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Theories of Superconductivity
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Ψ(r1, r2, r3, r4, .....) Ḡ (r1, r2, ω) ρ(r1) , χ(r1, r2)

MODELS (BCS)
• Analytic or numerically trivial
• Full solution of the model: you get the wavefunction
• (relatively) Easy to get a physical understanding
• Oversimplification of reality
• No quantitative predictions are possible
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Ψ(r1, r2, r3, r4, .....) Ḡ (r1, r2, ω) ρ(r1) , χ(r1, r2)

Green’s Function Methods (Eliashberg)
• Computationally intensive
•• Physical interpretation neither too easy nor too difficult
• Powerful and arbitrarily accurate (if you can afford it)
• (if you are good) You get whatever your favorite experimentalist

can measure
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Ψ(r1, r2, r3, r4, .....) Ḡ (r1, r2, ω) ρ(r1) , χ(r1, r2)

(SC) DFT
• Computationally cheap
• You need functionals; functional are hard to derive
• Physical interpretation not straightforward
• Powerful and (as) accurate (as your functionals)
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H = He + Hen + Hn + Hext

He =
∑
σ

∫
drψ†σ (r)

[
−1

2
∇2 − µ

]
ψσ (r)

+
1
2

∑
σσ′

∫
drdr ′ψ†σ (r)ψ†σ′ (r ′)

1
|r − r ′|

ψσ′ (r ′)ψσ (r)

Hn = −
∫

dRΦ† (R)
∇2

2M
Φ (R)

+
1
2

∫
dRdR ′Φ† (R) Φ†

(
R ′
) Z 2∣∣R − R ′

∣∣Φ (R ′)Φ (R)

Hen = −
∑
σ

∫
dRdrψ†σ (r) Φ† (R)

Z

|R − r |
Φ (R)ψσ (r)

H∆ext =
∫

drdr ′∆∗ext (r , r ′)ψ↑ (r)ψ↓ (r ′) + h.c .



SCorder parameter
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One can define a superconducting density or order parameter as:

χ(r , r ′) :=
〈
GS
∣∣∣ψ̂↑(r)ψ̂↓(r

′)
∣∣∣GS〉

we can test it on the BCS wavefunction:

|GS〉 → |BCS
〉

=
∏
k

(
uk + vka

†
k↑a
†
−k↓

) ∣∣0〉
and after a good half of an hour of commutators

χ(r , r ′) :=
〈
BCS

∣∣∣ψ̂↑(r)ψ̂↓(r
′)
∣∣∣BCS〉

=−
∑
k

φk↑(r)φ−k↓(r
′)
[(
|uk |2 + |vk |2

)
u∗kvk

]
=−

∑
k

φk↑(r)φ−k↓(r
′)

∆k

2Ek



OGK/HKTheorem (Sec 2.2)

SCDFT 6/23

Oliveira-Gross-Kohn theorem ≡ Hohenberg-Kohn theorem for SCDFT

Modern SCDFT is based on the three densities:

ρ (r) = Tr

[
%0

∑
σ

ψ†σ (r)ψσ (r)

]
χ (r , r ′) = Tr [%0 ψ↑ (r)ψ↓ (r ′)]

Γ ({R i}) = Tr

%0

∏
j

Φ† (R j) Φ (R j)


at finite temperature.
%0 is the grand canonical density matrix:

%0 =
e−β(H−µN)

Tr
[
eβ(H−µN)

] ,
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SCDFT 7/23

1. There is a one-to-one mapping between the set of densities ρ (r),
χ (r , r ′), Γ ({R i}) onto the set f external potentials vext (r),
∆ext (r , r ′), Wext ({R i})

2. There is a variational principle so that it exists a functional Ω that:

Ω [ρ0, χ0, Γ0] = Ω0

Ω [ρ, χ, Γ] > Ω0 for ρ, χ, Γ 6= ρ0, χ0, Γ0

where ρ0, χ0, Γ0 are the ground state densities and Ω0 the grand
canonical potential.
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SCDFT 7/23

Ω [ρ, χ, Γ] can be written as:

Ω [ρ, χ, Γ] = F [ρ, χ, Γ] +

∫
drvext (r) ρ (r)

+
∫

Γ ({R i})Wext ({R i})
∏
j

dR j

+
∫

drdr ′∆∗ext (r , r ′)χ (r , r ′) + c .c .

where F [ρ, χ, Γ] is a universal (material independent) functional.
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SCDFT 8/23

We introduce a non interacting system:

Ωs [ρ, χ, Γ] = Ts,e [ρ, χ, Γ] + Ts,n [ρ, χ, Γ]− 1
β
S [ρ, χ, Γ]

+
∫

drvs (r) ρ (r) +

∫
Γ ({R i})Ws ({R i})

∏
j

dR j

+
∫

drdr ′∆∗s (r , r ′)χ (r , r ′) + c .c .

constructed to have the same density of the interacting one:

vs (r) = vext (r) + vH (r) + vxc (r)

∆s (r , r ′) = ∆ext (r , r ′) + ∆xc (r , r ′)

Ws ({R i}) = Wext ({R i}) + WH ({R i}) + Wxc ({R i})
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We introduce a non interacting system:

Ωs [ρ, χ, Γ] = Ts,e [ρ, χ, Γ] + Ts,n [ρ, χ, Γ]− 1
β
S [ρ, χ, Γ]

+
∫

drvs (r) ρ (r) +

∫
Γ ({R i})Ws ({R i})

∏
j

dR j

+
∫

drdr ′∆∗s (r , r ′)χ (r , r ′) + c .c .

constructed to have the same density of the interacting one:

vxc [ρ, χ, Γ] =
δFxc [ρ, χ, Γ]

δρ

∆xc [ρ, χ, Γ] =
δFxc [ρ, χ, Γ]

δχ

Wxc [ρ, χ, Γ] =
δFxc [ρ, χ, Γ]

δΓ
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We introduce a non interacting system:

Ωs [ρ, χ, Γ] = Ts,e [ρ, χ, Γ] + Ts,n [ρ, χ, Γ]− 1
β
S [ρ, χ, Γ]

+
∫

drvs (r) ρ (r) +

∫
Γ ({R i})Ws ({R i})

∏
j

dR j

+
∫

drdr ′∆∗s (r , r ′)χ (r , r ′) + c .c .

constructed to have the same density of the interacting one:

Fxc [ρ, χ, Γ] = F [ρ, χ, Γ]− Ts,e [ρ, χ, Γ]− Ts,n [ρ, χ, Γ] +
1
β
S [ρ, χ, Γ] .
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SCDFT 9/23

Ionic equation:∑
j

∇2
j

2Mj
+ Ws ({R i})

Φn ({R i}) = EnΦn ({R i})

Electronic equations:[
−∇

2

2
+ vs (r)− µ

]
ui (r) +

∫
∆s (r , r ′) vi (r ′) dr ′ = Eiui (r)

−
[
−∇

2

2
+ vs (r)− µ

]
vi (r) +

∫
∆∗s (r , r ′) ui (r ′) dr ′ = Eivi (r)



DecouplingApproximation (Sec 2.4)

SCDFT 10/23

I Decouple electrons from ions separating static and dynamic part of
the interaction, including the latter in a perturbative fashion.

II Decouple the high energy chemical scale (responsible for bonding)
from low energy pairing interactions (responsible for
superconductivity).

phonons chemistry superconductivity



Phonons and el-ph (Sec 2.4.1)

SCDFT 11/23

The electron-lattice interaction in H is simplified to:

H̃e−ph =
∑
mnσ

∑
νkq

gνmk+q,nk

∑
σ

ψ†σmk+qψσnkbνq

=
∑
νq

√
~

2ωqν

∫
dr∆V qν

scf (r)ψ†σ (r)ψσ (r) bνq

the coupling comes from the Kohn Sham system of conventional DFT:

gνmk+q,nk =

√
~

2ωqν

〈
ϕmk+q

∣∣∆V qν
scf

∣∣ϕnk
〉



Electronic decoupling (Sec 2.4.2)

SCDFT 12/23

Back to the electronic equations[
−∇

2

2
+ vs (r)− µ

]
ui (r) +

∫
∆s (r , r ′) vi (r ′) dr ′ = Eiui (r)

−
[
−∇

2

2
+ vs (r)− µ

]
vi (r) +

∫
∆∗s (r , r ′) ui (r ′) dr ′ = Eivi (r)

they can be written in a basis set of normal state Kohn Sham orbitals:

ui (r) =
∑

nk ui,nk ϕnk (r) vi (r) =
∑

nk vi,nk ϕnk (r)

∆s (r , r ′) =
∑

nn′kk′ ∆s,nn′kk′ ϕnk (r)ϕn′k′ (r ′)

leading to:
ξnk ui,nk +

∑
n′k′

∆s,nn′kk′ vi,n′k′ = Ei ui,nk

−ξnk vi,nk +
∑
n′k′

∆∗s,nn′kk′ ui,n′k′ = Ei vi,nk
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Electronic decoupling (Sec 2.4.2)

SCDFT 12/23

ξnk ui,nk +
∑
n′k′

∆s,nn′kk′ vi,n′k′ = Ei ui,nk

−ξnk vi,nk +
∑
n′k′

∆∗s,nn′kk′ ui,n′k′ = Ei vi,nk

Electronic decoupling approximation:

ui (r) ≡ unk (r) = unkϕnk (r)

ui (r) ≡ vnk (r) = vnkϕnk (r) ,

that implies ∆s,nn′kk′ → δnk,n′k′∆s,nk

Meaning: Superconductivity doesn’t induce either structural phase
transitions nor inter-band hybridizations
And: Enk = ±

√
ξ2nk + |∆s (nk)|2,

ρ (r) =
∑
nk

[
1−

ξ2nk
|Enk |

tanh
(
β |Enk |

2

)]
|ϕnk (r)|2

χ (r , r ′) =
1
2

∑
nk

∆s (nk)

|Enk |
tanh

(
β |Enk |

2

)
ϕnk (r)ϕ∗nk (r ′)
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ξnk ui,nk +
∑
n′k′

∆s,nn′kk′ vi,n′k′ = Ei ui,nk

−ξnk vi,nk +
∑
n′k′

∆∗s,nn′kk′ ui,n′k′ = Ei vi,nk

Electronic decoupling approximation:

ui (r) ≡ unk (r) = unkϕnk (r)

ui (r) ≡ vnk (r) = vnkϕnk (r) ,

that implies ∆s,nn′kk′ → δnk,n′k′∆s,nk

And: Enk = ±
√
ξ2nk + |∆s (nk)|2,

ρ (r) =
∑
nk

[
1−

ξ2nk
|Enk |

tanh
(
β |Enk |

2

)]
|ϕnk (r)|2

χ (r , r ′) =
1
2

∑
nk

∆s (nk)

|Enk |
tanh

(
β |Enk |

2

)
ϕnk (r)ϕ∗nk (r ′)



First Summary
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I Hamiltonian for electrons and nuclei
II The nuclear part is simplified with a Born Oppenheimer

approximation and the electron phonon taken from the Kohn
Sham system.

III Add a symmetry breaking term to induce superconductivity
IV Set up a finite temperature formalism
V Prove the OGK theorem and set up the Kohn Sham system
VI Introduce some basic approximations

A theoretical framework is now set. Now we need functionals
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Éliashberg Theory 14/23

To construct a functional we set up a perturbative approach:
Our Hmiltonian:

H → He + Hee + H̃en + Hext

si split into:

H0 = Hs + Hext

HI = Hee + H̃en − HDC

where:

Hs =
∑
σ

∫
drψ†σ (r)

[
−∇

2

2
+ vs (r)− µ

]
ψσ (r) ,

Differing from a GW (like) set-up for:

H∆ext =

∫
drdr ′∆∗ext (r , r)ψ↑ (r)ψ↓

(
r ′
)

+ h.c .
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Éliashberg Theory 15/23

Conventional diagrammatic can be restored by introducing:

ψ̄ (r) =

(
ψ↑ (r)

ψ†↓ (r)

)
ψ̄† (r) =

(
ψ†↑ (r) ψ↓ (r)

)
.

and rewriting H0 and HI as:

H0 =
∫

dr ψ̄† (r) H̄0 (r , r ′) ψ̄ (r ′)

HI =
∫

dr ψ̄† (r)

[∑
νq

√
~

2ωqν

∫
dr∆V qν

scf (r) σ̄3bνq − vs (r)

]
ψ̄ (r)

+
1
2

∫
drdr ′

[
ψ̄† (r) σ̄3ψ̄ (r)

] 1
|r − r ′|

[
ψ̄† (r ′) σ̄3ψ̄ (r ′)

]
.

formally we are back to GW but in terms of 2× 2 matrices:

Ḡ
(
τ r , τ ′r ′

)
:= −

( 〈
TψH,↑ (τ r)ψ†H,↑ (τ ′r ′)

〉 〈
Tψ†H,↑ (τ r)ψH,↓ (τ ′r ′)

〉〈
Tψ†H,↓ (τ r)ψ†H,↑ (τ ′r ′)

〉 〈
Tψ†H,↓ (τ r)ψH,↓ (τ ′r ′)

〉)
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Dyson equation:

Ḡ
(
r , r ′, ωi

)
= Ḡ0

(
r , r ′, ωi

)
+ Ḡ0

(
r , r ′, ωi

)
Σ̄
(
r , r ′, ωi

)
Ḡ
(
r , r ′, ωi

)
Approximation: A GW self energy:

Σ̄ = ︸ ︷︷ ︸
Σ̄xc

- Σ̄DC
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between SCDFT and Éliashberg

Eliashberg theory is the DFT-based Dyson equation:

Ḡ (nk , ωi ) = Ḡ0 (nk , ωi ) + Ḡ0 (nk , ωi ) Σ̄ (nk , ωi ) Ḡ (nk , ωi ) ,

Now we consider an alternative, SCDFT-based, Dyson equation:

Ḡ (nk , ωi ) = Ḡs (nk , ωi ) + Ḡs (nk , ωi ) Σ̄s (nk , ωi ) Ḡ (nk , ωi ) ,

Σ̄s = Σ̄xc −
(

vxc (nk) ∆xc (nk)
∆∗xc (nk) −vxc (nk)

)
.
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between SCDFT and Éliashberg

Eliashberg theory is the DFT-based Dyson equation:

Ḡ (nk , ωi ) = Ḡ0 (nk , ωi ) + Ḡ0 (nk , ωi ) Σ̄ (nk , ωi ) Ḡ (nk , ωi ) ,

Now we consider an alternative, SCDFT-based, Dyson equation:
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(

vxc (nk) ∆xc (nk)
∆∗xc (nk) −vxc (nk)

)
.
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Both Ḡ and Ḡs provide the exact density of the system:∑
i

∑
nk

Ḡ (11) (nk , ωi ) =
∑
i

∑
nk

Ḡ (11)
s (nk , ωi ) ≡

∑
i

∑
nk

− (iωi + ξnk)

ω2
i + ξ2nk + ∆2

s (nk)

∑
i

Ḡ (12) (nk , ωi ) =
∑
i

Ḡ (12)
s (nk , ωi ) ≡

∑
i

−∆s (nk)

ω2
i + ξ2nk + ∆2

s (nk)

inserting this constrain in the (SCDFT)Dyson equation:

∆∗xc (nk) =
1

Ξ (nk)

[
1
β

∑
i

Σ̄(11)
xc (nk , ωi ) Ḡ

(11)
s (nk , ωi ) Ḡ

(12) (nk , ωi )

+
1
β

∑
i

Σ̄(11)
xc (nk , ωi ) Ḡ

(12)
s (nk ,−ωi ) Ḡ

(11) (nk , ωi )

−
1
β

∑
i

Σ̄(21)
xc (nk , ωi ) Ḡ

(12)
s (nk , ωi ) Ḡ

(12) (nk , ωi )

+
1
β

∑
i

Σ̄(12)
xc (nk , ωi ) Ḡ

(11)
s (nk ,−ωi ) Ḡ

(11) (nk , ωi )

]
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Both Ḡ and Ḡs provide the exact density of the system:∑
i

∑
nk
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Ḡ (12) (nk , ωi ) =
∑
i
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1
β
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β
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∆∗xc (nk) =
1

Ξ (nk)

[
1
β

∑
i

Σ̄(11)
xc (nk , ωi ) Ḡ

(11)
s (nk , ωi ) Ḡ

(12) (nk , ωi )

+
1
β

∑
i

Σ̄(11)
xc (nk , ωi ) Ḡ

(12)
s (nk ,−ωi ) Ḡ

(11) (nk , ωi )

−
1
β

∑
i

Σ̄(21)
xc (nk , ωi ) Ḡ

(12)
s (nk , ωi ) Ḡ

(12) (nk , ωi )

+
1
β

∑
i

Σ̄(12)
xc (nk , ωi ) Ḡ

(11)
s (nk ,−ωi ) Ḡ

(11) (nk , ωi )

]
∆∗xc (nk)

Kohn Sham potential that leads to the interacting superconducting density

Σ
(IJ)
xc (nk , ωi )

diagrammatic irreducible self energy

G
(IJ)
s (nk , ωi )

SCDFT Kohn Sham Green’s function (it depends on ∆∗xc (nk))
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(11)
s (nk ,−ωi ) Ḡ
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Asimplemodel (Sec 3.3)

Sham Schlüter connection 19/23

Pick up an Einstein phonon mode:

gνmk+q,nk =

√
λωph

NF

Fix a constant DOS:

N (ξ) =
∑
n,k

δ (ξ − ξnk) = NF

... and solve the corresponding SCDFT Sham-Schlüter equation:

∆∗xc (nk) = S
[
∆∗xc , Σ̄xc

]
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... and solve the corresponding SCDFT Sham-Schlüter equation:
Éliashberg gap:

KS-SCDFT gap:

The KS spectrum is NOT a good approximation of the interacting one
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Sham Schlüter connection 20/23

What if ... we take the Sham-Schlüter equation:

∆∗xc (nk) = S
[
∆∗xc , Σ̄xc

]
and arbitrarily substitute Ḡ → Ḡs ...
Then

We have no more dependence on the many body system
S can be summed analytically
(becoming an explicit function of ∆s)

we get a GAP equation:

∆xc (nk) = Z (nk) ∆xc (nk) +
1
2

∑
n′k ′
K
(
nk , n′k ′

) tanh
(
β
2En′k ′

)
En′k ′

∆xc

(
n′k ′

)
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arbitrarily substitute Ḡ → Ḡs ...
we get a GAP equation:

∆xc (nk) = Z (nk) ∆xc (nk) +
1
2

∑
n′k ′
K
(
nk , n′k ′

) tanh
(
β
2En′k ′

)
En′k ′

∆xc

(
n′k ′

)
Note:

The very first SCDFT functional was made like this
with a few extra corrections

Such a functional is not too bad and can be used for simulations
although now there is better stuff

The gap equation is essentially a modified BCS equation
as simple as BCS but far better.
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we get a GAP equation:

∆xc (nk) = Z (nk) ∆xc (nk) +
1
2

∑
n′k ′
K
(
nk , n′k ′

) tanh
(
β
2En′k ′

)
En′k ′

∆xc

(
n′k ′

)
Note:

The very first SCDFT functional was made like this
with a few extra corrections

Such a functional is not too bad and can be used for simulations
although now there is better stuff

The gap equation is essentially a modified BCS equation
as simple as BCS but far better.



Asimple functional (Sec 3.3)

Sham Schlüter connection 20/23

arbitrarily substitute Ḡ → Ḡs ...
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Computational procedure :

Compute the electronic structure (KS)
Compute phonons and electron-phonon matrix elements
Compute electron-electron matrix elements (RPA-ALDA)
Construct Z and K and solve the gap equation
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⇐ k-dependent gap or gap distribution function
and related physical properties

⇐ STM

⇐ Specific heat
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KS - SCDFT potential ⇑ ⇑ SC order parameter χ (r ′, r ′) ⇑
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Final Summary
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I Hamiltonian for electrons and nuclei
II Density Functional-ization
III Use Many body theory to build a functional

make approximations whenever you can.
IV Use the functional for production
IV Ask questions
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