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1 Introduction

Cluster extensions of dynamical mean-field theory (DMFT) are popular approximation schemes
developed for systems of interacting electrons on low-dimensional lattices with local inter-
actions to get access to their thermal equilibrium properties and to their single-electron excita-
tions. This topic came up soon after the development of dynamical mean-field theory [1–4] and
has been reviewed in a couple of papers [4–6]. Important milestones defining the field begin
with the proposal for a dynamical cluster approximation (DCA) in 1998 [7], a cluster exten-
sion formulated in reciprocal k-space. The real-space perspective was emphasized in 2000 [8]
with a cluster DMFT approach applied to the two-dimensional Hubbard model. Its formal
framework is the cellular dynamical mean-field theory (C-DMFT), suggested in 2001 [9]. An
alternative simplified cluster approach, the variational cluster approach (VCA) was introduced
in 2003 [10]. All cluster approaches rely on a number of basic concepts, such as the many-body
problem, lattice-fermion models, the mean-field idea, and the DMFT itself.

The many-body problem is a complexity problem. For a classical or quantum system consisting
of a few particles the fundamental equations of motion can be solved analytically or at least
numerically with machine precision. Condensed-matter theory, however, is confronted with
many-particle systems, in particular with quantum systems with a macroscopic number of elec-
trons. In these cases, to aim at the complete information on the microscopic degrees of freedom
is a meaningless concept, and a quantum-statistical approach must be employed. Most of the
experimentally accessible macroscopic system properties are described by thermodynamics in
a phenomenological way and are derived from the underlying laws of microscopic fundamental
interactions by statistical physics. The thermodynamics of a macroscopically large system of
valence electrons is completely determined by a thermodynamical potential F (T, µ, x), which
depends on temperature T , the chemical potential µ, and other macroscopic control param-
eters x. Its direct computation via F = −T lnZ(T, µ, x) from the grand partition function
Z(T, µ, x) = Tr exp(−β(H(x) − µN)) (with β = 1/T , kB ≡ 1) is practically impossible for
generic HamiltoniansH(x) since the trace is actually a high-dimensional sum over a Fock-space
basis. Hence, approximations are inevitable.

DMFT and its cluster extensions aim at a description of strongly interacting electron sys-
tems. The presence of interactions prohibits a simple factorization of the partition function,
Z =

∏
k Zk, into simple partition functions Zk for the different one-particle degrees of freedom,

which is known from the textbook treatment of the noninteracting Fermi gas. The Coulomb
interaction, which is the relevant type of interaction for almost all interesting properties of con-
densed matter, must be regarded as “strong”, meaning that a perturbative theoretical approach
is expected to fail. On the other hand, strongly interacting electron systems are highly interest-
ing. Interactions are responsible for many famous collective quantum effects which only show
up in interacting quantum Fermi systems in the thermodynamic limit. Some examples are the
Kondo effect, i.e., the collective screening of a magnetic moment by a mesoscopically large
number of valence electrons in states close to the Fermi energy [11], collective magnetism, i.e.,
the collective order of magnetic moments below a characteristic transition temperature [12,13],
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Fig. 1: Left: Spin configuration of the Ising model on the square lattice. Middle: Ising spin in
a mean field. Right: Configuration of an Ising-spin cluster in a mean field.

unconventional high-temperature superconductivity [14, 15], or interaction-induced Mott insu-
lating behavior [16]. The essence of those effects is captured with surprisingly simple lattice
fermion or effective spin models, such as the Hubbard and the Heisenberg model, the Kondo-
lattice model, the periodic Anderson model, other multi-orbital lattice models etc.

The mean-field approach to strongly interacting lattice fermion models is borrowed from the
simple Weiss theory of the Ising model, see Fig. 1. For the Ising model with nearest-neighbor
exchange J between spin Si = ±1 on the D = 2-dimensional square lattice with L sites, the
left panel shows one of the 2L spin configurations which must be summed over in an exact
computation of the partition function. Note that the number of configurations increases expo-
nentially with L. The middle panel sketches the idea of a single-site mean-field theory. It takes
a local point of view and picks a representative spin Si at site i which experiences a fluctuat-
ing local field ∼ J

∑2D
j=1 Sj created by the spin exchange with its 2D nearest neighbors. In

the mean-field approximation, this fluctuating local field is replaced by a constant mean field
Beff . Note that, due to the central-limit theorem, this replacement can be justified in the limit
of infinite dimensions D → ∞. The mean or Weiss field adds to a possibly nonzero physical
magnetic field B. Correspondingly, the exact Ising Hamiltonian is replaced by a mean-field
Hamiltonian HMF = −(Beff + B)

∑
i Si. This implies a dramatic simplification of the origi-

nal model as the partition function factorizes. One must merely solve the remaining impurity
problem, i.e., a single spin coupled to a mean field or “bath”. As the bath actually represents
the average nearest-neighbor spin configuration, it should be calculated from the thermal ex-
pectation value of Si. Hence, the solution of the impurity problem and the determination of
the bath must be done self-consistently, and the condition fixing the bath is therefore called the
self-consistency condition. A mean-field theory replaces a lattice model by an impurity model
where the impurity is self-consistently embedded in a bath.

Dynamical mean-field theory is in many respects the optimal mean-field theory for a lattice-
fermion model like the Hubbard model as a prototype. It self-consistently maps the original



5.4 Michael Potthoff

model onto a much simpler reference system which consists of a fermionic impurity, a Hubbard
site, for example, which is embedded in a continuum of fermionic bath degrees of freedom. It
is not surprising that this bath is much more complicated compared to the bath in the Weiss
theory of the simple classical Ising model and that fixing the continuous bath requires a quite
different self-consistency condition opposed to fixing a single number, namely Beff , in the case
of the Ising system. The formulation in fact requires a frequency-dependent one-particle Green
function and thus explains the term dynamical mean-field theory as opposed to the static Weiss
theory. The DMFT is a big landmark in the landscape of various mean-field-like approximation
techniques and serves as a point of orientation, as it combines a number of attractive features:
The theory is formally not restricted to certain parameter ranges, such as weak interaction, low
density etc. It works without internal inconsistencies in the entire parameter regime of the
model under consideration. In this sense, it is a nonperturbative theory. The DMFT can be
seen as the exact theory of the lattice-fermion model in a special limit, namely for an infinite-
dimensional lattice. This limit, however, must be defined carefully to keep the balance between
the one- and the two-body terms in the Hamiltonian. The power of DMFT very much results
from the fact that the according D = ∞ models are highly nontrivial with nontrivial phase
diagrams, excitation spectra, and also nontrivial real-time dynamics. Usually, however, it is
employed as an approximation to treat finite-dimensional lattice models. The DMFT is able
to describe spontaneous symmetry breaking and states of matter with collective order, such as
magnetism, superconductivity, charge order, orbital order etc. It is a beautiful and robust theory
on the formal level, which can be derived in various ways and starting from various setups.
Most importantly, however, DMFT has turned out as highly successful in practice, including
particularly applications to real materials which so far, on the conventional basis of density-
functional theory and the local-density approximation, could not be addressed properly since
strong electron correlations are essential for their observable properties.

Still, there are a couple of remaining problems which are related to the mean-field character
and the local nature of the theory. For example, while DMFT is able to describe phases with
long-range order, it insufficiently treats short-range correlations, particularly the feedback of
short-range magnetic correlations on the one-electron Green function. It can describe two-
particle correlation functions, such as the spin-structure factor or the conductivity but those
do not affect the self-consistent determination of the bath. This has decisive consequences for
the application to low-dimensional lattice models and can result in qualitatively wrong phase
diagrams. In fact, as will be discussed later, it can spectacularly fail for models inD = 2 dimen-
sions. Furthermore, the restriction to a single-site impurity implies that the DMFT cannot de-
scribe symmetry-broken phases with nonlocal order parameters, which unfortunately includes
unconventional d-wave superconductivity. DMFT also shares with all mean-field-like theories
the inability to predict the correct critical behavior in the parametric vicinity of second-order
phase transitions, it violates exact Ward identities and theorems such as the Mermin-Wagner
theorem [17]. Clearly, DMFT cannot be the end of the story as it is approximative when ap-
plied to a finite-dimensional lattice model. What is needed here is a systematic route starting
from DMFT towards the exact solution.
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One idea, and this is the theme of this review and lecture, is to extend the self-consistent embed-
ding of a single site to an embedding of a cluster consisting of several sites Lc. This is displayed
in the right panel of Fig. 1. Without having detailed the precise form of a cluster extension of the
DMFT, it is already clear that this is a systematic approach to the full solution. There is simply
no need for a self-consistent embedding of a cluster cut out of an infinite lattice-fermion model
if the cluster itself has infinite size. On the other hand, it is also obvious from the beginning
that the computational effort will drastically increase with increasing Lc. The construction of a
cluster DMFT should therefore be guided by the goal to achieve fast convergence for Lc →∞.
We will see that there is more than one way to perform this construction, and we will also see
some common intrinsic advantages and deficiencies of the cluster approach as such.

2 Lattices, reciprocal lattices, and superlattices

To develop the formal framework of cluster extensions of DMFT, we will first discuss some
geometrical issues. We start with a D-dimensional Bravais lattice spanned by the basis vectors
a1, ...,aD. The points of the lattice are given by lattice vectors

R ≡ Ri =
D∑

α=1

iαaα , (1)

where i = (i1, ..., iD) with arbitrary integers iα ∈ Z. For each lattice, we have a reciprocal
lattice which is spanned by the basis vectors b1, ..., bD. These are defined as the unique solution
of the linear system of equations

aαbβ = 2π δαβ . (2)

Points in the reciprocal lattice are given by reciprocal lattice vectors

G ≡ Gj =
D∑

β=1

jβbβ , (3)

where j = (j1, ..., jD) with jβ ∈ Z. The parallelepiped defined by the basis a1, ...,aD is a
primitive cell C of the lattice, whereas b1, ..., bD define a primitive cell of the reciprocal lattice,
a reciprocal unit cell RC. For their volumes we have the relation VCVRC = (2π)D. Primitive
cells are not unique. Another reciprocal unit cell, with higher symmetry group, is the well-
known Brillouin zone (BZ).
There is a symmetry between the original and reciprocal lattice. We immediately have the
identity

exp(iGR) = 1 , (4)

and the reciprocal lattice of the reciprocal lattice is the original lattice. The reciprocal lattice
can be used to expand a function f(x) that is lattice periodic, f(x +Ri) = f(x), in a Fourier
series

f(x) =
∑

G

fG e
iGx , fG =

1

VC

∫

C
dDr f(x) e−iGx . (5)
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object, quantity symbol, definition properties, relations
basis spanning the lattice aα α = 1, ..., D

volume of a primitive cell VC = det({aα})
lattice vectors R = Ri =

∑
α iαaα iα ∈ Z, 1 ≤ iα ≤ Lα

basis vectors of reciprocal lattice bβ aαbβ = 2πδαβ
volume of a reciprocal unit cell VRC = det({bj}) VRC = (2π)D/VC

reciprocal lattice vectors G = Gj =
∑

β jβbβ jβ ∈ Z,GR ∈ 2πZ
basis spanning the superlattice ãα ãα = Lc,αaα

volume of a superlattice cell VSC = det({ãα}) VSC = LcVC
superlattice vectors R̃ = R̃i =

∑
α iαãα iα ∈ Z, 1 ≤ iα ≤ L/Lc,α

basis of reciprocal superlattice b̃β ãαb̃β = 2πδαβ
volume of a rec. superlattice cell VRSC = det({b̃j}) VRSC = (2π)D/VSC

reciprocal superlattice vectors G̃ = G̃j =
∑

β jβb̃β G̃R̃ ∈ 2πZ
vectors spanning the system Aα Aα = Lαaα = (L/Lc,α)ãα

system volume V = det({Ai}) V = LVC
discrete wave vectors k kAα ∈ 2πZ

volume element in k-space ∆Dk ∆Dk = (2π)D/V

Table 1: Overview of the various quantities defining the lattice and the reciprocal lattice, the
system volume and the k-space.

On a suitably defined Hilbert space of functions f(x), this expansion results from the fact
that the functions exp(iGx) form an orthonormal basis: 1

VC

∫
Cd

Dr e−iGx eiG
′x = δG,G′ . A

completely analogous construction can be made for functions g(p) with g(p+Gj) = g(p).
While one is eventually interested in the properties of a lattice-fermion model, such as the
Hubbard model, on a lattice with an infinite number of lattice sites L, it is convenient to first
consider a finite lattice and to solve the problem for L <∞,

L = L1 × · · · × LD, (6)

and a certain finite number of fermions N , and finally to perform the thermodynamical limit
L → ∞, N → ∞ with n ≡ N/L = const. This raises the question of boundary condi-
tions. Excluding systems in a critical state, where system properties are infinitely susceptible
to small perturbations, the precise form of the boundary conditions does not matter in the ther-
modynamic limit. In the case of open boundaries, the system volume is spanned by a set of
vectors A1, ...,AD, such that the system volume is V = det(A1, ...,AD). We should impose
consistency constraints,Aα = Lαaα, to respect the underlying lattice structure.
Periodic boundary conditions are much more convenient. Here, we identify vectors x and
x + Ai. The geometrical perspective is that the macroscopic system topology is that of a D-
dimensional torus TD. An equivalent point of view is that all real-space functions f(x) with
x ∈ RD respect the conditions f(x+Ai) = f(x) and, therefore, can be expanded in a Fourier
series, f(x) =

∑
k exp(ikx)fk, where the wave vectors k can be seen as the reciprocal-lattice

vectors of the real-space lattice spanned byA1, ...,AD. Hence, exp(ikAi) = 1, and the volume
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element in k space is ∆Dk = (2π)D/V . This also implies that the number of k-points in the
reciprocal unit cell, VRC/∆Dk, equals the number of sites in the system L, since

∆Dk =
(2π)D

V
=

(2π)D

VC

VC
V

= VRC
1

L
. (7)

Some overview of the notations used and of the basic relations is given in table 1.
For cluster extensions of the DMFT, there is a third pair of lattice and corresponding reciprocal
lattice to be considered. The original lattice of L sites is tiled into L/Lc identical clusters with
a finite number of Lc sites each. Each of the identical clusters has a cluster origin, which can
be chosen as a particular site in the cluster, such that all cluster origins are equivalent and form
a superlattice. We define the primitive vectors of the superlattice ãα for α = 1, ..., D, and we
impose consistency constraints, such as ãα = Lc,αaα in the most simple case, to respect the
underlying lattice structure. Hence, the number of cluster sites is given byLc = Lc,1×· · ·×Lc,D.
The volume of the unit cell of the superlattice is given by VSC = det({ãα}), and we have
VSC = LcVC = (Lc/L)V .
The reciprocal superlattice consists of the vectors G̃ ≡ G̃j =

∑
β jβb̃β and is spanned by the

basis of the reciprocal superlattice {b̃β} with j = (j1, ..., jD) ∈ ZD. The real-space consistency
constraints imply that b̃β = bβ/Lc,β . We have exp(iG̃R̃) = 1, where R̃ ≡ R̃i =

∑
α iαãα

are the superlattice vectors. Furthermore, the number of reciprocal superlattice vectors in the
reciprocal unit cell, VRC/VRSC , is given by Lc, since

VRSC =
(2π)D

VSC
=

(2π)D

VC

VC
VSC

= VRC/Lc . (8)

Fig. 2 provides an example of a D = 2-dimensional lattice.

3 Discrete Fourier transformations

Figure 2 also demonstrates that any lattice vector

R = R̃+ r (9)

can be uniquely decomposed into a vector of the superlattice R̃, i.e., the position vector to the
respective cluster origin, and a position vector r to the respective site in the cluster, referring to
the cluster origin. Note that there are L lattice points R, and L/Lc clusters with Lc sites each.
Vice versa, for a given wave vector k there is the unique decomposition

k = k̃ + G̃, (10)

where G̃ are the reciprocal superlattice vectors. Note that in a reciprocal unit cell there are L
wave vectors k and Lc reciprocal superlattice vectors G̃, and there are L/Lc wave vectors k̃.
Let us consider the L× L matrix U with elements

UR,k =
1√
L
eikR , k ∈ RC , (11)
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<latexit sha1_base64="DzI5PRLCSO7Qlf9GnARwFxzTdxc=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4KokIdllw47KCfUATwmRy0w6dPJiZKCVk48ZfceNCEbf+gzv/xkmbhbYeGOZwzr3ce4+fciaVZX0bK6tr6xubta369s7u3r55cNiTSSYodGnCEzHwiQTOYugqpjgMUgEk8jn0/cl16ffvQUiWxHdqmoIbkVHMQkaJ0pJnnjgPLADFeAC54yc8kNNIf7lfFJ7tmQ2rac2Al4ldkQaq0PHMLydIaBZBrCgnUg5tK1VuToRilENRdzIJKaETMoKhpjGJQLr57IoCn2klwGEi9IsVnqm/O3ISyXI7XRkRNZaLXin+5w0zFbbcnMVppiCm80FhxrFKcBkJDpgAqvhUE0IF07tiOiaCUKWDq+sQ7MWTl0nvomlbTfv2stFuVXHU0DE6RefIRleojW5QB3URRY/oGb2iN+PJeDHejY956YpR9RyhPzA+fwCrs5lF</latexit><latexit sha1_base64="DzI5PRLCSO7Qlf9GnARwFxzTdxc=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4KokIdllw47KCfUATwmRy0w6dPJiZKCVk48ZfceNCEbf+gzv/xkmbhbYeGOZwzr3ce4+fciaVZX0bK6tr6xubta369s7u3r55cNiTSSYodGnCEzHwiQTOYugqpjgMUgEk8jn0/cl16ffvQUiWxHdqmoIbkVHMQkaJ0pJnnjgPLADFeAC54yc8kNNIf7lfFJ7tmQ2rac2Al4ldkQaq0PHMLydIaBZBrCgnUg5tK1VuToRilENRdzIJKaETMoKhpjGJQLr57IoCn2klwGEi9IsVnqm/O3ISyXI7XRkRNZaLXin+5w0zFbbcnMVppiCm80FhxrFKcBkJDpgAqvhUE0IF07tiOiaCUKWDq+sQ7MWTl0nvomlbTfv2stFuVXHU0DE6RefIRleojW5QB3URRY/oGb2iN+PJeDHejY956YpR9RyhPzA+fwCrs5lF</latexit><latexit sha1_base64="DzI5PRLCSO7Qlf9GnARwFxzTdxc=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4KokIdllw47KCfUATwmRy0w6dPJiZKCVk48ZfceNCEbf+gzv/xkmbhbYeGOZwzr3ce4+fciaVZX0bK6tr6xubta369s7u3r55cNiTSSYodGnCEzHwiQTOYugqpjgMUgEk8jn0/cl16ffvQUiWxHdqmoIbkVHMQkaJ0pJnnjgPLADFeAC54yc8kNNIf7lfFJ7tmQ2rac2Al4ldkQaq0PHMLydIaBZBrCgnUg5tK1VuToRilENRdzIJKaETMoKhpjGJQLr57IoCn2klwGEi9IsVnqm/O3ISyXI7XRkRNZaLXin+5w0zFbbcnMVppiCm80FhxrFKcBkJDpgAqvhUE0IF07tiOiaCUKWDq+sQ7MWTl0nvomlbTfv2stFuVXHU0DE6RefIRleojW5QB3URRY/oGb2iN+PJeDHejY956YpR9RyhPzA+fwCrs5lF</latexit><latexit sha1_base64="DzI5PRLCSO7Qlf9GnARwFxzTdxc=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4KokIdllw47KCfUATwmRy0w6dPJiZKCVk48ZfceNCEbf+gzv/xkmbhbYeGOZwzr3ce4+fciaVZX0bK6tr6xubta369s7u3r55cNiTSSYodGnCEzHwiQTOYugqpjgMUgEk8jn0/cl16ffvQUiWxHdqmoIbkVHMQkaJ0pJnnjgPLADFeAC54yc8kNNIf7lfFJ7tmQ2rac2Al4ldkQaq0PHMLydIaBZBrCgnUg5tK1VuToRilENRdzIJKaETMoKhpjGJQLr57IoCn2klwGEi9IsVnqm/O3ISyXI7XRkRNZaLXin+5w0zFbbcnMVppiCm80FhxrFKcBkJDpgAqvhUE0IF07tiOiaCUKWDq+sQ7MWTl0nvomlbTfv2stFuVXHU0DE6RefIRleojW5QB3URRY/oGb2iN+PJeDHejY956YpR9RyhPzA+fwCrs5lF</latexit>

eb2
<latexit sha1_base64="yArBO+sUsktcCH363309/HT9Eck=">AAACBXicbVDLSsNAFJ3UV62vqEtdBIvgqiRFsMuCG5cV7AOaECaTm3boZBJmJkoJ3bjxV9y4UMSt/+DOv3HSZqGtB4Y5nHMv994TpIxKZdvfRmVtfWNzq7pd29nd2z8wD496MskEgS5JWCIGAZbAKIeuoorBIBWA44BBP5hcF37/HoSkCb9T0xS8GI84jSjBSku+eeo+0BAUZSHkbpCwUE5j/eXBbOY3fbNuN+w5rFXilKSOSnR888sNE5LFwBVhWMqhY6fKy7FQlDCY1dxMQorJBI9gqCnHMUgvn18xs861ElpRIvTjypqrvztyHMtiO10ZYzWWy14h/ucNMxW1vJzyNFPAyWJQlDFLJVYRiRVSAUSxqSaYCKp3tcgYC0yUDq6mQ3CWT14lvWbDsRvO7WW93SrjqKITdIYukIOuUBvdoA7qIoIe0TN6RW/Gk/FivBsfi9KKUfYcoz8wPn8ArTeZRg==</latexit><latexit sha1_base64="yArBO+sUsktcCH363309/HT9Eck=">AAACBXicbVDLSsNAFJ3UV62vqEtdBIvgqiRFsMuCG5cV7AOaECaTm3boZBJmJkoJ3bjxV9y4UMSt/+DOv3HSZqGtB4Y5nHMv994TpIxKZdvfRmVtfWNzq7pd29nd2z8wD496MskEgS5JWCIGAZbAKIeuoorBIBWA44BBP5hcF37/HoSkCb9T0xS8GI84jSjBSku+eeo+0BAUZSHkbpCwUE5j/eXBbOY3fbNuN+w5rFXilKSOSnR888sNE5LFwBVhWMqhY6fKy7FQlDCY1dxMQorJBI9gqCnHMUgvn18xs861ElpRIvTjypqrvztyHMtiO10ZYzWWy14h/ucNMxW1vJzyNFPAyWJQlDFLJVYRiRVSAUSxqSaYCKp3tcgYC0yUDq6mQ3CWT14lvWbDsRvO7WW93SrjqKITdIYukIOuUBvdoA7qIoIe0TN6RW/Gk/FivBsfi9KKUfYcoz8wPn8ArTeZRg==</latexit><latexit sha1_base64="yArBO+sUsktcCH363309/HT9Eck=">AAACBXicbVDLSsNAFJ3UV62vqEtdBIvgqiRFsMuCG5cV7AOaECaTm3boZBJmJkoJ3bjxV9y4UMSt/+DOv3HSZqGtB4Y5nHMv994TpIxKZdvfRmVtfWNzq7pd29nd2z8wD496MskEgS5JWCIGAZbAKIeuoorBIBWA44BBP5hcF37/HoSkCb9T0xS8GI84jSjBSku+eeo+0BAUZSHkbpCwUE5j/eXBbOY3fbNuN+w5rFXilKSOSnR888sNE5LFwBVhWMqhY6fKy7FQlDCY1dxMQorJBI9gqCnHMUgvn18xs861ElpRIvTjypqrvztyHMtiO10ZYzWWy14h/ucNMxW1vJzyNFPAyWJQlDFLJVYRiRVSAUSxqSaYCKp3tcgYC0yUDq6mQ3CWT14lvWbDsRvO7WW93SrjqKITdIYukIOuUBvdoA7qIoIe0TN6RW/Gk/FivBsfi9KKUfYcoz8wPn8ArTeZRg==</latexit><latexit sha1_base64="yArBO+sUsktcCH363309/HT9Eck=">AAACBXicbVDLSsNAFJ3UV62vqEtdBIvgqiRFsMuCG5cV7AOaECaTm3boZBJmJkoJ3bjxV9y4UMSt/+DOv3HSZqGtB4Y5nHMv994TpIxKZdvfRmVtfWNzq7pd29nd2z8wD496MskEgS5JWCIGAZbAKIeuoorBIBWA44BBP5hcF37/HoSkCb9T0xS8GI84jSjBSku+eeo+0BAUZSHkbpCwUE5j/eXBbOY3fbNuN+w5rFXilKSOSnR888sNE5LFwBVhWMqhY6fKy7FQlDCY1dxMQorJBI9gqCnHMUgvn18xs861ElpRIvTjypqrvztyHMtiO10ZYzWWy14h/ucNMxW1vJzyNFPAyWJQlDFLJVYRiRVSAUSxqSaYCKp3tcgYC0yUDq6mQ3CWT14lvWbDsRvO7WW93SrjqKITdIYukIOuUBvdoA7qIoIe0TN6RW/Gk/FivBsfi9KKUfYcoz8wPn8ArTeZRg==</latexit>

ea2
<latexit sha1_base64="R714i3Cx5VN/CiW16BM2JB6qtRY=">AAACBXicbVDLSsNAFJ3UV62vqEtdBIvgqiRFsMuCG5cV7AOaECaTm3boZBJmJkoJ3bjxV9y4UMSt/+DOv3HSZqGtB4Y5nHMv994TpIxKZdvfRmVtfWNzq7pd29nd2z8wD496MskEgS5JWCIGAZbAKIeuoorBIBWA44BBP5hcF37/HoSkCb9T0xS8GI84jSjBSku+eeo+0BAUZSHkbpCwUE5j/eV4NvObvlm3G/Yc1ipxSlJHJTq++eWGCcli4IowLOXQsVPl5VgoShjMam4mIcVkgkcw1JTjGKSXz6+YWedaCa0oEfpxZc3V3x05jmWxna6MsRrLZa8Q//OGmYpaXk55mingZDEoypilEquIxAqpAKLYVBNMBNW7WmSMBSZKB1fTITjLJ6+SXrPh2A3n9rLebpVxVNEJOkMXyEFXqI1uUAd1EUGP6Bm9ojfjyXgx3o2PRWnFKHuO0R8Ynz+rr5lF</latexit><latexit sha1_base64="R714i3Cx5VN/CiW16BM2JB6qtRY=">AAACBXicbVDLSsNAFJ3UV62vqEtdBIvgqiRFsMuCG5cV7AOaECaTm3boZBJmJkoJ3bjxV9y4UMSt/+DOv3HSZqGtB4Y5nHMv994TpIxKZdvfRmVtfWNzq7pd29nd2z8wD496MskEgS5JWCIGAZbAKIeuoorBIBWA44BBP5hcF37/HoSkCb9T0xS8GI84jSjBSku+eeo+0BAUZSHkbpCwUE5j/eV4NvObvlm3G/Yc1ipxSlJHJTq++eWGCcli4IowLOXQsVPl5VgoShjMam4mIcVkgkcw1JTjGKSXz6+YWedaCa0oEfpxZc3V3x05jmWxna6MsRrLZa8Q//OGmYpaXk55mingZDEoypilEquIxAqpAKLYVBNMBNW7WmSMBSZKB1fTITjLJ6+SXrPh2A3n9rLebpVxVNEJOkMXyEFXqI1uUAd1EUGP6Bm9ojfjyXgx3o2PRWnFKHuO0R8Ynz+rr5lF</latexit><latexit sha1_base64="R714i3Cx5VN/CiW16BM2JB6qtRY=">AAACBXicbVDLSsNAFJ3UV62vqEtdBIvgqiRFsMuCG5cV7AOaECaTm3boZBJmJkoJ3bjxV9y4UMSt/+DOv3HSZqGtB4Y5nHMv994TpIxKZdvfRmVtfWNzq7pd29nd2z8wD496MskEgS5JWCIGAZbAKIeuoorBIBWA44BBP5hcF37/HoSkCb9T0xS8GI84jSjBSku+eeo+0BAUZSHkbpCwUE5j/eV4NvObvlm3G/Yc1ipxSlJHJTq++eWGCcli4IowLOXQsVPl5VgoShjMam4mIcVkgkcw1JTjGKSXz6+YWedaCa0oEfpxZc3V3x05jmWxna6MsRrLZa8Q//OGmYpaXk55mingZDEoypilEquIxAqpAKLYVBNMBNW7WmSMBSZKB1fTITjLJ6+SXrPh2A3n9rLebpVxVNEJOkMXyEFXqI1uUAd1EUGP6Bm9ojfjyXgx3o2PRWnFKHuO0R8Ynz+rr5lF</latexit><latexit sha1_base64="R714i3Cx5VN/CiW16BM2JB6qtRY=">AAACBXicbVDLSsNAFJ3UV62vqEtdBIvgqiRFsMuCG5cV7AOaECaTm3boZBJmJkoJ3bjxV9y4UMSt/+DOv3HSZqGtB4Y5nHMv994TpIxKZdvfRmVtfWNzq7pd29nd2z8wD496MskEgS5JWCIGAZbAKIeuoorBIBWA44BBP5hcF37/HoSkCb9T0xS8GI84jSjBSku+eeo+0BAUZSHkbpCwUE5j/eV4NvObvlm3G/Yc1ipxSlJHJTq++eWGCcli4IowLOXQsVPl5VgoShjMam4mIcVkgkcw1JTjGKSXz6+YWedaCa0oEfpxZc3V3x05jmWxna6MsRrLZa8Q//OGmYpaXk55mingZDEoypilEquIxAqpAKLYVBNMBNW7WmSMBSZKB1fTITjLJ6+SXrPh2A3n9rLebpVxVNEJOkMXyEFXqI1uUAd1EUGP6Bm9ojfjyXgx3o2PRWnFKHuO0R8Ynz+rr5lF</latexit>

a2<latexit sha1_base64="Jlle3yAmka55K0lyhBmvzafohjw=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUmKYJcFNy4r2Ae0IUwm03boZBJmJmIJ+RU3LhRx64+482+ctFlo64FhDufcy5w5QcKZ0o7zbVW2tnd296r7tYPDo+MT+7TeV3EqCe2RmMdyGGBFORO0p5nmdJhIiqOA00Ewvy38wSOVisXiQS8S6kV4KtiEEayN5Nv1bBzEPFSLyFwZznO/5dsNp+ksgTaJW5IGlOj69tc4jEkaUaEJx0qNXCfRXoalZoTTvDZOFU0wmeMpHRkqcESVly2z5+jSKCGaxNIcodFS/b2R4UgV6cxkhPVMrXuF+J83SvWk7WVMJKmmgqwemqQc6RgVRaCQSUo0XxiCiWQmKyIzLDHRpq6aKcFd//Im6beartN0768bnXZZRxXO4QKuwIUb6MAddKEHBJ7gGV7hzcqtF+vd+liNVqxy5wz+wPr8AaiGlMo=</latexit><latexit sha1_base64="Jlle3yAmka55K0lyhBmvzafohjw=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUmKYJcFNy4r2Ae0IUwm03boZBJmJmIJ+RU3LhRx64+482+ctFlo64FhDufcy5w5QcKZ0o7zbVW2tnd296r7tYPDo+MT+7TeV3EqCe2RmMdyGGBFORO0p5nmdJhIiqOA00Ewvy38wSOVisXiQS8S6kV4KtiEEayN5Nv1bBzEPFSLyFwZznO/5dsNp+ksgTaJW5IGlOj69tc4jEkaUaEJx0qNXCfRXoalZoTTvDZOFU0wmeMpHRkqcESVly2z5+jSKCGaxNIcodFS/b2R4UgV6cxkhPVMrXuF+J83SvWk7WVMJKmmgqwemqQc6RgVRaCQSUo0XxiCiWQmKyIzLDHRpq6aKcFd//Im6beartN0768bnXZZRxXO4QKuwIUb6MAddKEHBJ7gGV7hzcqtF+vd+liNVqxy5wz+wPr8AaiGlMo=</latexit><latexit sha1_base64="Jlle3yAmka55K0lyhBmvzafohjw=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUmKYJcFNy4r2Ae0IUwm03boZBJmJmIJ+RU3LhRx64+482+ctFlo64FhDufcy5w5QcKZ0o7zbVW2tnd296r7tYPDo+MT+7TeV3EqCe2RmMdyGGBFORO0p5nmdJhIiqOA00Ewvy38wSOVisXiQS8S6kV4KtiEEayN5Nv1bBzEPFSLyFwZznO/5dsNp+ksgTaJW5IGlOj69tc4jEkaUaEJx0qNXCfRXoalZoTTvDZOFU0wmeMpHRkqcESVly2z5+jSKCGaxNIcodFS/b2R4UgV6cxkhPVMrXuF+J83SvWk7WVMJKmmgqwemqQc6RgVRaCQSUo0XxiCiWQmKyIzLDHRpq6aKcFd//Im6beartN0768bnXZZRxXO4QKuwIUb6MAddKEHBJ7gGV7hzcqtF+vd+liNVqxy5wz+wPr8AaiGlMo=</latexit><latexit sha1_base64="Jlle3yAmka55K0lyhBmvzafohjw=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUmKYJcFNy4r2Ae0IUwm03boZBJmJmIJ+RU3LhRx64+482+ctFlo64FhDufcy5w5QcKZ0o7zbVW2tnd296r7tYPDo+MT+7TeV3EqCe2RmMdyGGBFORO0p5nmdJhIiqOA00Ewvy38wSOVisXiQS8S6kV4KtiEEayN5Nv1bBzEPFSLyFwZznO/5dsNp+ksgTaJW5IGlOj69tc4jEkaUaEJx0qNXCfRXoalZoTTvDZOFU0wmeMpHRkqcESVly2z5+jSKCGaxNIcodFS/b2R4UgV6cxkhPVMrXuF+J83SvWk7WVMJKmmgqwemqQc6RgVRaCQSUo0XxiCiWQmKyIzLDHRpq6aKcFd//Im6beartN0768bnXZZRxXO4QKuwIUb6MAddKEHBJ7gGV7hzcqtF+vd+liNVqxy5wz+wPr8AaiGlMo=</latexit>

b2
<latexit sha1_base64="3GKEYm/GGfsDDwdoJgc+Mr3bjW8=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUmKYJcFNy4r2Ae0IUwm03boZBJmJmIJ+RU3LhRx64+482+ctFlo64FhDufcy5w5QcKZ0o7zbVW2tnd296r7tYPDo+MT+7TeV3EqCe2RmMdyGGBFORO0p5nmdJhIiqOA00Ewvy38wSOVisXiQS8S6kV4KtiEEayN5Nv1bBzEPFSLyFxZkOd+y7cbTtNZAm0StyQNKNH17a9xGJM0okITjpUauU6ivQxLzQineW2cKppgMsdTOjJU4IgqL1tmz9GlUUI0iaU5QqOl+nsjw5Eq0pnJCOuZWvcK8T9vlOpJ28uYSFJNBVk9NEk50jEqikAhk5RovjAEE8lMVkRmWGKiTV01U4K7/uVN0m81Xafp3l83Ou2yjiqcwwVcgQs30IE76EIPCDzBM7zCm5VbL9a79bEarVjlzhn8gfX5A6oOlMs=</latexit><latexit sha1_base64="3GKEYm/GGfsDDwdoJgc+Mr3bjW8=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUmKYJcFNy4r2Ae0IUwm03boZBJmJmIJ+RU3LhRx64+482+ctFlo64FhDufcy5w5QcKZ0o7zbVW2tnd296r7tYPDo+MT+7TeV3EqCe2RmMdyGGBFORO0p5nmdJhIiqOA00Ewvy38wSOVisXiQS8S6kV4KtiEEayN5Nv1bBzEPFSLyFxZkOd+y7cbTtNZAm0StyQNKNH17a9xGJM0okITjpUauU6ivQxLzQineW2cKppgMsdTOjJU4IgqL1tmz9GlUUI0iaU5QqOl+nsjw5Eq0pnJCOuZWvcK8T9vlOpJ28uYSFJNBVk9NEk50jEqikAhk5RovjAEE8lMVkRmWGKiTV01U4K7/uVN0m81Xafp3l83Ou2yjiqcwwVcgQs30IE76EIPCDzBM7zCm5VbL9a79bEarVjlzhn8gfX5A6oOlMs=</latexit><latexit sha1_base64="3GKEYm/GGfsDDwdoJgc+Mr3bjW8=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUmKYJcFNy4r2Ae0IUwm03boZBJmJmIJ+RU3LhRx64+482+ctFlo64FhDufcy5w5QcKZ0o7zbVW2tnd296r7tYPDo+MT+7TeV3EqCe2RmMdyGGBFORO0p5nmdJhIiqOA00Ewvy38wSOVisXiQS8S6kV4KtiEEayN5Nv1bBzEPFSLyFxZkOd+y7cbTtNZAm0StyQNKNH17a9xGJM0okITjpUauU6ivQxLzQineW2cKppgMsdTOjJU4IgqL1tmz9GlUUI0iaU5QqOl+nsjw5Eq0pnJCOuZWvcK8T9vlOpJ28uYSFJNBVk9NEk50jEqikAhk5RovjAEE8lMVkRmWGKiTV01U4K7/uVN0m81Xafp3l83Ou2yjiqcwwVcgQs30IE76EIPCDzBM7zCm5VbL9a79bEarVjlzhn8gfX5A6oOlMs=</latexit><latexit sha1_base64="3GKEYm/GGfsDDwdoJgc+Mr3bjW8=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUmKYJcFNy4r2Ae0IUwm03boZBJmJmIJ+RU3LhRx64+482+ctFlo64FhDufcy5w5QcKZ0o7zbVW2tnd296r7tYPDo+MT+7TeV3EqCe2RmMdyGGBFORO0p5nmdJhIiqOA00Ewvy38wSOVisXiQS8S6kV4KtiEEayN5Nv1bBzEPFSLyFxZkOd+y7cbTtNZAm0StyQNKNH17a9xGJM0okITjpUauU6ivQxLzQineW2cKppgMsdTOjJU4IgqL1tmz9GlUUI0iaU5QqOl+nsjw5Eq0pnJCOuZWvcK8T9vlOpJ28uYSFJNBVk9NEk50jEqikAhk5RovjAEE8lMVkRmWGKiTV01U4K7/uVN0m81Xafp3l83Ou2yjiqcwwVcgQs30IE76EIPCDzBM7zCm5VbL9a79bEarVjlzhn8gfX5A6oOlMs=</latexit>

b1
<latexit sha1_base64="V/qn+ErQ+6Lc8GM1Wo7FZwFhnUU=">AAAB+3icbVBPS8MwHP11/pvzX51HL8EheBqtCO448OJxgtuErZQ0TbewNC1JKo7Sr+LFgyJe/SLe/DamWw+6+SDk8d7vR15ekHKmtON8W7WNza3tnfpuY2//4PDIPm4OVJJJQvsk4Yl8CLCinAna10xz+pBKiuOA02Ewuyn94SOViiXiXs9T6sV4IljECNZG8u1mPg4SHqp5bK48KArf9e2W03YWQOvErUgLKvR8+2scJiSLqdCEY6VGrpNqL8dSM8Jp0RhniqaYzPCEjgwVOKbKyxfZC3RulBBFiTRHaLRQf2/kOFZlOjMZYz1Vq14p/ueNMh11vJyJNNNUkOVDUcaRTlBZBAqZpETzuSGYSGayIjLFEhNt6mqYEtzVL6+TwWXbddru3VWr26nqqMMpnMEFuHANXbiFHvSBwBM8wyu8WYX1Yr1bH8vRmlXtnMAfWJ8/qIqUyg==</latexit><latexit sha1_base64="V/qn+ErQ+6Lc8GM1Wo7FZwFhnUU=">AAAB+3icbVBPS8MwHP11/pvzX51HL8EheBqtCO448OJxgtuErZQ0TbewNC1JKo7Sr+LFgyJe/SLe/DamWw+6+SDk8d7vR15ekHKmtON8W7WNza3tnfpuY2//4PDIPm4OVJJJQvsk4Yl8CLCinAna10xz+pBKiuOA02Ewuyn94SOViiXiXs9T6sV4IljECNZG8u1mPg4SHqp5bK48KArf9e2W03YWQOvErUgLKvR8+2scJiSLqdCEY6VGrpNqL8dSM8Jp0RhniqaYzPCEjgwVOKbKyxfZC3RulBBFiTRHaLRQf2/kOFZlOjMZYz1Vq14p/ueNMh11vJyJNNNUkOVDUcaRTlBZBAqZpETzuSGYSGayIjLFEhNt6mqYEtzVL6+TwWXbddru3VWr26nqqMMpnMEFuHANXbiFHvSBwBM8wyu8WYX1Yr1bH8vRmlXtnMAfWJ8/qIqUyg==</latexit><latexit sha1_base64="V/qn+ErQ+6Lc8GM1Wo7FZwFhnUU=">AAAB+3icbVBPS8MwHP11/pvzX51HL8EheBqtCO448OJxgtuErZQ0TbewNC1JKo7Sr+LFgyJe/SLe/DamWw+6+SDk8d7vR15ekHKmtON8W7WNza3tnfpuY2//4PDIPm4OVJJJQvsk4Yl8CLCinAna10xz+pBKiuOA02Ewuyn94SOViiXiXs9T6sV4IljECNZG8u1mPg4SHqp5bK48KArf9e2W03YWQOvErUgLKvR8+2scJiSLqdCEY6VGrpNqL8dSM8Jp0RhniqaYzPCEjgwVOKbKyxfZC3RulBBFiTRHaLRQf2/kOFZlOjMZYz1Vq14p/ueNMh11vJyJNNNUkOVDUcaRTlBZBAqZpETzuSGYSGayIjLFEhNt6mqYEtzVL6+TwWXbddru3VWr26nqqMMpnMEFuHANXbiFHvSBwBM8wyu8WYX1Yr1bH8vRmlXtnMAfWJ8/qIqUyg==</latexit><latexit sha1_base64="V/qn+ErQ+6Lc8GM1Wo7FZwFhnUU=">AAAB+3icbVBPS8MwHP11/pvzX51HL8EheBqtCO448OJxgtuErZQ0TbewNC1JKo7Sr+LFgyJe/SLe/DamWw+6+SDk8d7vR15ekHKmtON8W7WNza3tnfpuY2//4PDIPm4OVJJJQvsk4Yl8CLCinAna10xz+pBKiuOA02Ewuyn94SOViiXiXs9T6sV4IljECNZG8u1mPg4SHqp5bK48KArf9e2W03YWQOvErUgLKvR8+2scJiSLqdCEY6VGrpNqL8dSM8Jp0RhniqaYzPCEjgwVOKbKyxfZC3RulBBFiTRHaLRQf2/kOFZlOjMZYz1Vq14p/ueNMh11vJyJNNNUkOVDUcaRTlBZBAqZpETzuSGYSGayIjLFEhNt6mqYEtzVL6+TwWXbddru3VWr26nqqMMpnMEFuHANXbiFHvSBwBM8wyu8WYX1Yr1bH8vRmlXtnMAfWJ8/qIqUyg==</latexit>

A1
<latexit sha1_base64="P47SsFqzSSxa0RYDRpj/aiGYLv0=">AAAB+3icbVDLSsNAFL2pr1pftS7dDBbBVUlEsMuKG5cV7APaECaTSTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cAwh3PuZc4cP+FMadv+tiobm1vbO9Xd2t7+weFR/bjRV3EqCe2RmMdy6GNFORO0p5nmdJhIiiOf04E/uy38wSOVisXiQc8T6kZ4IljICNZG8uqNbOzHPFDzyFzZTZ57jldv2i17AbROnJI0oUTXq3+Ng5ikERWacKzUyLET7WZYakY4zWvjVNEEkxme0JGhAkdUudkie47OjRKgMJbmCI0W6u+NDEeqSGcmI6ynatUrxP+8UarDtpsxkaSaCrJ8KEw50jEqikABk5RoPjcEE8lMVkSmWGKiTV01U4Kz+uV10r9sOXbLub9qdtplHVU4hTO4AAeuoQN30IUeEHiCZ3iFNyu3Xqx362M5WrHKnRP4A+vzB3YClKk=</latexit><latexit sha1_base64="P47SsFqzSSxa0RYDRpj/aiGYLv0=">AAAB+3icbVDLSsNAFL2pr1pftS7dDBbBVUlEsMuKG5cV7APaECaTSTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cAwh3PuZc4cP+FMadv+tiobm1vbO9Xd2t7+weFR/bjRV3EqCe2RmMdy6GNFORO0p5nmdJhIiiOf04E/uy38wSOVisXiQc8T6kZ4IljICNZG8uqNbOzHPFDzyFzZTZ57jldv2i17AbROnJI0oUTXq3+Ng5ikERWacKzUyLET7WZYakY4zWvjVNEEkxme0JGhAkdUudkie47OjRKgMJbmCI0W6u+NDEeqSGcmI6ynatUrxP+8UarDtpsxkaSaCrJ8KEw50jEqikABk5RoPjcEE8lMVkSmWGKiTV01U4Kz+uV10r9sOXbLub9qdtplHVU4hTO4AAeuoQN30IUeEHiCZ3iFNyu3Xqx362M5WrHKnRP4A+vzB3YClKk=</latexit><latexit sha1_base64="P47SsFqzSSxa0RYDRpj/aiGYLv0=">AAAB+3icbVDLSsNAFL2pr1pftS7dDBbBVUlEsMuKG5cV7APaECaTSTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cAwh3PuZc4cP+FMadv+tiobm1vbO9Xd2t7+weFR/bjRV3EqCe2RmMdy6GNFORO0p5nmdJhIiiOf04E/uy38wSOVisXiQc8T6kZ4IljICNZG8uqNbOzHPFDzyFzZTZ57jldv2i17AbROnJI0oUTXq3+Ng5ikERWacKzUyLET7WZYakY4zWvjVNEEkxme0JGhAkdUudkie47OjRKgMJbmCI0W6u+NDEeqSGcmI6ynatUrxP+8UarDtpsxkaSaCrJ8KEw50jEqikABk5RoPjcEE8lMVkSmWGKiTV01U4Kz+uV10r9sOXbLub9qdtplHVU4hTO4AAeuoQN30IUeEHiCZ3iFNyu3Xqx362M5WrHKnRP4A+vzB3YClKk=</latexit><latexit sha1_base64="P47SsFqzSSxa0RYDRpj/aiGYLv0=">AAAB+3icbVDLSsNAFL2pr1pftS7dDBbBVUlEsMuKG5cV7APaECaTSTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cAwh3PuZc4cP+FMadv+tiobm1vbO9Xd2t7+weFR/bjRV3EqCe2RmMdy6GNFORO0p5nmdJhIiiOf04E/uy38wSOVisXiQc8T6kZ4IljICNZG8uqNbOzHPFDzyFzZTZ57jldv2i17AbROnJI0oUTXq3+Ng5ikERWacKzUyLET7WZYakY4zWvjVNEEkxme0JGhAkdUudkie47OjRKgMJbmCI0W6u+NDEeqSGcmI6ynatUrxP+8UarDtpsxkaSaCrJ8KEw50jEqikABk5RoPjcEE8lMVkSmWGKiTV01U4Kz+uV10r9sOXbLub9qdtplHVU4hTO4AAeuoQN30IUeEHiCZ3iFNyu3Xqx362M5WrHKnRP4A+vzB3YClKk=</latexit>

A2
<latexit sha1_base64="zXIuX9UsBxGdVPiWOSYVO26NZBU=">AAAB+3icbVDLSsNAFL3xWeur1qWbwSK4KkkR7LLixmUF+4A2hMlk0g6dZMLMRCwhv+LGhSJu/RF3/o2TNgttPTDM4Zx7mTPHTzhT2ra/rY3Nre2d3cpedf/g8Oi4dlLvK5FKQntEcCGHPlaUs5j2NNOcDhNJceRzOvBnt4U/eKRSMRE/6HlC3QhPYhYygrWRvFo9G/uCB2oemSu7yXOv5dUadtNeAK0TpyQNKNH1al/jQJA0orEmHCs1cuxEuxmWmhFO8+o4VTTBZIYndGRojCOq3GyRPUcXRglQKKQ5sUYL9fdGhiNVpDOTEdZTteoV4n/eKNVh281YnKSaxmT5UJhypAUqikABk5RoPjcEE8lMVkSmWGKiTV1VU4Kz+uV10m81Hbvp3F81Ou2yjgqcwTlcggPX0IE76EIPCDzBM7zCm5VbL9a79bEc3bDKnVP4A+vzB3eGlKo=</latexit><latexit sha1_base64="zXIuX9UsBxGdVPiWOSYVO26NZBU=">AAAB+3icbVDLSsNAFL3xWeur1qWbwSK4KkkR7LLixmUF+4A2hMlk0g6dZMLMRCwhv+LGhSJu/RF3/o2TNgttPTDM4Zx7mTPHTzhT2ra/rY3Nre2d3cpedf/g8Oi4dlLvK5FKQntEcCGHPlaUs5j2NNOcDhNJceRzOvBnt4U/eKRSMRE/6HlC3QhPYhYygrWRvFo9G/uCB2oemSu7yXOv5dUadtNeAK0TpyQNKNH1al/jQJA0orEmHCs1cuxEuxmWmhFO8+o4VTTBZIYndGRojCOq3GyRPUcXRglQKKQ5sUYL9fdGhiNVpDOTEdZTteoV4n/eKNVh281YnKSaxmT5UJhypAUqikABk5RoPjcEE8lMVkSmWGKiTV1VU4Kz+uV10m81Hbvp3F81Ou2yjgqcwTlcggPX0IE76EIPCDzBM7zCm5VbL9a79bEc3bDKnVP4A+vzB3eGlKo=</latexit><latexit sha1_base64="zXIuX9UsBxGdVPiWOSYVO26NZBU=">AAAB+3icbVDLSsNAFL3xWeur1qWbwSK4KkkR7LLixmUF+4A2hMlk0g6dZMLMRCwhv+LGhSJu/RF3/o2TNgttPTDM4Zx7mTPHTzhT2ra/rY3Nre2d3cpedf/g8Oi4dlLvK5FKQntEcCGHPlaUs5j2NNOcDhNJceRzOvBnt4U/eKRSMRE/6HlC3QhPYhYygrWRvFo9G/uCB2oemSu7yXOv5dUadtNeAK0TpyQNKNH1al/jQJA0orEmHCs1cuxEuxmWmhFO8+o4VTTBZIYndGRojCOq3GyRPUcXRglQKKQ5sUYL9fdGhiNVpDOTEdZTteoV4n/eKNVh281YnKSaxmT5UJhypAUqikABk5RoPjcEE8lMVkSmWGKiTV1VU4Kz+uV10m81Hbvp3F81Ou2yjgqcwTlcggPX0IE76EIPCDzBM7zCm5VbL9a79bEc3bDKnVP4A+vzB3eGlKo=</latexit><latexit sha1_base64="zXIuX9UsBxGdVPiWOSYVO26NZBU=">AAAB+3icbVDLSsNAFL3xWeur1qWbwSK4KkkR7LLixmUF+4A2hMlk0g6dZMLMRCwhv+LGhSJu/RF3/o2TNgttPTDM4Zx7mTPHTzhT2ra/rY3Nre2d3cpedf/g8Oi4dlLvK5FKQntEcCGHPlaUs5j2NNOcDhNJceRzOvBnt4U/eKRSMRE/6HlC3QhPYhYygrWRvFo9G/uCB2oemSu7yXOv5dUadtNeAK0TpyQNKNH1al/jQJA0orEmHCs1cuxEuxmWmhFO8+o4VTTBZIYndGRojCOq3GyRPUcXRglQKKQ5sUYL9fdGhiNVpDOTEdZTteoV4n/eKNVh281YnKSaxmT5UJhypAUqikABk5RoPjcEE8lMVkSmWGKiTV1VU4Kz+uV10m81Hbvp3F81Ou2yjgqcwTlcggPX0IE76EIPCDzBM7zCm5VbL9a79bEc3bDKnVP4A+vzB3eGlKo=</latexit>

eR
<latexit sha1_base64="TqD3qifs+xbdwt5e24YKTk034OA=">AAACA3icbVDLSsNAFJ3UV62vqDvdBIvgqiQi2GXBjcsq9gFNKJPJTTt0MgkzE6WEgBt/xY0LRdz6E+78GydtFtp6YJjDOfdy7z1+wqhUtv1tVFZW19Y3qpu1re2d3T1z/6Ar41QQ6JCYxaLvYwmMcugoqhj0EwE48hn0/MlV4ffuQUga8zs1TcCL8IjTkBKstDQ0j9wHGoCiLIDM9WMWyGmkv+w2z4dm3W7YM1jLxClJHZVoD80vN4hJGgFXhGEpB46dKC/DQlHCIK+5qYQEkwkewUBTjiOQXja7IbdOtRJYYSz048qaqb87MhzJYjddGWE1loteIf7nDVIVNr2M8iRVwMl8UJgyS8VWEYgVUAFEsakmmAiqd7XIGAtMlI6tpkNwFk9eJt3zhmM3nJuLeqtZxlFFx+gEnSEHXaIWukZt1EEEPaJn9IrejCfjxXg3PualFaPsOUR/YHz+AFhBmJE=</latexit><latexit sha1_base64="TqD3qifs+xbdwt5e24YKTk034OA=">AAACA3icbVDLSsNAFJ3UV62vqDvdBIvgqiQi2GXBjcsq9gFNKJPJTTt0MgkzE6WEgBt/xY0LRdz6E+78GydtFtp6YJjDOfdy7z1+wqhUtv1tVFZW19Y3qpu1re2d3T1z/6Ar41QQ6JCYxaLvYwmMcugoqhj0EwE48hn0/MlV4ffuQUga8zs1TcCL8IjTkBKstDQ0j9wHGoCiLIDM9WMWyGmkv+w2z4dm3W7YM1jLxClJHZVoD80vN4hJGgFXhGEpB46dKC/DQlHCIK+5qYQEkwkewUBTjiOQXja7IbdOtRJYYSz048qaqb87MhzJYjddGWE1loteIf7nDVIVNr2M8iRVwMl8UJgyS8VWEYgVUAFEsakmmAiqd7XIGAtMlI6tpkNwFk9eJt3zhmM3nJuLeqtZxlFFx+gEnSEHXaIWukZt1EEEPaJn9IrejCfjxXg3PualFaPsOUR/YHz+AFhBmJE=</latexit><latexit sha1_base64="TqD3qifs+xbdwt5e24YKTk034OA=">AAACA3icbVDLSsNAFJ3UV62vqDvdBIvgqiQi2GXBjcsq9gFNKJPJTTt0MgkzE6WEgBt/xY0LRdz6E+78GydtFtp6YJjDOfdy7z1+wqhUtv1tVFZW19Y3qpu1re2d3T1z/6Ar41QQ6JCYxaLvYwmMcugoqhj0EwE48hn0/MlV4ffuQUga8zs1TcCL8IjTkBKstDQ0j9wHGoCiLIDM9WMWyGmkv+w2z4dm3W7YM1jLxClJHZVoD80vN4hJGgFXhGEpB46dKC/DQlHCIK+5qYQEkwkewUBTjiOQXja7IbdOtRJYYSz048qaqb87MhzJYjddGWE1loteIf7nDVIVNr2M8iRVwMl8UJgyS8VWEYgVUAFEsakmmAiqd7XIGAtMlI6tpkNwFk9eJt3zhmM3nJuLeqtZxlFFx+gEnSEHXaIWukZt1EEEPaJn9IrejCfjxXg3PualFaPsOUR/YHz+AFhBmJE=</latexit><latexit sha1_base64="TqD3qifs+xbdwt5e24YKTk034OA=">AAACA3icbVDLSsNAFJ3UV62vqDvdBIvgqiQi2GXBjcsq9gFNKJPJTTt0MgkzE6WEgBt/xY0LRdz6E+78GydtFtp6YJjDOfdy7z1+wqhUtv1tVFZW19Y3qpu1re2d3T1z/6Ar41QQ6JCYxaLvYwmMcugoqhj0EwE48hn0/MlV4ffuQUga8zs1TcCL8IjTkBKstDQ0j9wHGoCiLIDM9WMWyGmkv+w2z4dm3W7YM1jLxClJHZVoD80vN4hJGgFXhGEpB46dKC/DQlHCIK+5qYQEkwkewUBTjiOQXja7IbdOtRJYYSz048qaqb87MhzJYjddGWE1loteIf7nDVIVNr2M8iRVwMl8UJgyS8VWEYgVUAFEsakmmAiqd7XIGAtMlI6tpkNwFk9eJt3zhmM3nJuLeqtZxlFFx+gEnSEHXaIWukZt1EEEPaJn9IrejCfjxXg3PualFaPsOUR/YHz+AFhBmJE=</latexit>

eG
<latexit sha1_base64="DigxCy+AsQcDcs0ltEIHWdAwFck=">AAACA3icbVDLSsNAFJ3UV62vqDvdBIvgqiQi2GXBhS4r2Ac0oUwmN+3QySTMTJQSAm78FTcuFHHrT7jzb5y0WWjrgWEO59zLvff4CaNS2fa3UVlZXVvfqG7WtrZ3dvfM/YOujFNBoENiFou+jyUwyqGjqGLQTwTgyGfQ8ydXhd+7ByFpzO/UNAEvwiNOQ0qw0tLQPHIfaACKsgAy149ZIKeR/rLrPB+adbthz2AtE6ckdVSiPTS/3CAmaQRcEYalHDh2orwMC0UJg7zmphISTCZ4BANNOY5Aetnshtw61UpghbHQjytrpv7uyHAki910ZYTVWC56hfifN0hV2PQyypNUASfzQWHKLBVbRSBWQAUQxaaaYCKo3tUiYywwUTq2mg7BWTx5mXTPG47dcG4v6q1mGUcVHaMTdIYcdIla6Aa1UQcR9Iie0St6M56MF+Pd+JiXVoyy5xD9gfH5A0d/mIY=</latexit><latexit sha1_base64="DigxCy+AsQcDcs0ltEIHWdAwFck=">AAACA3icbVDLSsNAFJ3UV62vqDvdBIvgqiQi2GXBhS4r2Ac0oUwmN+3QySTMTJQSAm78FTcuFHHrT7jzb5y0WWjrgWEO59zLvff4CaNS2fa3UVlZXVvfqG7WtrZ3dvfM/YOujFNBoENiFou+jyUwyqGjqGLQTwTgyGfQ8ydXhd+7ByFpzO/UNAEvwiNOQ0qw0tLQPHIfaACKsgAy149ZIKeR/rLrPB+adbthz2AtE6ckdVSiPTS/3CAmaQRcEYalHDh2orwMC0UJg7zmphISTCZ4BANNOY5Aetnshtw61UpghbHQjytrpv7uyHAki910ZYTVWC56hfifN0hV2PQyypNUASfzQWHKLBVbRSBWQAUQxaaaYCKo3tUiYywwUTq2mg7BWTx5mXTPG47dcG4v6q1mGUcVHaMTdIYcdIla6Aa1UQcR9Iie0St6M56MF+Pd+JiXVoyy5xD9gfH5A0d/mIY=</latexit><latexit sha1_base64="DigxCy+AsQcDcs0ltEIHWdAwFck=">AAACA3icbVDLSsNAFJ3UV62vqDvdBIvgqiQi2GXBhS4r2Ac0oUwmN+3QySTMTJQSAm78FTcuFHHrT7jzb5y0WWjrgWEO59zLvff4CaNS2fa3UVlZXVvfqG7WtrZ3dvfM/YOujFNBoENiFou+jyUwyqGjqGLQTwTgyGfQ8ydXhd+7ByFpzO/UNAEvwiNOQ0qw0tLQPHIfaACKsgAy149ZIKeR/rLrPB+adbthz2AtE6ckdVSiPTS/3CAmaQRcEYalHDh2orwMC0UJg7zmphISTCZ4BANNOY5Aetnshtw61UpghbHQjytrpv7uyHAki910ZYTVWC56hfifN0hV2PQyypNUASfzQWHKLBVbRSBWQAUQxaaaYCKo3tUiYywwUTq2mg7BWTx5mXTPG47dcG4v6q1mGUcVHaMTdIYcdIla6Aa1UQcR9Iie0St6M56MF+Pd+JiXVoyy5xD9gfH5A0d/mIY=</latexit><latexit sha1_base64="DigxCy+AsQcDcs0ltEIHWdAwFck=">AAACA3icbVDLSsNAFJ3UV62vqDvdBIvgqiQi2GXBhS4r2Ac0oUwmN+3QySTMTJQSAm78FTcuFHHrT7jzb5y0WWjrgWEO59zLvff4CaNS2fa3UVlZXVvfqG7WtrZ3dvfM/YOujFNBoENiFou+jyUwyqGjqGLQTwTgyGfQ8ydXhd+7ByFpzO/UNAEvwiNOQ0qw0tLQPHIfaACKsgAy149ZIKeR/rLrPB+adbthz2AtE6ckdVSiPTS/3CAmaQRcEYalHDh2orwMC0UJg7zmphISTCZ4BANNOY5Aetnshtw61UpghbHQjytrpv7uyHAki910ZYTVWC56hfifN0hV2PQyypNUASfzQWHKLBVbRSBWQAUQxaaaYCKo3tUiYywwUTq2mg7BWTx5mXTPG47dcG4v6q1mGUcVHaMTdIYcdIla6Aa1UQcR9Iie0St6M56MF+Pd+JiXVoyy5xD9gfH5A0d/mIY=</latexit>

R = eR + r
<latexit sha1_base64="xwd37XW5fnGFZCO1+c+8qt4fIB4=">AAACKHicbVDLSsNAFJ34rPUVdelmsAiCUBIR7EYsuHFZxT6gCWUyuW2HTh7MTJQS8jlu/BU3Iop065c4abOwrQeGOZxzL/fe48WcSWVZE2NldW19Y7O0Vd7e2d3bNw8OWzJKBIUmjXgkOh6RwFkITcUUh04sgAQeh7Y3us399hMIyaLwUY1jcAMyCFmfUaK01DNvUseLuC/Hgf7ShyzD184z80Ex7sOSd47nJJFlPbNiVa0p8DKxC1JBBRo988PxI5oEECrKiZRd24qVmxKhGOWQlZ1EQkzoiAygq2lIApBuOj00w6da8XE/EvqFCk/Vvx0pCWS+m64MiBrKRS8X//O6ierX3JSFcaIgpLNB/YRjFeE8NewzAVTxsSaECqZ3xXRIBKFKZ1vWIdiLJy+T1kXVtqr2/WWlXiviKKFjdILOkI2uUB3doQZqIope0Bv6RF/Gq/FufBuTWemKUfQcoTkYP79il6iV</latexit><latexit sha1_base64="xwd37XW5fnGFZCO1+c+8qt4fIB4=">AAACKHicbVDLSsNAFJ34rPUVdelmsAiCUBIR7EYsuHFZxT6gCWUyuW2HTh7MTJQS8jlu/BU3Iop065c4abOwrQeGOZxzL/fe48WcSWVZE2NldW19Y7O0Vd7e2d3bNw8OWzJKBIUmjXgkOh6RwFkITcUUh04sgAQeh7Y3us399hMIyaLwUY1jcAMyCFmfUaK01DNvUseLuC/Hgf7ShyzD184z80Ex7sOSd47nJJFlPbNiVa0p8DKxC1JBBRo988PxI5oEECrKiZRd24qVmxKhGOWQlZ1EQkzoiAygq2lIApBuOj00w6da8XE/EvqFCk/Vvx0pCWS+m64MiBrKRS8X//O6ierX3JSFcaIgpLNB/YRjFeE8NewzAVTxsSaECqZ3xXRIBKFKZ1vWIdiLJy+T1kXVtqr2/WWlXiviKKFjdILOkI2uUB3doQZqIope0Bv6RF/Gq/FufBuTWemKUfQcoTkYP79il6iV</latexit><latexit sha1_base64="xwd37XW5fnGFZCO1+c+8qt4fIB4=">AAACKHicbVDLSsNAFJ34rPUVdelmsAiCUBIR7EYsuHFZxT6gCWUyuW2HTh7MTJQS8jlu/BU3Iop065c4abOwrQeGOZxzL/fe48WcSWVZE2NldW19Y7O0Vd7e2d3bNw8OWzJKBIUmjXgkOh6RwFkITcUUh04sgAQeh7Y3us399hMIyaLwUY1jcAMyCFmfUaK01DNvUseLuC/Hgf7ShyzD184z80Ex7sOSd47nJJFlPbNiVa0p8DKxC1JBBRo988PxI5oEECrKiZRd24qVmxKhGOWQlZ1EQkzoiAygq2lIApBuOj00w6da8XE/EvqFCk/Vvx0pCWS+m64MiBrKRS8X//O6ierX3JSFcaIgpLNB/YRjFeE8NewzAVTxsSaECqZ3xXRIBKFKZ1vWIdiLJy+T1kXVtqr2/WWlXiviKKFjdILOkI2uUB3doQZqIope0Bv6RF/Gq/FufBuTWemKUfQcoTkYP79il6iV</latexit><latexit sha1_base64="xwd37XW5fnGFZCO1+c+8qt4fIB4=">AAACKHicbVDLSsNAFJ34rPUVdelmsAiCUBIR7EYsuHFZxT6gCWUyuW2HTh7MTJQS8jlu/BU3Iop065c4abOwrQeGOZxzL/fe48WcSWVZE2NldW19Y7O0Vd7e2d3bNw8OWzJKBIUmjXgkOh6RwFkITcUUh04sgAQeh7Y3us399hMIyaLwUY1jcAMyCFmfUaK01DNvUseLuC/Hgf7ShyzD184z80Ex7sOSd47nJJFlPbNiVa0p8DKxC1JBBRo988PxI5oEECrKiZRd24qVmxKhGOWQlZ1EQkzoiAygq2lIApBuOj00w6da8XE/EvqFCk/Vvx0pCWS+m64MiBrKRS8X//O6ierX3JSFcaIgpLNB/YRjFeE8NewzAVTxsSaECqZ3xXRIBKFKZ1vWIdiLJy+T1kXVtqr2/WWlXiviKKFjdILOkI2uUB3doQZqIope0Bv6RF/Gq/FufBuTWemKUfQcoTkYP79il6iV</latexit>

�2k
<latexit sha1_base64="j9qPK5La5VF8SYJ3VvDuJRm55FU=">AAACEHicbVDLSsNAFJ34rPUVdekmWEQ3hqQI7bKgC5cV7AOaWCaT23boTBJmJkIJ+QQ3/oobF4q4denOv3HSdqGtB4Y5nHMv994TJIxK5Tjfxsrq2vrGZmmrvL2zu7dvHhy2ZZwKAi0Ss1h0AyyB0QhaiioG3UQA5gGDTjC+KvzOAwhJ4+hOTRLwOR5GdEAJVlrqm2feNTCFvZFMMIHswrFrnOdZfl/1gpiFcsL1l43zvllxbGcKa5m4c1JBczT75pcXxiTlECnCsJQ910mUn2GhKGGQl71Ugh45xkPoaRphDtLPpgfl1qlWQmsQC/0iZU3V3x0Z5rJYTVdyrEZy0SvE/7xeqgZ1P6NRkiqIyGzQIGWWiq0iHSukAohiE00wEVTvapERFpgonWFZh+AunrxM2lXbdWz39rLSqM/jKKFjdILOkYtqqIFuUBO1EEGP6Bm9ojfjyXgx3o2PWemKMe85Qn9gfP4AN7+dTw==</latexit><latexit sha1_base64="j9qPK5La5VF8SYJ3VvDuJRm55FU=">AAACEHicbVDLSsNAFJ34rPUVdekmWEQ3hqQI7bKgC5cV7AOaWCaT23boTBJmJkIJ+QQ3/oobF4q4denOv3HSdqGtB4Y5nHMv994TJIxK5Tjfxsrq2vrGZmmrvL2zu7dvHhy2ZZwKAi0Ss1h0AyyB0QhaiioG3UQA5gGDTjC+KvzOAwhJ4+hOTRLwOR5GdEAJVlrqm2feNTCFvZFMMIHswrFrnOdZfl/1gpiFcsL1l43zvllxbGcKa5m4c1JBczT75pcXxiTlECnCsJQ910mUn2GhKGGQl71Ugh45xkPoaRphDtLPpgfl1qlWQmsQC/0iZU3V3x0Z5rJYTVdyrEZy0SvE/7xeqgZ1P6NRkiqIyGzQIGWWiq0iHSukAohiE00wEVTvapERFpgonWFZh+AunrxM2lXbdWz39rLSqM/jKKFjdILOkYtqqIFuUBO1EEGP6Bm9ojfjyXgx3o2PWemKMe85Qn9gfP4AN7+dTw==</latexit><latexit sha1_base64="j9qPK5La5VF8SYJ3VvDuJRm55FU=">AAACEHicbVDLSsNAFJ34rPUVdekmWEQ3hqQI7bKgC5cV7AOaWCaT23boTBJmJkIJ+QQ3/oobF4q4denOv3HSdqGtB4Y5nHMv994TJIxK5Tjfxsrq2vrGZmmrvL2zu7dvHhy2ZZwKAi0Ss1h0AyyB0QhaiioG3UQA5gGDTjC+KvzOAwhJ4+hOTRLwOR5GdEAJVlrqm2feNTCFvZFMMIHswrFrnOdZfl/1gpiFcsL1l43zvllxbGcKa5m4c1JBczT75pcXxiTlECnCsJQ910mUn2GhKGGQl71Ugh45xkPoaRphDtLPpgfl1qlWQmsQC/0iZU3V3x0Z5rJYTVdyrEZy0SvE/7xeqgZ1P6NRkiqIyGzQIGWWiq0iHSukAohiE00wEVTvapERFpgonWFZh+AunrxM2lXbdWz39rLSqM/jKKFjdILOkYtqqIFuUBO1EEGP6Bm9ojfjyXgx3o2PWemKMe85Qn9gfP4AN7+dTw==</latexit><latexit sha1_base64="j9qPK5La5VF8SYJ3VvDuJRm55FU=">AAACEHicbVDLSsNAFJ34rPUVdekmWEQ3hqQI7bKgC5cV7AOaWCaT23boTBJmJkIJ+QQ3/oobF4q4denOv3HSdqGtB4Y5nHMv994TJIxK5Tjfxsrq2vrGZmmrvL2zu7dvHhy2ZZwKAi0Ss1h0AyyB0QhaiioG3UQA5gGDTjC+KvzOAwhJ4+hOTRLwOR5GdEAJVlrqm2feNTCFvZFMMIHswrFrnOdZfl/1gpiFcsL1l43zvllxbGcKa5m4c1JBczT75pcXxiTlECnCsJQ910mUn2GhKGGQl71Ugh45xkPoaRphDtLPpgfl1qlWQmsQC/0iZU3V3x0Z5rJYTVdyrEZy0SvE/7xeqgZ1P6NRkiqIyGzQIGWWiq0iHSukAohiE00wEVTvapERFpgonWFZh+AunrxM2lXbdWz39rLSqM/jKKFjdILOkYtqqIFuUBO1EEGP6Bm9ojfjyXgx3o2PWemKMe85Qn9gfP4AN7+dTw==</latexit>

SC
<latexit sha1_base64="n76Yn0otP2pAO9vKIdaXIhlVSnc=">AAAB7nicdVDLSgMxFL1TX7W+qi7dBIvgasjUqa27QjcuK9oHtEPJpGkbmnmQZIQy9CPcuFDErd/jzr8x01ZQ0QOBk3Pu5d57/FhwpTH+sHJr6xubW/ntws7u3v5B8fCoraJEUtaikYhk1yeKCR6yluZasG4sGQl8wTr+tJH5nXsmFY/COz2LmReQcchHnBJtpE6fEoFuG4NiCdu4ii+cMsK2W3Grlxkxf/eqghwbL1CCFZqD4nt/GNEkYKGmgijVc3CsvZRIzalg80I/USwmdErGrGdoSAKmvHSx7hydGWWIRpE0L9RooX7vSEmg1CzwTWVA9ET99jLxL6+X6FHNS3kYJ5qFdDlolAikI5TdjoZcMqrFzBBCJTe7IjohklBtEiqYEL4uRf+Tdtl2sO3cuKV6bRVHHk7gFM7BgSrU4Rqa0AIKU3iAJ3i2YuvRerFel6U5a9VzDD9gvX0C2U2PNw==</latexit><latexit sha1_base64="n76Yn0otP2pAO9vKIdaXIhlVSnc=">AAAB7nicdVDLSgMxFL1TX7W+qi7dBIvgasjUqa27QjcuK9oHtEPJpGkbmnmQZIQy9CPcuFDErd/jzr8x01ZQ0QOBk3Pu5d57/FhwpTH+sHJr6xubW/ntws7u3v5B8fCoraJEUtaikYhk1yeKCR6yluZasG4sGQl8wTr+tJH5nXsmFY/COz2LmReQcchHnBJtpE6fEoFuG4NiCdu4ii+cMsK2W3Grlxkxf/eqghwbL1CCFZqD4nt/GNEkYKGmgijVc3CsvZRIzalg80I/USwmdErGrGdoSAKmvHSx7hydGWWIRpE0L9RooX7vSEmg1CzwTWVA9ET99jLxL6+X6FHNS3kYJ5qFdDlolAikI5TdjoZcMqrFzBBCJTe7IjohklBtEiqYEL4uRf+Tdtl2sO3cuKV6bRVHHk7gFM7BgSrU4Rqa0AIKU3iAJ3i2YuvRerFel6U5a9VzDD9gvX0C2U2PNw==</latexit><latexit sha1_base64="n76Yn0otP2pAO9vKIdaXIhlVSnc=">AAAB7nicdVDLSgMxFL1TX7W+qi7dBIvgasjUqa27QjcuK9oHtEPJpGkbmnmQZIQy9CPcuFDErd/jzr8x01ZQ0QOBk3Pu5d57/FhwpTH+sHJr6xubW/ntws7u3v5B8fCoraJEUtaikYhk1yeKCR6yluZasG4sGQl8wTr+tJH5nXsmFY/COz2LmReQcchHnBJtpE6fEoFuG4NiCdu4ii+cMsK2W3Grlxkxf/eqghwbL1CCFZqD4nt/GNEkYKGmgijVc3CsvZRIzalg80I/USwmdErGrGdoSAKmvHSx7hydGWWIRpE0L9RooX7vSEmg1CzwTWVA9ET99jLxL6+X6FHNS3kYJ5qFdDlolAikI5TdjoZcMqrFzBBCJTe7IjohklBtEiqYEL4uRf+Tdtl2sO3cuKV6bRVHHk7gFM7BgSrU4Rqa0AIKU3iAJ3i2YuvRerFel6U5a9VzDD9gvX0C2U2PNw==</latexit><latexit sha1_base64="n76Yn0otP2pAO9vKIdaXIhlVSnc=">AAAB7nicdVDLSgMxFL1TX7W+qi7dBIvgasjUqa27QjcuK9oHtEPJpGkbmnmQZIQy9CPcuFDErd/jzr8x01ZQ0QOBk3Pu5d57/FhwpTH+sHJr6xubW/ntws7u3v5B8fCoraJEUtaikYhk1yeKCR6yluZasG4sGQl8wTr+tJH5nXsmFY/COz2LmReQcchHnBJtpE6fEoFuG4NiCdu4ii+cMsK2W3Grlxkxf/eqghwbL1CCFZqD4nt/GNEkYKGmgijVc3CsvZRIzalg80I/USwmdErGrGdoSAKmvHSx7hydGWWIRpE0L9RooX7vSEmg1CzwTWVA9ET99jLxL6+X6FHNS3kYJ5qFdDlolAikI5TdjoZcMqrFzBBCJTe7IjohklBtEiqYEL4uRf+Tdtl2sO3cuKV6bRVHHk7gFM7BgSrU4Rqa0AIKU3iAJ3i2YuvRerFel6U5a9VzDD9gvX0C2U2PNw==</latexit>

C
<latexit sha1_base64="dAVmNH6maAgKZO8jWBlns74N3Ws=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgKewmPtZbIBePEcwDkiXMTmaTMbMzy8ysEEL+wYsHRbz6P978GyfJCipa0FBUddPdFSacaeO6H05uZXVtfSO/Wdja3tndK+4ftLRMFaFNIrlUnRBrypmgTcMMp51EURyHnLbDcX3ut++p0kyKWzNJaBDjoWARI9hYqdUjmKN6v1hyy75fqZ5XkVt2F7DEc72rCw95mVKCDI1+8b03kCSNqTCEY627npuYYIqVYYTTWaGXappgMsZD2rVU4JjqYLq4doZOrDJAkVS2hEEL9fvEFMdaT+LQdsbYjPRvby7+5XVTE/nBlIkkNVSQ5aIo5chINH8dDZiixPCJJZgoZm9FZIQVJsYGVLAhfH2K/ietio2l7N2clWp+FkcejuAYTsGDS6jBNTSgCQTu4AGe4NmRzqPz4rwuW3NONnMIP+C8fQIeNo7K</latexit><latexit sha1_base64="dAVmNH6maAgKZO8jWBlns74N3Ws=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgKewmPtZbIBePEcwDkiXMTmaTMbMzy8ysEEL+wYsHRbz6P978GyfJCipa0FBUddPdFSacaeO6H05uZXVtfSO/Wdja3tndK+4ftLRMFaFNIrlUnRBrypmgTcMMp51EURyHnLbDcX3ut++p0kyKWzNJaBDjoWARI9hYqdUjmKN6v1hyy75fqZ5XkVt2F7DEc72rCw95mVKCDI1+8b03kCSNqTCEY627npuYYIqVYYTTWaGXappgMsZD2rVU4JjqYLq4doZOrDJAkVS2hEEL9fvEFMdaT+LQdsbYjPRvby7+5XVTE/nBlIkkNVSQ5aIo5chINH8dDZiixPCJJZgoZm9FZIQVJsYGVLAhfH2K/ietio2l7N2clWp+FkcejuAYTsGDS6jBNTSgCQTu4AGe4NmRzqPz4rwuW3NONnMIP+C8fQIeNo7K</latexit><latexit sha1_base64="dAVmNH6maAgKZO8jWBlns74N3Ws=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgKewmPtZbIBePEcwDkiXMTmaTMbMzy8ysEEL+wYsHRbz6P978GyfJCipa0FBUddPdFSacaeO6H05uZXVtfSO/Wdja3tndK+4ftLRMFaFNIrlUnRBrypmgTcMMp51EURyHnLbDcX3ut++p0kyKWzNJaBDjoWARI9hYqdUjmKN6v1hyy75fqZ5XkVt2F7DEc72rCw95mVKCDI1+8b03kCSNqTCEY627npuYYIqVYYTTWaGXappgMsZD2rVU4JjqYLq4doZOrDJAkVS2hEEL9fvEFMdaT+LQdsbYjPRvby7+5XVTE/nBlIkkNVSQ5aIo5chINH8dDZiixPCJJZgoZm9FZIQVJsYGVLAhfH2K/ietio2l7N2clWp+FkcejuAYTsGDS6jBNTSgCQTu4AGe4NmRzqPz4rwuW3NONnMIP+C8fQIeNo7K</latexit><latexit sha1_base64="feYzCSbqj61LrrcowietRi1DSP8=">AAAB5HicbVDLSgNBEOz1GddX9OplMAiewq4XPQpePEYwD0hCmJ3tTYbMzi4zvUJY8gMevIh49Zu8+TdOHqAmFjQUVd10d0W5kpaC4Mvb2Nza3tmt7Pn7B/7h0XH1pGWzwghsikxlphNxi0pqbJIkhZ3cIE8jhe1ofDfz209orMz0I01y7Kd8qGUiBScnNQbVWlAP5mDrJFySGiwxqH724kwUKWoSilvbDYOc+iU3JIXCqd8rLOZcjPkQu45qnqLtl/Mzp+zCKTFLMuNKE5urvydKnlo7SSPXmXIa2VVvJv7ndQtKbvql1HlBqMViUVIoRhmb/cxiaVCQmjjChZHuViZG3HBBLhnfZRCufrxOWlf1MKiHDz9hQAXO4BwuIYRruIV7aEATBMTwDK/eyHvx3rz3ReOGt5w4hT/wPr4BGDqLAg==</latexit><latexit sha1_base64="Ek295dnaWqDA7CVa33LsfvGS6DU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKex6MUchF48RzAOSJcxOZpMxszPLTK8QlvyDFw+KePV/vPk3Th6gJhY0FFXddHdFqRQWff/LK2xsbm3vFHdLe/sHh0fl45OW1ZlhvMm01KYTUculULyJAiXvpIbTJJK8HY3rM7/9yI0VWt3jJOVhQodKxIJRdFKrx6gk9X654lf9Ocg6CZakAks0+uXP3kCzLOEKmaTWdgM/xTCnBgWTfFrqZZanlI3pkHcdVTThNszn107JhVMGJNbGlUIyV39P5DSxdpJErjOhOLKr3kz8z+tmGNfCXKg0Q67YYlGcSYKazF4nA2E4QzlxhDIj3K2EjaihDF1AJRdCsPryOmldVQO/Gtz9pAFFOINzuIQAruEGbqEBTWDwAE/wAq+e9p69N+990VrwljOn8Afexze0I44f</latexit><latexit sha1_base64="k/5lhehzUAL44uXOMT1KXOXhSyo=">AAAB7XicdVDLSgMxFL1TX7W+qi7dBIvgqkwqat0J3bisYB/QDiWTZtrYTDIkGaEM/Qc3LhRx6/+4829MH+IDPXDhcM693HtPmAhurO+/e7ml5ZXVtfx6YWNza3unuLvXNCrVlDWoEkq3Q2KY4JI1LLeCtRPNSBwK1gpHtanfumPacCVv7DhhQUwGkkecEuukZpcSgWq9YskvV6uVk9MT5Jf9GRzBPr44wwgvlBIsUO8V37p9RdOYSUsFMaaD/cQGGdGWU8EmhW5qWELoiAxYx1FJYmaCbHbtBB05pY8ipV1Ji2bq94mMxMaM49B1xsQOzW9vKv7ldVIbVYOMyyS1TNL5oigVyCo0fR31uWbUirEjhGrubkV0SDSh1gVUcCF8for+J82Ki6WMr7/SgDwcwCEcA4ZzuIQrqEMDKNzCPTzCk6e8B+/Ze5m35rzFzD78gPf6AfiPjk4=</latexit><latexit sha1_base64="VZr9pllCNJZ9jZxKm/RrdwKz36k=">AAAB7XicdVBNSwMxEJ2tX7V+VT16CRbBU8m2qOut0IvHCrYW2qVk02wbm80uSVYoS/+DFw+KePX/ePPfmLYrqOiDgcd7M8zMCxLBtcH4wymsrK6tbxQ3S1vbO7t75f2Djo5TRVmbxiJW3YBoJrhkbcONYN1EMRIFgt0Gk+bcv71nSvNY3phpwvyIjCQPOSXGSp0+JQI1B+UKrnperX5WR7iKF7DExe7luYvcXKlAjtag/N4fxjSNmDRUEK17Lk6MnxFlOBVsVuqnmiWETsiI9SyVJGLazxbXztCJVYYojJUtadBC/T6RkUjraRTYzoiYsf7tzcW/vF5qQs/PuExSwyRdLgpTgUyM5q+jIVeMGjG1hFDF7a2Ijoki1NiASjaEr0/R/6RTs7FU3WtcaXh5HEU4gmM4BRcuoAFX0II2ULiDB3iCZyd2Hp0X53XZWnDymUP4AeftExz2jsY=</latexit><latexit sha1_base64="dAVmNH6maAgKZO8jWBlns74N3Ws=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgKewmPtZbIBePEcwDkiXMTmaTMbMzy8ysEEL+wYsHRbz6P978GyfJCipa0FBUddPdFSacaeO6H05uZXVtfSO/Wdja3tndK+4ftLRMFaFNIrlUnRBrypmgTcMMp51EURyHnLbDcX3ut++p0kyKWzNJaBDjoWARI9hYqdUjmKN6v1hyy75fqZ5XkVt2F7DEc72rCw95mVKCDI1+8b03kCSNqTCEY627npuYYIqVYYTTWaGXappgMsZD2rVU4JjqYLq4doZOrDJAkVS2hEEL9fvEFMdaT+LQdsbYjPRvby7+5XVTE/nBlIkkNVSQ5aIo5chINH8dDZiixPCJJZgoZm9FZIQVJsYGVLAhfH2K/ietio2l7N2clWp+FkcejuAYTsGDS6jBNTSgCQTu4AGe4NmRzqPz4rwuW3NONnMIP+C8fQIeNo7K</latexit><latexit sha1_base64="dAVmNH6maAgKZO8jWBlns74N3Ws=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgKewmPtZbIBePEcwDkiXMTmaTMbMzy8ysEEL+wYsHRbz6P978GyfJCipa0FBUddPdFSacaeO6H05uZXVtfSO/Wdja3tndK+4ftLRMFaFNIrlUnRBrypmgTcMMp51EURyHnLbDcX3ut++p0kyKWzNJaBDjoWARI9hYqdUjmKN6v1hyy75fqZ5XkVt2F7DEc72rCw95mVKCDI1+8b03kCSNqTCEY627npuYYIqVYYTTWaGXappgMsZD2rVU4JjqYLq4doZOrDJAkVS2hEEL9fvEFMdaT+LQdsbYjPRvby7+5XVTE/nBlIkkNVSQ5aIo5chINH8dDZiixPCJJZgoZm9FZIQVJsYGVLAhfH2K/ietio2l7N2clWp+FkcejuAYTsGDS6jBNTSgCQTu4AGe4NmRzqPz4rwuW3NONnMIP+C8fQIeNo7K</latexit><latexit sha1_base64="dAVmNH6maAgKZO8jWBlns74N3Ws=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgKewmPtZbIBePEcwDkiXMTmaTMbMzy8ysEEL+wYsHRbz6P978GyfJCipa0FBUddPdFSacaeO6H05uZXVtfSO/Wdja3tndK+4ftLRMFaFNIrlUnRBrypmgTcMMp51EURyHnLbDcX3ut++p0kyKWzNJaBDjoWARI9hYqdUjmKN6v1hyy75fqZ5XkVt2F7DEc72rCw95mVKCDI1+8b03kCSNqTCEY627npuYYIqVYYTTWaGXappgMsZD2rVU4JjqYLq4doZOrDJAkVS2hEEL9fvEFMdaT+LQdsbYjPRvby7+5XVTE/nBlIkkNVSQ5aIo5chINH8dDZiixPCJJZgoZm9FZIQVJsYGVLAhfH2K/ietio2l7N2clWp+FkcejuAYTsGDS6jBNTSgCQTu4AGe4NmRzqPz4rwuW3NONnMIP+C8fQIeNo7K</latexit><latexit sha1_base64="dAVmNH6maAgKZO8jWBlns74N3Ws=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgKewmPtZbIBePEcwDkiXMTmaTMbMzy8ysEEL+wYsHRbz6P978GyfJCipa0FBUddPdFSacaeO6H05uZXVtfSO/Wdja3tndK+4ftLRMFaFNIrlUnRBrypmgTcMMp51EURyHnLbDcX3ut++p0kyKWzNJaBDjoWARI9hYqdUjmKN6v1hyy75fqZ5XkVt2F7DEc72rCw95mVKCDI1+8b03kCSNqTCEY627npuYYIqVYYTTWaGXappgMsZD2rVU4JjqYLq4doZOrDJAkVS2hEEL9fvEFMdaT+LQdsbYjPRvby7+5XVTE/nBlIkkNVSQ5aIo5chINH8dDZiixPCJJZgoZm9FZIQVJsYGVLAhfH2K/ietio2l7N2clWp+FkcejuAYTsGDS6jBNTSgCQTu4AGe4NmRzqPz4rwuW3NONnMIP+C8fQIeNo7K</latexit><latexit sha1_base64="dAVmNH6maAgKZO8jWBlns74N3Ws=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgKewmPtZbIBePEcwDkiXMTmaTMbMzy8ysEEL+wYsHRbz6P978GyfJCipa0FBUddPdFSacaeO6H05uZXVtfSO/Wdja3tndK+4ftLRMFaFNIrlUnRBrypmgTcMMp51EURyHnLbDcX3ut++p0kyKWzNJaBDjoWARI9hYqdUjmKN6v1hyy75fqZ5XkVt2F7DEc72rCw95mVKCDI1+8b03kCSNqTCEY627npuYYIqVYYTTWaGXappgMsZD2rVU4JjqYLq4doZOrDJAkVS2hEEL9fvEFMdaT+LQdsbYjPRvby7+5XVTE/nBlIkkNVSQ5aIo5chINH8dDZiixPCJJZgoZm9FZIQVJsYGVLAhfH2K/ietio2l7N2clWp+FkcejuAYTsGDS6jBNTSgCQTu4AGe4NmRzqPz4rwuW3NONnMIP+C8fQIeNo7K</latexit><latexit sha1_base64="dAVmNH6maAgKZO8jWBlns74N3Ws=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgKewmPtZbIBePEcwDkiXMTmaTMbMzy8ysEEL+wYsHRbz6P978GyfJCipa0FBUddPdFSacaeO6H05uZXVtfSO/Wdja3tndK+4ftLRMFaFNIrlUnRBrypmgTcMMp51EURyHnLbDcX3ut++p0kyKWzNJaBDjoWARI9hYqdUjmKN6v1hyy75fqZ5XkVt2F7DEc72rCw95mVKCDI1+8b03kCSNqTCEY627npuYYIqVYYTTWaGXappgMsZD2rVU4JjqYLq4doZOrDJAkVS2hEEL9fvEFMdaT+LQdsbYjPRvby7+5XVTE/nBlIkkNVSQ5aIo5chINH8dDZiixPCJJZgoZm9FZIQVJsYGVLAhfH2K/ietio2l7N2clWp+FkcejuAYTsGDS6jBNTSgCQTu4AGe4NmRzqPz4rwuW3NONnMIP+C8fQIeNo7K</latexit>

RC
<latexit sha1_base64="BEHK0GWawytbIpGjE0AzCNiD9ZI=">AAAB7nicdVDLSsNAFL2pr1pfVZduBovgqiStj7grdOOyin1AG8pkOmmHTiZhZiKU0I9w40IRt36PO//GaRpBRQ9cOJxzL/fe48ecKW3bH1ZhZXVtfaO4Wdra3tndK+8fdFSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT5sLv3tPpWKRuNOzmHohHgsWMIK1kboDgjm6bQ7LFbvqurX6eR3ZVTuDIY7tXF04yMmVCuRoDcvvg1FEkpAKTThWqu/YsfZSLDUjnM5Lg0TRGJMpHtO+oQKHVHlpdu4cnRhlhIJImhIaZer3iRSHSs1C33SGWE/Ub28h/uX1Ex24XspEnGgqyHJRkHCkI7T4HY2YpETzmSGYSGZuRWSCJSbaJFQyIXx9iv4nnZqJpercnFUabh5HEY7gGE7BgUtowDW0oA0EpvAAT/Bsxdaj9WK9LlsLVj5zCD9gvX0CwWqPJg==</latexit><latexit sha1_base64="BEHK0GWawytbIpGjE0AzCNiD9ZI=">AAAB7nicdVDLSsNAFL2pr1pfVZduBovgqiStj7grdOOyin1AG8pkOmmHTiZhZiKU0I9w40IRt36PO//GaRpBRQ9cOJxzL/fe48ecKW3bH1ZhZXVtfaO4Wdra3tndK+8fdFSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT5sLv3tPpWKRuNOzmHohHgsWMIK1kboDgjm6bQ7LFbvqurX6eR3ZVTuDIY7tXF04yMmVCuRoDcvvg1FEkpAKTThWqu/YsfZSLDUjnM5Lg0TRGJMpHtO+oQKHVHlpdu4cnRhlhIJImhIaZer3iRSHSs1C33SGWE/Ub28h/uX1Ex24XspEnGgqyHJRkHCkI7T4HY2YpETzmSGYSGZuRWSCJSbaJFQyIXx9iv4nnZqJpercnFUabh5HEY7gGE7BgUtowDW0oA0EpvAAT/Bsxdaj9WK9LlsLVj5zCD9gvX0CwWqPJg==</latexit><latexit sha1_base64="BEHK0GWawytbIpGjE0AzCNiD9ZI=">AAAB7nicdVDLSsNAFL2pr1pfVZduBovgqiStj7grdOOyin1AG8pkOmmHTiZhZiKU0I9w40IRt36PO//GaRpBRQ9cOJxzL/fe48ecKW3bH1ZhZXVtfaO4Wdra3tndK+8fdFSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT5sLv3tPpWKRuNOzmHohHgsWMIK1kboDgjm6bQ7LFbvqurX6eR3ZVTuDIY7tXF04yMmVCuRoDcvvg1FEkpAKTThWqu/YsfZSLDUjnM5Lg0TRGJMpHtO+oQKHVHlpdu4cnRhlhIJImhIaZer3iRSHSs1C33SGWE/Ub28h/uX1Ex24XspEnGgqyHJRkHCkI7T4HY2YpETzmSGYSGZuRWSCJSbaJFQyIXx9iv4nnZqJpercnFUabh5HEY7gGE7BgUtowDW0oA0EpvAAT/Bsxdaj9WK9LlsLVj5zCD9gvX0CwWqPJg==</latexit><latexit sha1_base64="BEHK0GWawytbIpGjE0AzCNiD9ZI=">AAAB7nicdVDLSsNAFL2pr1pfVZduBovgqiStj7grdOOyin1AG8pkOmmHTiZhZiKU0I9w40IRt36PO//GaRpBRQ9cOJxzL/fe48ecKW3bH1ZhZXVtfaO4Wdra3tndK+8fdFSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT5sLv3tPpWKRuNOzmHohHgsWMIK1kboDgjm6bQ7LFbvqurX6eR3ZVTuDIY7tXF04yMmVCuRoDcvvg1FEkpAKTThWqu/YsfZSLDUjnM5Lg0TRGJMpHtO+oQKHVHlpdu4cnRhlhIJImhIaZer3iRSHSs1C33SGWE/Ub28h/uX1Ex24XspEnGgqyHJRkHCkI7T4HY2YpETzmSGYSGZuRWSCJSbaJFQyIXx9iv4nnZqJpercnFUabh5HEY7gGE7BgUtowDW0oA0EpvAAT/Bsxdaj9WK9LlsLVj5zCD9gvX0CwWqPJg==</latexit>

RSC
<latexit sha1_base64="+uII9F5ToJyAR60F2xalf8d70q8=">AAAB73icdVDLSgMxFM3UV62vqks3wSK4GjJ1auuu0I3L+ugD2qFk0kwbmsmMSUYoQ3/CjQtF3Po77vwbM20FFT0QODnnXu69x485UxqhDyu3srq2vpHfLGxt7+zuFfcP2ipKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJ43M79xTqVgkbvU0pl6IR4IFjGBtpG6fYA6vbxqDYgnZqIrOnDJEtltxq+cZMX/3ogIdG81RAks0B8X3/jAiSUiFJhwr1XNQrL0US80Ip7NCP1E0xmSCR7RnqMAhVV4633cGT4wyhEEkzRMaztXvHSkOlZqGvqkMsR6r314m/uX1Eh3UvJSJONFUkMWgIOFQRzA7Hg6ZpETzqSGYSGZ2hWSMJSbaRFQwIXxdCv8n7bLtINu5ckv12jKOPDgCx+AUOKAK6uASNEELEMDBA3gCz9ad9Wi9WK+L0py17DkEP2C9fQJ85I+T</latexit><latexit sha1_base64="+uII9F5ToJyAR60F2xalf8d70q8=">AAAB73icdVDLSgMxFM3UV62vqks3wSK4GjJ1auuu0I3L+ugD2qFk0kwbmsmMSUYoQ3/CjQtF3Po77vwbM20FFT0QODnnXu69x485UxqhDyu3srq2vpHfLGxt7+zuFfcP2ipKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJ43M79xTqVgkbvU0pl6IR4IFjGBtpG6fYA6vbxqDYgnZqIrOnDJEtltxq+cZMX/3ogIdG81RAks0B8X3/jAiSUiFJhwr1XNQrL0US80Ip7NCP1E0xmSCR7RnqMAhVV4633cGT4wyhEEkzRMaztXvHSkOlZqGvqkMsR6r314m/uX1Eh3UvJSJONFUkMWgIOFQRzA7Hg6ZpETzqSGYSGZ2hWSMJSbaRFQwIXxdCv8n7bLtINu5ckv12jKOPDgCx+AUOKAK6uASNEELEMDBA3gCz9ad9Wi9WK+L0py17DkEP2C9fQJ85I+T</latexit><latexit sha1_base64="+uII9F5ToJyAR60F2xalf8d70q8=">AAAB73icdVDLSgMxFM3UV62vqks3wSK4GjJ1auuu0I3L+ugD2qFk0kwbmsmMSUYoQ3/CjQtF3Po77vwbM20FFT0QODnnXu69x485UxqhDyu3srq2vpHfLGxt7+zuFfcP2ipKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJ43M79xTqVgkbvU0pl6IR4IFjGBtpG6fYA6vbxqDYgnZqIrOnDJEtltxq+cZMX/3ogIdG81RAks0B8X3/jAiSUiFJhwr1XNQrL0US80Ip7NCP1E0xmSCR7RnqMAhVV4633cGT4wyhEEkzRMaztXvHSkOlZqGvqkMsR6r314m/uX1Eh3UvJSJONFUkMWgIOFQRzA7Hg6ZpETzqSGYSGZ2hWSMJSbaRFQwIXxdCv8n7bLtINu5ckv12jKOPDgCx+AUOKAK6uASNEELEMDBA3gCz9ad9Wi9WK+L0py17DkEP2C9fQJ85I+T</latexit><latexit sha1_base64="+uII9F5ToJyAR60F2xalf8d70q8=">AAAB73icdVDLSgMxFM3UV62vqks3wSK4GjJ1auuu0I3L+ugD2qFk0kwbmsmMSUYoQ3/CjQtF3Po77vwbM20FFT0QODnnXu69x485UxqhDyu3srq2vpHfLGxt7+zuFfcP2ipKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJ43M79xTqVgkbvU0pl6IR4IFjGBtpG6fYA6vbxqDYgnZqIrOnDJEtltxq+cZMX/3ogIdG81RAks0B8X3/jAiSUiFJhwr1XNQrL0US80Ip7NCP1E0xmSCR7RnqMAhVV4633cGT4wyhEEkzRMaztXvHSkOlZqGvqkMsR6r314m/uX1Eh3UvJSJONFUkMWgIOFQRzA7Hg6ZpETzqSGYSGZ2hWSMJSbaRFQwIXxdCv8n7bLtINu5ckv12jKOPDgCx+AUOKAK6uASNEELEMDBA3gCz9ad9Wi9WK+L0py17DkEP2C9fQJ85I+T</latexit>

real space
<latexit sha1_base64="mVnO8BgKIMYKFgLFQJk55y1mmQo=">AAAB+nicbVDLSgMxFM34rPU11aWbYBFclRkR7LLgxmUF+4C2lEx6pw3NY0gyahn7KW5cKOLWL3Hn35i2s9DWA4HDOfckNydKODM2CL69tfWNza3twk5xd2//4NAvHTWNSjWFBlVc6XZEDHAmoWGZ5dBONBARcWhF4+uZ37oHbZiSd3aSQE+QoWQxo8Q6qe+XuiJSj5mLcGwSQmHa98tBJZgDr5IwJ2WUo973v7oDRVMB0lJOjOmEQWJ7GdGWUQ7TYjc14G4ekyF0HJVEgOll89Wn+MwpAxwr7Y60eK7+TmREGDMRkZsUxI7MsjcT//M6qY2rvYzJJLUg6eKhOOXYKjzrAQ+YBmr5xBFCNXO7YjoimlDr2iq6EsLlL6+S5kUlDCrh7WW5Vs3rKKATdIrOUYiuUA3doDpqIIoe0DN6RW/ek/fivXsfi9E1L88coz/wPn8AjrqUJQ==</latexit><latexit sha1_base64="mVnO8BgKIMYKFgLFQJk55y1mmQo=">AAAB+nicbVDLSgMxFM34rPU11aWbYBFclRkR7LLgxmUF+4C2lEx6pw3NY0gyahn7KW5cKOLWL3Hn35i2s9DWA4HDOfckNydKODM2CL69tfWNza3twk5xd2//4NAvHTWNSjWFBlVc6XZEDHAmoWGZ5dBONBARcWhF4+uZ37oHbZiSd3aSQE+QoWQxo8Q6qe+XuiJSj5mLcGwSQmHa98tBJZgDr5IwJ2WUo973v7oDRVMB0lJOjOmEQWJ7GdGWUQ7TYjc14G4ekyF0HJVEgOll89Wn+MwpAxwr7Y60eK7+TmREGDMRkZsUxI7MsjcT//M6qY2rvYzJJLUg6eKhOOXYKjzrAQ+YBmr5xBFCNXO7YjoimlDr2iq6EsLlL6+S5kUlDCrh7WW5Vs3rKKATdIrOUYiuUA3doDpqIIoe0DN6RW/ek/fivXsfi9E1L88coz/wPn8AjrqUJQ==</latexit><latexit sha1_base64="mVnO8BgKIMYKFgLFQJk55y1mmQo=">AAAB+nicbVDLSgMxFM34rPU11aWbYBFclRkR7LLgxmUF+4C2lEx6pw3NY0gyahn7KW5cKOLWL3Hn35i2s9DWA4HDOfckNydKODM2CL69tfWNza3twk5xd2//4NAvHTWNSjWFBlVc6XZEDHAmoWGZ5dBONBARcWhF4+uZ37oHbZiSd3aSQE+QoWQxo8Q6qe+XuiJSj5mLcGwSQmHa98tBJZgDr5IwJ2WUo973v7oDRVMB0lJOjOmEQWJ7GdGWUQ7TYjc14G4ekyF0HJVEgOll89Wn+MwpAxwr7Y60eK7+TmREGDMRkZsUxI7MsjcT//M6qY2rvYzJJLUg6eKhOOXYKjzrAQ+YBmr5xBFCNXO7YjoimlDr2iq6EsLlL6+S5kUlDCrh7WW5Vs3rKKATdIrOUYiuUA3doDpqIIoe0DN6RW/ek/fivXsfi9E1L88coz/wPn8AjrqUJQ==</latexit><latexit sha1_base64="mVnO8BgKIMYKFgLFQJk55y1mmQo=">AAAB+nicbVDLSgMxFM34rPU11aWbYBFclRkR7LLgxmUF+4C2lEx6pw3NY0gyahn7KW5cKOLWL3Hn35i2s9DWA4HDOfckNydKODM2CL69tfWNza3twk5xd2//4NAvHTWNSjWFBlVc6XZEDHAmoWGZ5dBONBARcWhF4+uZ37oHbZiSd3aSQE+QoWQxo8Q6qe+XuiJSj5mLcGwSQmHa98tBJZgDr5IwJ2WUo973v7oDRVMB0lJOjOmEQWJ7GdGWUQ7TYjc14G4ekyF0HJVEgOll89Wn+MwpAxwr7Y60eK7+TmREGDMRkZsUxI7MsjcT//M6qY2rvYzJJLUg6eKhOOXYKjzrAQ+YBmr5xBFCNXO7YjoimlDr2iq6EsLlL6+S5kUlDCrh7WW5Vs3rKKATdIrOUYiuUA3doDpqIIoe0DN6RW/ek/fivXsfi9E1L88coz/wPn8AjrqUJQ==</latexit>

reciprocal space
<latexit sha1_base64="c3z9t7VtV+Q4g/LcnIwlk3F+NQw=">AAACAHicbVDLSgMxFM3UV62vURcu3ASL4KrMiGCXBTcuK9gHtEPJpHfa0GQyJBmxDLPxV9y4UMStn+HOvzFtZ6GtBwKHc+5Nck6YcKaN5307pbX1jc2t8nZlZ3dv/8A9PGprmSoKLSq5VN2QaOAshpZhhkM3UUBEyKETTm5mfucBlGYyvjfTBAJBRjGLGCXGSgP3pC9C+ZgpoCxRkhKOdUIo5AO36tW8OfAq8QtSRQWaA/erP5Q0FRAbyonWPd9LTJARZRjlkFf6qQZ784SMoGdpTAToIJsHyPG5VYY4ksqe2OC5+nsjI0LrqQjtpCBmrJe9mfif10tNVA8yFiepgZguHopSjo3EszbwkNnkhk8tIVQx+1dMx0QRamxnFVuCvxx5lbQva75X8++uqo16UUcZnaIzdIF8dI0a6BY1UQtRlKNn9IrenCfnxXl3PhajJafYOUZ/4Hz+AGkDluE=</latexit><latexit sha1_base64="c3z9t7VtV+Q4g/LcnIwlk3F+NQw=">AAACAHicbVDLSgMxFM3UV62vURcu3ASL4KrMiGCXBTcuK9gHtEPJpHfa0GQyJBmxDLPxV9y4UMStn+HOvzFtZ6GtBwKHc+5Nck6YcKaN5307pbX1jc2t8nZlZ3dv/8A9PGprmSoKLSq5VN2QaOAshpZhhkM3UUBEyKETTm5mfucBlGYyvjfTBAJBRjGLGCXGSgP3pC9C+ZgpoCxRkhKOdUIo5AO36tW8OfAq8QtSRQWaA/erP5Q0FRAbyonWPd9LTJARZRjlkFf6qQZ784SMoGdpTAToIJsHyPG5VYY4ksqe2OC5+nsjI0LrqQjtpCBmrJe9mfif10tNVA8yFiepgZguHopSjo3EszbwkNnkhk8tIVQx+1dMx0QRamxnFVuCvxx5lbQva75X8++uqo16UUcZnaIzdIF8dI0a6BY1UQtRlKNn9IrenCfnxXl3PhajJafYOUZ/4Hz+AGkDluE=</latexit><latexit sha1_base64="c3z9t7VtV+Q4g/LcnIwlk3F+NQw=">AAACAHicbVDLSgMxFM3UV62vURcu3ASL4KrMiGCXBTcuK9gHtEPJpHfa0GQyJBmxDLPxV9y4UMStn+HOvzFtZ6GtBwKHc+5Nck6YcKaN5307pbX1jc2t8nZlZ3dv/8A9PGprmSoKLSq5VN2QaOAshpZhhkM3UUBEyKETTm5mfucBlGYyvjfTBAJBRjGLGCXGSgP3pC9C+ZgpoCxRkhKOdUIo5AO36tW8OfAq8QtSRQWaA/erP5Q0FRAbyonWPd9LTJARZRjlkFf6qQZ784SMoGdpTAToIJsHyPG5VYY4ksqe2OC5+nsjI0LrqQjtpCBmrJe9mfif10tNVA8yFiepgZguHopSjo3EszbwkNnkhk8tIVQx+1dMx0QRamxnFVuCvxx5lbQva75X8++uqo16UUcZnaIzdIF8dI0a6BY1UQtRlKNn9IrenCfnxXl3PhajJafYOUZ/4Hz+AGkDluE=</latexit><latexit sha1_base64="c3z9t7VtV+Q4g/LcnIwlk3F+NQw=">AAACAHicbVDLSgMxFM3UV62vURcu3ASL4KrMiGCXBTcuK9gHtEPJpHfa0GQyJBmxDLPxV9y4UMStn+HOvzFtZ6GtBwKHc+5Nck6YcKaN5307pbX1jc2t8nZlZ3dv/8A9PGprmSoKLSq5VN2QaOAshpZhhkM3UUBEyKETTm5mfucBlGYyvjfTBAJBRjGLGCXGSgP3pC9C+ZgpoCxRkhKOdUIo5AO36tW8OfAq8QtSRQWaA/erP5Q0FRAbyonWPd9LTJARZRjlkFf6qQZ784SMoGdpTAToIJsHyPG5VYY4ksqe2OC5+nsjI0LrqQjtpCBmrJe9mfif10tNVA8yFiepgZguHopSjo3EszbwkNnkhk8tIVQx+1dMx0QRamxnFVuCvxx5lbQva75X8++uqo16UUcZnaIzdIF8dI0a6BY1UQtRlKNn9IrenCfnxXl3PhajJafYOUZ/4Hz+AGkDluE=</latexit>

r
<latexit sha1_base64="4bpQxqif47nSh28gZ57k4CA+5jk=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyI0C4LblxWsA9ox5LJZNrQTDIkGaUM/Q83LhRx67+482/MtLPQ1gMhh3PuJScnSDjTxnW/ndLG5tb2Tnm3srd/cHhUPT7papkqQjtEcqn6AdaUM0E7hhlO+4miOA447QXTm9zvPVKlmRT3ZpZQP8ZjwSJGsLHSwzCQPNSz2F6Zmo+qNbfuLoDWiVeQGhRoj6pfw1CSNKbCEI61HnhuYvwMK8MIp/PKMNU0wWSKx3RgqcAx1X62SD1HF1YJUSSVPcKghfp7I8OxzqPZyRibiV71cvE/b5CaqOlnTCSpoYIsH4pSjoxEeQUoZIoSw2eWYKKYzYrIBCtMjC2qYkvwVr+8TrpXdc+te3fXtVazqKMMZ3AOl+BBA1pwC23oAAEFz/AKb86T8+K8Ox/L0ZJT7JzCHzifP0cskvk=</latexit><latexit sha1_base64="4bpQxqif47nSh28gZ57k4CA+5jk=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyI0C4LblxWsA9ox5LJZNrQTDIkGaUM/Q83LhRx67+482/MtLPQ1gMhh3PuJScnSDjTxnW/ndLG5tb2Tnm3srd/cHhUPT7papkqQjtEcqn6AdaUM0E7hhlO+4miOA447QXTm9zvPVKlmRT3ZpZQP8ZjwSJGsLHSwzCQPNSz2F6Zmo+qNbfuLoDWiVeQGhRoj6pfw1CSNKbCEI61HnhuYvwMK8MIp/PKMNU0wWSKx3RgqcAx1X62SD1HF1YJUSSVPcKghfp7I8OxzqPZyRibiV71cvE/b5CaqOlnTCSpoYIsH4pSjoxEeQUoZIoSw2eWYKKYzYrIBCtMjC2qYkvwVr+8TrpXdc+te3fXtVazqKMMZ3AOl+BBA1pwC23oAAEFz/AKb86T8+K8Ox/L0ZJT7JzCHzifP0cskvk=</latexit><latexit sha1_base64="4bpQxqif47nSh28gZ57k4CA+5jk=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyI0C4LblxWsA9ox5LJZNrQTDIkGaUM/Q83LhRx67+482/MtLPQ1gMhh3PuJScnSDjTxnW/ndLG5tb2Tnm3srd/cHhUPT7papkqQjtEcqn6AdaUM0E7hhlO+4miOA447QXTm9zvPVKlmRT3ZpZQP8ZjwSJGsLHSwzCQPNSz2F6Zmo+qNbfuLoDWiVeQGhRoj6pfw1CSNKbCEI61HnhuYvwMK8MIp/PKMNU0wWSKx3RgqcAx1X62SD1HF1YJUSSVPcKghfp7I8OxzqPZyRibiV71cvE/b5CaqOlnTCSpoYIsH4pSjoxEeQUoZIoSw2eWYKKYzYrIBCtMjC2qYkvwVr+8TrpXdc+te3fXtVazqKMMZ3AOl+BBA1pwC23oAAEFz/AKb86T8+K8Ox/L0ZJT7JzCHzifP0cskvk=</latexit><latexit sha1_base64="4bpQxqif47nSh28gZ57k4CA+5jk=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyI0C4LblxWsA9ox5LJZNrQTDIkGaUM/Q83LhRx67+482/MtLPQ1gMhh3PuJScnSDjTxnW/ndLG5tb2Tnm3srd/cHhUPT7papkqQjtEcqn6AdaUM0E7hhlO+4miOA447QXTm9zvPVKlmRT3ZpZQP8ZjwSJGsLHSwzCQPNSz2F6Zmo+qNbfuLoDWiVeQGhRoj6pfw1CSNKbCEI61HnhuYvwMK8MIp/PKMNU0wWSKx3RgqcAx1X62SD1HF1YJUSSVPcKghfp7I8OxzqPZyRibiV71cvE/b5CaqOlnTCSpoYIsH4pSjoxEeQUoZIoSw2eWYKKYzYrIBCtMjC2qYkvwVr+8TrpXdc+te3fXtVazqKMMZ3AOl+BBA1pwC23oAAEFz/AKb86T8+K8Ox/L0ZJT7JzCHzifP0cskvk=</latexit>

ek
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Fig. 2: Example of a lattice/superlattice in D = 2 dimensions. Real space, left: A system
consisting of L = 36 sites on a square lattice with periodic boundary conditions. C: unit
cell. a1,a2: basis vectors of the lattice. Lines: tiling into clusters with Lc = 4 sites. Orange
sites: cluster origins, forming a superlattice structure of L/Lc = 9 clusters. SC: unit cell of
the superlattice. ã1, ã2: superlattice basis vectors. Any lattice vector R can be decomposed
uniquely into a superlattice vector R̃ and a cluster vector r. A1,A2: primitive translations
defining the periodic boundary conditions and the total system size. Reciprocal space, right:
b1, b2 reciprocal basis spanning a reciprocal unit cell RC containing L = 36 k-points. ∆2k =
(2π)/V : volume element. TheRC contains Lc = 4 reciprocal supercells (RSC) with L/Lc = 9

wave vectors k̃ each. Their volume is VRSC = VRC/Lc. Any wave vector k can be decomposed
uniquely into a reciprocal superlattice vector G̃ and a wave vector k̃.

and the L/Lc × L/Lc matrix V with elements

VR̃,k̃ =
1√
L/Lc

eik̃R̃ , k̃ ∈ RSC , (12)

and the Lc × Lc matrixW with elements

Wr,G̃ =
1√
Lc
eiG̃r , G̃ ∈ RC . (13)

The unitary matrices U , V andW define discrete Fourier transformations between the respec-
tive real and reciprocal spaces. We refer to the different transformations as the lattice Fourier
transformation (U ), the superlattice Fourier transformation (V ), and the cluster Fourier trans-
formation (W ). For example, one can straightforwardly prove that

1

L

∑

R

e−i(k−k
′)R =

∑

R

U †k,RUR,k′ = δk,k′ ,
1

L

RC∑

k

eik(R−R′) =
∑

k

UR,kU
†
k,R′ = δR,R′ (14)
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and thus, for someR-dependent observable OR,

Ok =
1√
L

∑

R

eikROR , OR =
1√
L

∑

k

e−ikROk . (15)

Analogous relations hold for the other two cases. The formal structure of the proof is the same
in all cases. Although there is a one-to-one relation between R and (R̃, r) and between k and
(k̃, G̃), the lattice Fourier transformation U involving lattice vectorsR cannot be decomposed
into the superlattice transformation involving superlattice vectors R̃ and the cluster transforma-
tion involving cluster vectors r, i.e., U 6= VW = WV . We note that a quantity AR,R′ which
is invariant under lattice translations R0, i.e. AR+R0,R′+R0 = AR,R′ , is diagonalized by U :
(U †AU )kk′ = A(k) δk,k′ . A quantity AR,R′ which is invariant under superlattice translations
R̃0 as well as under cluster translations r0 (i.e., which is cyclic on the cluster), AR+R̃0,R′+R̃0

=

AR+r0,R′+r0 = AR,R′ , is diagonalized by VW : (W †V †AVW )
k̃G̃,k̃′G̃′ = A(k̃, G̃)δk̃,k̃′δG̃,G̃′ .

4 Single-electron Green function

DMFT and its cluster extensions are theories based on the single-particle Green functionGR,R′(ω)

which, at T = 0, for complex ω 6= R (and using units with ~ = 1) is defined as

GR,R′(ω) =

〈
0

∣∣∣∣c
†
R′,σ

1

ω − E0 +H
cR,σ

∣∣∣∣ 0
〉

+

〈
0

∣∣∣∣cR,σ
1

ω + E0 −H
c†R′,σ

∣∣∣∣ 0
〉
. (16)

Here, c†R,σ is the creation operator of an electron with spin projection σ =↑, ↓ at lattice site R,
and cR,σ is the corresponding annihilator. |0〉 is the ground state of the Hamiltonian H , and E0

is the ground-state energy. Note that 1/(...) stands for the operator inverse. We assume that H
is spin-independent, such that the Green function is diagonal in the spin-projection indices and
spin-independent. Furthermore, H shall be invariant under lattice translations, cR,σ → cR+R0,σ

and c†R,σ → c†R+R0,σ
. Then, the Green function is invariant under lattice translations as well,

GR+R0,R′+R0(ω) = GR,R′(ω). (17)

This implies that the matrixG(ω) with elementsGR,R′(ω) is diagonalized by the lattice Fourier
transformation

(U †G(ω)U)kk′ = G(k, ω) δk,k′ . (18)

From the retarded Green function G(ret)(ω) ≡ limη↘0G(ω + iη) ≡ G(ω + i0+) with ω ∈ R
we obtain the spectral density

A(k, ω) = − 1

π
ImG(k, ω + i0+). (19)

This is a central observable which is related, for ω < 0, to the k-resolved (angle-resolved)
photoemission spectrum (PES), and, for ω > 0, to the inverse photoemission spectrum (inverse
photoemission, IPE). PES and IPE probe the occupied and the unoccupied part of the electronic
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structure in the vicinity of the Fermi energy (ω = 0), respectively. With the help of the Dirac
identity, limη↘0 1/(x+ iη) = P(1/x)− iπδ(x), we also have the expression

AR,R′(ω) =
〈

0
∣∣∣c†R′,σ δ(ω − E0 +H) cR,σ

∣∣∣ 0
〉

+
〈

0
∣∣∣cR,σ δ(ω + E0 −H) c†R′,σ

∣∣∣ 0
〉

(20)

for real ω, and

GR,R′(ω) =

∫ ∞

−∞
dω′

AR,R′(ω′)

ω − ω′ . (21)

The simplest case is that of a noninteracting tight-binding model with Hamiltonian

H0 =
∑

RR′σ

tRR′ c†RσcR′σ. (22)

Expressing the δ-function in Eq. (20) as δ(ω) = (2π)−1
∫
dt e−iωt, using the Baker-Campbell-

Hausdorff formula, eBAe−B = e−LBA for operators A,B and LBA ≡ [A,B], and the elemen-
tary commutator [cRσ, H0] =

∑
R′ tR,R′ cR′σ, we find

A(ω) = δ(ω − t) , A(k, ω) = δ(ω − ε(k)) , (23)

where ε(k) are the eigenvalues of the hopping matrix t, i.e., the tight-binding dispersion. Here,
we discuss the case of electrons on a two-dimensional square lattice with hopping between
nearest neighbors only, i.e., tR,R′ = −t if R, R′ are nearest-neighbor sites. t = 1 fixes
the energy scale. The dispersion is obtained by lattice Fourier transformation, ε(k) δkk′ =

(U †tU)kk′ , with
ε(k) = −2t(cos kx + cos ky). (24)

With this we obtain the noninteracting spectral density as displayed in Fig. 3 (left). A(k, ω)

has exactly one δ-singularity for each k in the reciprocal unit cell, e.g., in the first Brillouin
zone. There is a well-defined Fermi surface, given by all k-points in the BZ with vanishing
excitation energy: ω = ε(k) = 0. The band is half-filled. Different band fillings are obtained
by introducing a chemical potential µ 6= 0 via the substitution H0 7→ H0 − µN , where N is the
particle-number operator.
The interacting spectral density Fig. 3 (right) looks quite different. The example showsA(k, ω)

for the same tight-binding model but with an additional on-site Coulomb interaction

H1 =
U

2

∑

Rσ

nRσnR−σ (25)

of strength U , where nRσ ≡ c†RσcRσ is the occupation-number operator. H = H0 + H1 is
the famous Hubbard model [18–20] which frequently serves as a prototype for method devel-
opments. The computation of the spectral density in the interacting cases is, of course, by no
means trivial. The example shown here displays quantum Monte-Carlo data for the Hubbard
model on L = Lx × Ly = 64 sites from a study performed about 20 years ago [21]. Since then
we have seen various improvements of the QMC method but the infamous sign problem, which
prevents an efficient simulation of the model off half-filling, for example, is still unsolved in
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Fig. 3: Spectral function A(k, ω) for the two-dimensional Hubbard model at half-filling along
high-symmetry paths in the first Brillouin zone. Γ = (0, 0), X = (π, 0), M = (π, π). The
nearest-neighbor hopping is set to t = 1. Left: Result for U = 0. Here, A(k, ω) = δ(ω− ε(k)),
where ε(k) is the tight-binding dispersion. Right: Quantum Monte-Carlo result for U = 8.
Figure adapted from Refs. [21, 22].

general. At half-filling, however, the lattice QMC approach is very powerful. This is obvious
when comparing to exact diagonalization (ED) techniques, for example, which suffer from the
exponentially growing Hilbert-space with increasing system size. The enormous size of the
Hilbert space dimension for L = 64 is way beyond what can be accessed by ED.

5 Local and nonlocal correlations

The results displayed in Fig. 3 have been computed for the Hubbard model at U = 8, i.e.,
U = W , where W is the width of the noninteracting band, and µ = U/2, which enforces half-
filling, and a high inverse temperature β = 10. The example is very instructive as it embodies a
couple of famous many-body effects: First of all, it is obvious that the single-electron excitations
are gapped in the interacting case; there is no finite spectral weight in the vicinity of ω = 0 and
thus no Fermi surface. This is a nice demonstration of Mott-insulating behavior, i.e., the system
is an interaction-driven insulator. The standard explanation is that, for strong U , each site of the
lattice is almost perfectly occupied by exactly one electron as the gain in kinetic energy∼ t due
to delocalization of the electrons in the ground state is much smaller than the energy penalty
∼ U that would have to be paid when double occupancies were created. An excitation of the
ground state carrying charge must therefore bridge a large gap of the order of U . This explains
the insulating character of the system.
Second, while there are well-defined and dispersing single-electron excitations visible, these
are not δ-function-like but smeared out in energy to some degree. The intrinsic broadening of
the excitations is in fact due to their decay as mediated by the interaction. This lifetime effect is
clearly beyond the simple bandstructure picture. Quite generally, there are typically large ranges
in the (k, ω)-plane, where the spectral weight is finite but where there are no well-defined peaks.
This “incoherent background” must be seen as the result of complicated decay products. The
initial excitation of the system affects a single electron only. The remaining final state c(†)

Rσ|0〉,
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IPE

U

PES

Fig. 4: Schematic representation of the high-energy single-electron excitations of the half-filled
Hubbard model for strong U . The lower Hubbard band results from ω < 0 (photoemission,
PES) excitations leaving a hole in the final state which propagates through the lattice. The
upper Hubbard band results from ω > 0 (inverse photoemission, IPE) excitations leaving a
propagating double occupancy in the final state.

however, is not an eigenstate. It may decay in a high-order process, involving high powers
of H0 and H1, into states with many low-energy excitations of many electrons. The phase
space for such complex decay processes is not very much restricted by energy and momentum
conservation, it is huge, and thus one would expect a broad and featureless continuum.
Third, there are still some well-defined structures with high spectral weight. For example, there
are two “bands” with high spectral weight, one around Γ at negative frequencies ω ≈ −6

(PES) and another one around the M points at positive frequencies ω ≈ −6 (IPE), rather
than a single band as in the U = 0 limit. These are the so-called lower (LHB) and upper
Hubbard bands (UHB), see Fig. 4. They are related to each other via the general constraint
A(k, ω) = A(k+Q,−ω) withQ = (π, π), which results from particle-hole symmetry present
at half-filling and a bipartite lattice with nearest-neighbor hopping. Note that the bandstructure
paradigm cannot explain those “bands”: Irrespective of the form of H0, there is exactly one (δ-
like) peak per k-point on the ω axis. One therefore speaks about correlation-induced satellites.
Physically, the lower Hubbard band results from the propagation of the hole in the final state of
the electron-removal (photoemission) process. In theU →∞ limit we expect that the final-state
hole propagates almost freely through the lattice, such that a dispersive structure with spectral
width of WLHB = 8 is generated. An analogous explanation holds for the upper Hubbard band
seen in IPE. Here, the electron-addition (inverse photoemission) process produces an itinerant
doubly occupied site in the final state resulting in a dispersive excitation with WUHB = 8 for
strong U . The excitation energies can be read off from Eq. (20) (however, one has to include
the µ-shift in addition): The lower Hubbard band is centered around ω = E0−En−µ ≈ −µ =

−U/2 while the upper Hubbard band lies at ω = En − E0 − µ ≈ U − µ = +U/2, such that
their energy difference, the Hubbard gap, is given by ∆UHB−LHB ≈ U for U → ∞. Apart
from their dispersion, the existence of the Hubbard bands is due to a local effect, namely due
to the local charge correlation at the site where the (inverse) photoemission process takes place.
Hubbard bands are said to be an effect of local correlations.
Besides the Hubbard bands at high excitation energies, there are rather well-defined low-energy
structures in the spectrum at ω ≈ ±3. These result from nonlocal correlations, in particular
from nonlocal antiferromagnetic correlations, as is explained by the superexchange mechanism,
see Fig. 5: Recall that for strong U , the occupancy of each site is almost unity in the ground
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superexchange

U
t
t

Fig. 5: Superexchange mechanism in the Hubbard model at half-filling and for strong U . See
text for explanation.

state of the system. If the occupancy was perfectly unity, the ground state would have a macro-
scopic 2L-fold degeneracy as each localized electron corresponds to a local spin-1/2. The true
ground state, however, has a small but important admixture of configurations with somewhat
delocalized electrons. These result from the fact that the ground-state energy can be lowered
by a second-order hopping process gaining delocalization energy, while a double occupancy is
merely created virtually. Due to the Pauli principle, however, such superexchange processes
are only possible, if neighboring spins align antiferromagnetically. Hence, the ground state is a
nondegenerate singlet in which neighboring local spins

sR ≡
1

2

∑

σσ′

c†Rσ τσσ′ cRσ′ (26)

(τ = (σx, σy, σz) is the vector of Pauli matrices) are antiferromagnetically correlated. In fact,
using strong-coupling perturbation theory at second order in t/U , one can map the low-energy
sector of the Hubbard model onto the spin-1/2 Heisenberg model with antiferromagnetic ex-
change interaction J = 4t2/U [23]. Hence, the low-energy excitations of the Hubbard model
are nonlocal spin excitations with a band width of about 2J (with 2J = 1 at U = 8). These spin
excitations couple to the single-electron excitations, they “dress” the moving hole (PES) or the
moving doublon (IPE), i.e., the hole / doublon constantly emits and reabsorbs spin excitations
during its motion through the antiferromagnetic spin structure. This gives rise to a renormaliza-
tion of the Hubbard “bands” but also to novel structures in A(k, ω) at low frequencies (here, at
intermediate U , at ω ≈ ±3) which must be seen as fingerprints of nonlocal antiferromagnetic
correlations.
Much higher resolution would be necessary to get still deeper insight into the physics of the
model. Resolution is limited, however, by various factors: (i) The finite lattice size leads to an
artificial discretization of k-space. With L = 64, as in the present example, the spacing between
k-points along Γ -X , i.e., along the kx-line in the BZ (−π < kx < π) is ∆kx = 2π/8; there
are 4 k-points only between Γ and X . (ii) The QMC calculations must be run at finite temper-
atures. Here, the inverse temperature is β = 10 which already has some unwanted impact, such
as thermal broadening and thermally induced decay of correlations. (iii) For technical reasons,
QMC is implemented on the imaginary time (τ ) axis. Data obtained for A(k, τ) must be ex-
trapolated, using the maximum-entropy method, for instance, to the real-frequency axis. This
produces an additional unwanted broadening of spectral structures.
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6 Cluster perturbation theory

Roughly, DMFT treats local correlations correctly but is not able to account for the effects of
nonlocal correlations. The importance of the latter is a strong motivation to construct cluster
extensions of the DMFT. To develop the main ideas and to get first insights, we will start with a
much simpler approach, namely with the cluster perturbation theory (CPT) [24, 25].
Consider again the simple noninteracting tight-binding model H0, as given by Eq. (22). The
left diagram in Fig. 6 represents H0 for the two-dimensional case and for hopping between
nearest neighbors only. Next, we consider a model which is obtained from H0 by grouping the
L sites of the lattice into L/Lc identical clusters consisting of Lc sites each and by neglecting
the hopping between the clusters, see Fig. 6 (middle). The corresponding Hamiltonian is

H ′0 =
∑

R1R2σ

t′R1,R2
c†R1σ

cR2σ
. (27)

This system is called the reference system opposed to the original system with Hamiltonian H0.
If t with elements tR1,R2 is the hopping matrix of the original system, and t′ the hopping matrix
of the reference system, then

V = t− t′ (28)

is the neglected inter-cluster hopping, see Fig. 6, right. Obviously, the translation symmetry
group of H ′0 is described by a superlattice.
The Green function of the model H0 is

G0(ω) =
1

ω + µ− t . (29)

Here, we have explicitly introduced the chemical potential µ (which is not important here but
will be used later). Furthermore, we again employ a matrix notation and write ω rather than ω1
for short etc. Note that (· · · )−1 and 1/(· · · ) mean matrix inversion.
The reference system’s Green function is

G′0(ω) =
1

ω + µ− t′ . (30)

In this case the matrix inverse is in a way simpler to compute since the hopping matrix t′ has
a block structure as it does not connect sites in different clusters. Therefore, the following
question comes up: Having the Green function of the reference system at hand, how can we
get the Green function of the original model H0? With some algebra, one easily derives the
equation

G0(ω) = G′0(ω) +G′0(ω)V G0(ω), (31)

which is solved by

G0(ω) =
1

G′0(ω)−1 − V . (32)

We see that using Green functions it is formally rather easy to couple a system of isolated
clusters. For the noninteracting system this is not of much importance. In particular, in Eq. (32)
the block structure is lost when adding −V toG′0(ω)−1.
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= +

Fig. 6: Left: Graphical representation of a tight-binding model with hopping between nearest
neighbors on a square lattice. Hopping matrix t. Middle: The same model but with vanishing
hopping between identical clusters consisting of Lc = 16 sites each. Hopping matrix t′. Right:
The neglected inter-cluster hopping V . Taken from Ref. [26].

However, we are actually interested in interacting systems. Let us, therefore, take the Hub-
bard model as our original system H = H0 + H1 with the interaction term given by Eq. (25).
The reference model shall again be defined by switching off the inter-cluster hopping V . Its
Hamiltonian is H ′ = H0(t′) + H1. Note that since H1 consists of completely local terms, the
reference system consists of a set of interacting but decoupled clusters. Therefore, it is com-
paratively easy to solve the problem exactly (by numerical means if necessary), while for the
original lattice model this is a hard problem. Of course, there is no simple relation between the
Green functions of the original and of the reference system like Eq. (31). Nevertheless, it is
very tempting to assume thatG(ω) satisfies

G(ω) = G′(ω) +G′(ω)V G(ω), (33)

where both G and G′ are interacting Green functions. This equation constitutes the cluster
perturbation theory [24,25]. The CPT provides an approximate expression forG which is easy
to compute (numerically) if Lc is not too large.
There is an independent and equivalent way to motivate the CPT: It starts from the Dyson
equation for the reference system

G′(ω) = G′0(ω) +G′0(ω)Σ′(ω)G′(ω), (34)

which may be solved for the self-energy, i.e., Σ′(ω) = G′0(ω)−1 −G′(ω)−1. Assuming that
Σ′(ω) is a good approximation for the self-energy of the original system,

Σ(ω) ≈ Σ′(ω) , (35)

and inserting into the Dyson equation of the original system,

G(ω) = G0(ω) +G0(ω)Σ(ω)G(ω), (36)

immediately yields the CPT equation (33) when using Eqs. (29) and (30).
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Fig. 7: The same as in Fig. 3 for U = 8 but results are obtained with the CPT using Lc = 10-site
clusters. See inset for cluster geometry. Figure adapted from Ref. [22].

The idea to approximate the self-energy by the self-energy of the reference system is moti-
vated by the fact that the self-energy of the Hubbard model or, more generally, of models with
local interactions, is a quantity that is “more local” than the Green function. In the limit of
a high-dimensional hypercubic lattice with nearest-neighbor hopping tRR′ = const/D1/2, for
example, the nearest-neighbor elements of the self-energy scale as ΣRR′σ(ω) ∼ 1/D3/2 while
GRR′σ(ω) ∼ 1/D1/2 [4]. While the CPT is a systematic approximation, which is controlled by
the size of the clusters in the reference system and which trivially becomes exact in the infinite-
cluster limitLc →∞, it must be seen as a comparatively crude approximation for typical cluster
sizes used in practice, see Ref. [27] and references therein, for instance. For cluster size Lc = 1

it reduces to the simple Hubbard-I approximation. Still, the CPT can provide us with a rather
good first idea about the Green function and the spectral density. This is demonstrated with Fig.
7 which shows the spectral density of the Hubbard model, as in Fig. 3, but obtained by CPT for
clusters with Lc = 10 sites. The cluster geometry is shown in the inset. One can easily see that
this can be used for a tiling of the two-dimensional square lattice. As a rule of thumb, compact
but asymmetric cluster shapes are preferable. Indeed, the CPT result quite nicely reproduces
the results of the much more elaborate QMC approach.

7 Periodization schemes

There is an obvious problem, which is actually shared by any cluster approach that is formu-
lated in real space. Namely, as the reference system is given by a set of decoupled clusters,
the approximate self-energy does not preserve the translational symmetries of the original lat-
tice. The CPT Green function GR,R′(ω) = GR̃R̃′,rr′(ω) is merely invariant under superlattice
translations R̃ → R̃ + ∆R̃. (Note that we use a notation with the spin-projection index σ
suppressed). This means GR̃R̃′,rr′(ω) = GR̃+∆R̃,R̃′+∆R̃,r,r′(ω). Hence, Fourier transformation
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V , see Eq. (12), diagonalizesG with respect to the superlattice indices

Lc
L

∑

R̃R̃′

V †
k̃,R̃

GR̃R̃′,rr′(ω)VR̃′,k̃′ = Grr′(k̃, ω) δk̃k̃′ (37)

with

Grr′(k̃, ω) =

(
1

ω + µ− t(k̃)−Σ(ω)

)

rr′

. (38)

Here, the V -Fourier transform t(k̃) of the hopping matrix tR̃R̃′,rr′ is an Lc × Lc matrix with

elements trr′(k̃) for each wave vector k̃ in the reciprocal supercell. The self-energy is “cluster-
local”, i.e., it is diagonal in the superlattice indices R̃, R̃′, and thus, after V -Fourier transfor-
mation, is independent of k̃. The “cluster-local” elements of G with R̃ = R̃′ are obtained
by

G
(loc)
rr′ (ω) =

Lc
L

∑

k̃∈RSC

(
1

ω + µ− t(k̃)−Σ(ω)

)

rr′

. (39)

From the fully local elements G(loc)
rr (ω) we then get the local interacting density of states

(LDOS) at a siteR = (R̃, r) as

AR(ω) = − 1

π
ImGrr(ω + i0+). (40)

One would expect that the LDOS exhibits the same (translational) symmetries as the Hamil-
tonian of the original system and of the original lattice: AR(ω) = A(ω). Within the CPT,
however, there is an artificial dependence of the LDOS on r.
A modified cluster-perturbation theory, constructed in the same way as the standard CPT but
considering periodic boundary conditions for each of the individual clusters, has been suggested
by Zacher et al. [28]. It has been recognized [29], however, that this gives less convincing
results in practice. The modified CPT makes the Green function invariant under translations
within each cluster. However, since U 6= VW , there is also no improvement on the formal
level.
One could also try to transform the original model and the reference system as well to reciprocal
space. This straightforward idea means to express H and H ′ in terms of annihilators ck rather
than cR and analogously for the creators and to employ the CPT decoupling thereafter. Clearly,
H ′ will exhibit the full translational symmetry. However, the idea will not work for models with
local interactions, such as the Hubbard model. A local interaction in real space transforms into
a delocalized one in k-space where the interaction parameters Ukk′k′′k′′ basically couple any k
point to any other.
With respect to the local spectral density (40), a pragmatic way out would be to average over
the cluster sites

A(ω) ≡ 1

Lc

∑

r

A(R̃,r)(ω) =
1

L

∑

R

AR(ω) . (41)
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One thus distinguishes between the CPT spectral density on the one hand and the translationally
invariant (“physical”) spectral density on the other. Generally, a periodization operator T̂ can
be defined which, for example, enforces a translationally invariant Green function: G(ω) 7→
T̂ [G](ω). A possible construction of T̂ is to start with a U -Fourier transform of the CPT
Green function from R-space to k-space. As the Green function does not fully respect the
translation symmetries, this transformation does not fully diagonalize the Green function, and
we get Gkk′(ω) with nonzero elements for k 6= k′. Periodization is then achieved by replacing
Gkk′(ω) 7→ Gkk(ω) δk,k′ ≡ T̂ [G]kk′(ω). This provides us with a translationally invariant
(physical) Green function T̂ [G](ω). In real space, this periodization reads

T̂ [G]RR′ =
1

L

∑

R′′R′′′

δR−R′,R′′−R′′′GR′′R′′′ . (42)

ForR = R′, in particular, we have

T̂ [G]RR(ω) =
1

L

∑

R′′R′′′

δR′′R′′′GR′′R′′′(ω) =
1

L

∑

R

GRR(ω) =
1

Lc

∑

r

Grr(ω), (43)

consistent with Eq. (41). This periodization is actually a standard procedure and has also been
used to produce the results displayed in Fig. 7. In addition a smoothening of the spectrum has
been employed by replacing the positive infinitesimal 0+ with a small but finite value η > 0 in
Eq. (19). This is necessary since the Green function of the reference system and thus the CPT
self-energy consists of a finite number of poles only such that, even after periodization Eq. (41),
the LDOS is composed of a finite number of δ-peaks only.
A different periodization scheme is given by periodizing the CPT self-energy,

Σ(ω) 7→ T̂ [Σ](ω) . (44)

Concretely, with Σ(R̃,r),(R̃′,r′)(ω) = Σr,r′(ω) δR̃,R̃′ , we have

T̂ [Σ](R̃,r),(R̃′,r′)(ω) =
1

Lc

∑

r′′,r′′′

δR̃+r−R̃′−r′,r′′−r′′′Σr′′,r′′′(ω) . (45)

This produces a self-energy which fully respects the translational symmetries and thus, via Eq.
(36), a fully translationally invariant Green function. Both periodization schemes share the
same ad hoc character. The periodization of the self-energy appears a bit more artificial, as the
necessary ad hoc approximation is performed at an earlier stage of the theory rather than at the
very end.
Note that any periodization scheme can also be used to restore point-group symmetries of the
original lattices which are usually violated by the plain CPT as well. Fig. 8 gives some examples
for various cluster sizes. In most cases, and already for Lc = 2, the reference system has a lower
point-group symmetry. The periodization operator, Eq. (42), can be seen as an average over all
possible translations. In basically the same way, by properly generalizing the operator T̂ , one
can restore not only the translational but also the discrete rotational and reflection symmetries.
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Lc=10

Lc=8

Lc=6

Lc=4 Lc=2Lc=1

Fig. 8: Different tilings of the square lattice into clusters with Lc sites each. See text for
discussion.

A completely different idea to generate a CPT-based approximation respecting the discrete sym-
metries is the “periodic CPT” which has been suggested by Tran Minh-Tien [30] and which is
inspired by the dynamical cluster approximation (DCA) discussed below. Here, one modifies
the hopping matrix of the original system, t 7→ t, rather than the hopping of reference sys-
tem t′. The latter is still taken as a system consisting of identical isolated clusters but with
periodic boundary conditions for each individual cluster. For a one-dimensional system, Fig.
9 illustrates the hopping matrix of the original system (a) and of the reference system (b).
The symmetries of the latter are given by (i) the intra-cluster translations r and by (ii) the
superlattice translations R̃. Now, the construction of t is such that it exhibits the same transla-
tional symmetries. Consider a cluster translation (R̃, r) 7→ (R̃, r + ∆r) with ∆r connecting
nearest neighbors in a cluster (with periodic boundary conditions on the cluster). The cor-
responding transformation of the hopping amplitudes of the reference system is a symmetry:
t′
R̃,r,R̃′,r′ 7→ t′

R̃,r+∆r,R̃′,r′+∆r
= t′

R̃,r,R̃′,r′ . To make it a symmetry of the hopping of the orig-
inal system as well, some hopping amplitudes must be added. Panel (c) of the figure gives
an example for a specific nearest-neighbor cluster translation which is equivalent with a cyclic
permutation of the sites within each cluster. The upper part shows the hopping amplitudes
present in t, while the lower one shows those that are generated by the translation. The hopping
amplitudes generated by all cluster translations are included in the new hopping matrix t, see
panel (d).
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r
<latexit sha1_base64="4bpQxqif47nSh28gZ57k4CA+5jk=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyI0C4LblxWsA9ox5LJZNrQTDIkGaUM/Q83LhRx67+482/MtLPQ1gMhh3PuJScnSDjTxnW/ndLG5tb2Tnm3srd/cHhUPT7papkqQjtEcqn6AdaUM0E7hhlO+4miOA447QXTm9zvPVKlmRT3ZpZQP8ZjwSJGsLHSwzCQPNSz2F6Zmo+qNbfuLoDWiVeQGhRoj6pfw1CSNKbCEI61HnhuYvwMK8MIp/PKMNU0wWSKx3RgqcAx1X62SD1HF1YJUSSVPcKghfp7I8OxzqPZyRibiV71cvE/b5CaqOlnTCSpoYIsH4pSjoxEeQUoZIoSw2eWYKKYzYrIBCtMjC2qYkvwVr+8TrpXdc+te3fXtVazqKMMZ3AOl+BBA1pwC23oAAEFz/AKb86T8+K8Ox/L0ZJT7JzCHzifP0cskvk=</latexit><latexit sha1_base64="4bpQxqif47nSh28gZ57k4CA+5jk=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyI0C4LblxWsA9ox5LJZNrQTDIkGaUM/Q83LhRx67+482/MtLPQ1gMhh3PuJScnSDjTxnW/ndLG5tb2Tnm3srd/cHhUPT7papkqQjtEcqn6AdaUM0E7hhlO+4miOA447QXTm9zvPVKlmRT3ZpZQP8ZjwSJGsLHSwzCQPNSz2F6Zmo+qNbfuLoDWiVeQGhRoj6pfw1CSNKbCEI61HnhuYvwMK8MIp/PKMNU0wWSKx3RgqcAx1X62SD1HF1YJUSSVPcKghfp7I8OxzqPZyRibiV71cvE/b5CaqOlnTCSpoYIsH4pSjoxEeQUoZIoSw2eWYKKYzYrIBCtMjC2qYkvwVr+8TrpXdc+te3fXtVazqKMMZ3AOl+BBA1pwC23oAAEFz/AKb86T8+K8Ox/L0ZJT7JzCHzifP0cskvk=</latexit><latexit sha1_base64="4bpQxqif47nSh28gZ57k4CA+5jk=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyI0C4LblxWsA9ox5LJZNrQTDIkGaUM/Q83LhRx67+482/MtLPQ1gMhh3PuJScnSDjTxnW/ndLG5tb2Tnm3srd/cHhUPT7papkqQjtEcqn6AdaUM0E7hhlO+4miOA447QXTm9zvPVKlmRT3ZpZQP8ZjwSJGsLHSwzCQPNSz2F6Zmo+qNbfuLoDWiVeQGhRoj6pfw1CSNKbCEI61HnhuYvwMK8MIp/PKMNU0wWSKx3RgqcAx1X62SD1HF1YJUSSVPcKghfp7I8OxzqPZyRibiV71cvE/b5CaqOlnTCSpoYIsH4pSjoxEeQUoZIoSw2eWYKKYzYrIBCtMjC2qYkvwVr+8TrpXdc+te3fXtVazqKMMZ3AOl+BBA1pwC23oAAEFz/AKb86T8+K8Ox/L0ZJT7JzCHzifP0cskvk=</latexit><latexit sha1_base64="4bpQxqif47nSh28gZ57k4CA+5jk=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyI0C4LblxWsA9ox5LJZNrQTDIkGaUM/Q83LhRx67+482/MtLPQ1gMhh3PuJScnSDjTxnW/ndLG5tb2Tnm3srd/cHhUPT7papkqQjtEcqn6AdaUM0E7hhlO+4miOA447QXTm9zvPVKlmRT3ZpZQP8ZjwSJGsLHSwzCQPNSz2F6Zmo+qNbfuLoDWiVeQGhRoj6pfw1CSNKbCEI61HnhuYvwMK8MIp/PKMNU0wWSKx3RgqcAx1X62SD1HF1YJUSSVPcKghfp7I8OxzqPZyRibiV71cvE/b5CaqOlnTCSpoYIsH4pSjoxEeQUoZIoSw2eWYKKYzYrIBCtMjC2qYkvwVr+8TrpXdc+te3fXtVazqKMMZ3AOl+BBA1pwC23oAAEFz/AKb86T8+K8Ox/L0ZJT7JzCHzifP0cskvk=</latexit>

a
<latexit sha1_base64="ybexmHpkvRblzM2QSc2MW8mUXwI=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyI0C4LblxWsA9ox5LJZNrQTDIkGaUM/Q83LhRx67+482/MtLPQ1gMhh3PuJScnSDjTxnW/ndLG5tb2Tnm3srd/cHhUPT7papkqQjtEcqn6AdaUM0E7hhlO+4miOA447QXTm9zvPVKlmRT3ZpZQP8ZjwSJGsLHSwzCQPNSz2F4Zno+qNbfuLoDWiVeQGhRoj6pfw1CSNKbCEI61HnhuYvwMK8MIp/PKMNU0wWSKx3RgqcAx1X62SD1HF1YJUSSVPcKghfp7I8OxzqPZyRibiV71cvE/b5CaqOlnTCSpoYIsH4pSjoxEeQUoZIoSw2eWYKKYzYrIBCtMjC2qYkvwVr+8TrpXdc+te3fXtVazqKMMZ3AOl+BBA1pwC23oAAEFz/AKb86T8+K8Ox/L0ZJT7JzCHzifPy1Xkug=</latexit><latexit sha1_base64="ybexmHpkvRblzM2QSc2MW8mUXwI=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyI0C4LblxWsA9ox5LJZNrQTDIkGaUM/Q83LhRx67+482/MtLPQ1gMhh3PuJScnSDjTxnW/ndLG5tb2Tnm3srd/cHhUPT7papkqQjtEcqn6AdaUM0E7hhlO+4miOA447QXTm9zvPVKlmRT3ZpZQP8ZjwSJGsLHSwzCQPNSz2F4Zno+qNbfuLoDWiVeQGhRoj6pfw1CSNKbCEI61HnhuYvwMK8MIp/PKMNU0wWSKx3RgqcAx1X62SD1HF1YJUSSVPcKghfp7I8OxzqPZyRibiV71cvE/b5CaqOlnTCSpoYIsH4pSjoxEeQUoZIoSw2eWYKKYzYrIBCtMjC2qYkvwVr+8TrpXdc+te3fXtVazqKMMZ3AOl+BBA1pwC23oAAEFz/AKb86T8+K8Ox/L0ZJT7JzCHzifPy1Xkug=</latexit><latexit sha1_base64="ybexmHpkvRblzM2QSc2MW8mUXwI=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyI0C4LblxWsA9ox5LJZNrQTDIkGaUM/Q83LhRx67+482/MtLPQ1gMhh3PuJScnSDjTxnW/ndLG5tb2Tnm3srd/cHhUPT7papkqQjtEcqn6AdaUM0E7hhlO+4miOA447QXTm9zvPVKlmRT3ZpZQP8ZjwSJGsLHSwzCQPNSz2F4Zno+qNbfuLoDWiVeQGhRoj6pfw1CSNKbCEI61HnhuYvwMK8MIp/PKMNU0wWSKx3RgqcAx1X62SD1HF1YJUSSVPcKghfp7I8OxzqPZyRibiV71cvE/b5CaqOlnTCSpoYIsH4pSjoxEeQUoZIoSw2eWYKKYzYrIBCtMjC2qYkvwVr+8TrpXdc+te3fXtVazqKMMZ3AOl+BBA1pwC23oAAEFz/AKb86T8+K8Ox/L0ZJT7JzCHzifPy1Xkug=</latexit><latexit sha1_base64="ybexmHpkvRblzM2QSc2MW8mUXwI=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyI0C4LblxWsA9ox5LJZNrQTDIkGaUM/Q83LhRx67+482/MtLPQ1gMhh3PuJScnSDjTxnW/ndLG5tb2Tnm3srd/cHhUPT7papkqQjtEcqn6AdaUM0E7hhlO+4miOA447QXTm9zvPVKlmRT3ZpZQP8ZjwSJGsLHSwzCQPNSz2F4Zno+qNbfuLoDWiVeQGhRoj6pfw1CSNKbCEI61HnhuYvwMK8MIp/PKMNU0wWSKx3RgqcAx1X62SD1HF1YJUSSVPcKghfp7I8OxzqPZyRibiV71cvE/b5CaqOlnTCSpoYIsH4pSjoxEeQUoZIoSw2eWYKKYzYrIBCtMjC2qYkvwVr+8TrpXdc+te3fXtVazqKMMZ3AOl+BBA1pwC23oAAEFz/AKb86T8+K8Ox/L0ZJT7JzCHzifPy1Xkug=</latexit>

H
<latexit sha1_base64="nndXjcwcEIGbsQvoGgEJ57NyyR8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeClx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbT+4XffUKleSwfzCxBP6JjyUPOqLFSqzEsV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IQ1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr3VbqtTyOIlzAJVyDB3dQhwY0oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8AmneMwg==</latexit><latexit sha1_base64="nndXjcwcEIGbsQvoGgEJ57NyyR8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeClx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbT+4XffUKleSwfzCxBP6JjyUPOqLFSqzEsV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IQ1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr3VbqtTyOIlzAJVyDB3dQhwY0oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8AmneMwg==</latexit><latexit sha1_base64="nndXjcwcEIGbsQvoGgEJ57NyyR8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeClx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbT+4XffUKleSwfzCxBP6JjyUPOqLFSqzEsV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IQ1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr3VbqtTyOIlzAJVyDB3dQhwY0oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8AmneMwg==</latexit><latexit sha1_base64="nndXjcwcEIGbsQvoGgEJ57NyyR8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeClx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbT+4XffUKleSwfzCxBP6JjyUPOqLFSqzEsV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IQ1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr3VbqtTyOIlzAJVyDB3dQhwY0oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8AmneMwg==</latexit>

H 0
<latexit sha1_base64="0nl4gSodhuR+K1HD9ZUeET9PN/Y=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lEsMeClx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKD43LQbniVt0FyDrxclKBHM1B+as/jFkacYVMUmN6npugn1GNgkk+K/VTwxPKJnTEe5YqGnHjZ4tLZ+TCKkMSxtqWQrJQf09kNDJmGgW2M6I4NqveXPzP66UY1vxMqCRFrthyUZhKgjGZv02GQnOGcmoJZVrYWwkbU00Z2nBKNgRv9eV10r6uem7Vu7+p1Gt5HEU4g3O4Ag9uoQ4NaEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8Afq/jPM=</latexit><latexit sha1_base64="0nl4gSodhuR+K1HD9ZUeET9PN/Y=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lEsMeClx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKD43LQbniVt0FyDrxclKBHM1B+as/jFkacYVMUmN6npugn1GNgkk+K/VTwxPKJnTEe5YqGnHjZ4tLZ+TCKkMSxtqWQrJQf09kNDJmGgW2M6I4NqveXPzP66UY1vxMqCRFrthyUZhKgjGZv02GQnOGcmoJZVrYWwkbU00Z2nBKNgRv9eV10r6uem7Vu7+p1Gt5HEU4g3O4Ag9uoQ4NaEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8Afq/jPM=</latexit><latexit sha1_base64="0nl4gSodhuR+K1HD9ZUeET9PN/Y=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lEsMeClx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKD43LQbniVt0FyDrxclKBHM1B+as/jFkacYVMUmN6npugn1GNgkk+K/VTwxPKJnTEe5YqGnHjZ4tLZ+TCKkMSxtqWQrJQf09kNDJmGgW2M6I4NqveXPzP66UY1vxMqCRFrthyUZhKgjGZv02GQnOGcmoJZVrYWwkbU00Z2nBKNgRv9eV10r6uem7Vu7+p1Gt5HEU4g3O4Ag9uoQ4NaEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8Afq/jPM=</latexit><latexit sha1_base64="0nl4gSodhuR+K1HD9ZUeET9PN/Y=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lEsMeClx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKD43LQbniVt0FyDrxclKBHM1B+as/jFkacYVMUmN6npugn1GNgkk+K/VTwxPKJnTEe5YqGnHjZ4tLZ+TCKkMSxtqWQrJQf09kNDJmGgW2M6I4NqveXPzP66UY1vxMqCRFrthyUZhKgjGZv02GQnOGcmoJZVrYWwkbU00Z2nBKNgRv9eV10r6uem7Vu7+p1Gt5HEU4g3O4Ag9uoQ4NaEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8Afq/jPM=</latexit>

R = eR + r
<latexit sha1_base64="xwd37XW5fnGFZCO1+c+8qt4fIB4=">AAACKHicbVDLSsNAFJ34rPUVdelmsAiCUBIR7EYsuHFZxT6gCWUyuW2HTh7MTJQS8jlu/BU3Iop065c4abOwrQeGOZxzL/fe48WcSWVZE2NldW19Y7O0Vd7e2d3bNw8OWzJKBIUmjXgkOh6RwFkITcUUh04sgAQeh7Y3us399hMIyaLwUY1jcAMyCFmfUaK01DNvUseLuC/Hgf7ShyzD184z80Ex7sOSd47nJJFlPbNiVa0p8DKxC1JBBRo988PxI5oEECrKiZRd24qVmxKhGOWQlZ1EQkzoiAygq2lIApBuOj00w6da8XE/EvqFCk/Vvx0pCWS+m64MiBrKRS8X//O6ierX3JSFcaIgpLNB/YRjFeE8NewzAVTxsSaECqZ3xXRIBKFKZ1vWIdiLJy+T1kXVtqr2/WWlXiviKKFjdILOkI2uUB3doQZqIope0Bv6RF/Gq/FufBuTWemKUfQcoTkYP79il6iV</latexit><latexit sha1_base64="xwd37XW5fnGFZCO1+c+8qt4fIB4=">AAACKHicbVDLSsNAFJ34rPUVdelmsAiCUBIR7EYsuHFZxT6gCWUyuW2HTh7MTJQS8jlu/BU3Iop065c4abOwrQeGOZxzL/fe48WcSWVZE2NldW19Y7O0Vd7e2d3bNw8OWzJKBIUmjXgkOh6RwFkITcUUh04sgAQeh7Y3us399hMIyaLwUY1jcAMyCFmfUaK01DNvUseLuC/Hgf7ShyzD184z80Ex7sOSd47nJJFlPbNiVa0p8DKxC1JBBRo988PxI5oEECrKiZRd24qVmxKhGOWQlZ1EQkzoiAygq2lIApBuOj00w6da8XE/EvqFCk/Vvx0pCWS+m64MiBrKRS8X//O6ierX3JSFcaIgpLNB/YRjFeE8NewzAVTxsSaECqZ3xXRIBKFKZ1vWIdiLJy+T1kXVtqr2/WWlXiviKKFjdILOkI2uUB3doQZqIope0Bv6RF/Gq/FufBuTWemKUfQcoTkYP79il6iV</latexit><latexit sha1_base64="xwd37XW5fnGFZCO1+c+8qt4fIB4=">AAACKHicbVDLSsNAFJ34rPUVdelmsAiCUBIR7EYsuHFZxT6gCWUyuW2HTh7MTJQS8jlu/BU3Iop065c4abOwrQeGOZxzL/fe48WcSWVZE2NldW19Y7O0Vd7e2d3bNw8OWzJKBIUmjXgkOh6RwFkITcUUh04sgAQeh7Y3us399hMIyaLwUY1jcAMyCFmfUaK01DNvUseLuC/Hgf7ShyzD184z80Ex7sOSd47nJJFlPbNiVa0p8DKxC1JBBRo988PxI5oEECrKiZRd24qVmxKhGOWQlZ1EQkzoiAygq2lIApBuOj00w6da8XE/EvqFCk/Vvx0pCWS+m64MiBrKRS8X//O6ierX3JSFcaIgpLNB/YRjFeE8NewzAVTxsSaECqZ3xXRIBKFKZ1vWIdiLJy+T1kXVtqr2/WWlXiviKKFjdILOkI2uUB3doQZqIope0Bv6RF/Gq/FufBuTWemKUfQcoTkYP79il6iV</latexit><latexit sha1_base64="xwd37XW5fnGFZCO1+c+8qt4fIB4=">AAACKHicbVDLSsNAFJ34rPUVdelmsAiCUBIR7EYsuHFZxT6gCWUyuW2HTh7MTJQS8jlu/BU3Iop065c4abOwrQeGOZxzL/fe48WcSWVZE2NldW19Y7O0Vd7e2d3bNw8OWzJKBIUmjXgkOh6RwFkITcUUh04sgAQeh7Y3us399hMIyaLwUY1jcAMyCFmfUaK01DNvUseLuC/Hgf7ShyzD184z80Ex7sOSd47nJJFlPbNiVa0p8DKxC1JBBRo988PxI5oEECrKiZRd24qVmxKhGOWQlZ1EQkzoiAygq2lIApBuOj00w6da8XE/EvqFCk/Vvx0pCWS+m64MiBrKRS8X//O6ierX3JSFcaIgpLNB/YRjFeE8NewzAVTxsSaECqZ3xXRIBKFKZ1vWIdiLJy+T1kXVtqr2/WWlXiviKKFjdILOkI2uUB3doQZqIope0Bv6RF/Gq/FufBuTWemKUfQcoTkYP79il6iV</latexit>

H
<latexit sha1_base64="TLXXT4Z2kyEo2fA9u+yRohUB6mY=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIYJcFN11WsA/oDCWTZtrQTDIkGWEY+htuXCji1p9x59+YaWehrQcCh3Pu4d6cMOFMG9f9dipb2zu7e9X92sHh0fFJ/fSsr2WqCO0RyaUahlhTzgTtGWY4HSaK4jjkdBDO7wt/8ESVZlI8miyhQYyngkWMYGMl35fWLLJ5ZzGuN9ymuwTaJF5JGlCiO65/+RNJ0pgKQzjWeuS5iQlyrAwjnC5qfqppgskcT+nIUoFjqoN8efMCXVllgiKp7BMGLdXfiRzHWmdxaCdjbGZ63SvE/7xRaqJWkDORpIYKsloUpRwZiYoC0IQpSgzPLMFEMXsrIjOsMDG2ppotwVv/8ibp3zQ9t+k93DbarbKOKlzAJVyDB3fQhg50oQcEEniGV3hzUufFeXc+VqMVp8ycwx84nz9ziJHo</latexit><latexit sha1_base64="TLXXT4Z2kyEo2fA9u+yRohUB6mY=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIYJcFN11WsA/oDCWTZtrQTDIkGWEY+htuXCji1p9x59+YaWehrQcCh3Pu4d6cMOFMG9f9dipb2zu7e9X92sHh0fFJ/fSsr2WqCO0RyaUahlhTzgTtGWY4HSaK4jjkdBDO7wt/8ESVZlI8miyhQYyngkWMYGMl35fWLLJ5ZzGuN9ymuwTaJF5JGlCiO65/+RNJ0pgKQzjWeuS5iQlyrAwjnC5qfqppgskcT+nIUoFjqoN8efMCXVllgiKp7BMGLdXfiRzHWmdxaCdjbGZ63SvE/7xRaqJWkDORpIYKsloUpRwZiYoC0IQpSgzPLMFEMXsrIjOsMDG2ppotwVv/8ibp3zQ9t+k93DbarbKOKlzAJVyDB3fQhg50oQcEEniGV3hzUufFeXc+VqMVp8ycwx84nz9ziJHo</latexit><latexit sha1_base64="TLXXT4Z2kyEo2fA9u+yRohUB6mY=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIYJcFN11WsA/oDCWTZtrQTDIkGWEY+htuXCji1p9x59+YaWehrQcCh3Pu4d6cMOFMG9f9dipb2zu7e9X92sHh0fFJ/fSsr2WqCO0RyaUahlhTzgTtGWY4HSaK4jjkdBDO7wt/8ESVZlI8miyhQYyngkWMYGMl35fWLLJ5ZzGuN9ymuwTaJF5JGlCiO65/+RNJ0pgKQzjWeuS5iQlyrAwjnC5qfqppgskcT+nIUoFjqoN8efMCXVllgiKp7BMGLdXfiRzHWmdxaCdjbGZ63SvE/7xRaqJWkDORpIYKsloUpRwZiYoC0IQpSgzPLMFEMXsrIjOsMDG2ppotwVv/8ibp3zQ9t+k93DbarbKOKlzAJVyDB3fQhg50oQcEEniGV3hzUufFeXc+VqMVp8ycwx84nz9ziJHo</latexit><latexit sha1_base64="TLXXT4Z2kyEo2fA9u+yRohUB6mY=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIYJcFN11WsA/oDCWTZtrQTDIkGWEY+htuXCji1p9x59+YaWehrQcCh3Pu4d6cMOFMG9f9dipb2zu7e9X92sHh0fFJ/fSsr2WqCO0RyaUahlhTzgTtGWY4HSaK4jjkdBDO7wt/8ESVZlI8miyhQYyngkWMYGMl35fWLLJ5ZzGuN9ymuwTaJF5JGlCiO65/+RNJ0pgKQzjWeuS5iQlyrAwjnC5qfqppgskcT+nIUoFjqoN8efMCXVllgiKp7BMGLdXfiRzHWmdxaCdjbGZ63SvE/7xRaqJWkDORpIYKsloUpRwZiYoC0IQpSgzPLMFEMXsrIjOsMDG2ppotwVv/8ibp3zQ9t+k93DbarbKOKlzAJVyDB3fQhg50oQcEEniGV3hzUufFeXc+VqMVp8ycwx84nz9ziJHo</latexit>

a)
<latexit sha1_base64="M5JmkpsWrz4R8opay4sS7CLjOBU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBLyWRgj0WvHisYj+gDWWznbRLN5uwuxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mmmCfkRHkoecUWOlB3o1KFfcqrsAWSdeTiqQozkof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ6mkEWo/W1w6IxdWGZIwVrakIQv190RGI62nUWA7I2rGetWbi/95vdSEdT/jMkkNSrZcFKaCmJjM3yZDrpAZMbWEMsXtrYSNqaLM2HBKNgRv9eV10r6uem7Vu69VGvU8jiKcwTlcggc30IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8ASPTjQ4=</latexit><latexit sha1_base64="M5JmkpsWrz4R8opay4sS7CLjOBU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBLyWRgj0WvHisYj+gDWWznbRLN5uwuxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mmmCfkRHkoecUWOlB3o1KFfcqrsAWSdeTiqQozkof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ6mkEWo/W1w6IxdWGZIwVrakIQv190RGI62nUWA7I2rGetWbi/95vdSEdT/jMkkNSrZcFKaCmJjM3yZDrpAZMbWEMsXtrYSNqaLM2HBKNgRv9eV10r6uem7Vu69VGvU8jiKcwTlcggc30IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8ASPTjQ4=</latexit><latexit sha1_base64="M5JmkpsWrz4R8opay4sS7CLjOBU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBLyWRgj0WvHisYj+gDWWznbRLN5uwuxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mmmCfkRHkoecUWOlB3o1KFfcqrsAWSdeTiqQozkof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ6mkEWo/W1w6IxdWGZIwVrakIQv190RGI62nUWA7I2rGetWbi/95vdSEdT/jMkkNSrZcFKaCmJjM3yZDrpAZMbWEMsXtrYSNqaLM2HBKNgRv9eV10r6uem7Vu69VGvU8jiKcwTlcggc30IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8ASPTjQ4=</latexit><latexit sha1_base64="M5JmkpsWrz4R8opay4sS7CLjOBU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBLyWRgj0WvHisYj+gDWWznbRLN5uwuxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mmmCfkRHkoecUWOlB3o1KFfcqrsAWSdeTiqQozkof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ6mkEWo/W1w6IxdWGZIwVrakIQv190RGI62nUWA7I2rGetWbi/95vdSEdT/jMkkNSrZcFKaCmJjM3yZDrpAZMbWEMsXtrYSNqaLM2HBKNgRv9eV10r6uem7Vu69VGvU8jiKcwTlcggc30IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8ASPTjQ4=</latexit>

b)
<latexit sha1_base64="ND4qzIWQ/A8rLJ9FcKjhRw08rko=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBLyWRgj0WvHisYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPQRXg3LFrboLkHXi5aQCOZqD8ld/GLM04gqZpMb0PDdBP6MaBZN8VuqnhieUTeiI9yxVNOLGzxaXzsiFVYYkjLUthWSh/p7IaGTMNApsZ0RxbFa9ufif10sxrPuZUEmKXLHlojCVBGMyf5sMheYM5dQSyrSwtxI2ppoytOGUbAje6svrpH1d9dyqd1+rNOp5HEU4g3O4BA9uoAF30IQWMAjhGV7hzZk4L86787FsLTj5zCn8gfP5AyVYjQ8=</latexit><latexit sha1_base64="ND4qzIWQ/A8rLJ9FcKjhRw08rko=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBLyWRgj0WvHisYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPQRXg3LFrboLkHXi5aQCOZqD8ld/GLM04gqZpMb0PDdBP6MaBZN8VuqnhieUTeiI9yxVNOLGzxaXzsiFVYYkjLUthWSh/p7IaGTMNApsZ0RxbFa9ufif10sxrPuZUEmKXLHlojCVBGMyf5sMheYM5dQSyrSwtxI2ppoytOGUbAje6svrpH1d9dyqd1+rNOp5HEU4g3O4BA9uoAF30IQWMAjhGV7hzZk4L86787FsLTj5zCn8gfP5AyVYjQ8=</latexit><latexit sha1_base64="ND4qzIWQ/A8rLJ9FcKjhRw08rko=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBLyWRgj0WvHisYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPQRXg3LFrboLkHXi5aQCOZqD8ld/GLM04gqZpMb0PDdBP6MaBZN8VuqnhieUTeiI9yxVNOLGzxaXzsiFVYYkjLUthWSh/p7IaGTMNApsZ0RxbFa9ufif10sxrPuZUEmKXLHlojCVBGMyf5sMheYM5dQSyrSwtxI2ppoytOGUbAje6svrpH1d9dyqd1+rNOp5HEU4g3O4BA9uoAF30IQWMAjhGV7hzZk4L86787FsLTj5zCn8gfP5AyVYjQ8=</latexit><latexit sha1_base64="ND4qzIWQ/A8rLJ9FcKjhRw08rko=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBLyWRgj0WvHisYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPQRXg3LFrboLkHXi5aQCOZqD8ld/GLM04gqZpMb0PDdBP6MaBZN8VuqnhieUTeiI9yxVNOLGzxaXzsiFVYYkjLUthWSh/p7IaGTMNApsZ0RxbFa9ufif10sxrPuZUEmKXLHlojCVBGMyf5sMheYM5dQSyrSwtxI2ppoytOGUbAje6svrpH1d9dyqd1+rNOp5HEU4g3O4BA9uoAF30IQWMAjhGV7hzZk4L86787FsLTj5zCn8gfP5AyVYjQ8=</latexit>

c)
<latexit sha1_base64="5Z2N0CXj76wDVzOIujoY2082LW4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBLyWRgj0WvHisYj+gDWWznbRLN5uwuxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mmmCfkRHkoecUWOlB3Y1KFfcqrsAWSdeTiqQozkof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ6mkEWo/W1w6IxdWGZIwVrakIQv190RGI62nUWA7I2rGetWbi/95vdSEdT/jMkkNSrZcFKaCmJjM3yZDrpAZMbWEMsXtrYSNqaLM2HBKNgRv9eV10r6uem7Vu69VGvU8jiKcwTlcggc30IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8ASbdjRA=</latexit><latexit sha1_base64="5Z2N0CXj76wDVzOIujoY2082LW4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBLyWRgj0WvHisYj+gDWWznbRLN5uwuxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mmmCfkRHkoecUWOlB3Y1KFfcqrsAWSdeTiqQozkof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ6mkEWo/W1w6IxdWGZIwVrakIQv190RGI62nUWA7I2rGetWbi/95vdSEdT/jMkkNSrZcFKaCmJjM3yZDrpAZMbWEMsXtrYSNqaLM2HBKNgRv9eV10r6uem7Vu69VGvU8jiKcwTlcggc30IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8ASbdjRA=</latexit><latexit sha1_base64="5Z2N0CXj76wDVzOIujoY2082LW4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBLyWRgj0WvHisYj+gDWWznbRLN5uwuxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mmmCfkRHkoecUWOlB3Y1KFfcqrsAWSdeTiqQozkof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ6mkEWo/W1w6IxdWGZIwVrakIQv190RGI62nUWA7I2rGetWbi/95vdSEdT/jMkkNSrZcFKaCmJjM3yZDrpAZMbWEMsXtrYSNqaLM2HBKNgRv9eV10r6uem7Vu69VGvU8jiKcwTlcggc30IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8ASbdjRA=</latexit><latexit sha1_base64="5Z2N0CXj76wDVzOIujoY2082LW4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBLyWRgj0WvHisYj+gDWWznbRLN5uwuxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt3O/84RK81g+mmmCfkRHkoecUWOlB3Y1KFfcqrsAWSdeTiqQozkof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ6mkEWo/W1w6IxdWGZIwVrakIQv190RGI62nUWA7I2rGetWbi/95vdSEdT/jMkkNSrZcFKaCmJjM3yZDrpAZMbWEMsXtrYSNqaLM2HBKNgRv9eV10r6uem7Vu69VGvU8jiKcwTlcggc30IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8ASbdjRA=</latexit>

d)
<latexit sha1_base64="nQkmdRzL3CwaeniztwLGiUcYXCg=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSLopSQi2GPBi8cq9gPaUDabSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSAXXxnW/nbX1jc2t7dJOeXdv/+CwcnTc1kmmGLZYIhLVDahGwSW2DDcCu6lCGgcCO8H4duZ3nlBpnshHM0nRj+lQ8ogzaqz0EF4OKlW35s5BVolXkCoUaA4qX/0wYVmM0jBBte55bmr8nCrDmcBpuZ9pTCkb0yH2LJU0Ru3n80un5NwqIYkSZUsaMld/T+Q01noSB7Yzpmakl72Z+J/Xy0xU93Mu08ygZItFUSaIScjsbRJyhcyIiSWUKW5vJWxEFWXGhlO2IXjLL6+S9lXNc2ve/XW1US/iKMEpnMEFeHADDbiDJrSAQQTP8Apvzth5cd6dj0XrmlPMnMAfOJ8/KGKNEQ==</latexit><latexit sha1_base64="nQkmdRzL3CwaeniztwLGiUcYXCg=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSLopSQi2GPBi8cq9gPaUDabSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSAXXxnW/nbX1jc2t7dJOeXdv/+CwcnTc1kmmGLZYIhLVDahGwSW2DDcCu6lCGgcCO8H4duZ3nlBpnshHM0nRj+lQ8ogzaqz0EF4OKlW35s5BVolXkCoUaA4qX/0wYVmM0jBBte55bmr8nCrDmcBpuZ9pTCkb0yH2LJU0Ru3n80un5NwqIYkSZUsaMld/T+Q01noSB7Yzpmakl72Z+J/Xy0xU93Mu08ygZItFUSaIScjsbRJyhcyIiSWUKW5vJWxEFWXGhlO2IXjLL6+S9lXNc2ve/XW1US/iKMEpnMEFeHADDbiDJrSAQQTP8Apvzth5cd6dj0XrmlPMnMAfOJ8/KGKNEQ==</latexit><latexit sha1_base64="nQkmdRzL3CwaeniztwLGiUcYXCg=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSLopSQi2GPBi8cq9gPaUDabSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSAXXxnW/nbX1jc2t7dJOeXdv/+CwcnTc1kmmGLZYIhLVDahGwSW2DDcCu6lCGgcCO8H4duZ3nlBpnshHM0nRj+lQ8ogzaqz0EF4OKlW35s5BVolXkCoUaA4qX/0wYVmM0jBBte55bmr8nCrDmcBpuZ9pTCkb0yH2LJU0Ru3n80un5NwqIYkSZUsaMld/T+Q01noSB7Yzpmakl72Z+J/Xy0xU93Mu08ygZItFUSaIScjsbRJyhcyIiSWUKW5vJWxEFWXGhlO2IXjLL6+S9lXNc2ve/XW1US/iKMEpnMEFeHADDbiDJrSAQQTP8Apvzth5cd6dj0XrmlPMnMAfOJ8/KGKNEQ==</latexit><latexit sha1_base64="nQkmdRzL3CwaeniztwLGiUcYXCg=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSLopSQi2GPBi8cq9gPaUDabSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSAXXxnW/nbX1jc2t7dJOeXdv/+CwcnTc1kmmGLZYIhLVDahGwSW2DDcCu6lCGgcCO8H4duZ3nlBpnshHM0nRj+lQ8ogzaqz0EF4OKlW35s5BVolXkCoUaA4qX/0wYVmM0jBBte55bmr8nCrDmcBpuZ9pTCkb0yH2LJU0Ru3n80un5NwqIYkSZUsaMld/T+Q01noSB7Yzpmakl72Z+J/Xy0xU93Mu08ygZItFUSaIScjsbRJyhcyIiSWUKW5vJWxEFWXGhlO2IXjLL6+S9lXNc2ve/XW1US/iKMEpnMEFeHADDbiDJrSAQQTP8Apvzth5cd6dj0XrmlPMnMAfOJ8/KGKNEQ==</latexit>
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Fig. 9: Construction of the modified original system H for a one-dimensional lattice. a) Orig-
inal system H , black lines: nearest-neighbor hopping −t, on-site Hubbard interaction U , unit
cell C. b) Reference system H ′: superlattice (basis) vector R̃, cluster vector r, supercell SC
with Lc = 3 (cf. Fig. 2). c) A cyclic permutation of the sites within each cluster is a symmetry
of H ′. Black lines in the upper panel: nearest-neighbor hopping parameters related to a given
cluster. Lower panel: resulting hopping parameters after the transformation. d) Hopping pa-
rameters of the Hamiltonian H , which is invariant (i) under all intra-cluster translations and
(ii) under all superlattice translations.

Note that for Lc → ∞ the inclusion of the additional hopping amplitudes becomes irrelevant.
Hence, the replacement t 7→ t is controlled by Lc, i.e., it becomes exact, up to irrelevant
boundary terms, in the infinite-cluster limit. The explicit construction of t is the following

t = (VW )U † t U (VW )†. (46)

Let us stress once more, that VW 6= U for clusters of finite size Lc. The first transformation
U †tU diagonalizes the hopping matrix t, and the diagonal elements are given by ε(k) = ε(G̃+

k̃) with a uniquely defined reciprocal superlattice vector G̃ and a uniquely defined wave vector
k̃ ∈ RSC. Double back transformation using V andW then yields:

tRR′ = tR̃,r;R̃′,r′ =
1

Lc

∑

G̃

eiG̃(r−r′) Lc
L

∑

k̃

eik̃(R̃−R̃′) ε(k̃ + G̃) . (47)

Obviously, t is invariant under both, superlattice translations as well as cluster translations.
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Applying CPT to the original system Fig. 9(d) using the reference system Fig. 9(b) yields

G(ω) =
1

ω + µ− t+Σ(ω)
. (48)

As the self-energy is taken from the reference system, it is diagonal with respect to superlattice
translations R̃ and is R̃-independent. Since the original as well as the reference system share
the same symmetries both,Σ(ω) and t are diagonalized by VW

G(k̃ + G̃, ω) =
1

ω + µ− ε(k̃ + G̃) +Σ(G̃, ω)
. (49)

Note that we have replaced the diagonal elements ε(k̃, G̃) of (VW )†t(VW ) by the diagonal
elements ε(k̃+G̃) ofU †tU , which becomes correct for Lc →∞ as discussed above. Likewise,
again using the unique decomposition k = k̃ + G̃, we interpret G(k̃ + G̃, ω) ≡ G(k̃, G̃, ω) as
G(k, ω), i.e., as the diagonal elements of U †G(ω)U . In this way we have achieved our goal,
and we get a CPT Green function respecting the full translational symmetries of the original
lattice. Obviously, the periodized CPT (P-CPT) employs an implicit periodization scheme,
which is approximate for any finiteLc but becomes exact, as the CPT approximation itself, in the
Lc →∞ limit. We note that for finite Lc, the k-dependence of the self-energy is discontinuous:
Σ(k̃ + G̃) = Σ(G̃) is k̃-independent, i.e., within each of the Lc “patches” RSC of the full
reciprocal unit cell RC of the original lattice, the self-energy is constant, while it jumps when
crossing the boundaries between the patches. This unphysical feature of the P-CPT must be
tolerated.

8 Self-consistent cluster-embedding approaches

A big disadvantage of the CPT and related cluster approximations is the lacking self-consistency.
Let us recall that a generic mean-field theory not only takes a local perspective and focusses on
a single site or on a small cluster cut out of an infinite lattice but also aims at a proper embed-
ding of the site or the cluster in a mean field. The purpose of this mean field is to approximately
account for the neglected environment of the cluster. The mean-field feeds back to the cluster
problem but beyond that the quality of the mean-field theory improves considerably when the
cluster observables feed back to the mean field as well, i.e., when cluster observables and mean
field are determined self-consistently.
Table 2 gives an overview of various cluster approximations without (first column) and with
self-consistent cluster embedding. Taking the self-energy of a single Hubbard site (Lc = 1),

ΣRR′σ(ω) = δRR′ U〈nR−σ〉+ δRR′
U2〈nR−σ〉(1− 〈nR−σ〉)
ω + µ− U(1− 〈nR−σ〉)

, (50)

as an approximation to compute the Green function for the Hubbard model is the essence of the
Hubbard-I approximation. (Let us note that, in a strict sense, the Hubbard-I approximation does
include some self-consistency and thus does not perfectly fit to the classification, see Ref. [18]).
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impurity / cluster approaches with self-consistent embedding
Hubbard-I approach [18] DMFT [1, 4]

CPT [24, 25] cellular DMFT (C-DMFT) [9, 8]
simplified PC-DMFT periodized C-DMFT [31]

periodic CPT [30] DCA [7]

Table 2: Different cluster approximations. See text for discussion.

The DMFT is a single-site mean-field theory as well (Lc = 1) but with a self-consistent em-
bedding of the site. It is important to realize that this is a dramatic improvement. Even though
the DMFT self-energy is local, ΣRR′σ(ω) = δRR′ ΣR(ω), it has a realistic ω dependence with
the typical branch cuts on the real axis rather than the simplistic single-pole structure of the
Hubbard-I self-energy. The self-consistent DMFT embedding scheme is constructed such that
one even recovers the exact solution of the Hubbard model in the limit, where the self-energy is
local in fact [32], namely in the limit of infinite spatial dimensions [1].
Let us briefly recall the main idea for the Hubbard model as the original lattice model. To
construct the single-site DMFT, we assume that the self-energy be local. In addition, a homo-
geneous (and nonmagnetic) phase is anticipated such that ΣRR′σ(ω) = δRR′ Σ(ω). We note in
passing that this condition can be relaxed; this leads to real-space DMFT [33]. The most gen-
eral reference system with a local self-energy and arbitrary ω-dependence is given by a single
interacting (“impurity”) site with U 6= 0 hybridizing with a continuum of noninteracting bath
degrees of freedom, i.e., by the single-impurity Anderson model

H ′ =
∑

σ

εimp c
†
σcσ +

U

2

∑

σ

nimp,σ nimp,−σ +
∑

kσ

εk a
†
kσakσ +

∑

kσ

(
Vk c

†
σakσ + H.c.

)
. (51)

The local Green function on the impurity site is

G(imp)(ω) =
1

ω + µ− εimp −∆(ω)−Σ ′(ω)
. (52)

The bath parameters, namely the hybridization strengths Vk and the on-site energies εk, enter
the formalism via the hybridization function only:

∆(ω) =
∑

k

V 2
k

ω + µ− εk
. (53)

We will use the self-energy of the reference system as an approximation for the lattice model,
Σ(ω) = Σ ′(ω). Obviously, a condition is needed to fix the hybridization function and therewith
the parameters of the reference system. This self-consistency condition is obtained from the
observation that the skeleton-diagram expansion leads to a functional relation between the self-
energy and the Green function, Σ = Σ̂[G], that is independent from the relation provided by
the Dyson equation, see Fig. 10. On the single-site mean-field level or, equivalently, in the
limit of infinite spatial dimensions, this functional is local, i.e., Σ(ω) = Σ̂[G(loc)](ω) where
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Fig. 10: Diagrammatic representation of the Dyson equation, G(ω) = G0(ω) +
G0(ω)Σ(ω)G(ω) (top). Representation of the skeleton-diagram expansion of the self-energy,
Σ(ω) = Σ̂[G](ω) (bottom).

G(loc)(ω) = GRR(ω) is the local (on-site) element of the Green function. Hence, the functional
relation Σ̂[..] is exactly the same as that of the reference system: Σ ′(ω) = Σ̂[G(imp)](ω). With
Σ(ω) = Σ ′(ω) this implies that

G(imp)(ω) = G(loc)(ω) , (54)

which is the famous self-consistency condition of DMFT.
The step from single-site DMFT to cellular DMFT is conceptually simple and corresponds to
the step from the Hubbard-I approach to the CPT (see Tab. 2). One merely has to treat a finite
Hubbard cluster with Lc > 1 sites as a “super site” and adopt the same strategy. The actual work
to be done consists in the numerical computation of the self-energy Σ ′rr′(ω) of the Anderson
“cluster” model

H ′ =
∑

rr′σ

trr′ c†rσcr′σ +
U

2

∑

rσ

nrσ nr−σ +
∑

kσ

εrk a
†
rkσarkσ +

∑

rkσ

(
Vrk c

†
rσarkσ + H.c.

)
, (55)

which is a small Hubbard model of Lc correlated sites, where each correlated site r hybridizes
with an infinite number (k = 1, ...,∞) of bath sites. The Lc × Lc self-energy matrix is taken
to approximate the “cluster local” self-energy of the Hubbard model, ΣR̃R̃,rr′(ω) = Σ ′rr′(ω).
With this at hand, one can compute the “cluster-local” elements of the Green function of the
original model using the Dyson equation, cf. Eq. (39),

G
(loc)
rr′ (ω) =

Lc
L

∑

k̃∈RSC

(
1

ω + µ− t(k̃)−Σ(ω)

)

rr′

(56)

and therewith the cluster Green function of the reference system via the C-DMFT self-consis-
tency equation G(cluster)

rr′ (ω) = G
(loc)
rr′ (ω). Using the cluster analog of Eq. (52), where G(imp)(ω)

is replaced by the Lc×Lc matrixG(cluster)(ω), Σ ′(ω) by the matrixΣ′(ω), εimp by the Lc×Lc
intra-cluster hopping matrix t′ = t, and ∆(ω) by the diagonal matrix ∆(ω), the diagonal
elements of the latter are found as

∆r(ω) =
∑

kσ

V 2
rk

ω + µ− εrk
= ω + µ− trr −Σrr(ω)−

(
G(cluster)

)−1

rr
(ω) . (57)

The parameters of the reference system (55) are obtained as the poles and the weights of∆r(ω),
such that an updated cluster self-energy can be computed. This self-consistency cycle must be
iterated until convergence is achieved.
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The C-DMFT does not respect the translational symmetries of the underlying lattice. One way
to restore the correct symmetry is the so-called periodized C-DMFT (PC-DMFT) [31], see
third row in Tab. 2. Here, one employs the periodization operator T̂ to get a translationally
invariant self-energy. The local Green function can thus be computed by U -Fourier transform
and summation of k. This yields the following PC-DMFT self-consistency equation:

G
(cluster)
rr′ (ω) = G

(loc)
rr′ (ω) =

1

L

∑

k

eik(r−r′)

ω + µ− ε(k)− T̂ [Σ](k, ω)
. (58)

The main difference as compared to the C-DMFT, Eq. (56), is that the periodized self-energy is
used at each step in the self-consistency cycle.
For the dynamical cluster approximation (DCA, fourth row in Tab. 2), one must replace the
original hopping t by t only [31]. Both, t and t, are invariant under superlattice translations. So
we can compare trr′(k̃) = (V †tV )rr′(k̃) with trr′(k̃) = (V †tV )rr′(k̃). One easily finds that
these are equal up to a phase factor

trr′(k̃) =
1

Lc

∑

G̃

eiG̃(r−r′) ε(k̃ + G̃)

=
Lc
L

∑

R̃R̃′

e−ik̃(R̃+r−R̃′−r′) tR̃+r,R̃′+r′

= e−ik̃(r−r′) trr′(k̃) . (59)

This is very easily implemented numerically. The DCA self-consistency condition reads

G
(cluster)
rr′ (ω) = G

(loc)
rr′ (ω) =

Lc
L

∑

k̃∈RSC

(
1

ω + µ− t(k̃)−Σ(ω)

)

rr′

. (60)

The decisive difference as compared to the C-DMFT is that t is also invariant under cyclic
cluster translations, as it is the case for t′. Hence, all matrices are simultaneously diagonalized
by the cluster Fourier transformationW , and we get a scalar self-consistency equation

G(cluster)(G̃, ω) =
Lc
L

∑

k̃

1

ω + µ− ε(k̃ + G̃)−Σ(G̃, ω)
. (61)

Which of the three cluster approaches, the C-DMFT, the PC-DMFT, and the DCA is the best
one? This is a question that comes up immediately. An answer could be expected from a meta
theory unifying all cluster approaches in a common theoretical framework. The self-energy-
functional theory (SFT) [34,10,6] is in fact able to re-derive various approximations as station-
ary points of a general functional Ωt,U [Σ] for a given original lattice model with parameters t
andU . A particular approximation is defined by the choice of a reference system, with possibly
different one-particle parameters t′ but the same interaction U . The reference system could be
a system of decoupled clusters, also including noninteracting bath degrees of freedom, and is
fixed by the structure of the t′ matrix. The self-energy of the reference system, Σt′,U (ω) is
considered as a trial self-energy which must be optimized via the stationarity condition
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∂Ωt,U [Σt′,U ]/∂t′ = 0 , (62)

i.e., the self-energy is optimized by varying the one-particle parameters of the reference system.
Taking the single-impurity Anderson model, Eq. (51), as a reference system, Eq. (62) recovers
the DMFT self-consistency condition. For an Anderson cluster model, Eq. (55), the C-DMFT
self-consistency condition is found. The DCA is obtained with the same reference system (with
periodic boundaries) but applied to a different original model with t replaced by t. Thereby, a
set of external parameters of the self-energy functional is changed, Ωt,U [Σ] → Ωt,U [Σ], such
that an unbiased comparison of the resulting optimal free energies is not possible. In case of
the PC-DMFT, the parameters t and U remain unchanged, and the PC-DMFT self-consistency
equation is also re-derived with the same reference system. Unfortunately, the form of the
self-energy functional must be changed for this purpose, Ωt,U [Σ] → Ωt,U [T̂ [Σ]], and this
means that a fair comparison is again not possible. One should note that the modification of the
parameters of the original system (DCA) or the modification of the functional form (PC-DMFT)
keep the systematic nature of the approach, i.e., they become irrelevant in the infinite-cluster
limit and must therefore be considered as formally well justified. The SFT does provide the
expected hierarchy among different approaches within each row of Tab. 2. E.g. the C-DMFT
must be seen as superior compared to the CPT. In between, we find the variational cluster
approach (VCA) which is defined by the same reference system as used for the CPT but with
variational optimization of the intra-cluster hopping and the one-particle energies. There is also
an interesting new approximation suggesting itself: Starting with the modified hopping t and
the reference system in Fig. 9b, generates a simplified DCA without bath degrees of freedom.
This stands between the periodic CPT and the full DCA, see last row of Tab. 2.
Another criterion to decide between the different cluster approaches, could be their conver-
gence behavior for Lc → ∞. Consider first a local observable, such as the double occupancy
in the Hubbard model or the local density of states, at a central site in an isolated cluster with
Lc sites. Since nonlocal elements of Green functions typically decay exponentially with in-
creasing distance, if the system is not at a critical point, one would expect an exponentially
fast convergence of the observable with Lc → ∞. This is the case for the C-DMFT, as the
bath only couples to the surface sites of the cluster (assuming hopping between nearest neigh-
bors only). The latter is easily seen by expanding both sides of the C-DMFT self-consistency
equation, G(cluster)

rr′ (ω) = G
(loc)
rr′ (ω), and Eq. (57) in powers of 1/ω keeping terms of the order

1/ω3, which eventually implies Vrk 6= 0 for surface sites r only. Extended observables, e.g., the
k-dependent Green function or the free energy, converge to the exact results with corrections
∼ 1/L1, where Lc = LD1 for a D-dimensional hypercubic cluster. This is obvious since only
2DLD−1

1 surface sites contribute to the average hybridization function compared to the total
number of cluster sites LD1 . For the DCA, on the other hand, where all sites in the cluster are
coupled to the bath, convergence is faster with corrections ∼ 1/L2

c . A detailed discussion can
be found in Ref. [5]. One should keep in mind, however, that with the cluster sizes that can be
treated in practical calculations one is typically far from the regime where this scaling behavior
can be seen.
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A further important issue to be discussed is the description of spontaneous breaking of trans-
lational symmetry, e.g., in antiferromagnetic phases, charge-density-wave states, stripe order
etc. Within the C-DMFT, if the cluster is large enough to contain the new unit cell, such phases
can be found easily as there is no assumption made on the translational symmetry of the clus-
ter self-energy. The DCA, on the other hand, does require translation symmetry on the cluster
when using the self-consistency equation (61) formulated in reciprocal space. Symmetry break-
ing must then be anticipated and, considering e.g. antiferromagnetic order, one must introduce
a reduced Brillouin zone and a constraint for the self-energy relating k and k + QAF, where
QAF determines the type of antiferromagnetic ordering. The real-space formulation, Eq. (60)
is much more elegant, as translation symmetry in the cluster can be broken spontaneously and
arbitrarily, such that there is no need to anticipate a specific ordering pattern. In any case and for
both, C-DMFT and DCA, it is clear, however, that a selected cluster size and cluster shape will
necessarily bias to some degree the spatial modulation of the order parameter one is looking
for. Calculations with different cluster geometries and sizes are therefore necessary. This must
be seen as a big intrinsic disadvantage of the cluster approach. Finally, the description of the
broken translation symmetries in the PC-DMFT is much more complicated and is discussed in
Ref. [31], for example.

9 Discussion of selected results

One of the main topics of DMFT is the Mott metal-insulator transition in the Hubbard model [4].
For U = 0 the system is a noninteracting metallic Fermi gas while for strong U the zero-
temperature phase is a Mott insulator due to the high penalty for hopping processes producing
doubly occupied sites. As a function of U , the single-site DMFT predicts a continuous metal-
insulator transition at T = 0, see the T = 0 end of the dashed line in Fig. 11 (left) [35]. The
yellow area marks a coexistence regime, where the metallic and the insulating solution of the
DMFT coexist. At finite temperatures, the free energy decides which one is stable, and the
transition becomes discontinuous with a jump of, e.g., the double occupancy at the critical in-
teraction Uc(T ). The dashed line of first order transitions ends in a second-order critical end
point at UMIT. At still higher temperatures there is a smooth crossover only, separating a bad-
metal from a bad-insulator regime. The phase diagram, calculated for the Hubbard model on
the square lattice, has the same structure as the corresponding phase diagram for the D = ∞
hypercubic lattice. This unphysical essential independence of the results on the lattice dimen-
sion is characteristic for a mean-field approach. There is another serious problem. Namely,
there is a macroscopically high entropy of the T = 0 Mott-insulating ground state due to the
2L-fold degeneracy with respect to the orientation of the local magnetic moments. Within the
DMFT, this degeneracy can only be lifted by long-range magnetic order, and in fact in the
true DMFT ground state the system is an antiferromagnetic insulator for strong U . As has
been discussed above (see Fig. 5), this is due to the superexchange mechanism favoring anti-
ferromagnetic alignment of neighboring moments. This Heisenberg-insulator state, however, is
suppressed in the DMFT calculation by enforcing spin symmetric solutions. The motivation is
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the numerically exact continuous time quantum
Monte Carlo (CTQMC) method [13,14].

Results.—Fig. 1(a) shows the phase diagram of the
Hubbard model within cluster DMFT at half-filling in the
absence of long range order. For interaction strength U <
Uc2ðTÞ, we find a metallic solution while forU >Uc1ðTÞ, a
Mott insulating solution exists. The two transition lines
Uc1ðTÞ and Uc2ðTÞ cross at a second order endpoint, at
temperature TMIT # 0:09t and interaction strength UMIT #
6:05t. It is clear that one of the most salient features of the
single-site DMFT phase diagram [shown in Fig. 1(b)],
namely, the existence of a first order phase transition,
survives in plaquette DMFT.

Still there are substantial modifications to the single-site
DMFT results when U=t is close to its critical value.
Namely, (i) Strong short ranged antiferromagnetic correla-
tions significantly reduce the value of critical U at which
the second order endpoint occurs. Note that the plaquette-
DMFT critical Uð#6:05tÞ is in very favorable agreement
with the Monte Carlo crossover U at which the pseudogap
develops at intermediate temperatures accessible by deter-
minantal Monte Carlo calculations (Fig. 5 in Ref. [15]).
This criticalU will increase if the system is more frustrated
at short distance. For example, the inclusion of the next
nearest hopping t0 has this effect and was studied in
Ref. [16]. (ii) The shape of the coexistence region, where
both metallic and insulating solutions exist, is significantly
different. The high temperature crossover lines (dashed
line above T # 0:1t in Fig. 1) are similar since at high
temperature the entropy of the paramagnetic insulator is of
the order of logð2Þ in both cluster and single-site approach.
As the temperature is increased, the large entropy insulat-
ing state wins over the lower entropy metallic state. At low
temperature, the situation is very different. In single-site
DMFT, the metal wins at low temperature in the transition
region because the emergence of the itinerant quasiparticle
inside the Mott gap lowers the free energy of the strongly
disorderedMott state. In the cluster case, the Mott insulator
at very low temperature is very different and has small
entropy due to short range singlet formation. The small
entropy of this state can be confirmed by the ‘‘valence
histogram’’ shown in the inset of Fig. 1(a). The high
temperature insulating state, which has entropy of the order
of logð2Þ, populates many states of the plaquette with
significant probability. In contrast, there is only one sig-
nificant eigenvalue of the density matrix in low tempera-
ture, corresponding to the singlet state. The insulating
phase at low temperature has thus very small entropy,
and the bad metal has larger entropy; hence, decreasing
temperature favors insulator over metal. The actual first
order line (dashed line in Fig. 1(a) inside the coexistence
region, where the free energy of the two phases equals)
therefore bends back and criticalU decreases with decreas-
ing temperature. It is apparent that the zero temperature
transition in cluster DMFT happens at Uc1 and not at Uc2

as in DMFT.

While the shape of the DMFT phase diagram strongly
resembles the phase diagram of the Cr-doped V2O3, the
reentrant shape of the cluster-DMFT transition resembles
more the !-organic diagram [17] as pointed out in Ref. [4].
To understand the effects brought about by the short

range magnetic correlations near the transition, we focus
on the local spectral functions displayed in Fig. 2. As in
single-site DMFT, below Uc1 [Fig. 2(a)] the system is a
normal Fermi liquid with a reduced width of the quasipar-
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FIG. 1 (color online). (a) The phase diagram of the paramag-
netic half-filled Hubbard model within plaquette CDMFT. Inset:
The histogram of the two insulating states. It shows the proba-
bility for a given cluster eigenstate among the 16 eigenstates of
the half filled plaquette. The singlet plaquette ground state has
the highest probability. (b) For comparison, the corresponding
phase diagram of the single-site DMFT (using the same 2D
density of states) is shown. The coexistence region is shown as
the shaded region. The dashed line marks the crossover above
the critical point. The crossover line was determined by the
condition that the imaginary part of the self-energy at few lowest
Matsubara frequencies is flat at the crossover value of U. For
easier comparison, the x axis is rescaled and the reduced value of
Ur ¼ U%UMIT

UMIT
is used. The critical value of U is UMIT ¼ 6:05t in

the cluster case and UMIT ¼ 9:35t in the single-site case.
Pentagons in panel (a) mark the points in phase diagram for
which we present the local spectral functions in Fig. 2.
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temperature insulating state, which has entropy of the order
of logð2Þ, populates many states of the plaquette with
significant probability. In contrast, there is only one sig-
nificant eigenvalue of the density matrix in low tempera-
ture, corresponding to the singlet state. The insulating
phase at low temperature has thus very small entropy,
and the bad metal has larger entropy; hence, decreasing
temperature favors insulator over metal. The actual first
order line (dashed line in Fig. 1(a) inside the coexistence
region, where the free energy of the two phases equals)
therefore bends back and criticalU decreases with decreas-
ing temperature. It is apparent that the zero temperature
transition in cluster DMFT happens at Uc1 and not at Uc2

as in DMFT.

While the shape of the DMFT phase diagram strongly
resembles the phase diagram of the Cr-doped V2O3, the
reentrant shape of the cluster-DMFT transition resembles
more the !-organic diagram [17] as pointed out in Ref. [4].
To understand the effects brought about by the short

range magnetic correlations near the transition, we focus
on the local spectral functions displayed in Fig. 2. As in
single-site DMFT, below Uc1 [Fig. 2(a)] the system is a
normal Fermi liquid with a reduced width of the quasipar-
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FIG. 1 (color online). (a) The phase diagram of the paramag-
netic half-filled Hubbard model within plaquette CDMFT. Inset:
The histogram of the two insulating states. It shows the proba-
bility for a given cluster eigenstate among the 16 eigenstates of
the half filled plaquette. The singlet plaquette ground state has
the highest probability. (b) For comparison, the corresponding
phase diagram of the single-site DMFT (using the same 2D
density of states) is shown. The coexistence region is shown as
the shaded region. The dashed line marks the crossover above
the critical point. The crossover line was determined by the
condition that the imaginary part of the self-energy at few lowest
Matsubara frequencies is flat at the crossover value of U. For
easier comparison, the x axis is rescaled and the reduced value of
Ur ¼ U%UMIT

UMIT
is used. The critical value of U is UMIT ¼ 6:05t in

the cluster case and UMIT ¼ 9:35t in the single-site case.
Pentagons in panel (a) mark the points in phase diagram for
which we present the local spectral functions in Fig. 2.
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Fig. 11: Phase diagram of the paramagnetic Hubbard model at half-filling on the square lattice.
Left: single-site DMFT. Right: C-DMFT, Lc = 4. Ur ≡ (U − UMIT)/UMIT with UMIT = 9.35t
(DMFT), UMIT = 6.05t (C-DMFT). Reprinted figure with permission from [35]. Copyright
(2008) by the American Physical Society.

to uncover in this way the Mott transition in the paramagnetic state at temperatures below the
Néel temperature TN(U). In the paramagnetic state and at finite temperatures, the large entropy
stabilizes the Mott insulator as compared to the metallic Fermi-liquid state.
The C-DMFT can cure this defect since it incorporates the feedback of short-range antiferro-
magnetic correlations, i.e., the spin degeneracy can be lifted by forming a nonlocal spin-singlet
state on neighboring sites within the reference system and thus corrects the cluster self-energy.
Fig. 11 (right) shows the phase diagram as obtained with a Lc = 4-site (plaquette) calculation.
It turns out that salient features of the DMFT phase diagram are preserved. In particular, there
is again a coexistence of a metallic and an insulating phase in a certain U -T range of the phase
diagram, and a first-order transition line separating the metallic Fermi liquid at weaker U from
the Mott insulator at stronger U . On the other hand, there are a couple of differences: First
of all, the critical interaction is substantially reduced (see caption of Fig. 11). Second, the line
of first-order transitions remains first order down to T = 0, i.e., the T = 0 Mott transition is
discontinuous rather than continuous as predicted by DMFT, see Ref. [36]. Most important,
however, as the insulating phase at low temperatures now has a very small entropy, a decreasing
temperature favors the insulator over the metal. At high temperatures, one expects and finds
the same trend of the crossover lines since here correlations are broken up thermally. At low T ,
however, the first-order transition line bends back, and Uc(T ) decreases with decreasing T .
The importance of short-range antiferromagnetic correlations is also highlighted by the local
spectral function A(ω) calculated within the DCA for Lc = 4 shown in Fig. 12 [37]. Note
that A(ω) (black solid line) is slightly asymmetric. This is a slight artifact of the maximum-
entropy method that must be employed to obtain real-frequency data from the Green function
given on the Matsubara frequencies on the imaginary-ω axis, on which the numerical evaluation
of the theory must be implemented when using a quantum Monte-Carlo cluster solver. Still
there is a clear four-peak structure visible in A(ω). This exactly in line with the lattice QMC
results shown in Fig. 3. Hence, one would expect that the low-excitation-energy peaks signal

http://dx.doi.org/10.1103/PhysRevLett.101.186403
http://dx.doi.org/10.1103/PhysRevLett.101.186403
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Fig. 2: Solid line: on-site spectral function computed by
maximum entropy analytical continuation of QMC data for
U = 6t and doping x= 0. Dashed line: spectral function in the
P = (0,π), (π, 0)-momentum sector. Dotted and dash-dotted
lines: P = (0,π), (π, 0) and local spectral functions obtained
by performing the DCA momentum averages of the standard
SDW mean-field expressions for the Green function, with gap
∆= 1.3t.

N = 1 and U ! 10t G(0,β/2) increases as T decreases,
indicating the development of a coherent Fermi-liquid
state. In the 4-site DCA results a transition is evident as U
is increased through U∗ ≈ 4.2t: for U <U∗ A(0) increases
slowly as T is decreased, as in the single-site model, but for
U >U∗, A(0) decreases, signalling the opening of a gap.
The very rapid change across U =U∗ is consistent with
a first-order transition, as found in the careful CDMFT
analysis of Park et al. [21]. The critical U is seen to
be essentially independent of temperature indicating that
the entropies of the metallic and non-metallic states are
very similar. The end point of the first-order transition
is at about T = 0.25t which is approximately the Néel
temperature of the single-site method, at U = 4t [23].
Figure 2 shows as the solid line the local electron spec-

tral function computed by maximum entropy analytical
continuation of our QMC data for U = 6t and n= 1.
Analytical continuation is well known to be an ill-posed
problem, with very small differences in imaginary time
data leading in some cases to very large differences in the
inferred real-axis quantities. A measure of the uncertain-
ties in the present calculation comes from the difference
between the spectra in the positive-energy and negative-
energy regions, which should be equal by particle-hole
symmetry. We further note that the gap is consistent with
the behavior shown in fig. 1. The local spectral function
exhibits a characteristic two-peak structure found also
in CDMFT calculations [21]. The dotted line gives the
spectral function for the Px-sector, corresponding to an
average of the physical spectral function over the region
(π/2< px < 3π/2), (−π/2< py < π/2); this is seen to be
the origin of the gap-edge structure.
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Fig. 3: Temperature dependence of double occupancy ⟨n↑n↓⟩
computed using the 1-site and 4-site DCA methods as a
function of temperature for the half-filled Hubbard model at
U = 5t (upper panel) and U = 10t (lower panel). The 1-site
calculations are done for both paramagnetic and antiferro-
magnetic phases, whereas the 4-site calculation is done for the
paramagnetic phase only.

We present in fig. 3 the temperature dependence of the
double-occupancy D= ⟨n↑n↓⟩ computed using the 1-site
and 4-site DCA for a relatively weak and a relatively
strong correlation strength. In the single-site approxi-
mation antiferromagnetic correlations are absent in the
paramagnetic phase and become manifest below the Néel
temperature; the difference between paramagnetic and
antiferromagnetic phases therefore gives insight into the
physics associated with the antiferromagentic correlations.
For the weaker interaction strength U = 5t, the develop-
ment of Fermi-liquid coherence as T is decreased in the
paramagnetic phase means that the wave function adjusts
to optimize the kinetic energy, thereby pushing the inter-
action term farther from its extremum and increasing D.
At this U the magnetic transition is signaled by a rapid
decrease in D, indicating that the opening of the gap
enables a reduction of interaction energy, as expected if
Slater physics dominates. For the larger U = 10t in the

37009-p3

Fig. 12: Local density of states A(ω) for the half-filled Hubbard model at U = 6t as obtained
by the DCA with Lc = 4. Figure adapted from Ref. [37].

nonlocal antiferromagnetic correlations. This is corroborated by comparing with the spectral
density obtained by a static (Hartree-Fock) mean-field calculation for the symmetry-broken
antiferromagnetic state with the same gap (see dash-dotted line). The similarity to the DCA
results in the low-frequency range emphasizes the importance of nonlocal correlations again.
More than this, it also suggests that the gap is not necessarily a Mott-Hubbard gap but rather a
“Slater” gap. In the static mean-field Slater theory, long-range antiferromagnetic order implies
a doubling of the unit cell with a gap opening at the boundary of the reduced Brillouin zone.
The Mermin-Wagner theorem [17] actually excludes a spontaneous breaking of the SU(2) spin-
rotational symmetry at any finite temperature in two spatial dimensions. Hence, antiferromag-
netic order obtained in the static mean-field theory but also in the C-DMFT and DCA at low
but finite temperatures (if solutions are not enforced to be spin-symmetric) must be seen as
artifacts. However, this does not imply that the Slater mechanism for the gap opening is ir-
relevant. Namely, for small clusters, the antiferromagnetic correlation length well exceeds the
linear cluster extension at low T . It has, indeed, been suggested that the metal-insulator transi-
tion is in fact of the Slater type in D = 2 [37]. However, another important observation is that
the transition is orbital (or k) selective [35, 36]. In the Lc = 4 calculation, two of the orbitals
(π, 0) and (0, π) exhibit a Mott-like transition where the spectral gap is opened because the
self-energy Σ(π,0)(ω) develops a pole at ω = 0 while the remaining orbitals (0, 0) and (π, π)

undergo a Slater-type transition. In a single-site mean-field theory, on the other hand, such
momentum-space differentiation is impossible.
More recent studies [38] using lattice QMC as well as the DΓA, a diagrammatic extension of
DMFT [39], demonstrate that at low temperatures strong nonlocal antiferromagnetic correla-
tions are responsible for opening a gap even at arbitrarily weak U . The system evolves from
a Slater-like to a Heisenberg-like antiferromagnet at low but finite T but without explicitly
breaking the SU(2) symmetry. This implies that actually no metal-insulator transition can be
identified for D = 2 and that the system is a paramagnetic insulator for all U .
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VCA to the high-TC problem
3

FIG. 1: AF (bottom) and dSC (top) order parameters for
U = 8t as a function of the electron density (n) for 2 × 3,
2 × 4 and 10-site clusters. Vertical lines indicate the first
doping where only dSC order is non-vanishing.

FIG. 2: AF and dSC order parameters as a function of the
electron density on a 2 × 4 cluster for U = 6t, U = 8t and
U = 12t.

large, n = 0.87 to n = 0.93 for L = 10 for example. Un-
fortunately, finite cluster effects do not allow us to obtain
reliable results for larger dopings for either the hole or
electron cases. The dSC order parameter is not present
on bonds between clusters, making the results more sen-
sitive to size effects than in the case of the AF phase.
Fig. 1 also shows, in the electron-doped case, a AF+dSC
phase where AF and dSC order parameters are both non-
vanishing [18, 19, 20]. We verified that, as expected from
symmetry, the π-triplet order parameter is non-vanishing
in that phase[21, 22], which is separated from a pure dSC
phase by a quantum critical point around 13% doping,

near the value suggested by experiment [23, 24]. The sit-
uation is less clear on the hole-doped side where the L = 6
cluster has a very small doping range for the AF+dSC
phase, the L = 8 cluster a large one, while the L = 10
cluster shows none. This suggests that the way in which
the AF and dSC phases approach each other on the hole-
doped side cannot be accurately described by the small
variational space that we use. Additional order parame-
ters, such as stripe [2] or checkerboard orders [3] observed
in certain cuprates may be necessary to get the full pic-
ture. No SO(5) symmetric point [25] appears in our cal-
culation in a size-independent way. On the other hand,
our results for D0 in Fig. 1 show unambiguously that
the pure dSC phase appears over a much broader range
of dopings for hole- than for electron-doped cuprates, as
observed experimentally.

It is also instructive to know how the ground-state or-
der parameters vary with interaction strength U , espe-
cially because several normal-state calculations for the
pseudogap [26, 27] show that the interaction strength for
electron-doped cuprates near optimal doping should be in
the weak to intermediate coupling range (U ∼ 6t), with
U increasing as n decreases. A look at Fig. 2 for D0 and
M0 shows that the range of dopings where only D0 is
non-vanishing is larger on the hole than on the electron-
doped side for all values of U . That range increases with
U in all cases so that a drop in U as n increases rein-
forces the electron-hole difference in the size of the pure
dSC region. The range where only the dSC order pa-
rameter is finite nearly doubles in going from U = 6t to
U = 12t but the maximum value of D0 decreases, at least
on the hole-doped side. A stronger repulsion allows sys-
tems with more holes to be superconducting, but at the
same time suppresses superconductivity more effectively
closer to half-filling. Note that the dSC order parameter
D0 should not be confused with the critical temperature:
The maximum in D0 that appears near n = 0.9 on the
hole-doped side does not mean that the maximum Tc is
around that doping. Instead, the maximum comes from
the growth of D0 towards half-filling until proximity with
the AFM phase makes it fall rapidly [22]. Finally, as seen
in previous calculations, as U increases from 6t to 12t, the
AF phase does not extend as far on the electron-doped
side, [28] whereas the value of the order parameter M0

at half-filling increases [29].

Fig. 3 shows intensity plots of the spectral functions at
the Fermi level, for U = 8t, in the first quadrant of the
Brillouin zone. The left illustrates a hole-doped system
in a pure dSC phase. The spectral weight is concentrated
along the diagonal. This is observed even without long-
range order [26], but is also compatible with the vanish-
ing of the dSC gap along the diagonal. On the right, we
display an electron-doped system in a AF+dSC phase.
The spectral weight is depleted along the diagonal and
concentrated near the zone boundaries ((π, 0) and (0, π)).
This is also observed in the absence of long-range order
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Fig. 13: Superconducting (top) and antiferromagnetic order parameter (bottom) as a function
of the electron density n in the D = 2 Hubbard model at T = 0 and U = 8t. VCA results for
different clusters: 2×3-, 2×4- and 10-site clusters. Reprinted figure with permission from [40].
Copyright (2005) by the American Physical Society.

Let us finally discuss an application of a cluster approach to the D = 2 Hubbard model which
focusses on unconventional d-wave superconductivity. At zero temperature, spontaneous sym-
metry breaking is no longer excluded by the Mermin-Wagner theorem. A single-site mean-field
theory, however, cannot treat symmetry-broken phases that are characterized by nonlocal or-
der parameters. Fig. 13 displays results obtained by means of the VCA [40] for the Hubbard
model on the D = 2 square lattice with nearest-neighbor (t = 1), next-nearest-neighbor di-
agonal (t′ = −0.3) and third-neighbor hopping (t′′ = 0.2t) at U = 8t and T = 0. Within
the VCA, there is no bath continuum to be optimized but two symmetry-breaking Weiss fields
which couple to the reference system H ′ of disconnected clusters. In particular,

H ′M =
∑

i

(−1)i(ni↑ − ni↓) (63)

probes antiferromagnetic order and

H ′D =
∑

ij

∆ij(ci↑cj↓ + H.c.) (64)

d-wave superconductivity with ∆ij = D if sites i, j are nearest neighbors along the x axis and
∆ij = −D if sites i, j are nearest neighbors along the y axis. The corresponding AF and SC
order parameters, MAF and DSC can be obtained from the normal and from the anomalous el-
ements of the one-particle Green function in the Nambu formalism (see Ref. [40] for details)
and are plotted in Fig. 13 as function of the filling n. The figure demonstrates that antiferro-
magnetism persists up to about δ ≡ |1 − n| = 15% doping on the electron-doped side (n > 1)
and about 6% on the hole-doped side. Superconductivity coexists with antiferromagnetism, but
a pure SC phase is found as well, particularly at higher hole-doping levels. Unfortunately, there
are strong finite-size and cluster-geometry effects such that, even if these results are physically
very appealing and plausible, improved and more systematic cluster calculations are necessary
to prove that the D = 2 Hubbard model has a d-wave superconducting ground state.

http://dx.doi.org/10.1103/PhysRevLett.94.156404
http://dx.doi.org/10.1103/PhysRevLett.94.156404
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10 Conclusions and open problems

Dynamical mean-field theory is in many cases too strong an approximation for the description
of physical phenomena in low-dimensional lattice models. Conceptually, cluster extensions
of the DMFT are highly important as they are able to bridge the gap between the single-site
mean-field approach and the exact solution. In practice, however, it very much depends on the
capabilities of the “cluster solver” if the cluster size Lc that can still be treated numerically is
sufficiently large. In almost all interesting cases, i.e., for not too high temperatures etc., the
accessible cluster sizes are unfortunately too small to allow for a systematic and reliable finite-
size scaling, and thus we have to await further progress in the development of solver techniques
(see Ref. [41], for example).
Still the cluster concept represents a big step forward. Its predictions can be checked system-
atically by comparing results for different cluster sizes, it provides complementary information
to plain finite-size simulations, and it does account for important physics that is not captured
by the single-site DMFT. In particular, by self-consistent mapping of the lattice problem onto a
cluster with Lc > 1, it is possible to include the feedback of nonlocal two-particle correlations
on the one-particle quantities, such as the formation of nonlocal opposed to local spin singlets.
Nonlocal correlations on the length scale given by the linear extension of the cluster are treated
accurately, while longer-range correlations are captured on the static mean-field level only.
The application of a cluster approach is thus advisable whenever the physics is crucially af-
fected by nonlocal but short-range correlations. This is the case for the Mott transition in two
dimensions, for example [35,36,38]. To describe phases with spontaneously broken symmetries
that are characterized by a nonlocal order parameter, such as unconventional d-wave supercon-
ductivity, a cluster approach is even necessary.
The cluster extension of the DMFT is not unique. Among the various different approaches, the
cellular DMFT and the dynamical cluster approximation are the most popular. Both are clearly
superior as compared to the more simple cluster-perturbation theory. The variational cluster ap-
proximation stands in between and is attractive if an exact-diagonalization-based cluster solver
shall be employed. If an absent or mild the fermionic sign problem permits the use of a quantum
Monte-Carlo solver, the C-DMFT or DCA represent the methods of choice since the treatment
of the noninteracting bath degrees of freedom comes “for free” and even tend to attenuate the
sign problem. The periodized cellular approach is closely related but appears a bit inconvenient
when systems with broken translation symmetries shall be studied. As a rule of thumb, the
C-DMFT is preferable if local quantities are addressed while observables extending over the
cluster size converge faster with increasing Lc within the DCA.
One should also be aware about a couple of remaining problems. Common to all cluster tech-
niques is the problem that translation symmetries are broken artificially, as is most obvious in the
CPT and the C-DMFT. Additional periodization schemes must be employed which, however,
have some ad hoc character and do not remove a possible intrinsic bias of the approximation
when studying phase diagrams involving spontaneously broken translation symmetries. The
DCA involves a periodization scheme at a deeper level but is also not free of related artifacts
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such as the discontinuous k-dependence of the self-energy. A problem related to artificially
broken translation symmetries is given by lattice models with strongly reduced or even absent
translation symmetries, such as impurities in a correlated lattice, nanostructures at solid sur-
faces, etc. Opposed to the real-space DMFT for inhomogeneous systems, there is no straight-
forward inhomogeneous cluster approach. Another problem, already present on the single-site
mean-field level, is the proper treatment of models with nonlocal or even long-ranged inter-
actions. Here, the cluster concept would allow for an explicit consideration of short-range
nonlocal interactions on the scale of the cluster while an additional static mean-field decoupling
was required for interaction terms across the cluster boundaries. There are, however, other and
probably superior ways to tackle this problem, such as extended DMFT [42] or the dual-boson
method [43].
Diagrammatic routes to treat nonlocal correlations beyond dynamical mean-field theory [39]
represent a very promising alternative to cluster approaches. Here, the idea is compute cor-
rections to the DMFT self-energy through additional Feynman diagrams and to start from a
local approximation for the two-particle vertex instead of the bare Coulomb interaction as a
building block. One of the big advantages is that nonlocal correlations can be accounted for
without breaking translational symmetries. Compared to cluster extensions of DMFT, however,
diagrammatic routes appear less systematic in approaching the full solution of correlated lattice
fermion models.
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[36] M. Balzer, B. Kyung, D. Sénéchal, A.-M.S. Tremblay, and M. Potthoff,
Europhys. Lett. 85, 17002 (2009)

[37] E. Gull, P. Werner, X. Wang, M. Troyer, and A.J. Millis, Europhys. Lett. 84, 37009 (2008)
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