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introduction : basic concept of (charge) self-consistent calculations

fundamental for high-rank function f (e.g. a potential) and low-rank function 2 (e.g. a wave function)
general problem : D f(p)+D'yp =0 , D, D’ : generic operators

problem results from explicit variational considerations

problem results from other theory implications (e.g. crystal vacancy problem in thermodynamics)

— solve problem by iterative means from initial guess {f(o), zp(o)} , until given relation is established

charge self-consistency in electronic structure problems



self-consistency : Hartree-Fock method, setting

describing an interacting electron system via the many-body wave function ¥ ({r;o;}) =: ¥({x;})

ansatz Slater determinant

N N M
Uyp({x}) =: S— H%(F)Xi(d) =S_ Hfﬁz’(x) , with  ;(r) =) A;, By(r)

N T2 1 N 1
Hamiltonian H = Z [ LA Vi] + p D b=t > hi4 =D b

Ritz’ variational principle

v H|v ! N !
(Yur|¥Yur)
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Hartree-Fock equations

[——A—i—V(r)—l—e 5 i ,|<pg_< r)|2 ]w D ST goj|<r>goz-/<|r>¢j(x):8i¢i(x)
J#i JF1 o

2m

= [——A +V(r) + vH<r>} pi(r) + [dr’ vx(r, ) @i (r) = £504(r)
comments

local Hartree potential vy and nonlocal exchange potential v x depend on the wave functions ¢;
Hartree-Fock cannot describe electronic correlations

no screening effects, ill-defined for metallic systems

ONONONO.

accidentally : spectrum of Mott insulators may be described not too badly (i.e. careful not to be tricked...)!



self—consistency . Hartree-Fock method, solution

understanding the Hartree-Fock equations as self-consistent (SCF) field equations

iterative scheme

1. Start with an educated guess for the single-particle functions ¢; (r) = gogl) (r)
by invoking suitable linear combinations of the basis functions.
For instance, an adequate kind of sp™ hybridization function might be meaningful for a carbon-based molecule.

(1) !
2. Construct a first associated Hartree potential vy; * (r) = vy * (r)
(1)
and exchange potential vg) (r) = v;{f@' }(r, r’),

solve the Hartree-Fock equations for a new set of eigenfunctions @,52) (r).

3. Go back to step 2 and repeat p times until you reach convergence in the potentials,
i.e. |,UI({p) — vélp_l)| < n and |v§<p) — v&p_1)| < n holds for small 7.

comments

( charge self-consistent, if all electrons treated equally



self—consistency . density functional theory, motivation

many-body wave functions are hard to compute and store

example : methane molecule CH4 with N=10 electrons, M basis functions

2B (2B)! . , .
— = possible many-body configurations
N N!(2B — N)!

. . 18 t .
minimal basis B = 9 : (10) — 43758 YT L 16000 relevant Slater determinants

70

good basis M = 35: (
10

t .
) — 4 .10 YRS 91010 relevant Slater determinants

alternative : effective single-particle theory with individual electron in the mean field of the other electrons

electronic charge density p(r) as observable 3 coordinates instead of 3NV

why promising?
p(r) sets. ..

.. .number N of electrons

... sites R; of nuclei

... charges Q; of nuclei

= complete system information!

[courtesy of K. Held]



self-consistency . density functional theory, foundation and practise

describing an interacting electron system via the electronic charge density
Hohenberg-Kohn theorems

1. in principle, there is a unique one-to-one mapping between the charge density p(r) and the many-body wave function
Y({x;}) ie formally  p(r) < P({x;})
2. there is an energy functional E[n], which is minimal for the ground state energy Ej. i.e. itholds Eqg = Min E[n] = E[ng]

3
Elpl = Tlp] +  Veelol +  Eextlp] = Fuklel+ /d T p(r) vext(r)
' N~ N — |
energy functional kin. Energie ee interaction e—nuclei energy
=c FHK [p]

Hohenberg-Kohn functional Fyy [p] is unknown (extraordinarily complicated!)

Use and variation of E[p] remains open

Kohn-Sham idea mapping onto virtual, non-interacting electron system with one-body potential v¢e(r)
Slater determinant ®({r; }) and charge density p(r)

= Elp] = Tipl+ Voo o) + [ @ p(e) vexs (1)
LTl + [ & p(r) verr ()

62 r I'/
= Ts[p]l + o /d?’?“ 2E)PE ) + Exclp] + /dST p(r) vext (r)

v — /|



self-consistency : density functional theory, solution

variation now possible, since functionals become representable and np(r) = Z | (1) |2

i,0ccupied

o) 1
— {E—Zai/d3r|cpi(r)|2}i0

dp?

1
= Kohn-Sham equations [— Q—Ai + ’Ueff(r)] pi(r) =¢€; pi(r)
m

exchange-correlation functional

. . 0 Exc [/0] .
effective potential Vefr(r) = vext(r) + v (r) + vxc(r) , vxc(r) i= ——— remains unknown!

op

approximation for Exc[n]

use exchange-correlation density of the homogeneous electron gas ehom(n) with p = N/V and construct

XcC

Exc[p] = /d3r p(r) ehom(p(r)) local density approximation (LDA)

XcC
ef{lgm(p) can be computed numerically exact by quantum Monte-Carlo techniques

parametrize f = f(p), potential through differentiation

comments
( the workhorse of materials science, all reliable over the periodic table
( new functionals: meta-GGA (e.g. SCAN), hybrids, etc.

@ limitation : insufficient for physics of strong electronic correlations



self-consistency . density functional theory, challenging application

Na, CoOs : a correlated materials system

triangular CoO4, lattice

DFT picture = — band theory
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[Yang et al., PRL 95, 146401 (2005)]
[Geck et al., PRL 99, 046403 (2007)]



self-consistency : dynamical mean-field theory, motivation

Hubbard model: ~ H = —t > Ciacja +U> ngqen;y , forhalffiling n =1

(ij)o g
nonint. limit (U = 0) intermediate (U ~ t) atomic limit (¢ = 0)
- 00-00-00--
000000 -
606000
B dh Ah 40 A
- 00-00-00--
6660060
_ T
- H=) cxcp,Cu — correlated metal — decoupled lattice sites
| ko | — dominance of — only single occupations
— ideal metal, Fermi gas single occupations in ground state
P P P
w | | w w (,u‘ w

"Three-Peak Structure”

self-energy X(k, w) carries the effects of electron-electron interaction

Kohn-Sham self energy  Sks(k,w) = > (vH + Uxc)kqkq (eﬁ(eq_“) + 1) -t
a



self-consistency . dynamical mean-field theory, impurity construction

[Metzner, Vollhardt, PRL (1989)] [Georges, Kotliar, PRB (1992)]

describing an interacting electron system with a given noninteracting Hamiltonian via a local self-energy

L1

gO(iwn)

Ur\ Ur\ Ur\ Ur\ Ur\ Ur\

N N N N N N
UL UL UL U UK U ) —1,. . —1

DD PP Gimp (iwn) = [go Yiwn) — zimp@wn)]
Ur\ Ur\ Ur\ U, Ur\ U, D

N N N N N N
UL UL UK UL URU, !

P p— PP DMFT approximation: Gloc(iwn) = Gimp (twn)
Ur\ Ur\ Ur\ Ur\ Ur\ Ur\

N N N N N N
U U U Ul Upn U

L % % % N> N>

Gloc(twn) = Z [twn + 1 —ex — 2(k, iwn)]_l GE}ZIFT (twn) = Z [iwn + 1 — ex — Bimp (twn)] —1
k k

— local correlations are fully taken into account non-pertubatively, explicit non-local correlations are neglected



self-consistency : dynamical mean-field theory, solution

iterative loop

‘ self-consistency condition: construct Gloc

A ! A~
Gloc - Gimp

comments
( in principle, same self-consistency issues apply as in Hartree-Fock and DFT

( but, explicit mean-field construction (and the resulting self-consistency loop) define here the approximation



self-consistency : mixing

[Broyden, Math. Comput. 19, 577 (1965)] [Vanderbilt and Louie, PRB 30, 6118 (1984)]...

usually, self-consistent loops do not converge that straightforwardly, but a ’'mixing’ of current and previous desired functions is
necessary

(P — P+ (,(P) o (P=1) "y
linear mixing

inp inp out

rigorous approach : e.g. quasi-Newton methods

!
F(vinp) — Vout (Uinp) — Vinp — 0

. , . ! f(zn)
inspired by Newton-Raphson scheme : f(x) =0 = Tp4l = Tp — o)
In
(P)y 4 3(m) () - - K gm) _ 9F
— F(x)=Fx")+J (x —x\77) 4+ ... with Jacobian matrix J = —

OX |x=x(P)
hence in linear order :  x(PT1) = x(P) _ (J(m))_1 F(x(P))

but mixing is ’hard’ and in many cases, derivatives of F are not simple.
Therefore, various approximate step-by-step update formulas for the Jacobian matrix are available:

methods : Broyden, modified Broyden, inverse Broyden, BFGS, etc.



realistic many-body : marrying DFT and DMFT

density functional theory (DFT)

Hohenberg-Kohn theorems, Kohn-Sham construction, exchange-correlation functional, local-density approximation, . . .
mapping interacting electrons onto the problem of non-interacting electrons in an complicated effective potential

very good description of the realistic, single-particle based chemical bonding (— band structure for solids)

interface

define

correlated subspace C

by Wannier(-like) orbitals
from correlated sites

dynamical mean-field theory (DMFT)

many-body Green’s functions, Hubbard model,

UL UL UL UL UL U quasiparticles vs. Hubbard bands, quantum-impurity
Ut UL UL UL UL U solver, finite temperature, . . .

Ui UL UL UL UL,

ulul ol ulul v —_— mapping interacting electrons onto the problem of
ulululululu an interacting impurity in a self-consistent bath

Uty Up Up Up Up U very good description of interacting electrons on

a lattice in the model context



realistic many-body : DFT+DMFT, functionals

[Savrasov, Kotliar, PRB 69, 245101(2004)] [Georges, AIP Conference Proceedings 715 (2004)]

DMFT as well as the hybrid method DFT+DMFT may be derived from a functional form/variational principle

free energy of a many-body system
Q[G] = tr In G — tr [(Go—l _ G—l)G] 1 ®[q]

G . interacting Green’s function
Gy :noninteracting Green’s function
P : Luttinger-Ward functional
2 /
e r r
(compare with DFT energy Eppr = » &; — Y drdr’ % — /dr p(r)vxe(r) + Exe [p]>
) r —r
(2
DFT+DMFT free energy
1
Qprr+DMFET [P Gesvks, Z¢] = —trin [’iwn + 4 %A — vks(r) — PTZc(iwn)P}
—/dr (vkg(r) — vext(r)) p(r) — tr [Ge (iwn) 3¢ (iwn)]
+Ew[p(r)] + Exclp(r)] + @c[Ge (iwn)]
P . charge density
VKS . Kohn-Sham potential
Ge . interacting Green’s function in correlated subspace C
e . self-energy in correlated subspace C

P, pt . projection operators mediating between correlated subspace and complete space



minimization of functional

realistic many-body : DFT+DMFT, functionals

o2 1 A
~0 = p(r) = — S (x|Glr)
dVvKS B zn:
o2
— =0 =
60X

Ge(iwn) = P G(iwy) PV
redefinition :

QDFTADMFT P, Ges vkss 2cl = QpFT4DMFET [P, Ges vkslp, Gel, e lp, Gell

vKs(r) = vext(r) + vg(r) + vxc(r)

. 0Pc
Ye(iwn) =

Y .= 3. iw — Ypc
5Gc imp ( )
total energy

Eprr4+DMFEFT = EDEPT —
comments

KS
€y, Tt tr[GHkg] + tr [GeXimp] — Epc
kv

(> correlations effect quasiparticle energies as well as local electronic energies



realistic many-body : practical DFT+DMFT, projections

constructing the correlated subspace C

Wannier function

|Xllitm> _ Zez’k-(T—l—R)'X%) _
T

Z |wku><ka|XEm> = Z<wkz/|X11}m> Yk )

— efficient Wannier-like function  |wyr ) = > Py (k) |9, )
vew

with PR (k) = Z {01) V2R (R )
R/

ORR (1) .= (xR xR )

key DFT+DMFT equations

R .
Gmm’ (zwn) = Z
k,(vv/)ew
R,mm/

E /(iwn) P

local self-energy :

R Bloch . R
Pmy(k) GVVC/)C (k7 an) PI//:’L/ (k)

R
m’ ! (K)

>Rwy) ==

R

imp

(twn). —

R
> Dbc



realistic many-body : practical DFT+DMFT, charge self-consistency

feedback of the self-energy onto the full charge density

correlated charge density representation

1 N A N
p(r) = pxcs (1) + Ap(r) = = 3~ [(r|Gkslr) + (rlG — Cslr)

n

with  Gis(k, iwn) = [iwn + pxs — e ]

generic density matrix

. N oA R A— A1 A - ~Bloch S
using (r|G — Gkslr) = (r|Gks(Grs — G~ HGIr) = (r|Gks (Z°°" — (b — uks)1) CIr)

1
ANVV/ (k) = E Z G,Ifys// (k, z'wn) (EIEE/I/OVC/}}/ (k, z'wn) — (,LL — MKS)éI///I////) GV///V/ (k, iwn)

TL,V//V/// cw

hence Ap(r) = > (r|yY,) AN,/ (k) (Y, |r)
k,vv’/ew
. ~KS
= complete correlated charge density  p(r) = > (r|wky)(f(€ky )8, 1 + ANVV/(k))(zpky/ Ir)
k,vv’/
comments

increased numerical effort, i.e. larger number of self-consistency steps
charge self-concistency affects whole electronic structure, not only correlated subspace

impact depends on crystal symmetry, i.e. number of inequivalent orbitals, sites

0000

general trend : reduced orbital polarization, less dependent on details of double counting



self-consistency : DFT+DMFT codes

[Anisimov, Poteryaev, Korotin et al., JPCM 9, 7359 (1997)] [Lichtenstein and Katsnelson, PRB 57, 6884 (1998)]

[Held, Keller, Eyert et al., PRL 86, 5345 (2001)] [Pavarini, Biermann, Poteryaev et al., PRL 92, 176403 (2004)]
[Minar, Chioncel, Perlov, at al., PRB 72, 045125 (2005)] [Kotliar, S. Y. Savrasov, K. Haule et al, RMP 78, 865 (2006)]

[FL, Georges, Poteryaev et al., PRB 74, 125120 (2006)] [Grieger, Piefke, Peil and FL, PRB 86, 155121 (2012)] ..., ..., ...

DFT part : LMTO, KKR, pseudopotential, FLAPW, VASP 1-7 local correlated orbitals

DMFT impurity solver : Quantum Monte Carlo, ED,. . . up to 200-atom cells (pseudopotential)



self-consistency . density functional theory, challenging application

Na, CoOs : a correlated materials system

triangular CoO4, lattice

DFT picture = — band theory
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[Yang et al., PRL 95, 146401 (2005)]
[Geck et al., PRL 99, 046403 (2007)]



self-consistency : DFT+DMFT, resolving Na,CoO; puzzle

[Boehnke and FL, phys. stat. sol. (a) 211, 1267 (2014)]
U=5eV,Jg =0.7¢eV

T
AFM corr. FM corr.
50K
-, - - ~ m — 0'3
e ?2 N
’ v FM

s v
sC charge
A order

0 0.10.20.3 0.4 0.5 0.6 0.7 0.8 0.9 1

suppressed efq hole pockets v

[Qian et al., PRL 97 (2006)] significant band renormalizations v



V203 system : basics

V503 in corundum structure

experimental phase diagram [McWhan et al., PRL 27, 941 (1971)]

phases : paramagetic metal (PM), paramagnetic insulator (PI)
and antiferromagnetic insulator (AFI)

structural transition to monoclinic symmetry with magnetic order
upon lowering of temperature

negative pressure positive pressure

400

300 .
paramagnetic

metal (PM)
V-V pairs along ¢, honeycomb lattice in ab

Temperature (K)

200
V ions with 3d? configuration (V371)

t low energy: a n ner m
24 atlow energy: a14 and dege erate e 100

[\%)
(=]

' LDA

—_
N
T

Cr doping 0.04 0.02 0 0.02 0.04 0.06 Tidoping

—
e
T

U > W: “model Mott-Hubbard system”?

e
T

Density of States (eV_l)

I
|

deviations from simplistic picture

volume expansion for Cr and Ti doping



V1,03 system : DFT+DMFT at stoichiometry, corundum

paramagnetic :
insulator (PI) H

total orbital-resolved
T | T | T | T l T | T | T | T T | T | T | T l T | T | T | T

U=4eV, Jg =0.7¢eV

A (1/eV)

N
w
N

A (1/eV)

U=5eV,Jg =0.7¢eV




V203 system : DFT+DMFT at stoichiometry,corundum

correlated charge density

k-resolved spectral function



experiments on doped V,05 : ’real-space integrated’

eg/alg occupation ratio  [Park et al., PRB 61, 11506 (2000)]

Phase V505 (Vi.996Crg.004)20;3 (Vi.088Cro.012)205 (V0.982Cr0018)203 Average e :ﬁ’;r3";rf‘ 1 Occupation
AFI 34% (140 K) 30% (145 K) 32% (140 K) 35% (150 K) 33% 2:1
PM 18% (170 K) 19% (180 K) 18% (190 K) 18% 1:1
PI 27% (290 K) 27% (190 K) 27% 312

lattice parameters

[Kuwamoto and Honig., Phase Trans. 1, 289 (1980)]

Pressure (kbar)

0 10 20 30 40 50
T T T T ]

photoemission

[Fujiwara, et al., PRB 84, 075117 (2011)]

R, °
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experiments on Cr-doped V;,0s5 : ’real-space resolved’

metal/insulator coexistence

interatomic distances

[Frenkel et al., PRL 97, 195502 (2006)]

[Lupi et al., Nat. Commun. 1, 105 (2010)]

local symmetry [Bombardi et al., Physica B 345, 40 (2003)]

Physica B 345 (2004) 40-44

Precursor symmetry breaking in Cr doped V,0;

A. Bombardi**, F. de Bergevin®, S. Di Matteo™d, L. Paolasini®,
P.A. Metcalf®, J. M. Honig®

# European Synchrotron Radiation Facility, 38043 Grenoble, France
YINFN Laboratori Nazionali di Frascati, c.p. 13, 100044 Frascati, Iialy
¢ Department of Chemistry, Purdue University, West Lafayette, IN 47907, USA
d Dipartimento di Fisica "'E Amaldi”, Université di Roma 11, via della Vasca Navale 84, 00146 Roma, Italy

Abstract

The results of X-ray resonant scattering experiments performed on a (V;_,Cry),03; sample with x = 0.028 are
reported. This compound undergoes a first-order phase transition from paramagnetic insulator (PI) to antiferromag-
netic insulator (AFT) at Ty~ 181 K. At the same temperature a lattice distortion reduces the symmetry from R3c in the
PI phase to 12/a in the AFI phase. To get more insight into the transition driving mechanism, we studied the behaviour
of the Bragg forbidden peak (0 03), = (101),,, at V K edge, as a function of temperature, polarization, azimuthal angle
and X-ray energy. On the contrary to what observed in the pure system and to what expected theoretically a non-
vanishing signal is observed already at room temperature in the dipolar channel.

“... we believe that the E1 signal in the Pl corundum phase must
be related to the presence in the crystal of a second phase,
probably monoclinic.”



impurities in V5,03 : DFT+DMFT spectra

Hubbard U = 5eV, Hund’s exchange Jy = 0.7eV

small unit cells : stoichiometric and
experimentally-averaged structures

80-atom supercells: 31 V atoms, 1 Cr/Ti — 3.1 % doping

Cr doping

paramagnetic i
insulator (PI) |

stoichiometric
— exp.-averaged-Cr

= 3.1% Cr, relaxed

— 3.1% Cr, unrelaxed :

Ti doping
stoichiometric

— exp.-averaged-Ti

— 3.1% Ti, unrelaxed
= 3.1% Ti, relaxed

3.1% Cr, relaxed

Il stoich. e,
stoich a,
V-e w

N — "%

— V—alg




impurities in V5,03 : interpretation

i parama gnetic
i metal (PM)

[FL, Bernstein, Mazin and Valenti, PRL 121, 106401 (2018)]

Summary Of findings Crdoping  0.04 0.02 0 002 004 006 Tidoping

sole experimental lattice expansion (i.e. no defect) of does not open a gap
explicit Cr-defect treatment opens charge gap with experimental size (~ 0.1 eV)
local monoclinic distortions for Cr doping are essential

no local monoclinic distortions in case of Ti doping

different valence of the dopants is important, especially titanium enters as Ti* T

strong orbital polariation towards eg with doping

lower Cr-based Hubbard peak in agreement with experiment

e Titt (340

34+ 2
v3t(@ad?)y Cr3+ (343) _— V31 (3d?)




impurities in V53 : monoclinic instability with Cr doping

susceptibility towards structural symmetry breaking

application of small low-symmetry field
multi-site VCA calculation displays extreme sensitivity to charge modifications around the V sites

introduce g4 5O to replace sO

important : umbrella distortion strongly enhanced in Cr-doped V503

EA-Cr i 1 stoichiometric | EA-Ti . 1
e, (1) m e, (1)
5=0.0005{ n | ¢ 5=0.08 : n | e /(- 3006 : n[ 97

10[F 80001 { g gl - . 08jo@ e |~ 6=0.08  0glom-c
§ - e (2 1 e ? - e
106 9() 1 0.6 9() i1 0.6 eg(2)
=~ | ; - i 5 - aql ; - a4

2 0.4 A | 0.4 [em—ey 0.4

2 |k s |k

< 5 | a2l | ;

1 | 1




conclusions

—_—

upfold

I’ > ™
y \
Y
/ DFT step self-energy update
1
| Kohn-Sham equations CT-QMC impurity solution |
| 1
\‘\ charge update DMFT step ,'I
\ .
. .

downfold

charge self-consistent DFT+DMFT methodology -
is capable of addressing detailed challenges of many-body
quantum materials on a realistic level i

self-consistency problems

K)

paramagnetic
metal (PM)

Temperature (

tier structure of system modelling(?)

find the key approximation element

Crdoping 004 002 0 002 004 006 Tidoping

be aware of mixing

Ti doping

111 GOPINg ;

PM—PI metal-insulator transition of V5,03

impact of charge self-consistency on the degree of

correlation, orbital polarization and temperature
dependence

explicit Cr-and Ti-doping description via supercell
approach

local symmetry breaking for Cr impurities,
charge doping for Ti impurities
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