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Fermion-Boson problems:  The Su-Schrieffer-Heeger (SSH) model  
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Su-Schrieffer-Heeger model (SSH)

Rev. Mod. Phys. 60, 781 (1988)
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13.03.18 HQMC simulations of the SSH model 9

         ordered valence bond states (VBS)

Tang & Hirsch, Phys. Rev. B 37, 9546 (1988)

strong bonds weak bonds

Valence Bond Solid
Quantum antiferromagnet/ SSC + CDW

Perfect nesting and Van-Hove  singularity 
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i,� ĉj,� + ĉ

†
j,� ĉi,�
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<latexit sha1_base64="+jHG3W0dUjRQs7hAFiDk+Kt8iKo="></latexit><latexit sha1_base64="+jHG3W0dUjRQs7hAFiDk+Kt8iKo="></latexit><latexit sha1_base64="+jHG3W0dUjRQs7hAFiDk+Kt8iKo="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="E469Am/V+esbdjPBFF4sNuTXhCI="></latexit><latexit sha1_base64="E469Am/V+esbdjPBFF4sNuTXhCI="></latexit><latexit sha1_base64="a22j3uBbepvqkCSkzfJ5mvCp9vw="></latexit><latexit sha1_base64="+jHG3W0dUjRQs7hAFiDk+Kt8iKo="></latexit><latexit sha1_base64="+jHG3W0dUjRQs7hAFiDk+Kt8iKo="></latexit><latexit sha1_base64="+jHG3W0dUjRQs7hAFiDk+Kt8iKo="></latexit><latexit sha1_base64="+jHG3W0dUjRQs7hAFiDk+Kt8iKo="></latexit><latexit sha1_base64="+jHG3W0dUjRQs7hAFiDk+Kt8iKo="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="E469Am/V+esbdjPBFF4sNuTXhCI="></latexit><latexit sha1_base64="E469Am/V+esbdjPBFF4sNuTXhCI="></latexit><latexit sha1_base64="a22j3uBbepvqkCSkzfJ5mvCp9vw="></latexit><latexit sha1_base64="+jHG3W0dUjRQs7hAFiDk+Kt8iKo="></latexit><latexit sha1_base64="+jHG3W0dUjRQs7hAFiDk+Kt8iKo="></latexit><latexit sha1_base64="+jHG3W0dUjRQs7hAFiDk+Kt8iKo="></latexit><latexit sha1_base64="+jHG3W0dUjRQs7hAFiDk+Kt8iKo="></latexit><latexit sha1_base64="+jHG3W0dUjRQs7hAFiDk+Kt8iKo="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="E469Am/V+esbdjPBFF4sNuTXhCI="></latexit><latexit sha1_base64="E469Am/V+esbdjPBFF4sNuTXhCI="></latexit><latexit sha1_base64="a22j3uBbepvqkCSkzfJ5mvCp9vw="></latexit><latexit sha1_base64="+jHG3W0dUjRQs7hAFiDk+Kt8iKo="></latexit><latexit sha1_base64="+jHG3W0dUjRQs7hAFiDk+Kt8iKo="></latexit><latexit sha1_base64="+jHG3W0dUjRQs7hAFiDk+Kt8iKo="></latexit><latexit sha1_base64="+jHG3W0dUjRQs7hAFiDk+Kt8iKo="></latexit><latexit sha1_base64="+jHG3W0dUjRQs7hAFiDk+Kt8iKo="></latexit><latexit sha1_base64="+jHG3W0dUjRQs7hAFiDk+Kt8iKo="></latexit>
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<latexit sha1_base64="X0/MBa+yF6K6/Xuzd76cIXFfTmQ="></latexit><latexit sha1_base64="X0/MBa+yF6K6/Xuzd76cIXFfTmQ="></latexit><latexit sha1_base64="X0/MBa+yF6K6/Xuzd76cIXFfTmQ="></latexit><latexit sha1_base64="X0/MBa+yF6K6/Xuzd76cIXFfTmQ="></latexit>
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<latexit sha1_base64="jpTAfRKvoFmVAxCZ8DlEH/yvrDU="></latexit><latexit sha1_base64="jpTAfRKvoFmVAxCZ8DlEH/yvrDU="></latexit><latexit sha1_base64="jpTAfRKvoFmVAxCZ8DlEH/yvrDU="></latexit><latexit sha1_base64="jpTAfRKvoFmVAxCZ8DlEH/yvrDU="></latexit>
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<latexit sha1_base64="9xvBC7xCJGlIJg8m53MPoA7BYcI=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKcyKoBch4MVjBBMD2SXMTmaTIfNYZmaFEPIbXjwo4tWf8ebfOEn2oIkFDUVVN91dSSa4dRh/B6W19Y3NrfJ2ZWd3b/+genjUtjo3lLWoFtp0EmKZ4Iq1HHeCdTLDiEwEe0xGtzP/8YkZy7V6cOOMxZIMFE85Jc5LUaQlG5AeRjcI96o1XMdzoFUSFqQGBZq96lfU1zSXTDkqiLXdEGcunhDjOBVsWolyyzJCR2TAup4qIpmNJ/Obp+jMK32UauNLOTRXf09MiLR2LBPfKYkb2mVvJv7ndXOXXscTrrLcMUUXi9JcIKfRLADU54ZRJ8aeEGq4vxXRITGEOh9TxYcQLr+8StoX9RDXw/vLWgMXcZThBE7hHEK4ggbcQRNaQCGDZ3iFtyAPXoL34GPRWgqKmWP4g+DzB1mJkIE=</latexit><latexit sha1_base64="9xvBC7xCJGlIJg8m53MPoA7BYcI=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKcyKoBch4MVjBBMD2SXMTmaTIfNYZmaFEPIbXjwo4tWf8ebfOEn2oIkFDUVVN91dSSa4dRh/B6W19Y3NrfJ2ZWd3b/+genjUtjo3lLWoFtp0EmKZ4Iq1HHeCdTLDiEwEe0xGtzP/8YkZy7V6cOOMxZIMFE85Jc5LUaQlG5AeRjcI96o1XMdzoFUSFqQGBZq96lfU1zSXTDkqiLXdEGcunhDjOBVsWolyyzJCR2TAup4qIpmNJ/Obp+jMK32UauNLOTRXf09MiLR2LBPfKYkb2mVvJv7ndXOXXscTrrLcMUUXi9JcIKfRLADU54ZRJ8aeEGq4vxXRITGEOh9TxYcQLr+8StoX9RDXw/vLWgMXcZThBE7hHEK4ggbcQRNaQCGDZ3iFtyAPXoL34GPRWgqKmWP4g+DzB1mJkIE=</latexit><latexit sha1_base64="9xvBC7xCJGlIJg8m53MPoA7BYcI=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKcyKoBch4MVjBBMD2SXMTmaTIfNYZmaFEPIbXjwo4tWf8ebfOEn2oIkFDUVVN91dSSa4dRh/B6W19Y3NrfJ2ZWd3b/+genjUtjo3lLWoFtp0EmKZ4Iq1HHeCdTLDiEwEe0xGtzP/8YkZy7V6cOOMxZIMFE85Jc5LUaQlG5AeRjcI96o1XMdzoFUSFqQGBZq96lfU1zSXTDkqiLXdEGcunhDjOBVsWolyyzJCR2TAup4qIpmNJ/Obp+jMK32UauNLOTRXf09MiLR2LBPfKYkb2mVvJv7ndXOXXscTrrLcMUUXi9JcIKfRLADU54ZRJ8aeEGq4vxXRITGEOh9TxYcQLr+8StoX9RDXw/vLWgMXcZThBE7hHEK4ggbcQRNaQCGDZ3iFtyAPXoL34GPRWgqKmWP4g+DzB1mJkIE=</latexit><latexit sha1_base64="9xvBC7xCJGlIJg8m53MPoA7BYcI=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKcyKoBch4MVjBBMD2SXMTmaTIfNYZmaFEPIbXjwo4tWf8ebfOEn2oIkFDUVVN91dSSa4dRh/B6W19Y3NrfJ2ZWd3b/+genjUtjo3lLWoFtp0EmKZ4Iq1HHeCdTLDiEwEe0xGtzP/8YkZy7V6cOOMxZIMFE85Jc5LUaQlG5AeRjcI96o1XMdzoFUSFqQGBZq96lfU1zSXTDkqiLXdEGcunhDjOBVsWolyyzJCR2TAup4qIpmNJ/Obp+jMK32UauNLOTRXf09MiLR2LBPfKYkb2mVvJv7ndXOXXscTrrLcMUUXi9JcIKfRLADU54ZRJ8aeEGq4vxXRITGEOh9TxYcQLr+8StoX9RDXw/vLWgMXcZThBE7hHEK4ggbcQRNaQCGDZ3iFtyAPXoL34GPRWgqKmWP4g+DzB1mJkIE=</latexit>
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<latexit sha1_base64="KkkruOXyLbajIKlxKLTlHb6AXuY=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiuJCSFEGXBTcuK9gLNCFMpift2MkkzEyEErpz46u4caGIW1/BnW/jtM1CW38Y+PjPOZw5f5hyprTjfFulldW19Y3yZmVre2d3z94/aKskkxRaNOGJ7IZEAWcCWpppDt1UAolDDp1wdD2tdx5AKpaIOz1OwY/JQLCIUaKNFdjH3pDovDsJco8TMeCA2fk99uScJ4FddWrOTHgZ3AKqqFAzsL+8fkKzGISmnCjVc51U+zmRmlEOk4qXKUgJHZEB9AwKEoPy89kdE3xqnD6OEmme0Hjm/p7ISazUOA5NZ0z0UC3WpuZ/tV6moys/ZyLNNAg6XxRlHOsET0PBfSaBaj42QKhk5q+YDokkVJvoKiYEd/HkZWjXa65Tc28vqo16EUcZHaETdIZcdIka6AY1UQtR9Iie0St6s56sF+vd+pi3lqxi5hD9kfX5A5H5mQo=</latexit><latexit sha1_base64="KkkruOXyLbajIKlxKLTlHb6AXuY=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiuJCSFEGXBTcuK9gLNCFMpift2MkkzEyEErpz46u4caGIW1/BnW/jtM1CW38Y+PjPOZw5f5hyprTjfFulldW19Y3yZmVre2d3z94/aKskkxRaNOGJ7IZEAWcCWpppDt1UAolDDp1wdD2tdx5AKpaIOz1OwY/JQLCIUaKNFdjH3pDovDsJco8TMeCA2fk99uScJ4FddWrOTHgZ3AKqqFAzsL+8fkKzGISmnCjVc51U+zmRmlEOk4qXKUgJHZEB9AwKEoPy89kdE3xqnD6OEmme0Hjm/p7ISazUOA5NZ0z0UC3WpuZ/tV6moys/ZyLNNAg6XxRlHOsET0PBfSaBaj42QKhk5q+YDokkVJvoKiYEd/HkZWjXa65Tc28vqo16EUcZHaETdIZcdIka6AY1UQtR9Iie0St6s56sF+vd+pi3lqxi5hD9kfX5A5H5mQo=</latexit><latexit sha1_base64="KkkruOXyLbajIKlxKLTlHb6AXuY=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiuJCSFEGXBTcuK9gLNCFMpift2MkkzEyEErpz46u4caGIW1/BnW/jtM1CW38Y+PjPOZw5f5hyprTjfFulldW19Y3yZmVre2d3z94/aKskkxRaNOGJ7IZEAWcCWpppDt1UAolDDp1wdD2tdx5AKpaIOz1OwY/JQLCIUaKNFdjH3pDovDsJco8TMeCA2fk99uScJ4FddWrOTHgZ3AKqqFAzsL+8fkKzGISmnCjVc51U+zmRmlEOk4qXKUgJHZEB9AwKEoPy89kdE3xqnD6OEmme0Hjm/p7ISazUOA5NZ0z0UC3WpuZ/tV6moys/ZyLNNAg6XxRlHOsET0PBfSaBaj42QKhk5q+YDokkVJvoKiYEd/HkZWjXa65Tc28vqo16EUcZHaETdIZcdIka6AY1UQtR9Iie0St6s56sF+vd+pi3lqxi5hD9kfX5A5H5mQo=</latexit><latexit sha1_base64="KkkruOXyLbajIKlxKLTlHb6AXuY=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiuJCSFEGXBTcuK9gLNCFMpift2MkkzEyEErpz46u4caGIW1/BnW/jtM1CW38Y+PjPOZw5f5hyprTjfFulldW19Y3yZmVre2d3z94/aKskkxRaNOGJ7IZEAWcCWpppDt1UAolDDp1wdD2tdx5AKpaIOz1OwY/JQLCIUaKNFdjH3pDovDsJco8TMeCA2fk99uScJ4FddWrOTHgZ3AKqqFAzsL+8fkKzGISmnCjVc51U+zmRmlEOk4qXKUgJHZEB9AwKEoPy89kdE3xqnD6OEmme0Hjm/p7ISazUOA5NZ0z0UC3WpuZ/tV6moys/ZyLNNAg6XxRlHOsET0PBfSaBaj42QKhk5q+YDokkVJvoKiYEd/HkZWjXa65Tc28vqo16EUcZHaETdIZcdIka6AY1UQtR9Iie0St6s56sF+vd+pi3lqxi5hD9kfX5A5H5mQo=</latexit>



Fermion-Boson problems:  The Su-Schrieffer-Heeger (SSH) model  

Partial particle-hole symmetry

Time reversal symmetry   (Survives finite doping and and hence allows simulations at finite chemical potential)
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<latexit sha1_base64="8FyLzX3Akox3C2McvgCzVST4g1Y="></latexit><latexit sha1_base64="8FyLzX3Akox3C2McvgCzVST4g1Y="></latexit><latexit sha1_base64="8FyLzX3Akox3C2McvgCzVST4g1Y="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="rQ20K2/kGjcawcQHYn398eupReg="></latexit><latexit sha1_base64="rQ20K2/kGjcawcQHYn398eupReg="></latexit><latexit sha1_base64="NiaOTykuxlLW3Jby+kQLz42VB8Y="></latexit><latexit sha1_base64="8FyLzX3Akox3C2McvgCzVST4g1Y="></latexit><latexit sha1_base64="8FyLzX3Akox3C2McvgCzVST4g1Y="></latexit><latexit sha1_base64="8FyLzX3Akox3C2McvgCzVST4g1Y="></latexit><latexit sha1_base64="8FyLzX3Akox3C2McvgCzVST4g1Y="></latexit><latexit sha1_base64="8FyLzX3Akox3C2McvgCzVST4g1Y="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="rQ20K2/kGjcawcQHYn398eupReg="></latexit><latexit sha1_base64="rQ20K2/kGjcawcQHYn398eupReg="></latexit><latexit sha1_base64="NiaOTykuxlLW3Jby+kQLz42VB8Y="></latexit><latexit sha1_base64="8FyLzX3Akox3C2McvgCzVST4g1Y="></latexit><latexit sha1_base64="8FyLzX3Akox3C2McvgCzVST4g1Y="></latexit><latexit sha1_base64="8FyLzX3Akox3C2McvgCzVST4g1Y="></latexit><latexit sha1_base64="8FyLzX3Akox3C2McvgCzVST4g1Y="></latexit><latexit sha1_base64="8FyLzX3Akox3C2McvgCzVST4g1Y="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="rQ20K2/kGjcawcQHYn398eupReg="></latexit><latexit sha1_base64="rQ20K2/kGjcawcQHYn398eupReg="></latexit><latexit sha1_base64="NiaOTykuxlLW3Jby+kQLz42VB8Y="></latexit><latexit sha1_base64="8FyLzX3Akox3C2McvgCzVST4g1Y="></latexit><latexit sha1_base64="8FyLzX3Akox3C2McvgCzVST4g1Y="></latexit><latexit sha1_base64="8FyLzX3Akox3C2McvgCzVST4g1Y="></latexit><latexit sha1_base64="8FyLzX3Akox3C2McvgCzVST4g1Y="></latexit><latexit sha1_base64="8FyLzX3Akox3C2McvgCzVST4g1Y="></latexit><latexit sha1_base64="8FyLzX3Akox3C2McvgCzVST4g1Y="></latexit>h
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<latexit sha1_base64="9XEqTb7I/EGBkf1mjc8ULqxDz58=">AAACF3icbVBNS8NAEN34bf2qevSyWAQPUhIR9CIUvHisYFuhCWGy3TSLmw92J0IJ+Rde/CtePCjiVW/+G7dtDtr6YODx3gwz84JMCo22/W0tLC4tr6yurdc2Nre2d+q7e12d5orxDktlqu4C0FyKhHdQoOR3meIQB5L3gvursd974EqLNLnFUca9GIaJCAUDNJJfb1JX8hD71I0Ai3bpFy7ILILyZKpcl9RVYhihR+kltf16w27aE9B54lSkQSq0/fqXO0hZHvMEmQSt+46doVeAQsEkL2turnkG7B6GvG9oAjHXXjH5q6RHRhnQMFWmEqQT9fdEAbHWozgwnTFgpGe9sfif188xvPAKkWQ58oRNF4W5pJjScUh0IBRnKEeGAFPC3EpZBAoYmihrJgRn9uV50j1tOnbTuTlrtE6rONbIATkkx8Qh56RFrkmbdAgjj+SZvJI368l6sd6tj2nrglXN7JM/sD5/ACE0now=</latexit><latexit sha1_base64="9XEqTb7I/EGBkf1mjc8ULqxDz58=">AAACF3icbVBNS8NAEN34bf2qevSyWAQPUhIR9CIUvHisYFuhCWGy3TSLmw92J0IJ+Rde/CtePCjiVW/+G7dtDtr6YODx3gwz84JMCo22/W0tLC4tr6yurdc2Nre2d+q7e12d5orxDktlqu4C0FyKhHdQoOR3meIQB5L3gvursd974EqLNLnFUca9GIaJCAUDNJJfb1JX8hD71I0Ai3bpFy7ILILyZKpcl9RVYhihR+kltf16w27aE9B54lSkQSq0/fqXO0hZHvMEmQSt+46doVeAQsEkL2turnkG7B6GvG9oAjHXXjH5q6RHRhnQMFWmEqQT9fdEAbHWozgwnTFgpGe9sfif188xvPAKkWQ58oRNF4W5pJjScUh0IBRnKEeGAFPC3EpZBAoYmihrJgRn9uV50j1tOnbTuTlrtE6rONbIATkkx8Qh56RFrkmbdAgjj+SZvJI368l6sd6tj2nrglXN7JM/sD5/ACE0now=</latexit><latexit sha1_base64="9XEqTb7I/EGBkf1mjc8ULqxDz58=">AAACF3icbVBNS8NAEN34bf2qevSyWAQPUhIR9CIUvHisYFuhCWGy3TSLmw92J0IJ+Rde/CtePCjiVW/+G7dtDtr6YODx3gwz84JMCo22/W0tLC4tr6yurdc2Nre2d+q7e12d5orxDktlqu4C0FyKhHdQoOR3meIQB5L3gvursd974EqLNLnFUca9GIaJCAUDNJJfb1JX8hD71I0Ai3bpFy7ILILyZKpcl9RVYhihR+kltf16w27aE9B54lSkQSq0/fqXO0hZHvMEmQSt+46doVeAQsEkL2turnkG7B6GvG9oAjHXXjH5q6RHRhnQMFWmEqQT9fdEAbHWozgwnTFgpGe9sfif188xvPAKkWQ58oRNF4W5pJjScUh0IBRnKEeGAFPC3EpZBAoYmihrJgRn9uV50j1tOnbTuTlrtE6rONbIATkkx8Qh56RFrkmbdAgjj+SZvJI368l6sd6tj2nrglXN7JM/sD5/ACE0now=</latexit><latexit sha1_base64="9XEqTb7I/EGBkf1mjc8ULqxDz58=">AAACF3icbVBNS8NAEN34bf2qevSyWAQPUhIR9CIUvHisYFuhCWGy3TSLmw92J0IJ+Rde/CtePCjiVW/+G7dtDtr6YODx3gwz84JMCo22/W0tLC4tr6yurdc2Nre2d+q7e12d5orxDktlqu4C0FyKhHdQoOR3meIQB5L3gvursd974EqLNLnFUca9GIaJCAUDNJJfb1JX8hD71I0Ai3bpFy7ILILyZKpcl9RVYhihR+kltf16w27aE9B54lSkQSq0/fqXO0hZHvMEmQSt+46doVeAQsEkL2turnkG7B6GvG9oAjHXXjH5q6RHRhnQMFWmEqQT9fdEAbHWozgwnTFgpGe9sfif188xvPAKkWQ58oRNF4W5pJjScUh0IBRnKEeGAFPC3EpZBAoYmihrJgRn9uV50j1tOnbTuTlrtE6rONbIATkkx8Qh56RFrkmbdAgjj+SZvJI368l6sd6tj2nrglXN7JM/sD5/ACE0now=</latexit>

P̂�1
" ŜSSiP̂" = ⌘̂⌘⌘i

<latexit sha1_base64="1FtSGNjl0O0R2cecs6yK9CHI3iU=">AAACOnicbVC7SgNBFJ31bXxFLW0Gg2Bj2BVBGyFgYxnRRCG7Lncnk2TI7IOZu0pY9rts/Ao7CxsLRWz9ACebLdR4YOBwzrncuSdIpNBo28/WzOzc/MLi0nJlZXVtfaO6udXWcaoYb7FYxuomAM2liHgLBUp+kygOYSD5dTA8G/vXd1xpEUdXOEq4F0I/Ej3BAI3kVy/cAWDWzP3MTRNQKr7Pb7MDJ6eF7iZhkF3muS8onQ7SU/oj5nKEcdKv1uy6XYBOE6ckNVKi6Vef3G7M0pBHyCRo3XHsBL0MFAomeV5xU80TYEPo846hEYRce1lxek73jNKlvViZFyEt1J8TGYRaj8LAJEPAgf7rjcX/vE6KvRMvE1GSIo/YZFEvlRRjOu6RdoXiDOXIEGBKmL9SNgAFDE3bFVOC8/fkadI+rDt23bk4qjUOyzqWyA7ZJfvEIcekQc5Jk7QIIw/khbyRd+vRerU+rM9JdMYqZ7bJL1hf32CLr38=</latexit><latexit sha1_base64="1FtSGNjl0O0R2cecs6yK9CHI3iU=">AAACOnicbVC7SgNBFJ31bXxFLW0Gg2Bj2BVBGyFgYxnRRCG7Lncnk2TI7IOZu0pY9rts/Ao7CxsLRWz9ACebLdR4YOBwzrncuSdIpNBo28/WzOzc/MLi0nJlZXVtfaO6udXWcaoYb7FYxuomAM2liHgLBUp+kygOYSD5dTA8G/vXd1xpEUdXOEq4F0I/Ej3BAI3kVy/cAWDWzP3MTRNQKr7Pb7MDJ6eF7iZhkF3muS8onQ7SU/oj5nKEcdKv1uy6XYBOE6ckNVKi6Vef3G7M0pBHyCRo3XHsBL0MFAomeV5xU80TYEPo846hEYRce1lxek73jNKlvViZFyEt1J8TGYRaj8LAJEPAgf7rjcX/vE6KvRMvE1GSIo/YZFEvlRRjOu6RdoXiDOXIEGBKmL9SNgAFDE3bFVOC8/fkadI+rDt23bk4qjUOyzqWyA7ZJfvEIcekQc5Jk7QIIw/khbyRd+vRerU+rM9JdMYqZ7bJL1hf32CLr38=</latexit><latexit sha1_base64="1FtSGNjl0O0R2cecs6yK9CHI3iU=">AAACOnicbVC7SgNBFJ31bXxFLW0Gg2Bj2BVBGyFgYxnRRCG7Lncnk2TI7IOZu0pY9rts/Ao7CxsLRWz9ACebLdR4YOBwzrncuSdIpNBo28/WzOzc/MLi0nJlZXVtfaO6udXWcaoYb7FYxuomAM2liHgLBUp+kygOYSD5dTA8G/vXd1xpEUdXOEq4F0I/Ej3BAI3kVy/cAWDWzP3MTRNQKr7Pb7MDJ6eF7iZhkF3muS8onQ7SU/oj5nKEcdKv1uy6XYBOE6ckNVKi6Vef3G7M0pBHyCRo3XHsBL0MFAomeV5xU80TYEPo846hEYRce1lxek73jNKlvViZFyEt1J8TGYRaj8LAJEPAgf7rjcX/vE6KvRMvE1GSIo/YZFEvlRRjOu6RdoXiDOXIEGBKmL9SNgAFDE3bFVOC8/fkadI+rDt23bk4qjUOyzqWyA7ZJfvEIcekQc5Jk7QIIw/khbyRd+vRerU+rM9JdMYqZ7bJL1hf32CLr38=</latexit><latexit sha1_base64="1FtSGNjl0O0R2cecs6yK9CHI3iU=">AAACOnicbVC7SgNBFJ31bXxFLW0Gg2Bj2BVBGyFgYxnRRCG7Lncnk2TI7IOZu0pY9rts/Ao7CxsLRWz9ACebLdR4YOBwzrncuSdIpNBo28/WzOzc/MLi0nJlZXVtfaO6udXWcaoYb7FYxuomAM2liHgLBUp+kygOYSD5dTA8G/vXd1xpEUdXOEq4F0I/Ej3BAI3kVy/cAWDWzP3MTRNQKr7Pb7MDJ6eF7iZhkF3muS8onQ7SU/oj5nKEcdKv1uy6XYBOE6ckNVKi6Vef3G7M0pBHyCRo3XHsBL0MFAomeV5xU80TYEPo846hEYRce1lxek73jNKlvViZFyEt1J8TGYRaj8LAJEPAgf7rjcX/vE6KvRMvE1GSIo/YZFEvlRRjOu6RdoXiDOXIEGBKmL9SNgAFDE3bFVOC8/fkadI+rDt23bk4qjUOyzqWyA7ZJfvEIcekQc5Jk7QIIw/khbyRd+vRerU+rM9JdMYqZ7bJL1hf32CLr38=</latexit>
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<latexit sha1_base64="NLGRLUH51R9n1AA88g9HLpJXW8k="></latexit><latexit sha1_base64="NLGRLUH51R9n1AA88g9HLpJXW8k="></latexit><latexit sha1_base64="NLGRLUH51R9n1AA88g9HLpJXW8k="></latexit><latexit sha1_base64="NLGRLUH51R9n1AA88g9HLpJXW8k="></latexit>
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<latexit sha1_base64="X0/MBa+yF6K6/Xuzd76cIXFfTmQ="></latexit><latexit sha1_base64="X0/MBa+yF6K6/Xuzd76cIXFfTmQ="></latexit><latexit sha1_base64="X0/MBa+yF6K6/Xuzd76cIXFfTmQ="></latexit><latexit sha1_base64="X0/MBa+yF6K6/Xuzd76cIXFfTmQ="></latexit>

Symmetries

T̂ 2 = �1
<latexit sha1_base64="79SNMx3fhy4pgCAwq31Vdz98a/8=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCF0tSBL0IBS8eK/QL2lg22027dLMJuxOlxPwULx4U8eov8ea/cdvmoK0PBh7vzTAzz48F1+A431ZhbX1jc6u4XdrZ3ds/sMuHbR0lirIWjUSkuj7RTHDJWsBBsG6sGAl9wTr+5Gbmdx6Y0jySTZjGzAvJSPKAUwJGGtjl/phA2szu01qGr/G5iwd2xak6c+BV4uakgnI0BvZXfxjRJGQSqCBa91wnBi8lCjgVLCv1E81iQidkxHqGShIy7aXz0zN8apQhDiJlSgKeq78nUhJqPQ190xkSGOtlbyb+5/USCK68lMs4ASbpYlGQCAwRnuWAh1wxCmJqCKGKm1sxHRNFKJi0SiYEd/nlVdKuVV2n6t5dVOq1PI4iOkYn6Ay56BLV0S1qoBai6BE9o1f0Zj1ZL9a79bFoLVj5zBH6A+vzB1gukq0=</latexit><latexit sha1_base64="79SNMx3fhy4pgCAwq31Vdz98a/8=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCF0tSBL0IBS8eK/QL2lg22027dLMJuxOlxPwULx4U8eov8ea/cdvmoK0PBh7vzTAzz48F1+A431ZhbX1jc6u4XdrZ3ds/sMuHbR0lirIWjUSkuj7RTHDJWsBBsG6sGAl9wTr+5Gbmdx6Y0jySTZjGzAvJSPKAUwJGGtjl/phA2szu01qGr/G5iwd2xak6c+BV4uakgnI0BvZXfxjRJGQSqCBa91wnBi8lCjgVLCv1E81iQidkxHqGShIy7aXz0zN8apQhDiJlSgKeq78nUhJqPQ190xkSGOtlbyb+5/USCK68lMs4ASbpYlGQCAwRnuWAh1wxCmJqCKGKm1sxHRNFKJi0SiYEd/nlVdKuVV2n6t5dVOq1PI4iOkYn6Ay56BLV0S1qoBai6BE9o1f0Zj1ZL9a79bFoLVj5zBH6A+vzB1gukq0=</latexit><latexit sha1_base64="79SNMx3fhy4pgCAwq31Vdz98a/8=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCF0tSBL0IBS8eK/QL2lg22027dLMJuxOlxPwULx4U8eov8ea/cdvmoK0PBh7vzTAzz48F1+A431ZhbX1jc6u4XdrZ3ds/sMuHbR0lirIWjUSkuj7RTHDJWsBBsG6sGAl9wTr+5Gbmdx6Y0jySTZjGzAvJSPKAUwJGGtjl/phA2szu01qGr/G5iwd2xak6c+BV4uakgnI0BvZXfxjRJGQSqCBa91wnBi8lCjgVLCv1E81iQidkxHqGShIy7aXz0zN8apQhDiJlSgKeq78nUhJqPQ190xkSGOtlbyb+5/USCK68lMs4ASbpYlGQCAwRnuWAh1wxCmJqCKGKm1sxHRNFKJi0SiYEd/nlVdKuVV2n6t5dVOq1PI4iOkYn6Ay56BLV0S1qoBai6BE9o1f0Zj1ZL9a79bFoLVj5zBH6A+vzB1gukq0=</latexit><latexit sha1_base64="79SNMx3fhy4pgCAwq31Vdz98a/8=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCF0tSBL0IBS8eK/QL2lg22027dLMJuxOlxPwULx4U8eov8ea/cdvmoK0PBh7vzTAzz48F1+A431ZhbX1jc6u4XdrZ3ds/sMuHbR0lirIWjUSkuj7RTHDJWsBBsG6sGAl9wTr+5Gbmdx6Y0jySTZjGzAvJSPKAUwJGGtjl/phA2szu01qGr/G5iwd2xak6c+BV4uakgnI0BvZXfxjRJGQSqCBa91wnBi8lCjgVLCv1E81iQidkxHqGShIy7aXz0zN8apQhDiJlSgKeq78nUhJqPQ190xkSGOtlbyb+5/USCK68lMs4ASbpYlGQCAwRnuWAh1wxCmJqCKGKm1sxHRNFKJi0SiYEd/nlVdKuVV2n6t5dVOq1PI4iOkYn6Ay56BLV0S1qoBai6BE9o1f0Zj1ZL9a79bFoLVj5zBH6A+vzB1gukq0=</latexit>

with



Fermion-Boson problems:  The Su-Schrieffer-Heeger (SSH) model  

U(N) symmetry is manifest 0
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ĉi,N
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ĉi,1
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ĉi,N

1

CA , U†U = 1

<latexit sha1_base64="h8TIp3ufWbMMtxYQly6ec+HyeK4="></latexit><latexit sha1_base64="h8TIp3ufWbMMtxYQly6ec+HyeK4="></latexit><latexit sha1_base64="h8TIp3ufWbMMtxYQly6ec+HyeK4="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="j/guVYSPPNYdE2vfGJxZ4L/h430="></latexit><latexit sha1_base64="j/guVYSPPNYdE2vfGJxZ4L/h430="></latexit><latexit sha1_base64="du6ngX7CvuMdrE6W3SsrjC/wsjQ="></latexit><latexit sha1_base64="h8TIp3ufWbMMtxYQly6ec+HyeK4="></latexit><latexit sha1_base64="h8TIp3ufWbMMtxYQly6ec+HyeK4="></latexit><latexit sha1_base64="h8TIp3ufWbMMtxYQly6ec+HyeK4="></latexit><latexit sha1_base64="h8TIp3ufWbMMtxYQly6ec+HyeK4="></latexit><latexit sha1_base64="h8TIp3ufWbMMtxYQly6ec+HyeK4="></latexit><latexit sha1_base64="h8TIp3ufWbMMtxYQly6ec+HyeK4="></latexit>

Majorana fermions

0

BBBBBBBB@

�̂i,1,1
...

�̂i,i,N

�̂i,2,1
...

�̂i,2,N

1

CCCCCCCCA

! O

0

BBBBBBBB@

�̂i,1,1
...

�̂i,i,N

�̂i,2,1
...

�̂i,2,N

1

CCCCCCCCA

, O
T
O = 1

<latexit sha1_base64="MtnM84zvJIEHrLoGsjjFvCtXRA4="></latexit><latexit sha1_base64="MtnM84zvJIEHrLoGsjjFvCtXRA4="></latexit><latexit sha1_base64="MtnM84zvJIEHrLoGsjjFvCtXRA4="></latexit><latexit sha1_base64="MtnM84zvJIEHrLoGsjjFvCtXRA4="></latexit>

O(2N) symmetry is now  manifest
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ĉ
†
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<latexit sha1_base64="X0/MBa+yF6K6/Xuzd76cIXFfTmQ="></latexit><latexit sha1_base64="X0/MBa+yF6K6/Xuzd76cIXFfTmQ="></latexit><latexit sha1_base64="X0/MBa+yF6K6/Xuzd76cIXFfTmQ="></latexit><latexit sha1_base64="X0/MBa+yF6K6/Xuzd76cIXFfTmQ="></latexit>

Symmetries
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<latexit sha1_base64="r99ADjrUBGESGPAPw8P/BUosGao="></latexit><latexit sha1_base64="r99ADjrUBGESGPAPw8P/BUosGao="></latexit><latexit sha1_base64="r99ADjrUBGESGPAPw8P/BUosGao="></latexit><latexit sha1_base64="r99ADjrUBGESGPAPw8P/BUosGao="></latexit>

{�̂j,↵,�, �̂i,�,�0} = 2�i,j�↵,���,�0
<latexit sha1_base64="Mt4Zzx2bypR5acVCPo/AsyPwbh4="></latexit><latexit sha1_base64="Mt4Zzx2bypR5acVCPo/AsyPwbh4="></latexit><latexit sha1_base64="Mt4Zzx2bypR5acVCPo/AsyPwbh4="></latexit><latexit sha1_base64="Mt4Zzx2bypR5acVCPo/AsyPwbh4="></latexit>
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<latexit sha1_base64="bQmqVGlPsaSKuR3wPD8e0LbKtdE="></latexit><latexit sha1_base64="bQmqVGlPsaSKuR3wPD8e0LbKtdE="></latexit><latexit sha1_base64="bQmqVGlPsaSKuR3wPD8e0LbKtdE="></latexit><latexit sha1_base64="bQmqVGlPsaSKuR3wPD8e0LbKtdE="></latexit>
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<latexit sha1_base64="MonlMwa9W1TuQj5VML0qbInLtYU="></latexit><latexit sha1_base64="MonlMwa9W1TuQj5VML0qbInLtYU="></latexit><latexit sha1_base64="MonlMwa9W1TuQj5VML0qbInLtYU="></latexit><latexit sha1_base64="MonlMwa9W1TuQj5VML0qbInLtYU="></latexit>



Fermion-Boson problems:  Unconstrained gauge theories
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m
<latexit sha1_base64="q5wrLCKL5vHC40INGnGINPuDoVo="></latexit><latexit sha1_base64="q5wrLCKL5vHC40INGnGINPuDoVo="></latexit><latexit sha1_base64="q5wrLCKL5vHC40INGnGINPuDoVo="></latexit><latexit sha1_base64="q5wrLCKL5vHC40INGnGINPuDoVo="></latexit>

Bosonic variables.

Local Z2 conservation law
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<latexit sha1_base64="nyELAARnraLQoMUYRC8MZmyg0Cw="></latexit><latexit sha1_base64="nyELAARnraLQoMUYRC8MZmyg0Cw="></latexit><latexit sha1_base64="nyELAARnraLQoMUYRC8MZmyg0Cw="></latexit><latexit sha1_base64="nyELAARnraLQoMUYRC8MZmyg0Cw="></latexit>

b̂†hi,ji =
!mX̂hi,ji � iP̂hi,jip

2!m
<latexit sha1_base64="c1nZih8sKL3bYTY0y8COJu0ZpK0="></latexit><latexit sha1_base64="c1nZih8sKL3bYTY0y8COJu0ZpK0="></latexit><latexit sha1_base64="c1nZih8sKL3bYTY0y8COJu0ZpK0="></latexit><latexit sha1_base64="c1nZih8sKL3bYTY0y8COJu0ZpK0="></latexit>

h
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<latexit sha1_base64="9gdEyzqi1Nye/RsE5DGJF0EWpsI="></latexit><latexit sha1_base64="9gdEyzqi1Nye/RsE5DGJF0EWpsI="></latexit><latexit sha1_base64="9gdEyzqi1Nye/RsE5DGJF0EWpsI="></latexit><latexit sha1_base64="9gdEyzqi1Nye/RsE5DGJF0EWpsI="></latexit>

Boson parity on star Fermion parity on site
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j,� ĉi,�

⌘
+

X

hi,ji

"
P̂

2
hi,ji

2m
+

k

2
X̂

2
hi,ji

#

<latexit sha1_base64="X0/MBa+yF6K6/Xuzd76cIXFfTmQ="></latexit><latexit sha1_base64="X0/MBa+yF6K6/Xuzd76cIXFfTmQ="></latexit><latexit sha1_base64="X0/MBa+yF6K6/Xuzd76cIXFfTmQ="></latexit><latexit sha1_base64="X0/MBa+yF6K6/Xuzd76cIXFfTmQ="></latexit>



Fermion-Boson problems:  Unconstrained gauge theories

!0 =

r
k

m
<latexit sha1_base64="q5wrLCKL5vHC40INGnGINPuDoVo="></latexit><latexit sha1_base64="q5wrLCKL5vHC40INGnGINPuDoVo="></latexit><latexit sha1_base64="q5wrLCKL5vHC40INGnGINPuDoVo="></latexit><latexit sha1_base64="q5wrLCKL5vHC40INGnGINPuDoVo="></latexit>

Retain only one phonon excita/on per bond,  float  � : 1 · · ·N
<latexit sha1_base64="cOGsuB9/jwrF55WliTF6RC1ESaU="></latexit><latexit sha1_base64="cOGsuB9/jwrF55WliTF6RC1ESaU="></latexit><latexit sha1_base64="cOGsuB9/jwrF55WliTF6RC1ESaU="></latexit><latexit sha1_base64="cOGsuB9/jwrF55WliTF6RC1ESaU="></latexit>

!0 =

r
k

m
<latexit sha1_base64="q5wrLCKL5vHC40INGnGINPuDoVo="></latexit><latexit sha1_base64="q5wrLCKL5vHC40INGnGINPuDoVo="></latexit><latexit sha1_base64="q5wrLCKL5vHC40INGnGINPuDoVo="></latexit><latexit sha1_base64="q5wrLCKL5vHC40INGnGINPuDoVo="></latexit>

Simple Fermionic Model of Deconfined Phases and Phase Transitions

F. F. Assaad1 and Tarun Grover2,3
1Institut für Theoretische Physik und Astrophysik, Universität Würzburg, 97074 Würzburg, Germany

2Department of Physics, University of California at San Diego, La Jolla, California 92093, USA
3Kavli Institute for Theoretical Physics, University of California, Santa Barbara, California 93106, USA
(Received 7 August 2016; revised manuscript received 2 November 2016; published 12 December 2016)

Using quantum Monte Carlo simulations, we study a series of models of fermions coupled to quantum
Ising spins on a square lattice with N flavors of fermions per site for N ¼ 1, 2, and 3. The models have an
extensive number of conserved quantities but are not integrable, and they have rather rich phase diagrams
consisting of several exotic phases and phase transitions that lie beyond the Landau-Ginzburg paradigm.
In particular, one of the prominent phases for N > 1 corresponds to 2N gapless Dirac fermions coupled to
an emergent Z2 gauge field in its deconfined phase. However, unlike a conventional Z2 gauge theory, we
do not impose “Gauss’s Law” by hand; instead, it emerges because of spontaneous symmetry breaking.
Correspondingly, unlike a conventional Z2 gauge theory in two spatial dimensions, our models have a
finite-temperature phase transition associated with the melting of the order parameter that dynamically
imposes the Gauss’s law constraint at zero temperature. By tuning a parameter, the deconfined phase
undergoes a transition into a short-range entangled phase, which corresponds to Néel antiferromagnet or
superconductor for N ¼ 2 and a valence-bond solid for N ¼ 3. Furthermore, for N ¼ 3, the valence-bond
solid further undergoes a transition to a Néel phase consistent with the deconfined quantum critical
phenomenon studied earlier in the context of quantum magnets.

DOI: 10.1103/PhysRevX.6.041049 Subject Areas: Condensed Matter Physics,
Strongly Correlated Materials

I. INTRODUCTION

Ground states of strongly interacting electronic systems
can exhibit an extremely rich variety of phases. One way
to organize our understanding is to classify the zero-
temperature phases by their entanglement structure at
long distances and low energies [1–9]. Gapped phases that
possess a local order parameter are characterized by short-
range entanglement; that is, the reduced density matrix of a
large subsystem A can be understood simply by patching
together density matrices of smaller subsystems Ai whose
union is A [10]. This is no longer true for gapless phases
such as Fermi liquids [11–13] or gapped topological
phases such as a fractional quantum Hall liquid, and such
phases are thus said to possess “long-range entanglement”
[7,8,14].
Experience as well as heuristic arguments suggest that

Hamiltonians whose ground states possess long-range
entanglement are relatively difficult to simulate on a
classical computer. For example, even a phase as ubiqui-
tous and as well understood as a Fermi liquid is rather hard
to simulate numerically because fermions at finite density
with repulsive interactions tend to have an intricate sign

structure in their wave functions, leading to the infamous
Monte Carlo fermion sign problem [15–17]. Similarly,
fractional quantum Hall phases again possess a nontrivial
sign structure to their wave functions [18]; therefore, they are
so far amenable only via techniques such as exact diago-
nalization [19,20] and the density matrix renormalization
group [21], which are restricted to only small two-
dimensional systems because of exponential scaling of
numerical cost with system size. However, long-range
entangled phases exist that do not suffer from the
Monte Carlo sign problem. Two prominent examples are
(1) interacting Dirac fermions with an even number of
flavors [22] and (2) a gapped Z2 topological ordered system
such as a toric code Hamiltonian [14] in a magnetic field
[23]. The absence of a sign problem for the former is related
to the positive fermion determinant, while in the latter
case, the Hamiltonian has nonpositive off-diagonal elements
in a local basis, allowing one to sample the corresponding
Boltzmann weight efficiently [24]. In this paper, we study a
sign-problem-free model that has a ground state with
features of both of the aforementioned long-range entangled
phases together, namely, Dirac fermions coupled to a
fluctuating Z2 gauge field. By tuning parameters in the
Hamiltonian, we also study competition with symmetry-
breaking short-range entangled phases, which leads to novel,
strongly interacting, quantum critical phenomena.
Our Hamiltonian [Eq. (1)] is partially motivated by a

recent study of nematic instability of a Fermi surface [25]
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and velocity fluctuations in Dirac metals [26]. It consists of
N species of fermions on the vertices of a square lattice
interacting with quantum Ising spins that live on the links
of the same square lattice. However, in contrast to the
Hamiltonian in Ref. [25], our Hamiltonian has a local Z2

invariance, which leads to LxLy conserved operators on a
Lx × Ly lattice. Furthermore, we restrict ourselves to half-
filling; thus, at low energies, instead of a Fermi surface, we
obtain either Fermi points or no fermions (e.g., a Mott
insulator). These differences completely alter the phase
diagram of our model compared to Ref. [25].
The phase diagram for various values of N is summa-

rized in Fig. 1. For N > 1, we find that when the kinetic
energy of the aforementioned Ising spins is small compared
to the kinetic energy of the fermions, the ground state
resembles the deconfined phase of the Z2 gauge theory
coupled to 2N Dirac fermions (the N ¼ 1 case is special in
that the deconfined fermions are unstable to infinitesimal
interactions). However, as we will discuss in detail, there
is an important distinction between this phase and the
deconfined phase of a conventional Z2 gauge matter theory
(Refs. [27–29]). Namely, the local Z2 invariance in our
model is an actual symmetry of the Hamiltonian, in
contrast to the so-called “gauge symmetry” in gauge-matter
theories, which just corresponds to redundancy in the
description of the physical states. This is because we do
not project the Hilbert space of our Hamiltonian to gauge-
invariant states; that is, we do not impose Gauss’s law.
Instead, in our model, Gauss’s law in the ground state
emerges because of spontaneous symmetry breaking as the
locally conserved operators order in a certain definite
pattern. One physical significance of this result is that,
in contrast to regular Z2 gauge theory, in our model, equal-
space, unequal-time, non-gauge-invariant correlation func-
tions do not vanish identically. Furthermore, there is a
finite-temperature Ising transition corresponding to the
restoration of the aforementioned symmetry.
As the kinetic energy of the Ising degrees of freedom

is increased, we find that the aforementioned gapless
Dirac deconfined phase enters a symmetry-broken confined
phase. The nature of symmetry breaking depends on the
value of N. For N ¼ 1, it corresponds to a charge density
wave, while for N ¼ 2, because of an enlarged symmetry,
the symmetry-broken phase can correspond to a super-
conductor or a Néel AFM, depending on the sign of the
infinitesimal symmetry-breaking field. The N ¼ 3 case is
even richer. We find that after exiting the deconfined phase,
the model enters a VBS phase, and as the tuning parameter
controlling the kinetic energy of Ising spins is tuned further,
the valence-bond-solid quantum melts and yields a Néel
AFM phase. The phase transition between the VBS and
AFM phase, if second order, corresponds to a deconfined
quantum critical point [30], reported earlier in the context
of quantum magnets [31,32]. Our results are consistent
with a second-order transition.

II. MODEL AND SYMMETRIES

Our model reads

Ĥ ¼
X

hi;ji
Ẑhi;ji

!XN

α¼1

ĉ†i;αĉj;α þ H:c:
"
− Nh

X

hi;ji
X̂hi;ji: ð1Þ

Here, ĉ†i;α creates a fermion of flavor α in a Wannier state
centered around lattice site i of a square lattice, and the sum
runs over bonds of nearest neighbors. Each bond, b ¼ hi; ji,
accommodates a two-level system spanned by the Hilbert

(e)(d)

(a)

(b) (c)

FIG. 1. Schematic zero-temperature phase diagram of the
model in Eq. (1) (a), as well as cartoons (b)–(e) of a selected
number of phases. (a) We observe a Z2 Dirac deconfined phase
(Z2D), a Néel antiferromagnet phase (AFM) [or a superconductor
(SC), depending on the pattern of particle-hole symmetry break-
ing], a charge density wave (CDW) phase, and a valence-bond
solid (VBS). For N ¼ 1, we do not find evidence for a Z2D phase
beyond h ¼ 0, consistent with the arguments in the main text.
The phase transitions from the Z2D to AFM/SC (N ¼ 2) and
VBS (N ¼ 3) are seemingly continuous. At N ¼ 3, we observe a
deconfined quantum critical point (DCQP) between the VBS and
AFM phases. (b)–(e) Cartoons of the corresponding phases.
Circles correspond to fermions, and the color code corresponds
to the flavor index. Circles with two colors represent a pair of
fermions on a site with corresponding flavors. The low-energy
properties of the Z2D phase resemble SUðNÞ fermions propa-
gating freely in space-time and connected by a Z2 gauge string
(b). The symmetry-broken phases correspond to the confined
phases of the model. At N ¼ 3, the AFM phase (e) has the
fundamental (conjugate) representation of SU(3) on sublattice
A (B). The corresponding Young tableaux are included. The VBS
phase (d) corresponds to a pattern of intersite SU(3) singlets.
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†
j,� ĉi,�
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and velocity fluctuations in Dirac metals [26]. It consists of
N species of fermions on the vertices of a square lattice
interacting with quantum Ising spins that live on the links
of the same square lattice. However, in contrast to the
Hamiltonian in Ref. [25], our Hamiltonian has a local Z2

invariance, which leads to LxLy conserved operators on a
Lx × Ly lattice. Furthermore, we restrict ourselves to half-
filling; thus, at low energies, instead of a Fermi surface, we
obtain either Fermi points or no fermions (e.g., a Mott
insulator). These differences completely alter the phase
diagram of our model compared to Ref. [25].
The phase diagram for various values of N is summa-

rized in Fig. 1. For N > 1, we find that when the kinetic
energy of the aforementioned Ising spins is small compared
to the kinetic energy of the fermions, the ground state
resembles the deconfined phase of the Z2 gauge theory
coupled to 2N Dirac fermions (the N ¼ 1 case is special in
that the deconfined fermions are unstable to infinitesimal
interactions). However, as we will discuss in detail, there
is an important distinction between this phase and the
deconfined phase of a conventional Z2 gauge matter theory
(Refs. [27–29]). Namely, the local Z2 invariance in our
model is an actual symmetry of the Hamiltonian, in
contrast to the so-called “gauge symmetry” in gauge-matter
theories, which just corresponds to redundancy in the
description of the physical states. This is because we do
not project the Hilbert space of our Hamiltonian to gauge-
invariant states; that is, we do not impose Gauss’s law.
Instead, in our model, Gauss’s law in the ground state
emerges because of spontaneous symmetry breaking as the
locally conserved operators order in a certain definite
pattern. One physical significance of this result is that,
in contrast to regular Z2 gauge theory, in our model, equal-
space, unequal-time, non-gauge-invariant correlation func-
tions do not vanish identically. Furthermore, there is a
finite-temperature Ising transition corresponding to the
restoration of the aforementioned symmetry.
As the kinetic energy of the Ising degrees of freedom

is increased, we find that the aforementioned gapless
Dirac deconfined phase enters a symmetry-broken confined
phase. The nature of symmetry breaking depends on the
value of N. For N ¼ 1, it corresponds to a charge density
wave, while for N ¼ 2, because of an enlarged symmetry,
the symmetry-broken phase can correspond to a super-
conductor or a Néel AFM, depending on the sign of the
infinitesimal symmetry-breaking field. The N ¼ 3 case is
even richer. We find that after exiting the deconfined phase,
the model enters a VBS phase, and as the tuning parameter
controlling the kinetic energy of Ising spins is tuned further,
the valence-bond-solid quantum melts and yields a Néel
AFM phase. The phase transition between the VBS and
AFM phase, if second order, corresponds to a deconfined
quantum critical point [30], reported earlier in the context
of quantum magnets [31,32]. Our results are consistent
with a second-order transition.

II. MODEL AND SYMMETRIES

Our model reads

Ĥ ¼
X

hi;ji
Ẑhi;ji

!XN

α¼1

ĉ†i;αĉj;α þ H:c:
"
− Nh

X

hi;ji
X̂hi;ji: ð1Þ

Here, ĉ†i;α creates a fermion of flavor α in a Wannier state
centered around lattice site i of a square lattice, and the sum
runs over bonds of nearest neighbors. Each bond, b ¼ hi; ji,
accommodates a two-level system spanned by the Hilbert
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(b) (c)

FIG. 1. Schematic zero-temperature phase diagram of the
model in Eq. (1) (a), as well as cartoons (b)–(e) of a selected
number of phases. (a) We observe a Z2 Dirac deconfined phase
(Z2D), a Néel antiferromagnet phase (AFM) [or a superconductor
(SC), depending on the pattern of particle-hole symmetry break-
ing], a charge density wave (CDW) phase, and a valence-bond
solid (VBS). For N ¼ 1, we do not find evidence for a Z2D phase
beyond h ¼ 0, consistent with the arguments in the main text.
The phase transitions from the Z2D to AFM/SC (N ¼ 2) and
VBS (N ¼ 3) are seemingly continuous. At N ¼ 3, we observe a
deconfined quantum critical point (DCQP) between the VBS and
AFM phases. (b)–(e) Cartoons of the corresponding phases.
Circles correspond to fermions, and the color code corresponds
to the flavor index. Circles with two colors represent a pair of
fermions on a site with corresponding flavors. The low-energy
properties of the Z2D phase resemble SUðNÞ fermions propa-
gating freely in space-time and connected by a Z2 gauge string
(b). The symmetry-broken phases correspond to the confined
phases of the model. At N ¼ 3, the AFM phase (e) has the
fundamental (conjugate) representation of SU(3) on sublattice
A (B). The corresponding Young tableaux are included. The VBS
phase (d) corresponds to a pattern of intersite SU(3) singlets.
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and velocity fluctuations in Dirac metals [26]. It consists of
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interacting with quantum Ising spins that live on the links
of the same square lattice. However, in contrast to the
Hamiltonian in Ref. [25], our Hamiltonian has a local Z2

invariance, which leads to LxLy conserved operators on a
Lx × Ly lattice. Furthermore, we restrict ourselves to half-
filling; thus, at low energies, instead of a Fermi surface, we
obtain either Fermi points or no fermions (e.g., a Mott
insulator). These differences completely alter the phase
diagram of our model compared to Ref. [25].
The phase diagram for various values of N is summa-

rized in Fig. 1. For N > 1, we find that when the kinetic
energy of the aforementioned Ising spins is small compared
to the kinetic energy of the fermions, the ground state
resembles the deconfined phase of the Z2 gauge theory
coupled to 2N Dirac fermions (the N ¼ 1 case is special in
that the deconfined fermions are unstable to infinitesimal
interactions). However, as we will discuss in detail, there
is an important distinction between this phase and the
deconfined phase of a conventional Z2 gauge matter theory
(Refs. [27–29]). Namely, the local Z2 invariance in our
model is an actual symmetry of the Hamiltonian, in
contrast to the so-called “gauge symmetry” in gauge-matter
theories, which just corresponds to redundancy in the
description of the physical states. This is because we do
not project the Hilbert space of our Hamiltonian to gauge-
invariant states; that is, we do not impose Gauss’s law.
Instead, in our model, Gauss’s law in the ground state
emerges because of spontaneous symmetry breaking as the
locally conserved operators order in a certain definite
pattern. One physical significance of this result is that,
in contrast to regular Z2 gauge theory, in our model, equal-
space, unequal-time, non-gauge-invariant correlation func-
tions do not vanish identically. Furthermore, there is a
finite-temperature Ising transition corresponding to the
restoration of the aforementioned symmetry.
As the kinetic energy of the Ising degrees of freedom

is increased, we find that the aforementioned gapless
Dirac deconfined phase enters a symmetry-broken confined
phase. The nature of symmetry breaking depends on the
value of N. For N ¼ 1, it corresponds to a charge density
wave, while for N ¼ 2, because of an enlarged symmetry,
the symmetry-broken phase can correspond to a super-
conductor or a Néel AFM, depending on the sign of the
infinitesimal symmetry-breaking field. The N ¼ 3 case is
even richer. We find that after exiting the deconfined phase,
the model enters a VBS phase, and as the tuning parameter
controlling the kinetic energy of Ising spins is tuned further,
the valence-bond-solid quantum melts and yields a Néel
AFM phase. The phase transition between the VBS and
AFM phase, if second order, corresponds to a deconfined
quantum critical point [30], reported earlier in the context
of quantum magnets [31,32]. Our results are consistent
with a second-order transition.
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Here, ĉ†i;α creates a fermion of flavor α in a Wannier state
centered around lattice site i of a square lattice, and the sum
runs over bonds of nearest neighbors. Each bond, b ¼ hi; ji,
accommodates a two-level system spanned by the Hilbert

(e)(d)

(a)

(b) (c)

FIG. 1. Schematic zero-temperature phase diagram of the
model in Eq. (1) (a), as well as cartoons (b)–(e) of a selected
number of phases. (a) We observe a Z2 Dirac deconfined phase
(Z2D), a Néel antiferromagnet phase (AFM) [or a superconductor
(SC), depending on the pattern of particle-hole symmetry break-
ing], a charge density wave (CDW) phase, and a valence-bond
solid (VBS). For N ¼ 1, we do not find evidence for a Z2D phase
beyond h ¼ 0, consistent with the arguments in the main text.
The phase transitions from the Z2D to AFM/SC (N ¼ 2) and
VBS (N ¼ 3) are seemingly continuous. At N ¼ 3, we observe a
deconfined quantum critical point (DCQP) between the VBS and
AFM phases. (b)–(e) Cartoons of the corresponding phases.
Circles correspond to fermions, and the color code corresponds
to the flavor index. Circles with two colors represent a pair of
fermions on a site with corresponding flavors. The low-energy
properties of the Z2D phase resemble SUðNÞ fermions propa-
gating freely in space-time and connected by a Z2 gauge string
(b). The symmetry-broken phases correspond to the confined
phases of the model. At N ¼ 3, the AFM phase (e) has the
fundamental (conjugate) representation of SU(3) on sublattice
A (B). The corresponding Young tableaux are included. The VBS
phase (d) corresponds to a pattern of intersite SU(3) singlets.
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Mind the pseudogap
The discovery of predicted collective electronic behaviour in copper-oxide 
superconductors in the non-superconducting state provides clues to unlocking the 
24-year-old mystery of high-temperature superconductivity. SEE LETTER P.283

C H A N D R A  V A R M A

The phenomenon of high-temperature 
superconductivity is a beautiful and 
well-posed scientific problem with 

many facets. On page 283 of this issue, Li et al.1 
report observing a special kind of intense col-
lective electronic fluctuation in the most 
mysterious phase of matter exhibited by high-
temperature superconducting copper-oxide 
materials (cuprates). Taken together with pre-
vious experimental2–6 and theoretical7 work, 
this observation significantly narrows the 
range of directions likely to be fruitful in the 
quest to understand high-temperature super-
conductivity. The authors performed their 
experiments in two samples of HgBa2CuO4+δ, 
which has one of the simplest crystal structures 
of any of the cuprate families and is ideal for 
such studies.

Li and colleagues’ experiments1 pertain to 
the pseudogap region of the phase diagram of 
the cuprates (Fig. 1), a sort of precursor state 
to the superconducting phase that most con-
densed-matter physicists regard as the Rosetta 
Stone for discovering the physical principles 
that underlie the cuprates’ behaviour. On 
entering the pseudogap region, at a temper-
ature below T* but above the temperature 
below which superconductivity emerges (Tc), 
all cuprates’ thermodynamic and electronic-
transport properties change by a large amount 
owing to the materials’ loss of low-energy  
electronic excitations.

The pseudogap region is bounded on one 
side by a region of remarkably simple but 
unusual properties, which do not fit into the 
Fermi-liquid-type model that has been used to 
describe metals at low temperatures for about 
a hundred years. Some researchers got to grips 
with understanding this ‘strange-metal’ region 
early in the history of high-Tc superconduct-
ivity, by hypothesizing a quantum critical point 

in the dome-shaped superconductivity region 
of the phase diagram (Fig. 1). This point would 
occur at zero temperature and would involve 
a change in the symmetry of the mater ials’ 
electronic structure. Because Tc is determined 
by the materials’ collective electronic excita-
tions in the non-superconducting state, it is 
un arguable that the coupling of electrons to 
such excitations in the strange-metal region 
and their modifications in the pseudogap 
region lead to high-Tc superconductivity.

If it exists, a quantum critical point in the 

Figure 1 | Phase diagram of the cuprates. At very 
low levels of electron–hole doping, cuprates are 
insulating and antiferromagnetic (the materials’ 
neighbouring spins point in opposite directions). 
At increased doping levels, they become 
conducting, and the exact temperature and doping 
level determine which phase of matter they will 
be in. At temperatures below Tc, they become 
superconducting, and at temperatures above Tc but 
below T* they fall into the pseudogap phase. The 
boundary of the pseudogap region at low doping 
levels is unknown. The transition between the 
Fermi-liquid phase and the strange-metal phase 
occurs gradually (by crossover). QCP denotes the 
quantum critical point at which the temperature 
T* goes to absolute zero. Li and colleagues’ study1 
pertains to the pseudogap phase.
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conditions. Both groups agree that, under  
conditions optimized by geneticists for growth 
in conventional laboratories, aneuploid cells 
usually divide less rapidly than cells with the 
normal chromosomal complement.

An important distinction in the methods 
used to generate the aneuploid strains might 
explain the differences in the findings2,7,8. 
Torres et al.7,8 engineered yeast cells with a  
haploid (single) set of chromosomes to carry 
one extra chromosome and then selected for 
faster growth using conventional lab condi-
tions for 9–14 days — a time frame during 
which mutations are expected to accumulate. 
By contrast, Pavelka et al. analysed strains that 
often carried multiple aneuploid chromosomes 
and, importantly, minimized the number of 
generations before analysis. This illustrates a 
crucial truism of experimental genetics: you 
get what you select for.

Pavelka and co-workers also directly 
address a controversy concerning the role of 
excess proteins in aneuploid cells. Previously, 
Torres et al.7 proposed that there is a specific 
set of genes and proteins that are regulated in 
response to aneuploidy in general. In their 
more recent study8, they showed that some 
20% of proteins exhibit levels that do not 
track with gene copy number, and that a large 
proportion of these proteins are members of 
macromolecular complexes. By contrast, other 
groups9,10 have found that the levels of most 
proteins generally reflect changes in chromo-
some copy number and that less than 5% of 
the proteins exhibit ‘dosage compensation’ 
— whereby the relative protein level is inde-
pendent of gene-copy number. Pavelka et al. 
specifically test this hypothesis by quantitative 
mass spectrometry of about 2,000 proteins in 
each of five aneuploid strains and do not find 
compelling evidence for specific dosage com-
pensation of protein-complex components.  

Overall, these studies2,7–10 are consistent with 
the idea that aneuploidy is not a single, unique 
state and that all aneuploid strains do not share 
a single, common phenotype or protein profile.  
Rather, different aneuploid strains use differ-
ent mechanisms for optimal growth under  
different conditions. This conclusion may be 
less satisfying than a single, simple answer, 
especially given the crucial implications for  
cancer cells: it remains unclear whether  
cancer cells divide uncontrollably because 
they are aneuploid and/or because they have  
accumulated mutations that allow them to  
tolerate aneuploidy. But it should be remem-
bered that work on cancer cells themselves11 
suggests that not all aneuploidies are equal: 
aneuploidy can either promote or inhibit  
tumorigenesis, depending on the context. 
Pavelka and colleagues’ work2 therefore  
supports the idea that, whereas mutations  
can facilitate the proliferation of aneuploid 
cells, aneuploidy itself can be sufficient to  
provide a growth advantage under a broad 
range of stress conditions. O
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The Ising nematic quantum critical point (QCP) associated with the zero temperature transition
from a symmetric to a nematic metal is an exemplar of metallic quantum criticality. We have carried
out a minus sign-free quantum Monte Carlo study of this QCP for a two dimensional lattice model
with sizes up to 24⇥ 24 sites. The system remains non-superconducting down to the lowest acces-
sible temperatures. The results exhibit scaling behavior over the accessible ranges of temperature,
(imaginary) time, and distance. This scaling behavior has remarkable similarities with recently
measured properties of the Fe-based superconductors proximate to their putative nematic QCP.

I. INTRODUCTION

A hallmark of strongly correlated electron systems is
the competition of ground states with di↵erent kinds of
order.[1] In this context, a central set of unsettled theo-
retical issues concerns the character of quantum critical
points (QCPs) in metals [2–4]. Such metallic QCPs have
been identified in several heavy fermion compounds[5];
evidence for quantum critical behavior has also been
found in the ruthenate Sr3Ru2O7 [6, 7], and the cuprate
and iron-based superconductors [8]. Quantum critical-
ity is also often invoked as a possible explanation of the
“strange” or “bad” metal behavior seen in a variety of
such materials [9–16].

To date, there exists no satisfactory theory of metallic
QCPs in d = 2 or 3 spatial dimensions although a number
of field theoretic approaches have been attempted [17–
34]. Among the unsettled issues are: a) the values of
critical exponents, and which properties can be expressed
as scaling functions involving these exponents, b) the ex-
tent to which metallic QCPs are preempted by super-
conducting [35–43] or other forms [38, 44, 45] of auxil-
iary order, that gap out the Fermi surface, c) whether
there exists a “non-Fermi liquid” metal in the quantum
critical regime. Controlled theoretical methods, that can
be used both to benchmark the field theories and for
comparison with experiments, are greatly needed. Deter-
minant quantum Monte Carlo (DQMC)[46, 47]–in par-
ticular, in cases where the fermion sign problem can
be circumvented [48–50]–may serve this purpose. Such
methods have been successfully applied in several prob-
lems in which critical bosonic fluctuations are coupled to
fermions with a Dirac-like dispersion [51–53].

In this paper, we report a DQMC study of a two-
dimensional sign problem-free lattice model that exhibits
an “Ising nematic” QCP in a metal at finite fermion
density; in the nematic phase, the discrete lattice ro-
tational symmetry is spontaneously broken from C4 to
C2. This is a particularly relevant QCP given that ne-

⇤These authors have contributed equally to this work.

matic order [54–59] and nematic quantum critical fluctu-
ations [60–65] have been observed in many of the mate-
rials mentioned above.

Our simulations are limited to finite system sizes – up
to 24 ⇥ 24 lattice sites. Within our numerical accuracy,
we find evidence for a continuous nematic quantum phase
transition with critical exponents that are significantly
di↵erent from those of a nematic QCP in an insulator.
Specifically, in the disordered phase near the QCP, where
the dimensionless quantum control parameter h � hc, the
thermodynamic (zero frequency) nematic two-point cor-
relator (defined in Eq. 5) is consistent with the following
functional description:

D(h, T,q, i!n = 0) ⇡


A

T� + b(h � hc) + |q|2

��

(1)

where T is the temperature, q is the wave-vector, !n is

2 2.5 3 3.5 4 4.5
0

0.5

1

1.5

2

h

T

hchc0

Nematic

Symmetric

Quantum
critical

FIG. 1: Phase diagram of the model obtained by DQMC,
as a function of the transverse field h and temperature T .
Here, V = t, ↵ = 0.5, µ = �0.5t. The solid line marks
the transition temperature, TN , between the nematic and the
symmetric phases. The line extrapolates to the T = 0 QCP
at hc. The dashed line marks Tcross, where the nematic sus-
ceptibility reaches 50% of its magnitude at h = hc ⇡ 3.525 at
the same temperature. The pale (grey) lines show the corre-
sponding temperatures for the case ↵ = 0 (where the fermions
and pseudospins are decoupled). In this case, the QCP occurs
at hc0 ⇡ 3.06.
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Sec. I we define the lattice Hamiltonian and describe its
phase diagram; in the next section, we provide evidence
for the statements above regarding bosonic correlations
(IIIA), superconductivity (III C), and single-fermion cor-
relations (III D); finally, in Sec. IV, we discuss various
caveats concerning the interpretation of our results, and
their bearing on both prior theoretical work and the in-
terpretation of experiments.

II. MODEL AND PHASE DIAGRAM

Our model is illustrated in Fig. 3, and is defined on
a two-dimensional square lattice. Every lattice site hosts
a single (spinful) fermionic degree of freedom. Each link
has a pseudospin-1/2 degree of freedom that couples to
the fermion bond-density. The system is described by
the following Hamiltonian:

H = Hf + Hb + Hint, (3)

where

Hf = �t
X

hi,ji,�

c†
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c
j�

� µ
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X
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c†
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c
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. (4)

Here, c†
j�

creates a fermion on site j with spin � =", #,
hi, ji denotes a pair of nearest-neighbor sites on the
square lattice, t and µ are the hopping strength and
chemical potential, respectively, ⌧a

i,j
(a = x, y, z) denote

Pauli matrices that act on the pseudospin that lives on
the bond connecting the neighboring sites i and j, V > 0
is the nearest-neighbor Ising interaction between neigh-
boring pseudospins (here, hhi, ji; hk, lii denotes a pair of
nearest-neighbor bonds), h · V is the strength of a trans-
verse field that acts on the pseudospins, and ↵ is the

c†
j�

⌧x,y,z

i,j

V

t

FIG. 3: Illustration of the lattice model (3). Spinful electrons
reside on the sites, while the Ising pseudospins live on the
bonds. The pseudospins interact with their neighbors antifer-
romagnetically, and are coupled to the fermion bond density.

dimensionless coupling strength between the pseudospin
and the fermion bond density.

The pseudospins are not related to the physical spins
of the electrons; their ordering corresponds to a nematic
transition. The model (3) should be viewed as an e↵ec-
tive lattice model, designed to give a nematic QCP. Mi-
croscopically, the nematic degrees of freedom could rep-
resent (via Hubbard-Stratonovich transformation) inter-
actions involving the same electrons that form the Fermi
surface, or another, independent degree of freedom (such
as a phonon mode that becomes soft at a structural tran-
sition). So long as the properties of the QCP are uni-
versal, the low-energy behavior does not depend on its
microscopic origin.

For ↵ = 0, the system is composed of two decoupled
sets of degrees of freedom: free fermions, and pseudospins
governed by Hb, which has the form of a d = 2 transverse
field Ising model. At zero temperature, the pseudospins
undergo a second-order quantum phase transition from
a paramagnet to an “antiferromagnet” that breaks 90�

rotational symmetry at h = hc0. This transition is in the
3 dimensional classical Ising universality class. At T = 0,
the pseudospin degrees of freedom are gapped in both the
nematic and isotropic phases. At finite temperatures,
a line of second-order classical d = 2 Ising transitions
extends from the QCP in the h � T plane.

Forn non-zero ↵, the phase diagram is similar, but ex-
hibits quantitative and qualitative modifications. Fig. 1
shows the phase diagram, obtained by DQMC, for both
↵ = 0 and ↵ 6= 0. The ↵ 6= 0 transition between the
nematic and isotropic phases remains second order, and
extrapolates to a new QCP, shifted relative to hc0. More
striking is the change in the slope with which the phase
boundary, TN (h), approaches the QCP. For ↵ = 0, the
slope diverges at low temperature, consistent with the ex-
pectation for the transverse field Ising transition, where
TN / |h � hc0|⌫z with ⌫ = 0.63 and z = 1. In contrast,
for ↵ > 0, we find that TN / (hc � h). On the disor-
dered side of the transition, we define a crossover line by
identifying hcross(T ) as the value of h at which the static
susceptibility at fixed T has fallen to half of its value
at h = hc. Tcross(h), the inverse of hcross, also vanishes
linearly with h upon approaching the QCP, although its
slope is steeper than that of TN (h).

The linear behavior of TN (h) for small hc � h is also
seen for other model parameters. In Fig. 4 we show the
phase diagram for two values of the fermion density, con-
trolled by the chemical potential µ. As the fermion den-
sity is reduced, both hc � hc0 and the range over which
TN (h) is linear become smaller, indicating that the e↵ect
of the coupling between electrons near the Fermi surface
and the nematic modes becomes weaker. The fact that
TN (h) appears linear at low temperature for both values
of fermion density is consistent with this being a univer-
sal property of the metallic QCP.

3
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conducting [35–43] or other forms [38, 44, 45] of auxil-
iary order, that gap out the Fermi surface, c) whether
there exists a “non-Fermi liquid” metal in the quantum
critical regime. Controlled theoretical methods, that can
be used both to benchmark the field theories and for
comparison with experiments, are greatly needed. Deter-
minant quantum Monte Carlo (DQMC)[46, 47]–in par-
ticular, in cases where the fermion sign problem can
be circumvented [48–50]–may serve this purpose. Such
methods have been successfully applied in several prob-
lems in which critical bosonic fluctuations are coupled to
fermions with a Dirac-like dispersion [51–53].

In this paper, we report a DQMC study of a two-
dimensional sign problem-free lattice model that exhibits
an “Ising nematic” QCP in a metal at finite fermion
density; in the nematic phase, the discrete lattice ro-
tational symmetry is spontaneously broken from C4 to
C2. This is a particularly relevant QCP given that ne-

⇤These authors have contributed equally to this work.

matic order [54–59] and nematic quantum critical fluctu-
ations [60–65] have been observed in many of the mate-
rials mentioned above.

Our simulations are limited to finite system sizes – up
to 24 ⇥ 24 lattice sites. Within our numerical accuracy,
we find evidence for a continuous nematic quantum phase
transition with critical exponents that are significantly
di↵erent from those of a nematic QCP in an insulator.
Specifically, in the disordered phase near the QCP, where
the dimensionless quantum control parameter h � hc, the
thermodynamic (zero frequency) nematic two-point cor-
relator (defined in Eq. 5) is consistent with the following
functional description:

D(h, T,q, i!n = 0) ⇡


A

T� + b(h � hc) + |q|2

��

(1)

where T is the temperature, q is the wave-vector, !n is
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Quantum
critical

FIG. 1: Phase diagram of the model obtained by DQMC,
as a function of the transverse field h and temperature T .
Here, V = t, ↵ = 0.5, µ = �0.5t. The solid line marks
the transition temperature, TN , between the nematic and the
symmetric phases. The line extrapolates to the T = 0 QCP
at hc. The dashed line marks Tcross, where the nematic sus-
ceptibility reaches 50% of its magnitude at h = hc ⇡ 3.525 at
the same temperature. The pale (grey) lines show the corre-
sponding temperatures for the case ↵ = 0 (where the fermions
and pseudospins are decoupled). In this case, the QCP occurs
at hc0 ⇡ 3.06.
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the Matsubara frequency, and A, b, and  are positive
dimensionful constants. We find that the exponents in
this expression take values � = 1.0±0.1 and � = 1.0±0.1.
(See Fig. 8.)

This implies, among other things, that the uniform
susceptibility � ⌘ D(h, T,0, 0) has a Curie-Weiss form
with an e↵ective Weiss temperature which varies linearly
with (hc � h), as can be seen in Fig. 1. Eq. 1 can be
viewed as a scaling relation, D(h, T,q, 0) = ⇠�/⌫� (x, y),
where ⇠ ⇠ |h � hc|�⌫ , x = T ⇠z̃, y = |q|⇠. In Eq. 1,�
is the conventionally defined susceptibility exponent, the
correlation length exponent ⌫ ⌘ �/(2 � ⌘), where ⌘ is
the anomalous dimension of the nematic field, and we
have introduced an “apparent dynamical exponent,” z̃ =
(⌫�)�1. The values of these exponents derived from our
Monte Carlo data are given in Table I.

To illustrate the significance of these exponents, note
that working backwards from the exponents correspond-
ing to the d + z dimensional classical Ising model with
dynamical exponent z = 1 (also listed in Table I) would
yield � = 1.96, � = 1.24, and 2 � ⌘ = 1.96. Indeed, we
find critical exponents consistent with this expectation
by DQMC when we set to zero the coupling between the
critical fluctuations and the fermions.

Including results at finite (Matsubara) frequencies,
we find a wide intermediate regime where the full
dynamical fluctuation spectrum is well described by
the simple “functional approximant” D(h, T,q, i!n) ⇡
A(h, T,q, i!n), where

A(h, T,q, i!n) ⌘ A

T + b(h � hc) + |q|2 + c|!n|
. (2)

However, in contrast with the thermodynamic correlation
function, as shown in Fig. 10, the dynamical response
exhibits noticeable deviations from this form for the few
lowest values of |q|; |q| ⇠ 2⇡/L where L is the system
width. It is unclear whether these deviations should be
dismissed as finite size e↵ects, or taken as indicators of
a di↵erent form of dynamical scaling closer to criticality,
i.e. at lower temperatures and larger system sizes than
are presently accessible. Taking Eq. (2) at face value, one
finds the dynamical critical exponent z ⇡ 2, as would
be obtained from a naive dynamical scaling assumption
z̃ = z. This last result is at odds with theoretical expec-
tations, [102] and so requires special analysis, especially
given that there are reasons to question the validity of
naive dynamical scaling [3, 16].

In the fermionic sector we find results consistent with
strongly renormalized Fermi liquid, “marginal Fermi liq-
uid” [66], or weakly non-Fermi liquid behavior down to
our lowest temperatures (Tmin ⇡ 0.02EF , where EF is
the Fermi energy). In particular, at the QCP, the e↵ec-
tive quasiparticle weight, ZkF(T ), defined in terms of the
single-fermion Green’s function in Eq. (14), remains sub-
stantial. However, it monotonically decreases on cooling,
with downward curvature. In a Fermi liquid, ZkF(T )
would approach a positive limit as T ! 0, while in a
weak non-Fermi liquid, it would vanish in proportion to

TABLE I: Critical exponents for a 2d quantum Ising QCP
with z = 1 (classical 3d Ising), and for the Ising nematic QCP
in a metal from our DQMC simulations. In the limit of van-
ishing coupling to the fermions, exponents from our DQMC
simulations are consistent with 3d classical Ising values. z̃ is
the “apparent dynamical exponent” defined below Eq. (1).

Critical Exponents ⌫ � ⌘ z̃
2d Ising QCP 0.63 1.24 0.04 1.0
2d metallic Ising ne-
matic QCP

0.5± 0.1 1.0± 0.1 0.0± 0.3 2.0± 0.3

FIG. 2: Fermion Green’s function, G(k, ⌧ = �/2), as a func-
tion of momentum k across the Brillouin zone for three dif-
ferent values of the transverse field: h = 3.35 (in the nematic
phase), h = 3.525 (near the QCP), and h = 3.7 (in the dis-
ordered phase). In the nematically ordered phase, the data
is averaged over both orientations of the order parameter.
G(k, ⌧ = �/2) is proportional to the integral over the spec-
tral function A(k,!) over an energy window of width T [see
Eq. (11)]. The temperature is T = 1/8, and the system size
is L = 20. The data were taken from systems with either pe-
riodic or anti-periodic boundary conditions. The Fermi sur-
faces are seen as peaks in G(k, ⌧ = �/2). The lower right
panel shows the Fermi surface of the bare band structure.

a small power of T . Fig. 2 shows maps of the low-energy
spectral weight as a function of momentum in the dis-
ordered phase, at the QCP, and in the ordered phase.
The existence[67] of “cold-spots” along the zone diago-
nals, where the quasiparticles are relatively weakly scat-
tered, is apparent. Finally, no superconducting transition
is found down to our lowest temperatures, although the
superconducting susceptibility in the s-wave channel is
peaked about h ⇡ hc. (See Fig. 13.)

The remainder of the paper is organized as follows: in
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Quantum Monte Carlo: Formulation

Multidimensional integral
à Monte Carlo

One body problem in external 
field à Polynomial complexity

:   Hubbard-Stratonovich
(or  arbitrary field with 
predefined dynamics)

Z = Tre��Ĥ =

Z
D {�(xxx, ⌧)} e�S{�(xxx,⌧)}
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But in the low temperature limit:

  
eiϕ Φ{ }( )
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= Z / Z ∝ e−βN e0−e0( ) = e−βVΔ

  

δ Z /Z( )
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<< 1 but δ Z /Z( ) ≈ 1
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Quantum Monte Carlo Simulation of Frustrated Kondo Lattice Models

Toshihiro Sato,1 Fakher F. Assaad,1 and Tarun Grover2
1Institut für Theoretische Physik und Astrophysik, Universität Würzburg, 97074 Würzburg, Germany
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(Received 24 November 2017; published 8 March 2018)

The absence of the negative sign problem in quantum Monte Carlo simulations of spin and
fermion systems has different origins. World-line based algorithms for spins require positivity of
matrix elements whereas auxiliary field approaches for fermions depend on symmetries such as
particle-hole symmetry. For negative-sign-free spin and fermionic systems, we show that one can
formulate a negative-sign-free auxiliary field quantum Monte Carlo algorithm that allows Kondo
coupling of fermions with the spins. Using this general approach, we study a half-filled Kondo
lattice model on the honeycomb lattice with geometric frustration. In addition to the conventional
Kondo insulator and antiferromagnetically ordered phases, we find a partial Kondo screened state
where spins are selectively screened so as to alleviate frustration, and the lattice rotation symmetry is
broken nematically.

DOI: 10.1103/PhysRevLett.120.107201

Introduction.—Unconventional, highly entangled
states can arise if one starts from a system with a
large, perhaps infinite, ground state degeneracy, and
then perturb it slightly to lift the degeneracy. Fractional
quantum Hall systems clearly fall in this category—at
any fractional filling the noninteracting problem of
electrons in Landau levels has an infinite number of
ground states in the thermodynamic limit. Perturbing
this system with interactions leads to a particular
superposition of these ground states that corresponds
to fractional quantum Hall states. Geometrically frus-
trated spin systems provide a different class of similar
phenomenon. As an example, consider a square lattice
where each link ij that connects vertices i, j hosts a
spin-1/2 spin Ŝi;j which interact via the Hamiltonian
Ĥclassical ¼ J

P
i;j;k;l∈□Ŝ

z
ijŜ

z
jkŜ

z
klŜ

z
li. This model has an

extensive ground state entropy. Now consider a per-
turbed model: Ĥquantum ¼ Ĥclassical þ ϵŜxi . For nonzero
ϵ ≪ 1, the ground state of this new model is identical to
that of Kitaev’s celebrated toric code [1]: it corresponds
to an equal weight superposition of the ground states
of Ĥclassical. Motivated by these examples, we ask what
phases emerge when a geometrically frustrated spin
system is coupled to fermions. In this Letter, we will
describe a quantum Monte Carlo (QMC) algorithm that
allows one to study a large class of frustrated magnets
Kondo coupled to fermions, and demonstrate the algo-
rithm by studying a specific model that exhibits new
partial Kondo screened (PKS) phases.
For concreteness, consider the following Hamiltonian

of interacting fermions and spins, Ĥ ¼ ĤSpin þ ĤFermion þ
ĤKondo, where

ĤSpin ¼
X

i;j

½JzijŜzi Ŝzj þJ⊥ijðŜþi Ŝ−j þ H:c:Þ&;

ĤFermion ¼
X

x;y;σ

ĉ†xσTx;yĉyσ þ
X

x

U
!
n̂x;↓ −

1

2

"!
n̂x;↑ −

1

2

"
;

ĤKondo ¼
X

i;x

JKi;x
2

ĉ†x½σz · Ŝzi −ð−1ÞxðσþŜ−i þ σ−Ŝþi Þ&ĉx.

ð1Þ

Here the spin 1/2 local moments (electrons) Ŝi ½ĉ†x ¼
ðĉ†x;↑; ĉ

†
x;↓Þ& reside on a graph with sites labeled by i, j (x, y).

Jzij, J
⊥
ij defines the potentially frustrated spin model and

Tx;y the hopping matrix elements of conduction electrons
subject to electron correlations modeled by a Hubbard U
term [2]. The local moments and electrons interact via the
Kondo coupling JKi;x. For the sake of generality we have
included the phase factor ð−1Þx in the Kondo coupling.
This phase factor plays no role if the transverse spin
interaction is bipartite, or if the Kondo coupling includes
conduction electron only on one sublattice.
It is natural to ask when such Hamiltonians do not suffer

from the “sign problem” [3,4], which can make it impos-
sible to simulate quantum systems using finite resources
[5]. There are two potential sources of the sign problem:
the fermions and the geometrical frustration of spins.
Conventionally, these difficulties are tackled in two very
different ways. If the fermions were at half-filling on a
bipartite lattice, then one can employ a determinantal
QMC approach to solve this problem [4,6–8], whereas
for spins, if the condition J⊥ij < 0 is met (which still allows
for geometrical frustration [9,10]), then one can employ a
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Sampling (critical slowing down)   à Global updates

Directed  loops  for bosonic models with retarded interactions

Hybrid QMC à Global updates for fermion-boson systems 

Machine learning ...

Directed-Loop Quantum Monte Carlo Method for Retarded Interactions

Manuel Weber, Fakher F. Assaad, and Martin Hohenadler
Institut für Theoretische Physik und Astrophysik, Universität Würzburg, 97074 Würzburg, Germany

(Received 28 April 2017; published 31 August 2017)

The directed-loop quantum Monte Carlo method is generalized to the case of retarded interactions.
Using the path integral, fermion-boson or spin-boson models are mapped to actions with retarded
interactions by analytically integrating out the bosons. This yields an exact algorithm that combines the
highly efficient loop updates available in the stochastic series expansion representation with the advantages
of avoiding a direct sampling of the bosons. The application to electron-phonon models reveals that the
method overcomes the previously detrimental issues of long autocorrelation times and exponentially
decreasing acceptance rates. For example, the resulting dramatic speedup allows us to investigate the
Peierls quantum phase transition on chains of up to 1282 sites.

DOI: 10.1103/PhysRevLett.119.097401

Introduction.—In the absence of general exact solutions
for strongly correlated quantum systems, the development
of efficient numerical methods is a central objective. For
the one-dimensional (1D) case, the density-matrix renorm-
alization group (DMRG) method [1,2] has become the
standard. However, it is much less efficient for higher
dimensions, finite temperatures, or long-range interactions,
so that quantum Monte Carlo (QMC) methods are often
advantageous. The latter yield high-precision results for
rather general 1D fermion and spin Hamiltonians. In
particular, the cost for QMC simulations of path integrals
in the stochastic series expansion (SSE) representation [3]
scales linearly with system size L and inverse temperature
β ¼ 1 =kBT. Autocorrelation times are short due to the use
of cluster updates (operator loops or directed loops) [4–6].
While usually restricted to 1D fermionic models by the
sign problem, such QMC methods were successfully
applied in higher dimensions to models of spins [7–9] and
bosons [10,11].
Retarded interactions (i.e., nonlocal in imaginary time)

impose significant limitations regarding system size, tem-
perature, and parameters. They typically arise from a
coupling to bosonic modes (e.g., phonons [12,13] or spin
fluctuations [14]), or from dynamical screening [15].
Because such problems are generically nonintegrable,
much of their understanding comes from numerical inves-
tigations. While impurity problems can be solved very
efficiently [16], lattice problems remain a challenge. In the
DMRG [17–19], the large bosonic Hilbert space becomes a
limiting factor, especially for finite-temperature or dynami-
cal properties. For SSE-based QMC methods [20–26], the
absence of global updates for the bosons (except for a
specific form of spin-phonon coupling [27]) makes simu-
lations significantly less efficient than for fermions or spins.
Autocorrelation times increase strongly near phase tran-
sitions [21]. Extremely long autocorrelation times also
affect determinant QMCmethods, where even the sampling

of free bosons can be challenging [28]. In fact, for electron-
phonon models, the continuous-time interaction-expansion
(CT-INT) QMC method [29–31] with a ðβLÞ3 scaling and
local updates produces better results for correlators at the
same numerical cost [23]. On the other hand, directed-loop
methods remain efficient for interactions that are long-
ranged in space [32,33].
In this Letter, we overcome these limitations by for-

mulating the problem in imaginary time, integrating out the
bosons analytically, and using directed-loop updates to
efficiently sample the resulting problem with a retarded
interaction. This novel approach combines the advantages
of global updates available in the SSE representation and
the analytical integration over the bosons possible in the
action-based CT-INT method.
Method.—The SSE representation [3] corresponds to a

high-temperature expansion of the partition function,

Z ¼
X

α

X∞

n¼0

βn

n !

X

Sn

hαj
Yn

p¼1

Ĥap;bpjαi: ð1Þ

The Hamiltonian Ĥ is written as a sum of local operators,
Ĥ ¼ −

P
a;bĤa;b, where a specifies an operator type and b

the bond between sites iðbÞ and jðbÞ. The expansion (1) is
sampled stochastically. A configuration with expansion
order n corresponds to a string of n operators, specified
by the index sequence Sn ¼ f½a1 ; b1 %;…; ½an ; bn %g, and a
state jαi from a complete basis in which Ĥ is nonbranching,
i.e., Ĥa;bjαi∼jα0i. If Ĥ contains both off-diagonal (a ¼ 1 )
and diagonal (a ¼ 2 ) operators, two types of updates are
sufficient to achieve ergodicity. For the diagonal updates,
it is convenient to fix the length of the operator string
toN by insertingN −n unit operators (a ¼ 0 ). Then,SN can
be traversed sequentially and updates Ĥ0 ;b↔Ĥ2 ;b be pro-
posed. The corresponding configurationweights are directly
obtained from the propagated state jαðpÞi∼

Qp
l¼1 Ĥal;bljαi.
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Revisiting the hybrid quantum Monte Carlo method for Hubbard and electron-phonon models

Stefan Beyl, Florian Goth, and Fakher F. Assaad
Institut für Theoretische Physik und Astrophysik, Universität Würzburg, Am Hubland, D-97074 Würzburg, Germany

(Received 18 October 2017; revised manuscript received 22 January 2018; published 22 February 2018)

A unique feature of the hybrid quantum Monte Carlo (HQMC) method is the potential to simulate negative sign
free lattice fermion models with subcubic scaling in system size. Here we will revisit the algorithm for various
models. We will show that for the Hubbard model the HQMC suffers from ergodicity issues and unbounded forces
in the effective action. Solutions to these issues can be found in terms of a complexification of the auxiliary fields.
This implementation of the HQMC that does not attempt to regularize the fermionic matrix so as to circumvent
the aforementioned singularities does not outperform single spin flip determinantal methods with cubic scaling.
On the other hand we will argue that there is a set of models for which the HQMC is very efficient. This class is
characterized by effective actions free of singularities. Using the Majorana representation, we show that models
such as the Su-Schrieffer-Heeger Hamiltonian at half filling and on a bipartite lattice belong to this class. For this
specific model subcubic scaling is achieved.

DOI: 10.1103/PhysRevB.97.085144

I. INTRODUCTION

There has recently been tremendous progress in classifying
fermionic model Hamiltonians that one can solve with quan-
tum Monte Carlo (QMC) methods without encountering the
infamous negative sign problem [1– 4]. Remarkably, this class
of models contains a number of extremely interesting phases
of matter and quantum phase transitions [5– 11]. Since in a
lot of these models the fermions are gapless, they cannot be
integrated out, and are at the very origin of novel quantum
critical phenomena [12– 18]. From the technical point of view,
this leads to the necessity of developing efficient algorithms
for lattice fermions so as to unravel facets of fermion critical
phenomena in two and higher spacial dimensions.

The condensed matter community has focused on the
Blankenbecler Scalapino Sugar (BSS) auxiliary field deter-
minantal QMC technique [19– 21]. This approach invariably
scales as the cubed of the volume since the fermionic determi-
nant is explicitly calculated. Furthermore, since the determi-
nant is nonlocal, cluster algorithms have remained elusive and
single spin-flip updates are still the standard. Using machine
learning techniques to propose global moves is an ongoing
active research subject [22– 24]. On the other hand, in particle
physics, especially in the lattice gauge theory community, the
hybrid quantum Monte Carlo method (HQMC) was used and
extended [25– 27]. A glimpse at the simulated system sizes
fosters the hope to access larger lattice sizes, at least for a
selected subset of models, by using HQMC. From a conceptual
point of view, the HQMC method offers two main advantages
in comparison to established methods in the condensed matter:

(i) A global updating scheme, based on Hamilton’s equa-
tions of motion [28], that guarantees a good acceptance
rate.

(ii) Replacing determinants by Gaussian integrals is the
first key step to allow for subcubic scaling.

Note that global update schemes such as Langevin dynamics
or hybrid Monte Carlo [28] can be implemented in schemes
that explicitly retain the fermion determinant.

The structure and main results of this paper are as follows.
In Sec. II we will revisit the ideas of Ref. [25] as applied to
the Hubbard model. A number of subsections will give us the
opportunity to introduce notation and summarize important
ideas of the HQMC. In the final subsection, II F, we show that
the algorithm is not ergodic, even at half filling when the weight
is always positive. The fermion determinant in each spin sector
has a strongly fluctuating sign at low temperatures. Particle-
hole symmetry locks the relative signs of the determinants
to unity and the weight is positive. Nevertheless, at low
temperatures the weight has many zero modes and different
regions of configuration space are separated by divergences
in the effective potential through which the molecular dy-
namics cannot tunnel. In Sec. III we proceed to describe
a complexification of the algorithm that circumvents these
ergodicity issues. In contrast to Ref. [29] our approach is based
on a complex Hubbard Stratonovich (HS) transformation. In
Sec. III C we show that an ergodic algorithm can be achieved
and that it can reproduce standard BSS results as obtained with
the ALF package [30]. However, for the Hubbard model, our
implementation of the HQMC does not provide an improved
scaling and is less efficient in terms of fluctuations. Here we
note that the BSS relies on a discrete Hubbard-Stratonovich
transformation, thereby circumventing the above ergodicity
issues.

To proceed we will ask the question if there is a class of
models in the solid state for which the HQMC can be the
method of choice. To do so, we will follow the idea that
the Hubbard model is hard, since the effective action shows
divergences and thereby generates forces that are unbounded.
With the help of recent progress in our understanding of the
negative sign problem [2– 4], it can be shown that for a class
of models the fermion determinant in a single spin sector is
positive semidefinite. This turns out to be the case for the
so-called n-flavored Su-Schrieffer-Heeger (SSH) model [31]
at half filling and on any bipartite lattice. We have implemented
the HQMC for this model and have benchmarked our results

2469-9950/2018/97(8)/085144(12) 085144-1 ©2018 American Physical Society
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Efficient, general and documented (!) implementa$ons 
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Abstract

The Algorithms for Lattice Fermions package provides a general code for the finite tem-
perature auxiliary field quantum Monte Carlo algorithm. The code is engineered to be
able to simulate any model that can be written in terms of sums of single-body op-
erators, of squares of single-body operators and single-body operators coupled to an
Ising field with given dynamics. We provide predefined types that allow the user to
specify the model, the Bravais lattice as well as equal time and time displaced observ-
ables. The code supports an MPI implementation. Examples such as the Hubbard model
on the honeycomb lattice and the Hubbard model on the square lattice coupled to a
transverse Ising field are provided and discussed in the documentation. We further-
more discuss how to use the package to implement the Kondo lattice model and the
SU(N)-Hubbard-Heisenberg model. One can download the code from our Git instance
at https://alf.physik.uni-wuerzburg.de and sign in to file issues.
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ĉ
†
x�sV

(ks)
xy ĉy�s
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Ẑk

 
NcolX

�=1

NflX

s=1

NdimX

x,y

ĉ
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Coupling of fermions  to Ising field with predefined dynamics

Kinetic

Ø Block diagonal in flavors,  Nfl

Ø SU(Ncol) symmetric in colors  Ncol

Ø Arbitrary Bravais lattice  for d=1,2

Ø Model can be specified at minimal programming cost

Ø Fortran 2003 standard

Ø MPI implementation

Ø Parallel tempering, projective and finite T  approaches

Ø Long range Coulomb
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Ø Fermion-Boson problems
Electron-Phonon,   Su-Schrieffer-Heeger (SSH)   
Unconstrained Gauge theories
“De-signer” Hamiltonians 

Ø Auxiliary field Quantum Monte Carlo (QMC),  Generalities
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SSH:  Integrating out bosons

Integrate out the phonons in favor of a retarded interaction

  
Z = dc+dc⎡⎣ ⎤⎦ exp −S0 + dτ dτ ' Kb(τ ) D0(b− b ',τ −τ ') Kb' (τ ')

b,b'
∑

0

β

∫
0

β

∫
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥∫

  

D0(b− b ',τ −τ ') = δ b,b'

g 2

2k
P(τ −τ ')
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Phonon propagator

Simulation: Expand in the interaction and  use MC to sum up all connected and disconnected Feynman diagrams.
CT-INT:   A. N. Rubtsov, V. V. Savkin, and A. I. Lichtenstein, Phys. Rev. B 72 (2005), 035122.

Computational effort  (Vβ)3. No sign problem in 1+1 Dimension.    Sign problem in higher dimensions.

F. F. Assaad and T. C. Lang Phys. Rev. B76, 035116 (2007).
http://www.cond-mat.de/events/correl14/manuscripts/assaad.pdf
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SSH: Real space path integral
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†
j,�
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Ĥ1

<latexit sha1_base64="GHYO1GbkI4NEfiqbaz92UgdOul8="></latexit><latexit sha1_base64="GHYO1GbkI4NEfiqbaz92UgdOul8="></latexit><latexit sha1_base64="GHYO1GbkI4NEfiqbaz92UgdOul8="></latexit><latexit sha1_base64="GHYO1GbkI4NEfiqbaz92UgdOul8="></latexit>

h{xb(⌧ + 1)} |e��⌧Ĥ1 {xb(⌧)}i '
Z Y

b

dpb
2⇡

hxb(⌧ + 1)|e��⌧
P̂2

2m |pbihpb|e��⌧
k
2 X̂

2
b |xb(⌧)i

=

Z Y

b

dpb
2⇡

eipb[xb(⌧+1)�xb(⌧)]e
��⌧


p2b
2m+ k

2 x
2
b(⌧)

�

= e
��⌧

P
b

✓
m
2

h
xxxb(⌧+1)�xxxb(⌧)

�⌧

i2
+ k

2xxxb(⌧)
2

◆

<latexit sha1_base64="cnltdPMvPISAQiG5kKtAv16BqOY="></latexit><latexit sha1_base64="cnltdPMvPISAQiG5kKtAv16BqOY="></latexit><latexit sha1_base64="cnltdPMvPISAQiG5kKtAv16BqOY="></latexit><latexit sha1_base64="I3qzNHs0O153gIiFHHCMQ4HedNo="></latexit><latexit sha1_base64="h0r5mZWnn+2/8S521yYYw75qIuo="></latexit><latexit sha1_base64="h0r5mZWnn+2/8S521yYYw75qIuo="></latexit><latexit sha1_base64="/X3pM5UWUL01l03X+2DFODCg7F0="></latexit><latexit sha1_base64="cnltdPMvPISAQiG5kKtAv16BqOY="></latexit><latexit sha1_base64="cnltdPMvPISAQiG5kKtAv16BqOY="></latexit><latexit sha1_base64="cnltdPMvPISAQiG5kKtAv16BqOY="></latexit><latexit sha1_base64="cnltdPMvPISAQiG5kKtAv16BqOY="></latexit><latexit sha1_base64="cnltdPMvPISAQiG5kKtAv16BqOY="></latexit><latexit sha1_base64="I3qzNHs0O153gIiFHHCMQ4HedNo="></latexit><latexit sha1_base64="h0r5mZWnn+2/8S521yYYw75qIuo="></latexit><latexit sha1_base64="h0r5mZWnn+2/8S521yYYw75qIuo="></latexit><latexit sha1_base64="/X3pM5UWUL01l03X+2DFODCg7F0="></latexit><latexit sha1_base64="cnltdPMvPISAQiG5kKtAv16BqOY="></latexit><latexit sha1_base64="cnltdPMvPISAQiG5kKtAv16BqOY="></latexit><latexit sha1_base64="cnltdPMvPISAQiG5kKtAv16BqOY="></latexit><latexit sha1_base64="cnltdPMvPISAQiG5kKtAv16BqOY="></latexit><latexit sha1_base64="cnltdPMvPISAQiG5kKtAv16BqOY="></latexit><latexit sha1_base64="I3qzNHs0O153gIiFHHCMQ4HedNo="></latexit><latexit sha1_base64="h0r5mZWnn+2/8S521yYYw75qIuo="></latexit><latexit sha1_base64="h0r5mZWnn+2/8S521yYYw75qIuo="></latexit><latexit sha1_base64="/X3pM5UWUL01l03X+2DFODCg7F0="></latexit><latexit sha1_base64="cnltdPMvPISAQiG5kKtAv16BqOY="></latexit><latexit sha1_base64="cnltdPMvPISAQiG5kKtAv16BqOY="></latexit><latexit sha1_base64="cnltdPMvPISAQiG5kKtAv16BqOY="></latexit><latexit sha1_base64="cnltdPMvPISAQiG5kKtAv16BqOY="></latexit><latexit sha1_base64="cnltdPMvPISAQiG5kKtAv16BqOY="></latexit><latexit sha1_base64="cnltdPMvPISAQiG5kKtAv16BqOY="></latexit>



SSH: Real space path integral
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†
j,� ĉi,�
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SSH: Real space path integral

The trace is positive. Consider the Majorana representation:   
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Real space path integral  X̂b|xbi = xb|xbi
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SSH: Real space path integral
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Real space path integral  X̂b|xbi = xb|xbi
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The action is real for  any  number of fermion flavors !   

(At finite  chemical potential there is no sign problem for  even number of flavors!)
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SSH: Observables

t = (⌧, b)
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(t1)ĉ
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For with

Wick’s theorem holds.

Equal time Green functions



SSH:  Sampling

Metropolis-Hastings  (C is a configuration in Monte Carlo space)
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Aim: Find T0  such that  acceptance is high and moves allow  efficient sampling of  configuration space.  

Possible solutions:

Single spin-flip à Very long autocorrelations

Machine learning 

Hybrid molecular dynamics
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SSH:  Sampling

Hybrid Molecular dynamics. Basics.    

Introduce conjugate momentum                                                   and sample 

Start with random  x

Step 1. Sample p from  Gauss distribution

Step 2. Hamiltonian dynamics  with H over time Tm  

Step 3.  à Step1.

<latexit sha1_base64="mbc7bNl4+q0pg+2zq1geo8Euu6M="></latexit>

<latexit sha1_base64="z60jE/mfA5LoXIwM7i66f0Gee/M="></latexit>

<latexit sha1_base64="cYO/V3dzTQAvCKLL7TX6hJbkelY="></latexit>

<latexit sha1_base64="vs8Rak7+Ybd/t8oHYE0KCRjMx0s="></latexit>

Time reversal (Leapfrog)
Liouville

Finite time step
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SSH:  Sampling

Hubbard  (2D, fields couple
to z-component of 
magnetization)

OO(2Ncol) symmetric  
models  such as SSH.

Are the forces                bounded ? No
Most of the time.
Each determinant is positive 
semidefinite

Does the configuration space split 
into regions split by potential  barriers Yes No
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Hybrid Molecular dynamics.     Key questions
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See:  Stefan Beyl, Florian Goth, and Fakher F. Assaad, 
Revisiting the hybrid quantum Monte Carlo method for Hubbard and electron-phonon models, 
Phys. Rev. B 97 (2018), 085144.
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Su-Schrieffer-Heeger model (SSH)

Rev. Mod. Phys. 60, 781 (1988)
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ĉ†i,�
<latexit sha1_base64="/OxJ6RYSwJ8Cwy1Yz5wGieuJSB0="></latexit><latexit sha1_base64="/OxJ6RYSwJ8Cwy1Yz5wGieuJSB0="></latexit><latexit sha1_base64="/OxJ6RYSwJ8Cwy1Yz5wGieuJSB0="></latexit><latexit sha1_base64="/OxJ6RYSwJ8Cwy1Yz5wGieuJSB0="></latexit>

Q̂hi,ji
<latexit sha1_base64="RQ57QW7BXASzYdFmAXoSmISdHvg="></latexit><latexit sha1_base64="RQ57QW7BXASzYdFmAXoSmISdHvg="></latexit><latexit sha1_base64="RQ57QW7BXASzYdFmAXoSmISdHvg="></latexit><latexit sha1_base64="RQ57QW7BXASzYdFmAXoSmISdHvg="></latexit>

Limiting cases

!0 =

r
k

m
<latexit sha1_base64="q5wrLCKL5vHC40INGnGINPuDoVo="></latexit><latexit sha1_base64="q5wrLCKL5vHC40INGnGINPuDoVo="></latexit><latexit sha1_base64="q5wrLCKL5vHC40INGnGINPuDoVo="></latexit><latexit sha1_base64="q5wrLCKL5vHC40INGnGINPuDoVo="></latexit>

!0 ! 1
<latexit sha1_base64="eriQSfeppvo+ATM8j3JXrnj6WOY="></latexit><latexit sha1_base64="eriQSfeppvo+ATM8j3JXrnj6WOY="></latexit><latexit sha1_base64="eriQSfeppvo+ATM8j3JXrnj6WOY="></latexit><latexit sha1_base64="eriQSfeppvo+ATM8j3JXrnj6WOY="></latexit>

13.03.18 HQMC simulations of the SSH model 9

         ordered valence bond states (VBS)

Tang & Hirsch, Phys. Rev. B 37, 9546 (1988)

strong bonds weak bonds

Valence Bond Solid

Quantum an4ferromagnet
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VBS

SDW

Direct and con0nuous transi0on between VBS and SDW !

S. Beyl, F. Goth, M. Hohenadler and FFA,  (Unpublished)



Deconfined quantum critical points in the SSH model

Fine tuning à not generic

Order parameter theory,  Ginzburg-Landau



Deconfined quantum critical points in the SSH model

Deconfined quantum cri0cality    T. Senthil, A. Vishwanath, L. Balents, S. Sachdev, and M. P. A. Fisher, 
Deconfined quantum cri0cal points, Science 303 (2004), 1490–1494.

Topological defects of one phase carry the charge of the other phase.

C4 VBS vortex  carries a spinon.  Prolifera0on of vor0ces destroys the VBS  and generates 
SDW  order. 

Possible realization:

SrCu2(BO3)2

M. Zayed et al. 
Nat. Phys. 13, 962 (2017). 



Quantum Monte Carlo Methods for Fermion-Boson problems

Fakher F. Assaad   (Autumn School on Correlated Electrons, Jülich 20th September 2018)

SFB1170
ToCoTronics

Ø Fermion-Boson problems cover an extremely rich class of phenomena

Ø Quantum Monte Carlo simulations are challenging

Ø Ever growing  class of negative sign free problems 

Ø Progress in  sampling methods.

Conclusion:



Quantum Monte Carlo Methods for Fermion-Boson problems

Fakher F. Assaad   (Autumn School on Correlated Electrons, Jülich 20th September 2018)

Review:
World-line and determinantal quantum monte carlo methods for spins, phonons and electrons,

F.F.A and H.G. Evertz. Lecture Notes in Physics, vol. 739, Springer, Berlin Heidelberg, 2008, pp. 277–356

Continuous-time QMC Solvers for Electronic Systems in Fermionic and Bosonic Baths, 
F. F. Assaad, DMFT at 25: Infinite dimensions: Lecture notes of the autumn school on correlated electrons, 
vol. 4, ch. 7. Verlag des Forschungszentrum Jülich, Jülich, 2014,  ISBN 978-3-89336-953-9

Lecture notes of this school.

ALF:  General Implementation:
Martin Bercx, Florian Goth, Johannes S. Hofmann, and Fakher F. Assaad
The ALF (Algorithms for Lattice Fermions) project release 1.0. Documentation for the auxiliary field  
quantum Monte Carlo code, SciPost Phys. 3 (2017), 013.


