)cf + γ̂(1)cf [(PδD + (1−PδD))G] γ̂cf

}

+ γ̂(1)cf [(1−PδD)G] γ̂cf

= γ̂(1)cf
′ + γ̂(1)cf

′ [(1−PδD)G] γ̂cf + O(P2
δD),

with renormalized coupling

γ̂(1)cf
′ = γ̂(1)cf + γ̂(1)cf [PδDG] γ̂(1)cf =: γ̂(1)cf + δγ̂(1)cf .



Kondo effect: Renormalization group

RG equation:

dg = −
d

dD

[

g2
∫ D

−D
dε

1− 2f(ε)

ε

]

δD = −
2g2

D
δD

g(D) =
g0

1 + 2g0 ln(D/D0)

0 0.05 0.1 0.15 0.2
D/D

0

0

10

20

g
/g

0
T

K
/D

0

Divergence at TK = D0 e
−1/(2N(0)J0)

→ Kondo singlet formation for T < TK.



RKKY interaction

EF

J J

2N  J0

1

0T  = D eK

K ~ N  J0
2

Kondo lattice Hamiltonian

H =
∑

k,σ

εk c†
kσckσ + J0

∑

i

Ŝi · ŝi

The operator coupling the conduction electrons and the localized f-spin Sj

at a site j ̸= i, H(cf)
j = J0Ŝj · ŝj

acts as a perturbation for the localized f-spin at a site i,
because it involves the conduction electron sea.

Leading order perturbation theory in the non-local perturbation j ̸= i, tracing out

the conduction electrons only:

Time evolution operator (interaction picture):

Û = T̂e
−
∫ β
0 dτHcf

j (τ)
= 1−

∫ β

0
dτHcf

j (τ) +O(J2
0)

→ Hamiltonian operator for the f-spin at site i:

H(2)
ij = J0 Ŝi · ŝi − J2

0 ⟨(Ŝi · ŝi)(Ŝj · ŝj)⟩c
∣

∣

∣

ω=0

HRKKY
ij



RKKY interaction

Ŝi − Ŝj coupling Hamiltonian:

HRKKY
ij = −

J2
0

4

∑

α,β=x,y,z

∑

σσ′
Ŝα
i σασσ′σ

β
σ′σ Ŝβ

j Π
σσ′
ij (0),

with the conduction electron density propagator between the sites i and j

Πσσ′
ij (iω) = −

1

β

∑

εn
Gjiσ(iεn + iω)Gij σ′(iεn) or

Π
||
ij(0) =

1

2

∑

σ
Πσσ
ij (0) = −

∑

σ

∫

dε f(ε)Aij σ(ε)ReGij σ(ε)

Π⊥
ij(0) =

1

2

∑

σ
Πσ−σ
ij (0) = −

∑

σ

∫

dε f(ε)Aij σ(ε)ReGij−σ(ε) ,



RKKY interaction

RKKY interaction Hamiltonian:

HRKKY =
∑

i ̸=j

HRKKY
ij = −

∑

i,j

[

K
||
ij Ŝ

z
i Ŝ

z
j +K⊥

ij

(

Ŝx
i Ŝ

x
j + Ŝy

i Ŝ
y
j

)

]

K
||
ij =

1

2
J2
0Π

||
ij(0) , K⊥

ij =
1

2
J2
0Π

⊥
ij(0)

in general, anisotropic for a magnetized conduction band.



RKKY interaction

Isotropic case

Πσσ′
r (ω + i0) =

⎡

⎣N(0)
sin(x)− x cos(x)

4x4
+ O

⎛

⎝

(

ω

εF

)2
⎞

⎠

⎤

⎦ ∼
1

xd

± i

⎡

⎣

1

π
N(0)

1− cos(x)

x2
ω

εF
+ O

⎛

⎝

(

ω

εF

)3
⎞

⎠

⎤

⎦

with x = 2kFr, r = |ri − rj|.



Interplay of

Kondo effect and RKKY interaction



Importance of RKKY-mediated spin coupling

RKKY coupling usually dominates over direct dipole coupling →

Kondo lattice model:

H =
∑

k,σ

εk c†
kσckσ + J0

∑

{i}
S(xi) · s(xi) J0 > 0

JJ

K

JJ

.

.

.

direct inter−impurity coupling

.

.

.

RKKY coupling

dimer K

2CK

K*

Kondo

RKKY does not allow for a dimer coupling–decoupling transition.

→ New type of Kondo breakdown transition?

Observable in local susceptibility and spectroscopy.

Jones, Varma, Wilkins, PRL 61, 125 (1988)
Affleck, Ludwig, Jones, PRB 52, 9528 (1995)

Sela, Affleck, PRL 103, 087204 (2009)
Nishikawa, Crow, Hewson PRB 86, 125134 (2012)
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RG with RKKY interaction

Renormalization of the total conduction electron–local spin vertex Γcf

Multi-impurity Kondo system:

Γcf is strictly local in the f-spin coordinate,

but acquires non-local contributions in the c-electron coordinate

via RKKY interaction with surrounding spins.

The RKKY f-spin – f-spin vertex has no RG flow.

– Lattice coherence

– Critical OP fluctuations

to be included later.

(1)

(2)



RG with RKKY interaction

1-loop RG for Γcf :

γ
RKKY

(d) γ
RKKY

(x)J

i

j

j

χ
f

χ
f

i

j j

i

j

i
= + +

Γ̂fc(xi,xj, iΩ) =
[

Jδij + γ(d)RKKY (rji, iΩ) + γ(x)RKKY (rji, iΩ)
]

S(xi) · s(xj)

χf(Ω± i0) =
(gLµB)2W

πTK

1
√

1+ (Ω/TK)2

(

1±
2i

π
arsinh

Ω

TK

)
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(d) γ
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(x)J

i

j

j

χ
f

χ
f

i

j j

i

j
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πTK

1
√
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(

1±
2i

π
arsinh

Ω

TK

)

χ
imp(T) χ

imp(0) ~ 1/T

TK T

K



RG with RKKY interaction

1-loop RG for Γcf :
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RG with RKKY interaction

1-loop RG for Γcf :

γ
RKKY

(d) γ
RKKY

(x)J

i

j

j

χ
f

χ
f

i

j j

i

j

i
= + +

i i

i i

j

+

j’

j’j’’

Γ̂fc(xi,xj, iΩ) =
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Jδij + γ(d)RKKY (rji, iΩ) + γ(x)RKKY (rji, iΩ)
]
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(gLµB)2W

πTK

1
√

1+ (Ω/TK)2

(

1±
2i

π
arsinh

Ω

TK

)



RG with RKKY interaction

RG equation:

dg

d lnD
= −2g2

⎛

⎜

⎝
1− y g20

D0

TK

1
√

1+ (D/TK)2

⎞

⎟

⎠
g = N0J, g0 = N0J0

RKKY parameter: y = − W
(kFa)3

∫∞
kFa

dx (1− cosx) x cosx−sinx
x4 > 0

RKKY contribution perturbatively controlled, since TK(y) remains finite.

Screening scale determined selfconsistently by the divergence of the RG equation:

TK(y)

TK(0)
= exp

(

−y α g20
D0

TK(y)

)



RG with RKKY interaction: universality

Rescaling: u := TK(y)
y α g20 D0

s =
α g20 D0
TK(0)

TK(y)
TK(0)

=y s u = exp
(

−1
u

)

Kondo breakdown for u = 1

Universal breakdown ratio:

TK(yc)

TK(0)
=

1

e
≈ 0.368 0 1 2 3 4 5 6

u
0

0.2

0.4

0.6

0.8

1

T
K
(y

) 
/ 

T
K
(0

)

1/e

• Universal ratio robust against

– details of band structure, DoS, higher order RKKY (absorbed in y)

– precise form of soft cutoff in χcf (absorbed in α, here: α = 2 ln(1 +
√
2) ).

• In presence of magnetic instability of the Fermi sea,
the ratio TK(ymax)/TK(0) takes a smaller value, but remains finite.



RG with RKKY interaction: universality
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Expt: Kondo destruction in a 2-impurity system

Scanning tunneling spectroscopy
on a tunable Co 2-impurity system
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Expt: Kondo destruction in a 2-impurity system
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Possible RKKY-induced QC scenario

Kondo resonance destruction

W → 0 compatible with ω/T scaling
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Conclusions

RG for Kondo screening and break-down in presence of RKKY interaction.

• Kondo breakdown even without magnetic ordering.

Universal break-down ratio TK(ymax)/TK(0) = 1/e,

robust against non-critical perturbations.

• The selfconsistent treatment of all Kondo sites is reminiscent of a DMFT,
but includes long-range RKKY interaction.

• Mathematical definition of the Kondo lattice temperature TK(y).

• Further work:

– Apply methods that allow calculating spectral functions (NRG)
to the selfconsistent scheme.

– Include magnetic ordering instability by constructing
effective Heisenberg model of residual moments in the ordered phase.
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