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7.2 Eva Pavarini

1 Introduction

Most electronic properties of solids and molecules can be described — in the non-relativistic
limit and in the Born-Oppenheimer approximation — by the electronic many-body Hamiltonian
~ NR 1 9 Lo 1 AV

! QZi:VZ Zi:%:lri—Ral+;|n—rj|+0§,lRa—Rwl )
In practice, finding the exact eigenvalues and eigenvector of this Hamiltonian for a given sys-
tem is impossible, unless the number of electrons is very small. This might sound as a gloomy
conclusion for condensed-matter physics. The positive side is that, however, the exact solution
of the many-body Hamiltonian (1) is, most likely, not even useful for understanding the prop-
erties of matter. One can grasp the reason by looking to a many-body problem for which an
exact solution was found, the classical gravitational N-body system. Even without the compli-
cation of quantum mechanics, describing the behavior of many interacting classical bodies is a
formidable task. This complexity is remarkable, since in the absence of interactions everything
seems beautifully simple. Let us remind ourselves why. If a system is made of a single body
with mass mq, and its initial position, 7 (0), and velocity, 7 (0), are known, we can predict its
position at any time in the future by solving the trivial equation

ml'i‘l = 0.

If our system contains two such bodies, we can just do the same, the only possible complication
being collisions; as a matter of fact, if we exclude collisions, the first body does not influence at
all the second. The system of independent equations that we have to solve is just

mlv'“'l =0 A mng =0.

In the large- NV limit, assuming that all bodies have the same mass m; = m and collisions are
elastic, the system behaves as an ideal gas, whose macroscopic properties are described by the
famous ideal-gas law PV = NkgT'. As soon as we switch on the gravitational interaction, how-
ever, everything is suddenly awfully complicated. The two-body problem is already difficult by
itself. The system of equations is now

{ mir; = +Fiy

matry = —Fyp
where
Gmlmgf
FH:_T’ r=7T1—"

is the force that the second body exerts on the first. This system can be solved exactly after
changing variables to the center-of-mass and relative coordinates. Its solution yields a surprising
emerging behavior, i.e., closed elliptical orbits. Let us add now one body more

mir; = +Fy+ Fi3
moTy = —Fiy + Fy3 ()
mars = —Fi3 — F3.
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The three-body problem (2) was a mystery for a long time. It can even present chaotic effects;
when chaos reigns, the behavior of the system in the future is very sensitive to small changes
in the initial conditions. The problem was solved by Karl F. Sundman at the beginning of last
century, who found — few cases excluded — a convergent series solution in powers of t'/3 [1].
The extension to the general N-body problem arrived in 1991 thanks to Qiudong Wang, at the
time a young researcher. This story is nicely told in a review article by Florin Diacu [2], who
concludes

Did this mean the end of the N-body problem? Was this old question — unsuccess-
fully attacked by the greatest mathematicians of the last three centuries — merely
solved by a student in a moment of rare inspiration? [..] Paradoxically [..] not; in

fact we know nothing more than before having that solution.
The explanation is that

[..] these series solutions [...] have very slow convergence. One would have to sum
up millions of terms to determine the motions of the particles for insignificantly
short intervals of time. The round-off errors make these series unusable in numer-
ical works. From the theoretical point of view, these solution add nothing to what

was previously known about the N-body problem.

Indeed, we are not even interested in knowing where all particles are at each moment. We
do not want to reproduce the complete history of the formation of the solar system, atom by
atom. We rather look for answers to questions such as “Is the solar system stable? If not, in
what time frame will chaotic behavior manifest itself?”. We can now foresee that a similar
conclusion would likely apply to the quantum case, had we at hand the exact solution of this,
even more complex, N-body problem. Such a solution would contain too much information.
We would need the lifetime of the universe or longer for extracting the answer to one of our
questions, e.g., “why are some systems metals and other insulators?” or “ what is the origin
of superconductivity?”’. We would perfectly reproduce experimental phenomena, without being

able to tell anything about their origin.'

We have thus to abandon the idea that all problems
can be solved by a single magic algorithm which returns the exact solution, unless we can,
in addition, build an oracle machine powerful enough to eliminate all the irrelevant data and
identify the essential elements, providing answers to the real questions. We cannot exclude that
one day artificial intelligence will be able to do that for us [3]. In the mean time, the strategy
is to build minimal materials-specific models which capture the essence of the phenomenon we
want to understand, and solve them as accurately as possible. Unfortunately, even for those
models, in most cases only approximate solutions are available. Thus the simplifications made
and the approximations adopted have to be put to the test. In this imperfect world, in which
neither the model nor the solution method are exact, and in which there is no guarantee that the

choices we made are indeed good enough, we have to try to explain reality. Finding realistic

Indeed, agreement with experiments is highly overrated. A useful theory should explain, not merely reproduce,
experimental measurements.
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but minimal models (and, at the same time approximate methods of solution that work) is, of
course, not at all trivial, and often involves refinements and corrections. This approach, despite
its non-systematic, trial-and-error nature, proved itself very successful and allowed physicists to
understand superconductivity, the Kondo effect, the metal-insulator transition, and much more.
The first step to make progress is to rewrite the Hamiltonian in second quantization, the formal-
ism that allows us to deal with many-body states and operators in a compact and elegant way.
It is worth to remind ourselves that setting up the Hamiltonian in second quantization requires
to identify and choose a complete one-electron basis. The selection of the basis is important,
because certain choices allow us to build better models than others. Here better indicates a
more advantageous compromise between two competing needs, (i) that the model is as realis-
tic as possible and (ii) that its associated Fock space is as small as possible. The role of the
basis becomes perhaps more clear with a simple example. The low-energy bound states of the
hydrogen atom can be described, of course, in a basis of plane waves; the number of plane
waves required is extremely high, however. In the many-body case, the basis might make the
difference between being able to solve the relevant model or not. In this lecture we will adopt
as basis Wannier functions, v, (7). First we will write the Hamiltonian using the complete
set, and later we will see how to construct minimal models. Using a complete set of Wannier
functions, the Hamiltonian (1) can be expressed as He = f[o +H v. The one-electron term, f[o,
describes the kinetic energy and the attraction between electrons and nuclei, and is given by

Zzztmm imoCitm/ o+

f ) creates (destroys) an electron with spm o in orbital m at site 7. The on-site

Here Cimo ( Cimo

(7 = i) terms yield the crystal-field matrix &,,, ,,y = tr;z,m’ while the 7 # i’ contributions are the
hopping integrals. The parameters are given by

i = = [T ) (=59 4 00l i ), o

where vg(r) is the electron-nuclei interaction. The electron-electron repulsion Hy is

§ :E : § : i3’ 5’ T
Ump m/p’ zmocjpa’ Cj’p o'Cirm/ o

zzy] oo’ mm/pp’

where the (bare) Coulomb integrals can be expressed as
U:i;]mp /dlrl/d’r2 ¢zma 1 w]PU (T.Q) ’ —ry ’% plo’ (7“2)% 'm/ O'(Ir].>

The simplest version of H, is the so-called Hubbard model, in which we consider only one
orbital (m=m'=p=p’) and we assume that the Coulomb term is local (i=i'=j=j"). This yields

H = Z Z tl o chz’a +U Z ﬁiTﬁii = Z 5]60;200160 + UZ flnflu. (4)
o ) ko 7

Even this apparently simple model cannot be solved exactly in the general case. This is because
it contains already all the essence of the electronic many-body problem.
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2 LDA+DMFT

The Hubbard model (4) and its multi-orbital generalizations are the minimal models for de-
scribing the Mott metal-insulator transition. The most successful method of solution capturing
the nature of the Mott transition is DMFT, dynamical mean-field theory [4-7]. It is based on
the local self-energy approximation, i.e., the assumption that X7 (k,w) ~ X7 (w). DMFT is
exact for U = 0 (band limit), for t** = 0 (atomic limit), and in the limit of infinite coordination
number [4,5]. In the present section we will illustrate the basic ideas of this approach. First
we will use a toy model that can be solved analytically, the Hubbard dimer. For this model the
coordination number is equal to one, and thus, as one might expect, a local self-energy is a bad
approximation. The example is nevertheless very useful to explain the essence of the method.
Next we will extend to the one-band Hubbard model, and finally we will generalize to realistic
multi-orbital many-body Hamiltonians.

2.1 DMFT for the Hubbard dimer

The two-site Hubbard model is given by
H = &4q ZTAZZ‘U — tz (C];UCQU + ngclg> + U Z fLiTTAlii,

with i = 1, 2. The ground-state for N = 2 electrons (half filling) is the singlet?

G)u = [2,00) = ﬁ (clyeh, = cluchy] 10y + E clyel, + ey, | 0) )
with
i = 1 A(t,U)—U7 2= 4t 2 7
A(t,U) 2 At U) A(t,U) - U
and

A(t,U) = VU? 4 162,
The energy of this state is
1
Eo(2) =24 + 5(U — A(t,U)).

In the 7" — 0 limit, the exact local Matsubara Green function for spin o takes then the form

G7 (ivy) 1 1+w . 1—w
b 4 vy, — (Ep(2) —eq+t—p) vy — (Ep(2) —eq—t — p)
1—w I+w
_|_

. + - )
Wy — (—Eo(2) + U +3eq+t—pu) vy — (—Eo(2)+U +3eq4—t —p)

2You can find all eigenstates and eigenvalues of this model for arbitrary filling in my chapter in Ref. [8].
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where v, = m(2n + 1)/ are fermionic Matsubara frequencies, ;1 = ¢4 + U/2 is the chemical
potential, and the weight is w = 2a;jas. The local Green function can be rewritten as the average
of the Green function for the bonding (k¥ = 0) and the anti-bonding state (k = 7), i.e.,

& (i) = L 1 . 1
ii\Wn) = = : . . ; .
e 2\ v, +pu—eq+t—2X00,iv,) vy, +p—eqg—t—X(m,ivy,)

J/

-~

G (0,ivn) G (m,ivy)
The self-energy is given by

o U U2 1
20 (ksivn) =5+ T ap

The self-energies X7 (0, iv,) and X°(r, iv,) differ due to the phase ¢* = +1 in their denomi-
nators. The local self-energy is, by definition, the average of the two
1 u U? w,
X(ivy) = = [ 27(m, i) + X7(0,ivy) | = =+ — ————s.
7 (ivy) 2( (m,iv,) + 2°(0,iv )) 5 T2 ()2 — (31
The difference
1
ASS (ivy) = 5(2%,%) — 27(0, z'z/n)>,

thus measures the importance of non-local effects; it would be zero if the self-energy was inde-
pendent of k. Next we define the hybridization function

(t+ A%y (iv,))”

F (i) =
(i) Wy + o —eq — X7 (ivy,)

which for U = 0 becomes

. t?
F§ (iv,) = P
By using these definitions, we can rewrite the local Green function as
1
Wy 4 p—eq — Fo(ivy,) — X7 (ivy,)

G7(ivn) =

It is important to point out that the local Green function and the local self-energy satisfy the
following local Dyson equation

1
ZU ) n) — - )
(ivn) &7 (iv,) G, (ivy)

where &7, (iv,) is given by

1
Wy + 1 —eq — Fo(iv,)

QS;’Z(@V”) =
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Thus, one could think of mapping the Hubbard dimer into an auxiliary quantum-impurity model,
chosen such that, within certain approximations, the impurity Green function is close to the local
Green function of the original problem. Is this possible? Let us adopt as auxiliary model the
Anderson molecule

HA = €5 Z Negg — tz (CLUCSU + Clocdo> + &4 Z Ndy + UﬁdTﬁd¢. (6)
g g g

The first constraint would be that Hamiltonian (6) has a ground state with the same occupations
of the 2-site Hubbard model, i.e., at half filling, n; = ns = 1. The condition is satisfied if
€s = . This can be understood by comparing the Hamiltonian matrices of the two models in
the Hilbert space with N = 2 electrons. Let us order the two-electron states of the Hubbard
dimer as

|1>: |27171> = CJ{TCJ%HO)?

|2>: |2717_1> = ChC;JO)’

3)= [2,1,0) = Zslelel, +¢lycl]l0),
[4) = 12,0,0) = Z5lelel, =l ehi]l0),
5) = [2,0,0)1 = cl;cl}|0),
6) = [2,0,0), = c;TcMO).
In this basis the Hamiltonian has the matrix form
24 0 0 0 0 0
0 24 0 0 0 0
X 0 0 2, 0 0 0
H, =
0 0 0 24 —V2u =2
0 0 0 —V2 244U 0
0 0 0 —v2 0 2e44+U

The ground state, the singlet given in Eq. (5), can be obtained by diagonalizing the lower
3x3 block. For the Anderson molecule, ordering the basis in the same way (1 — d,2 — s),
this Hamiltonian becomes

egqtes 0 0 0 0 0
0 €atEs 0 0 0 0
X 0 0 e4tes O 0 0
Hy =
0 0 0 egtes —V2 —V2
0 0 0 =2 2e44U 0
0 0 0 =2 0 2,
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By comparison, we may see that if £, = ¢4 + U/2, the ground-state of ﬁ{‘ has the form of the
ground-state for the Hubbard dimer, i.e.,

(6%) 631
The values of a; and oy, as well as the complete list of eigenvalues and eigenvectors of the
Anderson molecule for e, = ¢4 + U/2 and arbitrary electron number /N, can be found in the
Appendix. The impurity Green function takes then the form

. /. 1 14w 1—w
Gd,d(wn) = {

1 i — (Bo@) - B () =) ivm = (Bo(2) — B (1) — )
14w N 1—w ]
in— (B_(3) = Eo(2) — 1) | ivm— (B+(3) — Bo(2) — )]’

where
Eo(2) - Be(1) = (2A<t, UJ2) + Alt, U>),
1
Bo(3) = Eof2) — = +7 <2A(t, U/2) + At U)),

, 1 322 -U?
W —

T2A0U)ALU/2)

After some rearrangement we obtain a much simpler expression

1
W+ 1 — eqg — FG (i) — X9 (ivy,)

Gg,d(il/n) =

The impurity self-energy equals the local self-energy of the Hubbard dimer

U U? .
S (ivy) == 4
i) =5+ T G = @30

The hybridization function is given by

t2
.Fg(lyn) =

W,
For U = 0, G9 ,(iv,,) equals the non-interacting impurity Green function

1

GY (iv,) = .
aa(ivn) Wy + 1 —eq — FG (ivy)

The impurity Green function thus satisfies the impurity Dyson equation

(i) = o 1
ivy,) = - .
4 G?l‘,Td(ZVn) Gg,d(“/n)
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Fig. 1: Green functions of the Hubbard dimer (t = 1,U = 4) and the Anderson molecule
(es = €4+ U/2) in the zero temperature limit. Left panels, blue: Hubbard dimer with local self-
energy only, i.e., with AX7(w) = 0. Left panels, orange: Anderson molecule. Right panels:
Exact Green function of the Hubbard dimer. Dashed lines: poles of the Green function of the
Anderson molecule (left) or Hubbard dimer (right).

In Fig. 1 we show the impurity Green function of the Anderson molecule (orange, left panels)
and the local Green function of the 2-site Hubbard model, in the local self-energy approximation
(blue, left panels) and exact (blue, right panels). Comparing left and right panels we can see
that setting AYXY (w) = 0 yields large errors. The left panels demonstrate, however, that the
spectral function of the Anderson molecule is quite similar to the one of the Hubbard dimer
with AX7(w) = 0. The small remaining deviations come from replacing, in the impurity
Dyson equation, the non-interacting impurity Green function with Qﬁfl(wn) in the local self-
energy approximation, i.e., with the bath Green function

o[ 1
giﬂ;(“/n) _Z-Vn + /,L —eg— .EU<ZVn) )
where
t2
F7 (i) =

iy + p—eq — Xq(ivy,)
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We are now in the position of explaining how DMFT works for the Hamiltonian of the Hubbard
dimer, choosing the Anderson molecule Hamiltonian (6) as the auxiliary quantum-impurity
model. The procedure can be split in the following steps

1. Build the initial quantum impurity model with G (iv,) = GY7(ivy,). The initial bath is
thus defined by energy €, = ¢4 and hopping ¢.

2. Calculate the local Green function Gf ,(iv,) for the auxiliary model.

3. Use the local Dyson equation to calculate the impurity self-energy

1 1
Xliv,) = — — —.
! Gaalivn) GG y(ivn)
4. Calculate the local Green function of the Hubbard dimer setting the self-energy equal to
the one of the quantum-impurity model
1 1 1

G? () ~ = |- : : .
ii(#n) 2 v, +p—eqa+t—X9(>iv) + iVp +p—gq —t — Xq(ivy)

5. Calculate a new bath Green function G7;(iv,,) from the local Dyson equation

1
2aivy) + 1/G§’,i(i’/n)‘

gzc,rz(fwn) =

6. Build a new G (iv,) from G, (iv,,).
7. Restart from the second step.
8. Iterate till self-consistency, i.e., here till n§ = n¢ and X9 (iv,,) does not change any more.

The Anderson molecule satisfies the self-consistency requirements for €, = p. The remaining
difference between G'7 ,(iv,,), the impurity Green function, and G7,(iv,,), the local Green func-
tion of the Hubbard dimer in the local self-energy approximation, arises from the difference in
the associated hybridization functions

AF(ivy) = F7 (ivy) — F (ivy) = t2p2( — % + 1_ s i ga)
where p? = U?/8¢? and g, = /912 + U?/4. If we use the Anderson molecule as quantum-
impurity model we neglect AF;(iv,); the error made is small, as shown in the left panels of
Fig. 1. To further improve we would have to modify the auxiliary model adding more bath sites.
Remaining with the Anderson molecule, let us compare in more detail its spectral function with
the exact spectral function of the Hubbard dimer. Fig. 2 shows that the evolution as a function
of U is different for the two Hamiltonians. Anticipating the discussion of next session, if we
compare to the spectral function of the actual lattice Hubbard model, we could say that the
Anderson molecule partially captures the behavior of the central “quasi-particle” or “Kondo”
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Fig. 2: Imaginary part of the Green function of the Anderson molecule (orange) and Hubbard
dimer (blue) in the zero temperature limit. For the Hubbard dimer the exact Green functions
are used, as in the right panels of Fig. 1. Parameters: t = 1, e, = u. Top: U = 0 (left) and
U = 4t (right). Bottom: evolution with increasing U from 0 to 4t in equal steps.

peak with increasing U, although the Kondo effect itself is unrealistically described; as a matter
of fact, the Kondo energy gain (the “Kondo temperature”) is perturbative (o< t2/U) in the case
of the Anderson molecule, while it is exponentially small for a Kondo impurity in a metallic
bath. On the other hand, the Hubbard dimer captures well the Hubbard bands and the gap in the
large-U limit. The example of the Anderson molecule also points to the possible shortcomings
of calculations for the lattice Hubbard model (4), in which the DMFT quantum-impurity model
is solved via exact diagonalization, however using a single bath site or very few; this might
perhaps be sufficient in the limit of large gap,® but is bound to eventually fail approaching
the metallic regime. Indeed, this failure is one of the reasons why the solution of the Kondo
problem required the development of — at the time new — non-perturbative techniques such as
the numerical renormalization group.

3For a discussion of bath parametrization in exact diagonalization and the actual convergence with the number
of bath sites for the lattice Hubbard model see Ref. [9].
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2.2 DMFT for the one-band Hubbard model

The Hubbard Hamiltonian (4) is in principle the simplest model for the description of the Mott
metal-insulator transition. In the tight-binding approximation it becomes

H=cg) fug—t Y clocu, +U Y iy, (7)
oi (i) i

where (i7’) is a sum over first neighbors. For U = 0, at half-filling, this Hamiltonian describes
a metallic band. For ¢ = 0 it describes an insulating collection of disconnected atoms. Some-
where in between, at a critical value of /U, a metal to insulator transition must occur. In this
section we will discuss the DMFT solution of (7) and the picture of the metal-insulator transi-
tion emerging from it. The first step consists in mapping the original many-body Hamiltonian
into an effective quantum-impurity model, such as the Anderson Hamiltonian

A — Z EpNko + Z (V,chUch + h.c.) + ey Z fuao + Ulgriiay -
ko ko .

7
~~ ~~ ~~

Hypatn thb Himp

In this model the on-site Coulomb repulsion U appears only in the impurity Hamiltonian, H imp>
while the terms Hy o, and H hyb» describe, respectively, the bath and the bath-impurity hybridiza-
tion. In the next step, the quantum-impurity model is solved. Differently from the case of the
Anderson molecule, this cannot be done analytically. It requires non-perturbative numerical
methods, such as exact diagonalization, the numerical renormalization group or quantum Monte
Carlo (QMC). Here we describe the DMFT self-consistency loop for a QMC quantum-impurity
solver. Solving the quantum-impurity model yields the impurity Green function Gg ;(ivy,).
From the impurity Dyson equation we can calculate the impurity self-energy

(i) = (G (i)~ = (G5 4(iv))

Next, we adopt the local approximation, i.e., we assume that the self-energy of the Hubbard
model equals the impurity self-energy. Then, the local Green function is given by

1 1
G . (iv,) =— ,
feic (1) N — Wy + L~ € — X9 (ivy,)

where Ny is the number of k points. The local Dyson equation is used once more, this time
to calculate the bath Green function G?(iv,,), which in turn defines a new quantum-impurity
model. This procedure is repeated until self-consistency is reached, and

G7 i (ivn) = G 4(ivy).

leyle

It is important to underline that self-consistency is key to the success of DMFT in describing the
metal-to-insulator transition. This can, perhaps, be best understood looking at a simpler self-
consistent method, the static mean-field or Hartree-Fock approach.* In the static mean-field

#Keeping in mind that many self-consistent solutions obtained with the Hartree-Fock method are spurious.
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Fig. 3: The metal-insulator transition in ferromagnetic Hartree-Fock. The calculation is for a
square lattice tight-binding model with dispersion €}, = —2t(cos k, + cos k).

approximation we replace the Coulomb interaction of the Hubbard model (7) with a one-body
operator
Uﬁﬁ’flu — U(’flnﬁu + ﬁiTﬁii — flmﬁu),

where 7, is the expectation value of n,,; for simplicity, here we additionally assume that
Nni, = N,. The approximation is then identical to replacing the Hamiltonian with

e =Y {ak + U(% - o—m)] i ®)
ko

where 0 = +1 for spin up and 0 = —1 for spin down; thus h.s = 2Um plays the role of an
effective field (Weiss field). The self-consistency criterion is simply

Nge = <ﬁa>MF7

where the expectation value (n,)ur is calculated using the Hamiltonian Hyyp, which in turn
depends on n, via m. This gives the self-consistency equation

ge—Bler+U(3—om)—)

11
"=9N, % 1+ e PlntUG—om—p’
If we set m = 0 the equation is satisfied; for such a trivial solution the static mean-field cor-
rection in Eq. (8) merely redefines the chemical potential and has therefore no effect. For
sufficiently large U, however, a non-trivial solution (m # 0) can be found. If m # 0 the spin
up and spin down bands split, and eventually a gap can open. This is shown in Fig. (3). The
static mean-field correction in Eq. (8) equals the contribution of the Hartree diagram to the self-
energy, X7 (iv,) = Un_,. In many-body perturbation theory, however, n, = 1/2, i.e., m = 0.
In the self-consistent static mean-field approximation, instead, m can differ from zero, and a
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A(w)

Fig.4: VOMoO,: LDA+DMFT spectral function at finite temperature for 0 < U < 4. Energies
are in eV and spectral functions in states/spin/eV. The calculations have been done using a
continuous-time hybridization-expansion QMC solver [10]. A detailed LDA+DMFT study of
the electronic and magnetic properties VOMoO, can be found in Ref. [11].

phenomenon not described by the mere Hartree diagram can be captured, ferromagnetism in
a correlated metal. In DMFT the role of the Weiss field is played by the bath Green function
G7;(iv,). The emerging picture of the Mott transition is described in Fig. 4 for a representative
single-band material. In the U = 0 limit, the spectral function Ay(w) is metallic at half filling
(top left panel). For finite U, if we set X9 (w) = 0 as initial guess, the DMFT self-consistency
loop starts with A(w) = Ag(w). For small U/t, the converged spectral function A(w) is still
similar to Ag(w). This can be seen comparing the U = 0.5 and U = 0 panels in Fig. 4. Further
increasing U/t, sizable spectral weight is transferred from the zero-energy quasi-particle peak
to the lower (LH) and upper (UH) Hubbard bands, centered at w ~ +U /2. This can be observed
in the U = 1 panel of Fig. 4. The system is still metallic, but with strongly renormalized masses
and short lifetimes, reflected in the narrow quasi-particle (QP) peak. Finally, for U larger than
a critical value (U > 1.5 in the figure) a gap opens and the system is a Mott insulator. When
this happens the self-energy diverges at low frequency, where

o U A

In the large U/t limit the gap increases linearly with the Coulomb repulsion, i.e., £ (1) ~
U — W, where IV is the bandwidth.
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2.3 DMFT for multi-orbital models

The multi-orbital Hubbard-like Hamiltonian has the form
ﬁ = I:I 0 + [_A[ U

Zzztmama CimoCitm/ o’

i/ o mm/

2 :E :E :E :Umpmp/ Cimo zpcr’czpa’czmo’
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where m, m’ and p, p’ are different orbitals and the Coulomb tensor is local. The DMFT ap-
proach can be extended to solve models of this form, mapping them to multi-orbital quantum-
impurity models. The main changes with respect to the formalism introduced in the previous
section are then the following

€k — (Hk:>ma,m’0'/ (ZVn + ,u) — (ZVn + ,u) ima’,m’a’
t“ _>t:nlamo €d_>8mama :_t;"jama

where 1 is the unity matrix. As a consequence, the local Green function, the bath Green func-
tion, the hybridization function and the self-energy also become matrices in spin-orbital space

G7 (ivn) = G (iv) G (ivn) = Gl (ivy) X (ivn) = Z0 (i)

The corresponding generalization of the self-consistency loop is shown schematically in Fig. 5.
Although the extension of DMFT to Hubbard models with many orbitals might appear straight-
forward, in practice it is not. The bottleneck is the solution of the generalized multi-orbital
quantum-impurity problem. The most flexible solvers available so far are all based on QMC.
Despite being flexible, QMC-based approaches have limitations. These can be classified in
two types. First, with increasing the number of degrees of freedom, calculations become very
quickly computationally too expensive — how quickly depends on the specific QMC algorithm
used and the actual implementation. Thus, going beyond a rather small number of orbitals and
reaching the zero-temperature limit is unfeasible in practice. The second type of limitation is
more severe. Increasing the number of degrees of freedom leads, eventually, to the infamous
sign problem; when this happens, QMC calculations cannot be performed at all. In order to
deal with limitations of the first type, it is crucial to restrict QMC calculations to the essential
degrees of freedom; furthermore, we should exploit symmetries, develop fast algorithms and
use the power of massively parallel supercomputers to reduce the actual computational time.
For the second type of problems not a lot can be done; nevertheless, it has been shown that a
severe sign problem might appear earlier with some basis choices than with others [10]. Al-
though eventually we cannot escape it, this suggests that the model set up can be used as a tool
to expand the moderate sign-problem zone. For what concerns symmetries, in the paramagnetic
case and in absence of spin-orbit interaction or external fields, an obvious symmetry to exploit
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Fig. 5: LDA+DMFT self-consistency loop. The one-electron Hamiltonian is built in the basis
of Bloch states obtained from localized Wannier functions, for example in the local-density
approximation (LDA); this gives HLP. The set {i..} labels the equivalent correlated sites inside
the unit cell. The local Green-function matrix is at first calculated using an initial guess for the
self-energy matrix. The bath Green-function matrix is then obtained via the Dyson equation
and used to construct an effective quantum-impurity model. The latter is solved via a quantum-
impurity solver, here quantum Monte Carlo (QMC). This yields the impurity Green-function
matrix. Through the Dyson equation the self-energy is then obtained, and the procedure is
repeated until self-consistency is reached.

is the SO(3) rotational invariance of spins, from which follows

AT (i) = b A (i),

,

where A = G, G, Y. In addition, if we use a basis of real functions, the local Green-function
matrices are real and symmetric in imaginary time 7, hence

AT T) = G Amant (7) = Bt At (7).

Finally, often the unit cell contains several equivalent correlated sites, indicated as {i.. } in Fig. 5.
In order to avoid expensive cluster calculations, we can use space-group symmetries to construct
the matrices G, G, X at a given site i/, from the corresponding matrices at an equivalent site, e.g.,
1. = 1. Space-group symmetries also tell us if some matrix elements are zero. For example, for
a model with only #,, (or only e,) states, in cubic symmetry, in the paramagnetic case and in
absence of spin-orbit interaction or external fields, we have

AU’J/ (T) = 50’,0’ Am,m(T) 6m,m’-

m,m/
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2.4 Minimal material-specific models from LDA

How do we build realistic Hubbard-like models for correlated materials? The state-of-the art
approach relies on constructing, for a given system, material-specific Wannier functions. The
latter can be obtained via electronic structure calculations based on density-functional theory
(DFT) [12,13]. If we construct a complete basis of Wannier functions, the complete many-body
Hamiltonian takes the form that we have seen in the introduction, H=H o+ H, v, wWith

HOZ-HLDA Zzztmm CimoCirm/ o
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1
__E:E:E:UWJ T
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The potential entering in the hopping integrals, Eq. (3), is given by the self-consistent DFT
reference potential

VR(T) = Ven(T) + vu(7T) + Uy (T Z | — R /d'r ﬁ + Ue(T).

The formula above shows that vg () includes Coulomb effects, via the long-range Hartree term
vg(r) and the exchange-correlation contribution v..(7); for the latter we use, e.g., the LDA
approximation. Thus in our Hamiltonian some Coulomb effects are included both in H,, via
vgr(r), and in Hy. In order to avoid double counting, we have then to subtract from H; the
effects already included in Hy. Thus we have to replace

]f[U — AF[U = F[U — gDC7

where Hpc is the so-called double-counting correction. Unfortunately we do not know which
correlation effects are indeed included in H, via the LDA reference potential, and therefore the
exact expression of Hpc is also unknown. The remarkable successes of the LDA suggest, how-
ever, that in many materials the LDA 1is overall a good approximation, and therefore, in those
systems at least, the term AHy; can be completely neglected. What about strongly-correlated
materials? Even in correlated systems, most likely the LDA works rather well for the delocal-
ized electrons or in describing the average or the long-range Coulomb effects. Thus one can
think of separating the electrons into uncorrelated and correlated; only for the latter we do take
the correction AH; into account explicitly, assuming furthermore that AHy is local or almost
local [12]. Typically, correlated electrons are those that partially retain their atomic character,
e.g., those that originate from localized d and f shells; for convenience, here we assume that
in a given system they stem from a single atomic shell [ (e.g., d for transition-metal oxides or
f for heavy-fermion systems) and label their states with the atomic quantum numbers [ and
m = —I,...,[ of that shell. Thus

i Upprey 1303 =idii A mp,m'p €1
mpm'p’ 0 iji's' # i Vo omp,m'p’ ¢ 1.
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Fig. 6: NMTO Wannier-like orbitals for t,, states in LaTiO3 obtained via massive downfolding
to the tyy bands. The ty4-like orbitals have O p tails at the neighboring O sites reflecting the
distortions of the lattice. The figure has been taken from Ref. [14].

Within this approximation AHy is replaced by AH, = Hl, — HL ., where Hb, is, e.g., given
by the static mean-field contribution of H};. There is a drawback in this procedure, however.
By splitting electrons into correlated and uncorrelated we implicitly assume that the main effect
of the latter is the renormalization or screening of parameters for the former, in particular of
the Coulomb interaction. The computation of screening effects remains, unfortunately, a chal-
lenge. The calculation of exact screening would require the (impossible) solution of the original
many-body problem, taking all degrees of freedom into account. Commonly-used approximate
schemes are the constrained LDA approximation (cLDA) and the constrained random-phase
approximation (RPA) [12, 13]. Both methods give reasonable estimates of screened Coulomb
parameters for DMFT calculations. Typically cRPA calculations include more screening chan-
nels and are performed for less localized bases than cLDA calculations; thus cRPA parameters
turn out to be often smaller than cLDA ones. To some extent, the difference can be taken as an
estimate of the error bar. After we have selected the electrons for which we think it is necessary
to include explicitly the Hubbard correction, in order to build the final Hamiltonian for DMFT
calculations, it is often convenient to integrate out or downfold, in part or completely, the weakly
correlated states. There are different degrees of downfolding. The two opposite extreme lim-
its are (1) no downfolding, 1.e., keep explicitly in the Hamiltonian all weakly-correlated states
(i1) massive downfolding, i.e., downfold all weakly correlated states. If we perform massive
downfolding, e.g., downfold to the d (or e, or t3,) bands at the Fermi level, the Hamiltonian
relevant for DMFT takes a simpler form. The LDA part is limited to the selected orbitals or
bands, which, in the ideal case, are decoupled from the rest

'TLDA __ E:E:E: 1,1 T
H - tma,mfl Cimao Cz”mgo‘

o i m,ml,
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The local screened Coulomb interaction for this set of orbitals is the on-site tensor

2 : T
E E E Umamgmam zmaaczmﬁa’czmﬁa sz o

oo’ maml, mBm

It is important to point out that the level of downfolding does not modify the hardness of the
quantum-impurity problem. If, for example, in studying a transition-metal oxide, we plan to
treat only 3d bands as correlated, it does not matter if we perform calculations with a Hamil-
tonian containing also, e.g., O p states, or we rather downfold all states but the 3d and work
with a set of Wannier basis spanning the 3d-like bands only. The number of correlated orbitals
in the quantum-impurity problem is the same.’ One advantage of massive downfolding is that
the double-counting correction typically becomes a shift of the chemical potential, and it is
therefore not necessary to calculate it explicitly. A second important advantage is that the in-
terpretation of the final results is simpler. Instead, a disadvantage is that the basis functions are
less localized, and therefore the approximation of the Coulomb interaction to a local operator
might be less justified, and in some cases it might be necessary to include non-local Coulomb
terms. The effect of downfolding on the localization of Wannier functions is illustrated for
example in Fig. 6. Considered all advantages and disadvantages, what is then the best way of
performing DMFT calculations? There is no universal answer to this question; it depends on the
problem we are trying to solve and the system we are studying. Independently on the degree of
downfolding we chose, it is important to point out that a clear advantage of Wannier functions
in general is that they carry information about the lattice, bonding, chemistry and distortions.
This can be seen once more in Fig. 6, where orbitals are tilted and deformed by the actual struc-
ture and chemistry of the compound. Indeed, one might naively think of using an “universal”
basis, for example atomic functions, the same for all systems. Apart the complications arising
from the lack of orthogonality, such a basis has no built-in material-specific information, except
lattice positions. It is therefore a worse starting point to describe the electronic structure, even
in the absence of correlations; larger basis sets are required to reach the same accuracy. From
the point of view of LDA+DMFT, an advantage of an universal basis would be that it is free
from double-counting corrections; on the other hand, however, exactly because we do not use
the LDA potential to calculate the hopping integrals, we also cannot count on the successes
of LDA in the description of average and long-range Coulomb effects. For these reasons ab-
initio Wannier functions remain so far the basis of choice. They can be built via the Nth-Order
Muffin-Tin Orbital (NMTO) method [14], the maximal-localization scheme [15] or projectors.
Fig. 6 shows examples of NMTO-based Wannier functions.

No matter what construction procedure is used, a common characteristic of ab-initio Wannier
functions is that they are site-centered and localized.® Thus a question naturally arises: How
important is it to use localized functions as one-electron basis? In the extreme limit in which
the basis functions are independent of the lattice position (i.e., they are totally delocalized), the

>The choice might influence how severe the QMC sign problem is, however.
®Differences in localizations between the various construction procedures are actually small for the purpose of
many-body calculations, provided that the same bands are spanned in the same way.
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Fig. 7: The problem of two quantum wells. The figure shows (schematically) for each well
the wavefunction of a bound state. If we consider only the part of the wavefunction inside its
own well (red in the figure), the differential overlap (and hence the hopping integral) between
functions centered on different wells would be zero.

Coulomb interaction parameters would be the same for every couple of lattice sites, no matter
how distant. Thus a Hubbard-like model would be hard to justify. In the other extreme case, we
could, hypothetically, adopt a basis so localized that ©;,,,, (7)o (1) ~ 0;4#0(r — T;). Even
for such a basis, the unscreened Coulomb interaction is not local. It is given by

0;10j 5

g
[ o R
mons S, =

hence it decays slowly with distance, although the (divergent) on-site term dominates. More
generally, we can conclude that by increasing the localization of the basis we enhance the im-
portance of the on-site Coulomb repulsion with respect to long-range terms; this better justi-
fies Hubbard-like models. The example illustrates also how far we can go. A major problem
with the basis discussed above is that it would be impossible to properly describe bonding,
since the hopping integrals would be zero. Although such a basis is, of course, never used to
build many-body models, there is a tempting approximation that has similar flaws. If one uses
DFT-based electronic-structure techniques that tile the space in interstitial and non-overlapping
atomic spheres (e.g., the LAPW method), it is tempting to use as basis for correlated electrons
the atomic functions defined inside the atomic spheres. These functions are, by construction,
much more localized than Wannier orbitals (even if no downfolding is performed in the Wannier
construction). However, they do not form a complete basis set in the space of square-integrable
functions. This is obvious because such a basis does not even span the LDA bands; to reproduce
the bands we need, in addition, functions defined in the interstitial region. This is illustrated in
Fig. 7 for a simple example of two quantum well potentials.” We therefore cannot use it to
write the many-body Hamiltonian in the usual form H, 0+ H 7. In conclusion, a basis which, as
ab-initio Wannier functions, is complete and indeed spans the bands, is better justified, although
we somewhat lose in localization.

7 Another, but less severe, problem of atomic sphere truncations is that the results will depend on the sphere
size, in particular when atomic spheres are small.
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Fig. 8: The crystal structure of the tetragonal layered perovskite SroRuQ,. The figure has been
adapted from Ref. [16].

3 Multi-orbital Hubbard models

In this section we will discuss some of the specific effects emerging in multi-orbital Hubbard
models, pointing out the differences with respect to the case of the one-band Hubbard model.
As examples we will use perovskites with partially filled Z5, shells. A representative system
of this kind is SryRuQy4, whose layered crystal structure is shown in Fig. 8. The LDA bands
of Sr;RuO, around the Fermi level (4d tég configuration) are shown in Fig. 9. The figure
shows the 4d ty, bands crossing the Fermi level, in red the zz, yz bands and in blue the zy
band. Due to the layered structure, the xz and yz bands are quasi one-dimensional and the zy
band is quasi two-dimensional. Thus, they give rise, in first approximation, to a Fermi surface
made of four crossing lines (from the xz,yz bands) and a circle (from the xy band). This
is shown schematically in the left panel of Fig. 9. Experimentally, SrosRuOy is a correlated
metal down to 1.5 K; below this temperature it becomes an anomalous superconductor. The
two other examples considered in this lecture are orbitally ordered Mott insulators. The first is
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Fig. 9: Schematic representation of the Fermi surface of the tetragonal t%g system SroRuO,
(left) and the associated LDA band structure (right). The figure is rearranged from Ref. [16].
The band structure was calculated using the Nth-Order Muffin-Tin Orbital (NMTO) method.

CasRuQy, isoelectronic and very similar to SroRuO,, except that its crystal symmetry is lower
than tetragonal. The second is the 3-dimensional orthorhombic perovskite YTiOs, with the
electronic configuration 3d t% - For all these materials, if we massively downfold all bands but
the t54, the associated 3-band Hubbard model becomes
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where m, m’ = xy,yz, xz, and where U and J are the direct and exchange screened Coulomb
integrals for ¢y, electrons. The Coulomb interaction Hy is here assumed to have full 0(3)
rotational symmetry, as in the atomic limit.® The first two terms of Hy, are the so-called density-
density terms, and the last two are the pair-hopping and spin-flip interaction. In the Hamiltonian
above we dropped the double-counting correction Hpc, which in this case is a mere shift of the
chemical potential, as we will see later. The energies ¢,, ,,,» are the crystal-field matrix, and thus,
in principle, in the atomic limit €, ,,y = €4 0y,m/. In the following sections we will however
consider as atomic limit the case in which only the hopping integrals t ' are zero.

8For the derivation of the Coulomb interaction Hys for 194 electrons starting from the complete Coulomb tensor
of the free atom, see my chapter in Ref. [12].
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3.1 Atomic limit, multiplets and cubic crystal field

Let us start considering the atomic limit. For the one-band Hubbard model, in the atomic limit,
the local spectral function at half filling (d' electronic configuration) is given by

1 1 1
G iv,) = = | - + -
flivn) 2{ivy—( ea—p ) wp—(eca+U—p )
E(N)—E(N—1)—p BE(N+1)—E(N)—p

with 1 = g4 + U/2. The gap is E,(1) = U and the spectral function displays a lower and
an upper Hubbard peaks, located at energy +U/2. In the presence of many orbitals, the Hub-
bard peaks acquire a complicated structure. This is due to the fact that the eigenstates of the
Coulomb matrix for a given number of electrons form multiplets with different energies. For
the d" configuration there are three independent Coulomb parameters on which the energy of
a multiplet depends: the direct term U, the Hund’s rule exchange coupling for 75, electrons,
J=J1, and the Hund’s rule exchange coupling for e, electrons, J,. For a free atom (symmetry
0O(3)), the ground multiplet is determined by the three Hund’s rules. The first of these rules
says that the ground state has the maximum possible total spin S. Thus, for configuration d*,
the ground multiplet has S=2. Let us call —Ay the Hund’s rule energy gain, i.e., the energy
difference between the ground and the first excited spin multiplet; Ay is a function of J; and
Jy and is zero for J; = J, = 0. In cubic symmetry, the crystal field splits e, and ¢, states, and
EC0=E€, —Et,,>0; if £¢ 1s very large, the first Hund’s rule can be violated. In LaMnO3, where
the energy loss due to ¢ is smaller than Ay, the ground multiplet has configuration tgge}] and
indeed S=2 (high spin), in line with the first Hund’s rule. In Sr,RuO, and Ca;RuQ,, however,
the cubic crystal field prevails, and the ground configuration is tégeg, with S=1 (intermediate
spin). Thus, if the crystal field e¢ is large and n < 6, the e, orbitals will stay empty, hence,
we can restrict the discussion to the ¢, orbitals and the tggeg configuration. The energy of
the corresponding multiplets are given in Tab. 1, assuming €, v = €4,, Opm,m’» and setting for

convenience £, = 0. In the ¢} , configuration, the atomic Matsubara Green function is

& (iv,) = 1 . 3
i) == |- ,
" 6 Livn + (ep, — 1) Wy — (€1y, +U —3J — 1)
2/3 1/3
+- / / )

zyn—(€t2g+U—J—u)+iun—(5t2g+U—i—2J—,u) ’

and it is the same for all orbitals. The associated spectral function has one peak corresponding
to F£(1) — E(0) — u. This happens because there is only one state with zero electrons, the
vacuum. Instead, there are three peaks corresponding to energy E(2) — E(1) — u; they are
associated with different multiplets of the ¢2 , configuration (Fig. 10). The atomic gap takes the
value Eg(l) = U — 3J, i.e., it is smaller than in the case J = 0 and it is smaller than in the
one-orbital case. This expression of the atomic gap is also valid for other configurations, tgg,
ty,. and t5 . Instead, at half filling (¢3,), the atomic gap is Ey(3) = U + 2.J, i.e., it is enhanced
and not reduced by J. This can be easily verified by using Tab. 1.
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Table 1: The atomic ty, states (m = xy,xz,yz) in the basis which diagonalize the Coulomb
interaction. The label o in the first column takes the value +1, while in the states it has the
meaning T or |. The labels m, m' and m" indicate different orbitals.
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Fig. 10: Atromic spectrum for the tgg configuration. Left: exact. Right: density-density approxi-
mation (spin-flip and pair-hopping terms set to zero). In the density-density approximation the
total spin is not a good quantum number: The lower-energy block of states collects the My = £1
states of the S = 1 triplet, and the middle block mixes S = 0 and S = 1 states. The average
Coulomb interaction is U — 2.J, both in the exact and the approximate case. The spectrum is
identical for the t‘%g configuration, provided that all energies are shifted by 5U — 10.J.

3.2 Low-symmetry crystal field, orbital order and orbital degeneracy

When the symmetry is lower that cubic, the ?, levels can split. For example, if the symmetry
is tetragonal, the ¢, states split into a doublet, xz, yz, and a singlet, xy; the tetragonal energy
splitting i ecrp = €4y — €22/y-. In metallic Sr,RuOy the splitting ecr is relatively small (~ 120
eV), and the LDA+DMFT occupations of the different orbitals remain similar. In the insulating
S-Pbca phase of CayRuQOy, ecr is larger, ~ 300 meV, and the LDA+DMFT occupations are
close to those of the zy2xz'y2' configuration (zy orbital-order). The Mott insulator YTiOs has
even lower symmetry; because of the tég configuration, only the lowest energy ¢, crystal-field
level is actually occupied. Let us consider an oversimplified model for YTiOs, i.e., a tetragonal
system which, in the atomic limit, has configuration zy'z2%yz° at T = 0. How does the atomic
Green-function matrix change with respect to the cubic case, Eq. (9)? The tetragonal symmetry
implies that the imaginary time Green function has the matrix form

Gio(r) 0 0
trime (T) = 0  GZ(r) 0 , with  GI(1) = Gy(7).
0 0 G’;‘;(T)

For kpT' <« ecr < U, the xy Matsubara Green function is given by

G (i) 3 .\ 2 . 1
Up) ~= 1\ = ; - .
ay 6 \ivy + (Eay — 1) Wy — (€ay +U —J —p) vy — (Euy + U +2J — p)
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Fig. 11: The LDA+DMFT spectral function matrix of the orbitally-ordered tég system YTiOs,
in the (xz,yz, xy) basis (left panels) and in the crystal-field basis (right panels) [14, 17].

Here we neglected the small mixing of the three high-energy S = 0 multiplets of the ¢3 , con-
figuration (ecp < U). The xz and yz Matsubara Green functions take instead the form

o i) 3 . 1
W) ~—| - , .
@z/yz A\ ivy — (Egapy + U =3 — 1) iy — (€42py. + U — J — 1)

The atomic-limit gap is then
Eg(l) ~U-3J+ ECF-

From the expressions above we can see that the gap is inter-orbital and ecr increases it by
a small amount. If the symmetry is lower than tetragonal, as in the case of YTiOs, the Green
function, the spectral-function and the self-energy become full 3x 3 matrices. Still, in the atomic
limit, a crystal-field splitting favors the occupation of the lowest energy ¢, crystal-field orbital.
This remains true beyond the atomic limit: YTiOj is, indeed, an orbitally ordered Mott insulator
with a gap of about 1 eV. This can be seen in the DMFT spectral-function matrix in Fig. 11.

The crystal-field splitting not only increases the gap but also reduces orbital degeneracy, favor-
ing the onset of a orbitally order Mott-insulating state. The importance of orbital degeneracy
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for the Mott gap was explained for the first time by E. Koch, O. Gunnarsson and R.M. Mar-
tin [18, 19]. The argument presented in their works is the following. Let us assume that a
system is described by the multi-orbital Hubbard model for ¢,, electrons with, however, J = 0.
Let us assume that, in addition, its ground state is antiferromagnetic, as it typically is. The states
relevant for the gap are those generated by adding or removing one electron from the ground
state. In the large-U limit their energy is approximately given by

E(N+1) ~ nU + E(N) — /k; W/2
E(N—=1)~ (n—1)U+ E(N) = \/k_W/2,

where n is the number of electrons per site and W is the band-width. The gap is then

k_ k
VR

With respect to the atomic limit a term proportional to the bandwidth reduces the gap. To

E,(N) ~U (10)

understand its origin we can go back to the case of the Hubbard dimer. For the dimer, the
ground state is the singlet |G) i, given in Eq. (5). In the large-U limit

1
|G)g = |N) ~ NG clich, — el | 10).

By creating or removing an electron at site 1, we generate the states

1
cip|N) ~ +—=ch0) =+

1
\/§ E|N_1>2

1 1
clyIN) ~ 5 clyel ehyl0) = 5 [N +1)2

By applying the non-interacting Hamiltonian, Hy, we then have

Hy|N — 1), = —tch|0) = —t|N—1)
Ho|N +1)3 =+ tchic) el |0) = +¢ [N + 1),

In the atomic limit, the states <|N — 1)y, |N — 1)2> and the states <|N + 1)1, [N + 1)2> are
degenerate. For ¢t # 0, in the spaces defined by each one of these couple of degenerate states,

ﬁNi:<E(Ni) +t )
tt  E(N.)

the Hamiltonian is

with N. = N =+ 1. Thus the actual ground state is the bonding combination, and the associated
bonding-energy gain is the square root of the second moment

M = (NL|HZNL)) = 2 = by (W/2)?

where W = 2t (energy difference between antibonding and bonding state), and k. = k_ = 1.
The ground-state correction of atomic energies in first order degenerate perturbation theory is
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site 1 site 2

Fig. 12: Possible hopping paths for an extra hole and an extra electron in the case of orbital
degeneracy d = 2 and one electron per site. For simplicity only hopping between the same
orbitals on neighboring sites is allowed. This figure was adapted from Fig. 4 of Ref. [19].

thus AE(Ny) = — f). Indeed, as one can verify from the exact Green function given in

section 2.1, in the large-U limit, the gap of the Hubbard dimer at half filling is £,(1) ~ U — 2t.
We can now generalize to the multi-orbital case. The second moment of the Hamiltonian is
then MY = (Ni|HZ|NL) = >, |(N|Ho|N7)|2, where | N%) is the state generated by adding
or removing from the ground state an electron at site ¢, and |Ni) are all the degenerate states
generated from |N.) by hopping. For the single orbital dimer, as we have seen, there is only
one |Ni> state. If the number of degenerate orbitals d increases, however, so do the hopping
possibilities; £, and k_ equal the number of available hopping paths, which depends of course
on the actual model. Let us assume that n = 1 and tf;f:m, = t%’f;;zém,m/, 1.e., only intra-orbital
hopping between nearest neighbors is possible. If the model has two degenerate orbitals, k_ =
1. There are, however, two hopping possibilities for the extra electron, hence k, = 2. This is
schematically illustrated in Fig. 12. As a result, in the orbitally-degenerate case there is a gap
reduction with respect to the one-orbital case. This reduction, given in Eq. (10), can be viewed
as a hopping enhancement. At half filling the enhancement factor is proportional to v/d [18,19].
The relevance of orbital degeneracy for the Mott gap and thus for the Mott transition became
apparent in many cases. For example, orbital degeneracy can be reduced by a relatively small
crystal-field splitting, as it was shown in Ref. [17] for the series of 3d* perovskites. This happens
because the crystal-field splitting makes some of the states higher in energy, so that they do
not contribute to the second moment. Orbital degeneracy is also reduced by the Hund’s rule
coupling J, which makes some of the multiplets higher in energy, with similar effects. This
effect plays a key role for Hund’s metals [20].
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3.3 Spin-orbit interaction

The main relativistic effect in solids is the spin-orbit interaction, whose strength grows increas-
ing the atomic number Z. In correlated materials, the spin-orbit interaction competes with the
Coulomb parameters, the crystal field, and the hopping integrals in determining magnetic and
electronic properties. In the atomic limit, for the d shells the spin-orbit interaction is

a _§ : E :E : 1% i H _ 1
HSO - )\M 6ma,m’cf’ CrnoCmiors Emcr,m’cr’ - <m0_|lﬂsﬂ|m g >’
I

mm’ oo’

where = z,y, z, and )\, are the spin-orbit couplings, with A, = X in O(3) symmetry, and

Let us assume that, according to the first and second of Hund’s rules, .S is the total spin and
L the total angular momentum of the ground multiplet; these LS states are (2L + 1)(2S + 1)-
fold degenerate. If the spin-orbit coupling A is small compared to the Hund’s rule couplings .J;
and .J5, the spin-orbit interaction can be treated as a perturbation splitting the LS manifold in
eigenstates of the total angular momentum j. The third Hund’s rule states that, if the outermost
shell is less than half filled, the ground multiplet is the one with j = L — S; if, instead, it is
more than half filled, it is the one with j = L +.S. For the d! configuration, L = 2and S = 1/2,
so that the quartet j = 3/2 is the ground multiplet. In materials, the second and third of Hund’s
rules, and sometimes, as we have discussed, even the first, can be violated. This happens also in
Mott insulators, where the atomic character is preserved to a large extent. A source of Hund’s
rules breakdown is the crystal field. The strength of the spin-orbit interaction A\ has therefore
to be compared not only to J; and .J; but also to the relevant crystal-field couplings. In that
respect, it is important to notice that Hso couples e, and t,, states. If, however, the cubic
crystal field e is large compared to A, as typically is the case for 4d systems, and the electronic
configuration without spin-orbit interaction is ¢3 e, we can safely downfold the e, states. For

29~9°
cubic ¢y, systems of this kind, the spin-orbit Hamiltonian can then be rewritten as

- A
_ T s T - T
Hso = — ( D 0 ChagCasg + ChapCoyy 0Ch oy + €y — ZCyzﬁxyT) the
g
_ A i V3 (& i i i 1
=3 Z moc,,,Copy + C_14Coy T CopCiqy +Cpy Cor +Co €11 ) | (11)
am
where
+ . CI:z,o‘ + ic;f/z,a T _ CL?«%U B ic;r/ZvU oo A
= = —iChy o

C—l,a — T, C+1,U = — T, cO,i

In the last line of Eq. (11) we have brought the spin-orbit interaction in the form it takes for p
electrons (effective angular momentum [ = 1), apart, however, a minus sign in front. For the ¢} g
configuration the effective total angular momentum j can thus have the values 3/2 and 1/2. The
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local Green function matrix reflects the presence of spin-orbit interaction via extra off-diagonal
terms. For a 5, system with cubic symmetry its most general form is [21,23]

G;TJ(T) 0 0 0 GZN(T) —iGi(T)
0 G;@T(T) iGN () —G;N(T) 0 0
/ 0 —iGU (1) G () | G (7) 0 0
G';zs,im’(T) = . _ .
0 —GP(r) =GP () | GiH(T) 0 0
G () 0 0 0 G;}j(T) —iGE(T)
iGET(T) 0 0 0 iGN () G (1)

where all G277 (7) are real functions, and Gi97' (1) = G277 (1), while G (1) = G () =
G (1), and Gi° (1) = Gi7° () = G (7). The local Green function above is diagonal in the
basis of the eigenstates of the total angular momentum of the ¢} , configuration. Among those,
the j = 3/2 quartet is generated by the creation operators

T T

oo Ve chyy + v,
cls=c = —_
2

1 CT 1= CT
2 V3 +3 V3 ’ +
Instead, the j = 1/2 doublet is generated by the creation operators
.|.
PO R g Y2~y
-3 \/g +§ \/3

By inverting these relations, we can express the ¢y, creation and destruction operators as

1

N|w

17 17
oo T T i T T i i
Cral —_\/6 _—\/gcfg — c% — ﬂd%} Cyzt __\/5 _—\/§c% — C*% + \/éd,%}
P17 t f t ot P t

P T i t ot P
s =5 [HV2eLy L choy =5 [+V2e, —dl].

and rewrite the Green function matrix in the new basis. It takes the simple form

.y
G’
img,im

(1) = G () + G (),

N

where [ ; 1s the identity matrix of dimension 2j + 1. The spin-orbit Hamiltonian has the same
diagonal form
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One could thus conclude that the total angular momentum basis is the ideal one in the presence

of spin-orbit interaction. We have, however, to pay attention to the fact that the crystal-field

Hamiltonian is not diagonal in the angular momentum basis. Furthermore, if we change basis

in the way just described, we have to transform accordingly Hy, the Coulomb part of the Hamil-

tonian. We can see some of the effects of this transformation by considering a tetragonal system

for which ey, the tetragonal crystal-field splitting, is very large. In such a case the xy orbital
i

is basically decoupled and we can assume Hgo ~ Hi, = =) o clwcmg. The interaction

H¢ is diagonal in the basis of spherical harmonics. The corresponding creation operators are

{ T T

T T
c' 5 =c c
—3 TCy

_f T T
=C_q4 c+% =Clq4 c+% =Clq -

In the spherical harmonics basis the Coulomb interaction for xz /yz orbitals takes the form

Thus, we can see that in the new basis the pair-hopping terms are zero and the density-density
terms have a different prefactor than in the original xz, 32 basis.’

What about LDA+DMFT calculations with spin-orbit interaction? Although Hgo looks like an
innocent one-body term, it turns out that, for real materials, calculations including this term
are more difficult. This has two reasons: (i) they involve larger Green function matrices, e.g.,
6x6 as in the case just discussed, hence they are more demanding computationally and (ii)
they are often hampered by a much stronger sign problem. Thus, specific basis choices and
approximations are used. A possible approach consists in working in the basis that diagonalizes
the non-interacting local Green function or the non-interacting local Hamiltonian; such a basis
typically reduces the sign problem, as was first shown in Ref. [10] for the case without spin-orbit
interaction. For a system with tetragonal symmetry, the states that diagonalize the local Green
function belong either to the I or to the /7 irreducible representations, both 2-dimensional.
There are two (coulped) /7 representations, defining the space & . The analytic expression
of these states can be found in Refs. [16,21,23]. The transformation to the I & I, & I basis
is, of course, in principle, a mere basis change. Approximations are made, however, if all off-
diagonal elements of the Green function are set to zero or the Coulomb tensor is truncated, as
often done, e.g., to further tame the sign problem.

In the presence of crystal-field splitting, if the spin-orbit interaction does not dominate, it is
often preferable to perform the calculations in the ?5, basis. To this end, it is key to make
QMC codes very efficient in order to reduce as much as possible statistical errors and increase
the average sign. Exact LDA+SO+DMFT calculations in the ¢, basis have been successfully
performed for Sr,RuQy, using an interaction-expansion continuous-time quantum Monte Carlo
solver, and an orbital-dependent phase which makes the Green function matrix real [21,23].

9For the transformation of the full Coulomb tensor from cubic to spherical harmonics, see, e.g., my chapter in
Ref. [12]. It goes without saying that the total Green function (hence the gap) and the energy of the multiplets do
not change if we change basis, although the components of the Green functions are basis dependent.
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(a) (b)

(c) (d)

Fig. 13: Fermi surface of SroRuOy calculated with LDA (a), LDA+SO (b), LDA+DMFT (c) and
LDA+SO+DMFT (d) [21]. The grey maps are experimental results from Ref. [22].

This approach allowed us to study, for example, the effects of the spin-orbit interaction on
the Fermi surface without approximations. The results are shown in Fig. 13 in comparison
with experimental data; we will discuss them in the next section. In Fig. 14 we show instead
another example of LDA+SO+DMFT calculations, the orbital-resolved spectral function matrix
of Ca;RuQy. The figure compares the spectral function matrices for the metallic L-Pbca phase
and the insulating S-Pbca phase, both with and without spin-orbit interaction. In the case of the
S-Pbca phase, the spectral function matrix shows that the system is orbitally ordered, with the
configuration ~ zy? 22! y2' corresponding to xy orbital order. The small gap is inter-orbital,
and more specifically zy — xz, yz.
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1 | LDA+DMFT | LDA+DMFT &
L-Pbca S-Pbca
cRPA A cRPA

1 | LDA+SO+DMFT | LDA+SO+DMFT
L-Pbca S-Pbca
cRPA A cRPA :

LN y
6 4 -2 0 2 -6 2

o (eV)

Fig. 14: Spectral function matrix for the tég system CasRuQ,. Left: high-temperature L-Pbca
metallic phase. Right: Low-temperature insulating S-Pbca phase.

3.4 Non-spherical Coulomb terms and double-counting correction

Up to now we have considered the Coulomb tensor spherical (symmetry O(3)). This is exact
for a free atom. The screened Coulomb tensor has, however, in general, the symmetry of the
lattice. Taking into account non-spherical Coulomb terms is, in general hard, both because they
make QMC calculations more difficult and can worsen the sign problem, and because in their
presence the double-counting correction has to be explicitly accounted for, even when massive
downfolding is used. For these reasons they are typically neglected. Recently it was shown that
they can play a very important role for the Fermi surface, however [21]. Let us therefore discuss
how the double-counting correction can be treated in the presence of such terms, following the
approach of Ref. [21]. One of the classical approximations for the double-counting correction
is the so called “around mean-field” approximation. The idea is that LDA describes well the
average Coulomb term, in the absence of orbital polarization. This is equivalent to using as
double-counting correction the Hartree term of the Coulomb interaction tensor, i.€., the operator

HYC = U (Aot Timy + i) + (U = 20) Y (Rt Ry, + P o)

m m#m/

+ (U - 3J> Z Z (ﬁmaﬁm’o + ﬁmaﬁm’a> - /JJNd

o m>m/

— U ity + (U = 20) Y ity + (U =30)D D fmgiio

m#£m/ o m>m/
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where 7,,, = n/d, if n is the number of the correlated electrons per site and d the orbital

degeneracy. Within this approximation we have, after collecting all terms,
2

E@C:wu—mﬁﬁ—%{U@d—m—5u—1ﬂ
6u:gWQd—U—5ﬂd—U]

If we perform massive downfolding to the correlated bands, as previously mentioned, this is
merely a shift of the chemical potential and can therefore be neglected. Let us now consider the
case in which the Coulomb interaction has an additional term that does not change the average U
but has tetragonal symmetry
~ AU /.. A L
AHy = = (2nzmnmy¢ — Mgtz — nmnyz¢)

We can now use the around mean-field approximation for this term as well. We find

A A -
AEW:%Tg @mw—mm—ﬁWJ:%AUzy%wﬂMW
n AU
il = ===
H=%3

This term, in addition to a shift of the chemical potential, yields an effective change of the
crystal-field splitting ecr, and has therefore to be accounted for explicitly.

How does AU changes the Fermi surface of SroRuO,? The Fermi surface is determined by the
poles of the Green function at zero frequency. These depend on the non-interacting Hamiltonian
and the self-energy matrix at zero frequency. In the Fermi-liquid regime, and within the DMFT
local approximation, the effect of the self-energy is merely to modify the on-site part of the
Hamiltonian, i.e., the crystal-field splitting and the spin-orbit couplings

ECF —ECF + A€CF(O),

Ay = A+ AN (0).

Both Aecp(0) and AN, (0) are positive for SroRuO,, and lead to an almost doubling of the
LDA parameters. The positive Aecp(0) shrinks the 3 sheet (zz/yz bands) and enlarges the
v (zy band) sheet. This can be understood from the schematic Fermi surface and the LDA
band structure in Fig. 9. Enhancing the crystal-field splitting corresponds to slightly moving
the xy band downwards and the xz/yz bands upwards with respect to the Fermi level. The
enhancement of the spin-orbit couplings has a large Hartree-Fock component [23], since the
spin-orbit interaction yields a small but finite off-diagonal occupation matrix. For a O(3)-
symmetric Coulomb tensor, the Hartree-Fock enhancement of the spin-orbit coupling is thus

AN, .
5 = (U —3J) ngyz
AN
_ N
9 L =— (U - 3J) Nyyyz
AN, .
= —i(U = 3J)nl} ..,

2
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X
a v

Fig. 15: The LDA+SO+DMFT Fermi surface of SroRuO, calculated including the effects of the
non-spherical Coulomb term AU.

where ngf;n, are the off-diagonal elements of the density matrix. The Coulomb-enhanced spin-
orbit coupling improves the agreement with the experimental Fermi surface at the degeneracy
points (e.g., along the I'-X direction). The agreement with ARPES data, however, further
deteriorates for the v sheet. This can be seen in Fig. 13, in which the LDA and LDA+DMFT
Fermi surface are shown on top of ARPES data from Ref. [22].

Including correlation effects has thus two opposite effects: on the one hand, the agreement with
experiments improves with respect to LDA for the [ sheet; on the other hand, it deteriorates for
the v sheet. This can be seen comparing either panels (a) and (c) or panels (b) and (d) in Fig. 13.
Introducing tetragonal terms, and in particular the term AU, however, reduces the crystal-field
enhancement to

ecr — ecr + Aecp(0),

where Aegr(0) becomes almost zero for cRPA-based estimates of AU. This leads to an almost
perfect Fermi surface, as shown in Fig. 15. Non-spherical Coulomb terms turn out to be more
important for properties that reflect the point symmetry of the lattice, like the Fermi surface,
than for properties that average over orbitals, like total spectral function [23].
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4 Conclusion

The many-body problem is the grand challenge of solid-state physics. The result of many
electrons interacting together is a plethora of co-operative emergent properties. Among these
are heavy quasiparticles and the Coulomb-driven metal-insulator transition. The LDA+DMFT
approach has opened the possibility of describing and understanding these phenomena in real
materials. This approach is based on the DMFT local approximation for the self-energy. DMFT
is exact in several limits: the non-interacting limit, the atomic limit, and the limit of infinite
coordination number. In typical strongly-correlated materials it turns out to be an excellent ap-
proximation. Approaches that go beyond the local approximation range from cluster extensions
to various diagrammatic methods, among which the dual-particle based techniques. A key as-
pect of DMFT remains model building. Essential to that is the basis choice. The basis should be
as localized as possible but should also carry as much information as possible about the actual
system. Crucial is to chose a basis which indeed spans the whole space of correlated electrons,
even if this reduces localization. Wannier functions built from LDA/GGA calculations satisfy
all these requirements. It is also important to take into account the symmetry of the system, and
consider the effect of small distortions — unless including them makes calculations impossible.
We have seen in many cases that small details do matter. A small crystal-field can favor the onset
of the metal-insulator transition [17]. Small non-spherical Coulomb terms can sizably deform
the Fermi surface of a multi-band correlated metal [21]. Improving the models and develop-
ing new methods to solve complex realistic models is therefore key for future progress. While
numerical codes become always more sophisticated, many-body physics is primarily driven by
experimental discoveries, novel phenomena whose interpretation remain often a mystery for
decades. Indeed, one can identify only very few cases in which theory has predicted unknown
emergent phenomena. A famous example is anti-ferromagnetism, which was predicted using
static mean-field theory. Remarkably, it turned out later that the original theoretical description
was wrong. In the future there will be new classes of supercomputers and algorithms which
will allow us to run always more realistic simulations. Although prediction will remain dif-
ficult, our ability of reconstructing experimental results will steadily increase. As physicists,
however, our role is to understand and explain phenomena, not merely reproduce them. Even a
calculation that reproduce exactly experiments does not add new knowledge, if it does not help
us in explaining the origin of the observed phenomenon. This would be like having the exact
solution of the classical N-body problem discussed in the introduction, from which we are not
able to learn anything. Our major task remains thus to identify, with the help of computers and
algorithms, the mechanisms behind phenomena, building a coherent picture.
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Appendices

A The Anderson molecule

The Hamiltonian of the Anderson molecule is given by

I:I = &g Z ﬁgg —1 Z (CJ{JCZG + C;aclo) + &4 Z ﬁlg + Uﬁnﬁu.

It commutes with the number of electron operator N, with the total spin S and with S,. Thus

we can express the many-body states in the atomic limit as

IN, S, S.) N S E(N,S)
0,0, 0) = |0) 0 0 0

11,1/2,0); = Cla|0> 1 1/2 €d
11,1/2,0) = 020|0> 1 1/2 Es

21,00 = % [cnczﬁcucm} 10) 2 1 £+ s
12,1,1) = CQTCIT’0> 2 1 €4+ €s
12,1,-1) = c2¢cu|0> 2 1 €4+ €5
12,0,0)p = % [chca CLLC?T} |0) 2 0 €4+ €s
12,0,0); = CITCI¢’0> 2 0 2+ U
12,0,0)y = 02T62¢|0> 2 0 2e,
13,1/2,0); = 01062T02¢|0> 3 1/2 €4+ 2¢5
13,1/2,0) = 02061¢01¢!0> 3 1/2 2e4+es+U
4,0,0) = clicl chich [0) 4 0 2e4+2es+U

For N = 1 electrons the Hamiltonian can be written in the matrix form

The eigenstates are thus

’17 S? SZ>Q

Ed —t
- —t &g
Hi=1 9
0O 0

du(1,5)

|17 1/270>+ = O[1|]., 1/2’0->1 - (1{2|1, 1/270>2

1,1/2,0)-

= |1,1/2,0)1 + a1]1,1/2, )

N= NI

[
[

€d+€s—

Ed—f—és—l-\/ d—és) +4t2] 2

(qa —es)? + 4t2} 2
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where d, (V) is the spin degeneracy of the o manifold. For ¢, = ¢4 + U/2 the eigenvalues are

1
Ei<1,S) =¢&q4+ Z[Uﬂ: A(U,t)},
where
A(t,U) = VU? + 16t2.

The parameters «; and a, of the corresponding eigenvectors are

1 A@WU)-U 4¢* 2

2 _ 2 __
NWTAGU) T 2 QT AU AR U - U

For N=2 electrons, the hopping integrals only couple the S=0 states. The Hamiltonian is

cates 0 0 0 0 0
0 Eqtes 0 0 0 0

i, - 0 0 e4tes O 0 0
0 0 0  eqtes —V2t —V2t
0 0 0 =2t 244U 0
0 0 0 -2t 0 2,

For e, = ¢4 + U/2 the eigenvalues and the corresponding eigenvectors are

12,5,5. )0 Eq(2,5) do(2,5)
2,0,0)4 =a1]2,0,0)0 — % [12,0,0)1 +[2,0,0)5]  2e4+§ + § [U+24(t,5)] 1
12,0,0)0 =5 (12,0,0)1 — [2,0,0)5] 2ea+U 1
12,1, m)=12,1,m) 2eq+ Y 3

12,0,0)- =as2,0,0)0 + %5 [12,0,001 + [2,0,0)2]  2e4+ 5+ [U—-2A(t,5)] 1

where

1 A<tvg> - %
t

These states have the same form as in the case of the Hubbard dimer, but the ground state energy
and the values of a; and a, are different. Finally, for N = 3 electrons, the eigenstates are

13,5, 5.)a E,(3,9) d.(3,5)
3,1/2,0)4 = a2|1,1/2,0)01 + u[1,1/2,0)s  3eqa+ U + 3[U + A(t,U)] 2

3,1/2,0)_ = au|1,1/2,0)1 — as|1,1/2,0)s  3e4+ U+ LU — A(t,U)] 2
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