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scheme of the lecture

what is the final goal? 

minimal many-body models & DMFT
Hubbard dimer
one-band Hubbard model
multi-band Hubbard model

building material-specific many-body models

what is special in multi-orbital models?
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the interacting quantum N-body problem
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why is it a problem?
simple interactions among many particles 

lead to unexpected emergent co-operative behavior

Philip Warren Anderson

more is different



the classical case
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interacting classical 2-body problem
two bodies: analytically solvable problem

center of mass and relative coordinates
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Oscar H's Prize Competition 
and the Error in Poincard's Memoir 

on the Three Body Problem 

JUNE BARROW-GREEN 

Communicated by JESPER L~TZEN 

Introduction 

In the autumn of 1890 HENRI POINCARt;'S memoir on the three body problem 
[-11 was published in the journal Acta Mathematica as the winning entry in 
the international prize competition sponsored by OSCAR II, King of Sweden and 
Norway, "to mark his 60 th birthday on January 21, 1889. Today POINCARI~'S 
published memoir is renowned both for providing the foundations for his 
celebrated three-volume M&hodes Nouvelles de la Mdcanique Cbleste [-21 and for 
containing the first mathematical description of chaotic behavior in a dynamical 
system. 

A combination of royal patronage and carefully planned public relations 
meant that the competition achieved the unusual distinction of gaining recogni- 
tion that stretched well beyond the world of mathematics. However, despite 
appearances to the contrary, correspondence preserved at the Institut Mit- 
tag-Leffler reveals that the competition was in fact beleaguered by difficulties 
throughout. In particular, it has emerged that only weeks before the prize- 
winning memoir was due to be published PO~NCAR~ discovered an error in his 
work which was of such grave consequence that he was forced to make very 
substantial changes. Indeed it was only as a result of correcting the error that 
he discovered the existence of what today are known as homoclinic points. As 
a result the memoir which eventually appeared in Acta was remarkably different 
from the one which had actually won the prize almost two years earlier. 

The following is an account of the troubled history of the competition 
together with an explanation of the error in POINCARE'S memoir. 

The competition 

By the late 19 th century, mathematical prize competitions were a well estab- 
lished method for seeking solutions to specific mathematical problems. These 
competitions usually emanated from the national Academies, notably Berlin and 
Paris, and although the prizes offered were generally financial in nature, they 

classical 3-body problem



interacting classical 3-body problem
chaotic behavior is possible

butterfly effect: behavior highly sensitive to initial conditions

the present determines the future, 
but the approximate present does not approximately determine the future 

(Edward Lorenz)

https://en.wikipedia.org/wiki/Initial_conditions


Sundmann series solution (1907-1912)

For the 3-body problem there is 
series solution in powers of t1/3 which 
converges for any t(*)  

(*) with exception of some initial conditions

The Solution of the n-body Problem* 
Florin Diacu 

The wind scrambles and thunders over hills 
with a voice far below what we can hear. 
Whalesong, birdsongs boom and twitter. 
Sea, air, everything's a chaos of signals 
and even those we've named veer and fall 
in pieces under our neat labels. Waves-- 
how to speak of the structure of waves 
when all disperses and there's nothing fixed to tell? 

--Philip Holmes, Background Noise 

Folk-Mathematics 

A folk-tale is a popular story uttered from one genera- 
tion to the next. The main source of culture in times of 
old, oral tradition plays a marginal role in spreading sci- 
entific information today. Still, its significance is by no 
means negligible, and all domains of human activity are 
more or less influenced by it. Mathematics is no excep- 
tion. We all know theorems we have never read in books 
or papers or learned about at formal presentations. We 
often don't know a reference, have no idea who proved 
that result, how, and when. Usually a colleague men- 
tioned it at some conference dinner, during a coffee- 
break or in a friendly discussion in our Department. It 
is striking, it sticks to our mind, and after a while it is 
part of our mathematical heritage---we just know it. 
Then we tell it further under similar circumstances, and 
so the wheel turns on. We will call this component of 
our knowledge folk-mathematics. 

Without denying the positive role folk-mathematics 
plays in spreading information, we must admit that re- 
sults gathered through it are sometimes misleading or 
misunderstood. A typical example is the Cantor set. 
Everybody knows that the middle-third Cantor set has 
zero Lebesgue measure, and many believe that the mid- 
dle-fifth analogue has positive measure. Intuitively this 
sounds plausible: if we remove each time a smaller seg- 
ment, the remaining quantity should be larger. Unfor- 
tunately, the intuition leads us astray this time. For any 

k, the middle-kth Cantor set has zero measure. Though 
a simple computation would show this, few do it, so the 
mistake propagates from one mathematician to the 
other. We can indeed obtain a Cantor set of positive 
measure by assigning a variable removal step. Delete 
first the middle-third segment, then the middle-ninth, 
then the middle-twenty-seventh, and so on. This algo- 
rithm will lead us to the desired result. 

The above example is easy to check, but what are we 
up against when a more complicated folk-mathematical 
situation appears? Physicists and mathematicians less 
familiar with celestial mechanics, have asked me at dif- 
ferent occasions to provide details about the "impossi- 
bility of solving the n-body problem." Some had heard 
that Poincar6 had proved the result, others recalled only 
that such a theorem exists somewhere in the literature. 
After all, this is a natural question. Since Abel and Galois 
proved the impossibility of solving algebraic equations 

*Dedicated to Phil ip  Ho lmes ,  for his  deep  ma themat i c s ,  for his  w a r m  
and  candid poetry,  and  for the  i m m e n s e  intellectual  joy he  has  in- 
stilled in me  du r ing  the  t ime our  book took shape.  
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what about N > 3 ?

used reductio ad absurdum as a method of proof. This led 
to a scandal. The editorial board held an emergency 
meeting to save the reputation of the journal. The board 
resigned as a whole and reelected itself, except Brouwer. 
Offended by his colleagues' attitude and supported by 
his government, Brouwer immediately established a ri- 
val journal in Holland [G]. 

That embarrassing incident marked the beginning of 
a long fight between intuitionism and formalism, the main 
schools of mathematical-philosophical thought at the 
beginning of our century, each claiming to have found--  
against the other--the only viable way  of laying the 
foundations of mathematics. The building of founda- 
tions had come to seem urgent due to the antinomies, 
known already by the Greeks, but which had now 
started to embarrass the recently established set theory. 

The main objection of Brouwer's intuitionism against 
Hilbert's formalism concerned existence theorems. 
Brouwer considered that a nonconstructive argument 
cannot be accepted as proof of existence, so reductio ad 
absurdum seemed to him a good point to start the 
polemic. On the other hand Hilbert, who took Brouwer's 
action personally, attempted to show that every theo- 
rem can be deduced by logical steps from the postulates 
of a given axiomatic system. Unfortunately, in this re- 
spect the German mathematician was wrong. 

In 1931, Hilbert's formalism received a sharp blow 
when the Austrian logician Kurt G6del published his 
incompleteness theorem [G6]. G6del proved that any 
sufficiently rich, sound, and recursively axiomatizable theory 
is incomplete. A recent paper [CJZ] goes even further by 
showing that, in a quite general topological sense, in- 
completeness is a common phenomenon: with respect to 
any reasonable topology, the set of true and unprovable state- 
ments is dense in the set of all statements. This re- 
sult has persuaded some mathematicians that the fu- 
ture of mathematics is not with proving theorems but 
with trying to estimate the probability that a result is true. 

On the other hand, Brouwer's intuitionism--though 
never fully refuted by any other theory and still the ob- 
ject of some research--fell into oblivion, because it 
raised barriers which the mathematical community re- 
fused to acknowledge. Mathematics has developed al- 
most undisturbed by the fight for its foundations. 

We will further see, however, that the main idea of 
intuitionism is off target. In certain cases a constructive 
proof of existence brings no more information than a 
nonconstructive one. This is surprising, and the exam- 
ple I offer is the n-body problem. 

The Series Solution 

In 1913, when he launched the attack that would de- 
prive him of editorial membership at the Mathematische 
Annalen, Brouwer was not aware of a paper published 

in Acta Mathematica a few months before by a Finn of 
Swedish origin, Karl Sundman. If he had known and 
understood Sundman's work, Brouwer would probably 
never have developed his intuitionism. 

Sundman's paper [Su3] revisited and republished 
some of his own results (inspired by a previous work 
of the Italian mathematician Giulio Bisconcini [Bi]) that 
had appeared in 1907 [Sul] and 1909 [Su2] in a Finnish 
journal of lesser fame and circulation. One of Sundman's 
achievements was to find, for almost all admissible ini- 
tial data, a series solution of the 3-body problem. If he 
had gotten this result 22 years earlier, he would have 
probably been awarded King Oscar's prize. 

Reading Sundman's paper we see that he obtained 
a series solution in powers of t 1/3 for the 3-body prob- 
lem, a series convergent for all real t, except for a neg- 
ligible set of initial conditions, namely, those for which 
the angular momentum is zero. Indeed, Sundman proved 
first the convergence of the series as long as no colli- 
sions take place. (The importance of the method devel- 
oped in that paper, which is based on the theory of func- 
tions of a complex variable, is analyzed in a nice article 
by Donald Saari [S].) Sundman also surmounted the 
impediment of binary collisions through a process 
he called regularization, which means to analytically ex- 
tend the solution beyond the collision singularity, and 
which physically corresponds to an elastic bounce. In 
this case, his series still proves convergent for all real 
values of the time variable. Unfortunately he could not 
apply the same method if a triple collision occurs, but 
he showed that such a collision can take place only if 
the angular momentum cancels, hence for a set of ini- 
tial data having measure zero. (Even within this set, the 
subset of initial data leading to triple collisions has mea- 
sure zero, as one of Saari's students has shown in his 
Ph.D. thesis [U].) In 1941, Carl Ludwig Siegel proved 
that such a regularization is possible only for a negligi- 
ble set of masses, so indeed, the analytic continuation 
of triple collisions is generically impossible [Si]. 

Sundman's method failed to apply to the n-body 
problem for n > 3. It took about 7 decades until the gen- 
eral case was solved. In 1991, a Chinese student, 
Quidong (Don) Wang, published a beautiful paper 
[Wa], [D1], in which he provided a convergent power 
series solution of the n-body problem. He omitted only 
the case of solutions leading to singularities--collisions 
in particular. (To understand the complications raised 
by solutions with singularities, see [D2].) 

Did this mean the end of the n-body problem? Was 
this old question--unsuccessfully attacked by the great- 
est mathematicians of the last 3 centuries--merely 
solved by a student in a moment of rare inspiration? 
Though he provided a solution as defined in sophomore 
textbooks, does this imply that we know everything 
about gravitating bodies, about the motion of planets 
and stars? Paradoxically, we do not; in fact we know 
nothing more than before having this solution. 
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ment, the remaining quantity should be larger. Unfor- 
tunately, the intuition leads us astray this time. For any 

k, the middle-kth Cantor set has zero measure. Though 
a simple computation would show this, few do it, so the 
mistake propagates from one mathematician to the 
other. We can indeed obtain a Cantor set of positive 
measure by assigning a variable removal step. Delete 
first the middle-third segment, then the middle-ninth, 
then the middle-twenty-seventh, and so on. This algo- 
rithm will lead us to the desired result. 

The above example is easy to check, but what are we 
up against when a more complicated folk-mathematical 
situation appears? Physicists and mathematicians less 
familiar with celestial mechanics, have asked me at dif- 
ferent occasions to provide details about the "impossi- 
bility of solving the n-body problem." Some had heard 
that Poincar6 had proved the result, others recalled only 
that such a theorem exists somewhere in the literature. 
After all, this is a natural question. Since Abel and Galois 
proved the impossibility of solving algebraic equations 

*Dedicated to Phil ip  Ho lmes ,  for his  deep  ma themat i c s ,  for his  w a r m  
and  candid poetry,  and  for the  i m m e n s e  intellectual  joy he  has  in- 
stilled in me  du r ing  the  t ime our  book took shape.  

66 THE MATHEMATICAL JNTELLIGENCER VOL. 18, NO. 3 �9 1996 Springer-Verlag New York 



exact solution does not help

The following section deals with this apparent para- 
dox. 

The Foundat ions  of Mathematics 

ing the fundamentals of differential equations theory, 
the structure on which a significant part of modern sci- 
ence and technology is based. Do we have an answer to 
this last challenge? 

What Sundman and Wang did is in accord with the way 
solutions of initial value problems are defined; every- 
thing is apparently all right; but there is a problem, a [A] 
big one: these series solutions, though convergent on the 
whole real axis, have very slow convergence. One [BG] 
would have to sum up millions of terms to determine 
the motion of the particles for insignificantly short in- 
tervals of time. The round-off errors make these series 
unusable in numerical work. From the theoretical point [B] 
of view, these solutions add nothing to what was pre- [Bi] 
viously known about the n-body problem. 

This unusual situation makes us think once more about [Br] 
the foundations of our discipline. First of all, it illustrates 
that even a constructive solution can be useless from the [CJZ] 
practical point of view. Then why stick to it, why give in- 
tuitionism any concern? Well, this difficulty would still [D1] 
not keep us from sleeping soundly. How many of us re- 
ally care about intuitionism when doing mathematics? [D2] 

Unfortunately, doubt is also cast on the definition of 
[DH] a solution for an initial value problem attached to a dif- 

ferential equation. If our definition is meaningful, then 
shouldn't it exclude totally useless solutions? In certain [Di] 
cases all our efforts toward finding and writing down 

[G] solutions might be as futile as Sisyphus's work; more- 
over, we have no way of knowing in advance when this [G6] 
will be the case. What to do then? Eliminate power se- 
ries solutions from our definition? This would mean to 
negate two centuries of mathematics and throw many 

[P] achievements away. Clearly there is no simple answer. 
The third problem is connected to what "good" math- 

ematics means. Consciously or not, we usually under- IS] 
stand by this the mathematics promoted by famous 
mathematicians. No one would doubt that the mathe- 
matics of Weierstrass, for example, was and remains [Si] 
"good." But Weierstrass stated the first problem of King [Sul] 
Oscar's prize, a problem tackled by the sharpest minds 
of the time. It was eventually solved exactly as the 
German mathematician had wished; still, a hundred [Su2] 
years later, its solution presents only historical interest. 
Fortunately, the genius of Poincar6 steered our disci- [Su3] 
pline in the right direction--at least this is what we be- 
lieve today. But how will mathematicians think a hun- [U] 
dred years from now? 

The n-body problem--a bulwark against the flow of 
time, a reliable landmark on the map of mathematics-- [Wa] 
has posed and continues to pose new challenges. Almost [W] 
untouched, mysterious as in the beginning, it has sur- 
vived 300 years of siege. It has kindled and witnessed 
a few revolutions: the beginnings of calculus, of quali- 
tative methods, of relativity, of chaos; tackled numeri- 
cally, it has contributed to the launch of satellites and 
to the first human step on the moon. Now it is disturb- 
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The Solution of the n-body Problem* 
Florin Diacu 

The wind scrambles and thunders over hills 
with a voice far below what we can hear. 
Whalesong, birdsongs boom and twitter. 
Sea, air, everything's a chaos of signals 
and even those we've named veer and fall 
in pieces under our neat labels. Waves-- 
how to speak of the structure of waves 
when all disperses and there's nothing fixed to tell? 

--Philip Holmes, Background Noise 

Folk-Mathematics 

A folk-tale is a popular story uttered from one genera- 
tion to the next. The main source of culture in times of 
old, oral tradition plays a marginal role in spreading sci- 
entific information today. Still, its significance is by no 
means negligible, and all domains of human activity are 
more or less influenced by it. Mathematics is no excep- 
tion. We all know theorems we have never read in books 
or papers or learned about at formal presentations. We 
often don't know a reference, have no idea who proved 
that result, how, and when. Usually a colleague men- 
tioned it at some conference dinner, during a coffee- 
break or in a friendly discussion in our Department. It 
is striking, it sticks to our mind, and after a while it is 
part of our mathematical heritage---we just know it. 
Then we tell it further under similar circumstances, and 
so the wheel turns on. We will call this component of 
our knowledge folk-mathematics. 

Without denying the positive role folk-mathematics 
plays in spreading information, we must admit that re- 
sults gathered through it are sometimes misleading or 
misunderstood. A typical example is the Cantor set. 
Everybody knows that the middle-third Cantor set has 
zero Lebesgue measure, and many believe that the mid- 
dle-fifth analogue has positive measure. Intuitively this 
sounds plausible: if we remove each time a smaller seg- 
ment, the remaining quantity should be larger. Unfor- 
tunately, the intuition leads us astray this time. For any 

k, the middle-kth Cantor set has zero measure. Though 
a simple computation would show this, few do it, so the 
mistake propagates from one mathematician to the 
other. We can indeed obtain a Cantor set of positive 
measure by assigning a variable removal step. Delete 
first the middle-third segment, then the middle-ninth, 
then the middle-twenty-seventh, and so on. This algo- 
rithm will lead us to the desired result. 

The above example is easy to check, but what are we 
up against when a more complicated folk-mathematical 
situation appears? Physicists and mathematicians less 
familiar with celestial mechanics, have asked me at dif- 
ferent occasions to provide details about the "impossi- 
bility of solving the n-body problem." Some had heard 
that Poincar6 had proved the result, others recalled only 
that such a theorem exists somewhere in the literature. 
After all, this is a natural question. Since Abel and Galois 
proved the impossibility of solving algebraic equations 
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emergent behavior

(from NASA website)

Kolmogorov–Arnold–Moser theorem 
If masses, eccentricities, and inclinations of planets are small enough, 
many initial conditions lead to quasiperiodic planetary trajectories



the quantum case

If one had a great calculating machine, one might 
apply it to the problem of solving the Schrödinger 
equation for each metal […] It is not clear, however, 
that a great deal would be gained by this. Presumably 
the results would agree with the experimentally 
determined quantities and nothing vastly new would be 
learned from the calculation. [. . . ].  

E. Wigner and F. Seitz

On the other hand, the exact solution of a many-body 
problem is really irrelevant since it includes a large 
mass of information about the system which although 
measurable in principle is never measured in practice.   
[..] An incomplete description of the system is 
considered to be sufficient if these measurable 
quantities and their behavior are described correctly.  

H.J. Lipkin

E. Pavarini and E. Koch, Autumn School on Correlated Electron 2013, Introduction



Philip Warren 
Anderson

Nobel Prize in Physics 1977

… and the exact solution would be useless

(1972)

. . . In other words the better the machinery, the more likely it is to 
conceal the workings of nature, in the sense that it simply gives you 
the experimental answer without telling you why the experimental 
answer is true (1980)

There is a school which essentially accepts the idea that nothing 
further is to be learned in terms of genuine fundamentals and all that 
is left for us to do is calculate. . . . [..] This is then the idea that I call 
“The Great Solid State Physics Dream Machine”…

(RO Jones, DFT for emergents, Autumn School on Correlated Electrons 2013) 



a Practical Great Dream Machine ?

... It would indeed be remarkable if Nature 
fortified herself against further advances in 
knowledge behind the analytical difficulties of 
the many-body problem.  
Max Born (1960)

why do atom exist? how can we explain the periodic table?

why are some systems metals and other insulators?
what is the mechanism of high-Tc superconductivity?

what is the mechanism of orbital ordering?

no two samples are identical: generic features only



what is the final goal?

minimal model for a given class of phenomena

& find approximate methods that work
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as system-specific as possible



how good should we fit experiments?

Copernican vs Ptolemaic model

figures from wikipedia



how do we do this?



0. electronic Hamiltonian in 2nd quantization
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complete one-electron basis set!
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1. build minimal models 

Ĥe =
X

ab

tabc
†
acb +

1

2

X

cdc0d0

Ucdd0c0c
†
cc

†
dcc0cd0

ˆ̃He =
X

ab

t̃abc
†
acb
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DFT Kohn-Sham ab-initio Hamiltonian

very good approach for weakly correlated systems 



density-functional theory
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Nobel Prize in Chemistry (1998)

Walter Kohn 

Kohn-Sham equations

understand and predict properties 
of solids, molecules, biological 
systems, geological systems...

Kohn-Sham auxiliary Hamiltonian
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ĥe(ri)

vR(r) = �
X

↵

Z↵

|r �R↵|
+

Z
dr0 n(r0)

|r � r0| +
�Exc[n]

�n
= ven(r) + vH(r) + vxc(r)

(in practice: LDA,GGA,…)



density functional theory

Nobel Prize in Chemistry (1998)

Walter Kohn 
understand and predict properties of solids, 
molecules, biological systems, geological systems...

homogeneous electron gas

Exc[n] =

Z
dr✏LDA

xc (n(r))n(r)

The practical DFT-based Great Dream Machine
weakly correlated systems



what do the parameters contain?
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Nobel Prize in Chemistry (1998)

Walter Kohn 

Kohn-Sham equations

understand and predict properties 
of solids, molecules, biological 
systems, geological systems...



“the labours and controversies . . . in understanding 
the chemical binding in materials had finally come to 
a resolution in favour of ‘LDA’ and the modern 
computer” (1998)

(RO Jones, DFT for emergents, Autumn School on Correlated Electrons 2013) 

The Great Solid State Physics Dream Machine

but “very deep problems” remain (1998)

origin of failures: one-electron picture



when does this approach fail?
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one electron per site
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how could I open a gap?
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shown  eg  bands only

LDA+U: insulator BUT only with orbital AND spin order
AF-magnetic ordernon-magnetic (Pauli paramagnet)

LDA: metal
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1. minimal models that capture the phenomenon
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Hubbard model at half filling

minimal model for metal-insulator transition

local Coulomb produce strong correlation effects



Hubbard model at half-filling

hoppings atomicatomic
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1. t=0: collection of atoms, insulator 

2. U=0: half-filled band, metal



high-Tc superconducting cuprates
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near the middle of the conduction band, d!´", s!´", and
p!´" are positive, and the energy dependence of d!´" may
be linearized ! !d . 0", while those of s!´" and of p!´"
may be neglected. The bilayer bonding and antibonding
subbands have ´s values split by 7t!

ss. Now, if ´s were
infinitely far above the conduction band, or tsp vanishingly
small, the right-hand side of (2) would vanish, with the
result that the constant-energy contours would depend
only on u. The dispersion of the conduction band near the
Fermi level would thus be that of the one-orbital model
(1) with t " !1 2 p"#4 !d and t0 " t00 " 0. For realistic
values of ´s and tsp, the conduction band attains Cu s
character proportional to y2, thus vanishing along the
nodal direction, kx " ky , and peaking at !p, 0", where it
is of order 10%. The repulsion from the Cu s band lowers
the energy of the Van Hove singularities and turns the
constant-energy contours towards the [10] directions. In a
multilayer material, this same y2 dependence pertains to
the interlayer splitting caused by t!

ss. In order to go from
(2) to (1), 1#!1 2 u 1 s" $ 2r#!1 2 2ru" was expanded
in powers of 2ru, where r $ 1

2 #!1 1 s". This provided
explicit expressions, such as t " %1 2 p 1 o!r"&#4 !d,
t0 " %r 1 o!r"&#4 !d, and t00 " 1

2 t0 1 o!r", for the
hopping integrals of the one-orbital model in terms of
the parameters of the four(six)-orbital model and the
expansion energy '´F . Note that all intralayer hoppings
beyond nearest neighbors are expressed in terms of the
range parameter r. Although one may think of r as
t0#t, this holds only for flat layers and when r , 0.2.
When r . 0.2, the series (1) must be carried beyond
t00. Dimpling is seen not to influence the range of the
intralayer hopping, but to reduce t through admixture of
Oa#b pz. In addition, it also reduces tpd .

Here, we generalize this analysis to all known families
of HTSC materials using a new muffin-tin-orbital (MTO)
method [6] which allows us to construct minimal basis
sets for the low-energy part of an LDA band structure
with sufficient accuracy that we can extract the materials
dependence. This dependence we find to be contained
solely in ´s, which is now the energy of the axial orbital,
a hybrid between Cu s, Cu d3z221, apical-oxygen Oc pz ,
and farther orbitals on, e.g., La or Hg. The range, r, of the
intralayer hopping is thus controlled by the structure and
chemical composition perpendicular to the CuO2 layers. It
turns out that the materials with the larger r (lower ´s) tend
to be those with the higher observed values of Tc max. In the
materials with the highest Tc max, the axial orbital is almost
pure Cu 4s. It should be noted that r describes the shape
of the noninteracting band in a 1 eV range around the
Fermi level, whose accurate position is unknown because
we make no assumptions about the remaining terms of the
Hamiltonian, inhomogeneities, stripes, etc.

Figure 2 shows the LDA bands for the single-layer
materials La2CuO4 and Tl2Ba2CuO6. Whereas the high-
energy band structures are complicated and very different,
the low-energy conduction bands shown by dashed lines
contain the generic features. Most notably, the dispersion
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FIG. 2. LDA bands (solid lines) and Cu dx22y2-like conduction
band (dashed line). In the bct structure, G " !0, 0, 0", D "
!p , 0, 0", Z " !2p , 0, 0" " !0, 0, 2p#c", and X " !p , p , 0".

along GDZ is suppressed for Tl2Ba2CuO6 relatively
to La2CuO4, whereas the dispersion along GXZ is the
same. This is the y2 effect. The low-energy bands
were calculated variationally with a single Bloch sum
of Cu dx22y2 -like orbitals constructed to be correct at an
energy near half filling. Hence, these bands agree with
the full band structures to linear order and head towards
the pure Cu dx22y2 levels at G and Z, extrapolating across
a multitude of irrelevant bands. This was explained in
Ref. [6]. Now, the hopping integrals t, t0, t00, . . . may be
obtained by expanding the low-energy band as a Fourier
series, yielding t " 0.43 eV in both cases, t0#t " 0.17
for La2CuO4 and 0.33 for Tl2Ba2CuO6, plus many
further interlayer and intralayer hopping integrals [7].

That all these hopping integrals and their materials
dependence can be described with a generalized four-
orbital model is conceivable from the appearance of the
conduction-band orbital for La2CuO4 in the xz plane
(Fig. 3). Starting from the central Cu atom and going in
the x direction, we see 3dx22y2 antibond to neighboring
Oa 2px, which itself bonds to 4s and antibonds to 3d3z221
on the next Cu. From here, and in the z direction, we see
4s and 3d3z221 antibond to Oc 2pz , which itself bonds to
La orbitals, mostly 5d3z221. For Tl2Ba2CuO6 we find
about the same amount of Cu 3dx22y2 and Oa#b 2px#y
character, but more Cu 4s, negligible Cu 3d3z221, much
less Oc 2pz , and Tl 6s instead of La 5d3z221 character. In
Tl2Ba2CuO6 the axial part of the conduction-band orbital
is thus mainly Cu 4s.

Calculations with larger basis sets than one MTO per
CuO2 now confirm that, in order to localize the orbitals
so much that only nearest-neighbor hoppings are essential,
one needs to add one orbital, Cu axial, to the three stan-
dard orbitals. The corresponding four-orbital Hamiltonian
is therefore the one described above in Fig. 1 and Eq. (2).
Note that we continue to call the energy of the axial orbital
´s and its hopping to Oa px and Ob py tsp . Calculations
with this basis set for many different materials show that,
of all the parameters, only ´s varies significantly [7]. This
variation can be understood in terms of the couplings be-
tween the constituents of the axial orbital sketched in the
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By calculation and analysis of the bare conduction bands in a large number of hole-doped high-
temperature superconductors, we have identified the range of the intralayer hopping as the essential,
material-dependent parameter. It is controlled by the energy of the axial orbital, a hybrid between Cu 4s,
apical-oxygen 2pz , and farther orbitals. Materials with higher Tc max have larger hopping ranges and
axial orbitals more localized in the CuO2 layers.
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The mechanism of high-temperature superconductivity
(HTSC) in the hole-doped cuprates remains a puzzle [1].
Many families with CuO2 layers have been synthesized
and all exhibit a phase diagram with Tc going through a
maximum as a function of doping. The prevailing expla-
nation is that at low doping, superconductivity is destroyed
with rising temperature by the loss of phase coherence, and
at high doping by pair breaking [2]. For the materials de-
pendence of Tc at optimal doping, Tc max, the only known,
but not understood, systematics is that for materials with
multiple CuO2 layers, such as HgBa2Can21CunO2n12,
Tc max increases with the number of layers, n, until n ! 3.
There is little clue as to why for n fixed, Tc max depends
strongly on the family, e.g., why for n ! 1, Tc max is 40 K
for La2CuO4 and 85 K for Tl2Ba2CuO6, although the
Néel temperatures are fairly similar. A wealth of structural
data has been obtained, and correlations between struc-
ture and Tc have often been looked for as functions of
doping, pressure, uniaxial strain, and family. However,
the large number of structural and compositional param-
eters makes it difficult to find what besides doping con-
trols the superconductivity. Recent studies of thin epitaxial
La1.9Sr0.1CuO4 films concluded that the distance between
the charge reservoir and the CuO2 plane is the key struc-
tural parameter determining the normal state and supercon-
ducting properties [3].

Most theories of HTSC are based on a Hubbard model
with one Cu dx22y2-like orbital per CuO2 unit. The one-
electron part of this model is, in the k representation,

´"k# ! 2 2t"coskx 1 cosky# 1 4t0 coskx cosky

2 2t00"cos2kx 1 cos2ky# 1 . . . , (1)

with t, t0, t00, . . . denoting the hopping integrals "$0# on
the square lattice (Fig. 1). First, only t was taken into
account, but the consistent results of local-density approxi-
mation (LDA) band-structure calculations [4] and angle-
resolved photoemission spectroscopy (for overdoped,
stripe-free materials) [5] have led to the current usage
of including also t0, with t0$t ! 0.1 for La2CuO4
and t0$t ! 0.3 for YBa2Cu3O7 and Bi2Sr2CaCu2O8,
whereby the constant-energy contours of expression (1)
become rounded squares oriented in, respectively, the [11]

and [10] directions. It is conceivable that the materials
dependence enters the Hamiltonian primarily via its
one-electron part (1) and that this dependence is captured
by LDA calculations, but it needs to be filtered out.

The LDA band structure of the best known, and only
stoichiometric optimally doped HTSC, YBa2Cu3O7, is
more complicated than what can be described with the
t-t0 model. Nevertheless, careful analysis has shown [4]
that the low-energy layer-related features, which are the
only generic ones, can be described by a nearest-neighbor
tight-binding model with four orbitals per layer (Fig. 1),
Cu 3dx22y2, Oa 2px, Ob 2py, and Cu 4s, with the interlayer
hopping proceeding via the diffuse Cu 4s orbital whose
energy ´s is several eV above the conduction band. Also
the intralayer hoppings t0, t00, . . . , beyond nearest neighbors
in (1) proceed via Cu s. The constant-energy contours,
´i"k# ! ´, of this model could be expressed as [4]

1 2 u 2 d"´# 1 "1 1 u#p"´# !
y2

1 2 u 1 s"´# (2)

in terms of the coordinates u % 1
2 "coskx 1 cosky# and

y % 1
2 "coskx 2 cosky#, and the quadratic functions

d"´# % "´ 2 ´d# "´ 2 ´p#$"2tpd#2 and s"´# % "´s 2 ´# 3
"´ 2 ´p#$"2tsp #2, which describe the coupling of
Oa$bpx$y to, respectively, Cu dx22y2 and Cu s. The term
proportional to p"´# in (2) describes the admixture of
Oa$bpz orbitals for dimpled layers and actually extends
the four-orbital model to a six-orbital one [4]. For ´

-t’ε ε εd p s tsp tpd

t t’’
FIG. 1. Relation between the one-orbital model "t, t0, t00, . . .#
and the nearest-neighbor four-orbital model [4] (´d 2 ´p !
1 eV, tpd ! 1.5 eV, ´s 2 ´p ! 4 16 eV, tsp ! 2 eV).
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2. find approximate methods that work
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G. Kotliar and D. Vollhardt, Physics Today 57, 53 (2004)

exact for t=0, U=0 & infinite dimension limit

Bethe lattice

DMFT

W: band width

local self energy approximation



3. make it more realistic: LDA+DMFT
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scheme of the lecture

what is the final goal? 

minimal many-body models & DMFT
Hubbard dimer
one-band Hubbard model
multi-band Hubbard model

building material-specific many-body models

what is special in multi-orbital models?



DMFT for the Hubbard dimer
this is a toy model: coordination number is one

DMFT is exact for t=0, U=0 and in the infinite dimension limit

minimal models  & DMFT



the Hubbard dimer



the Hubbard dimer
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 finite t: exact diagonalization1 2 N=1

|1, S, Szi↵ E↵(1, S) d↵(1, S)

|1, 1/2,�i+ = 1p
2
[|1, 1/2,�i1 � |1, 1/2,�i2] "d + t 2

|1, 1/2,�i� = 1p
2
[|1, 1/2,�i1 + |1, 1/2,�i2] "d � t 2

A

B

2tU=0

"0 = "d � t
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"⇡ = "d + t
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k=0

k=π



 finite t: exact diagonalization
half filling (N=2)

|2, S, Szi↵ E↵(2, S) d↵(2, S)

|2, 0, 0i+ = a1|2, 0, 0i0 � a2p
2
[|2, 0, 0i1 + |2, 0, 0i2] 2"d +

1
2 [U +�(t, U)] 1

|2, 0, 0io = 1p
2
[|2, 0, 0i1 � |2, 0, 0i2] 2"d + U 1

|2, 1,mio = |2, 1,mi 2"d 3

|2, 0, 0i� = a2|2, 0, 0i0 + a1p
2
[|2, 0, 0i1 + |2, 0, 0i2] 2"d +

1
2 [U ��(t, U)] 1

U=0

B

2t
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 finite t: exact diagonalization

|3, S, Szi↵ E↵(3) d↵(3, S)

|3, 1/2,�i+ = 1
2 [|1, 1/2,�i1 + |1, 1/2,�i2] 3"d + U + t 2

|3, 1/2,�i� = 1
2 [|1, 1/2,�i1 � |1, 1/2,�i2] 3"d + U � t 2

B

2t

A

U=0

N=31 2



the local Green function

Gii,�(i⌫n) =
1

Z

X

nn0N

e��(En(N)�µN)

"
|hn0N � 1|ci�|nNi|2

i⌫n � [En(N)� En0(N � 1)� µ]

+
|hn0N + 1|c†i�|nNi|2

i⌫n � [En0(N + 1)� En(N)� µ]

#
,

Lehmann representation

ck� =
1p
2
(c1" ⌥ c2")

<latexit sha1_base64="qT3yRA5oXHdXB+kZIk+tUnVs32g="></latexit><latexit sha1_base64="qT3yRA5oXHdXB+kZIk+tUnVs32g="></latexit><latexit sha1_base64="qT3yRA5oXHdXB+kZIk+tUnVs32g="></latexit><latexit sha1_base64="qT3yRA5oXHdXB+kZIk+tUnVs32g="></latexit>

change basis

G�
11(i⌫n) =

1

2


G�(0, i⌫n) +G�(⇡, i⌫n)

�

<latexit sha1_base64="H9ngO92dp5Or5OVlp5mgaySVb4s="></latexit><latexit sha1_base64="H9ngO92dp5Or5OVlp5mgaySVb4s="></latexit><latexit sha1_base64="H9ngO92dp5Or5OVlp5mgaySVb4s="></latexit><latexit sha1_base64="H9ngO92dp5Or5OVlp5mgaySVb4s="></latexit>

local Green function: k-point average
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U=0 vs finite U

G0�
11 (i⌫n) =

1

2

X

k

1

i⌫n � ("k � µ)
=

1

i⌫n � ("d + F 0(i⌫n)� µ)
,

F 0(i⌫n) =
t2

i⌫n � ("d � µ)
,
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i⌫n � ("d � µ)
,
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hybridization function

G�
11(i⌫n) =

1

2

X

k

1

i⌫n � ("k +⌃�(k, i⌫n)� µ)
=

1

i⌫n � ("d +⌃�
l (i⌫n) + F �(i⌫n)� µ)

<latexit sha1_base64="Jq3ULsoJibogt3Vhw/7InYv+zQQ="></latexit><latexit sha1_base64="Jq3ULsoJibogt3Vhw/7InYv+zQQ="></latexit><latexit sha1_base64="Jq3ULsoJibogt3Vhw/7InYv+zQQ="></latexit><latexit sha1_base64="Jq3ULsoJibogt3Vhw/7InYv+zQQ="></latexit>

1 2



the local self-energy

⌃�(k, i⌫n) =
U

2
+

U2

4

1

i⌫n � eik 3t
.
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modified hybridization function

local⌃�
l (i⌫n) =

1
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✓
⌃�(⇡, i⌫n) +⌃�(0, i⌫n)
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the spectral function
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spectral function U=4
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local Dyson equation

⌃�
l (i⌫n) =

1

G�
i,i(i⌫n)

� 1

G�
i,i(i⌫n)

,
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map to a quantum impurity model ?

the Anderson molecule

1 2

t
U U

1 2

t
U

Ĥ = "d n̂1� + "sn̂2� � t
X

�

h
c†1�c2� + c†2�c1�

i
+ Un̂1"n̂1#. (1)
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self-consistency

same occupations of Hubbard dimer

εs=εd+U/2=µ

N=21 2

Ĥ2 =

0

BBBBBBBBBB@

"d + "s 0 0 0 0 0

0 "d + "s 0 0 0 0

0 0 "d + "s 0 0 0

0 0 0 "d + "s �
p
2t �

p
2t

0 0 0 �
p
2t 2"d + U 0

0 0 0 �
p
2t 0 2"s

1

CCCCCCCCCCA
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solution: Hubbard vs Anderson

Hubbard dimer

 Anderson molecule

G�
11(i⌫n) =

1

i⌫n � ("d � µ+⌃�
l (i⌫n) + F �(i⌫n))
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Green function U=4t

Anderson  vs  Hubbard

1 2
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QIM solver

DMFT for the dimer1 2

Ĥ = "d
X

i�

ni� � t
X

�

h
c†1�c2� + c†2�c1�

i
+ U

X

i=1,2

n̂i"n̂i#.

self-consistency loop

map to quantum impurity model (QIM) in local self-energy approximation
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scheme of the lecture

what is the final goal? 

minimal many-body models & DMFT
Hubbard dimer
one-band Hubbard model
multi-band Hubbard model

building material-specific models

what is special in multi-orbital models?



DMFT for the one-band Hubbard model

H = "d
X

i

X

�

c†i�ci� � t
X

hii0i

X

�

c†i�ci0� + U
X

i

ni"ni# = Hd +HT +HU



dynamical mean-field theory

Metzner and Vollhardt, PRL 62, 324 (1989); Georges and Kotliar, PRB 45, 6479 (1992)



self-consistency loop

HA =
X

�

X

k

"knk� +
X

�

"fnf� + Unf"nf#

+
X

�

X

k

h
Vkc

†
k�cf� + h.c.

i

quantum impurity model  (QIM)

self-consistency loop  Gff=Gii

H = "d
X

i

X

�

c†i�ci� � t
X

hii0i

X

�

c†i�ci0� + U
X

i

ni"ni# = Hd +HT +HU

QIM solver: QMC, ED, NRG, DMRG,…



a real-system case: VOMoO4
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Amin Kiani and Eva Pavarini, Phys. Rev. B 94, 075112 (2016)
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metal-insulator transition

disappears continuously (at T=0) at a critical value
Uc2/D�2.92, as explained in more detail in Sec. VII.E.

2. Insulating phase

When U/t is large, we begin with a different ansatz
based on the observation that in the ‘‘atomic limit’’ t=0
(U/t=⌥), the spectral function has a gap equal to U . In
this limit the exact expression of the Green’s function
reads

G⇤ i�n↵at�
1/2

i�n⇥U/2
⇥

1/2
i�n⇤U/2

. (232)

Since ImG(�⇥i0⇥) also plays the role of the density of
states of the effective conduction electron bath entering
the impurity model, we have to deal with an impurity
embedded in an insulator [�(�=0)=0]. It is clear that an
expansion in powers of the hybridization t does not lead
to singularities at low frequency in this case. This is very
different from the usual expansion in the hybridization
V with a given (flat) density of states that is usually con-
sidered for an Anderson impurity in a metal. Here, t
also enters the conduction bath density of states (via the
self-consistency condition) and the gap survives an ex-
pansion in t/U . An explicit realization of this idea is to
make the following approximation for the local Green’s
function (Rozenberg, Zhang, and Kotliar, 1992):

G⇤ i�n↵�
1/2

G 0
⇤1⇤ i�n↵⇤U/2

⇥
1/2

G 0
⇤1⇤ i�n↵⇥U/2

, (233)

which can be motivated as the superposition of two mag-
netic Hartree-Fock solutions or as a resummation of an
expansion in �/U . This implies that G(i�)�i� for small

�, and the substitution into the self-consistency condi-
tion implies that G 0

�1�i� , which is another way of say-
ing that the effective bath in the Anderson model pic-
ture has a gap. We know from the theory of an
Anderson impurity embedded in an insulating medium
that the Kondo effect does not take place. The impurity
model ground state is a doubly degenerate local mo-
ment. Thus, the superposition of two magnetic Hartree-
Fock solutions is qualitatively a self-consistent ansatz. If
this ansatz is placed into Eq. (221), we are led to a
closed (approximate) equation for G(i�n):

D4G3⇤8D2�G2⇥4⇤4�2⇥D2⇤U2↵G⇤16��0.
(234)

This approximation corresponds to the first-order ap-
proximation in the equation of motion decoupling
schemes reviewed in Sec. VI.B.4. It is similar in spirit to
the Hubbard III approximation Eq. (173) (Hubbard,
1964), which would correspond to pushing this scheme
one step further. These approximations are valid for
very large U but become quantitatively worse as U is
reduced. They would predict a closure of the gap at
Uc�D for (234) (Uc�)D for Hubbard III). The fail-
ure of these approximations, when continued into the
metallic phase, is due to their inability to capture the
Kondo effect which builds up the Fermi-liquid quasipar-
ticles. They are qualitatively valid in the Mott insulating
phase however.

The spectral density of insulating solutions vanish
within a gap ⇤�g/2⌅�⌅⇥�g/2. Inserting the spectral
representation of the local Green’s function into the self-
consistency relation, Eq. (221) implies that ⌦(�+i0+)
must be purely real inside the gap, except for a
⇧-function piece in Im⌦ at �=0, with

Im⌦⇤�⇥i0⇥↵�⇤ ⌃2⇧⇤�↵ for ��⇥⇤�g/2,�g/2�
(235)

and that Re⌦ has the following low-frequency behavior:

Re⌦⇤�⇥i0⇥↵⇤U/2�
⌃2

�
⇥O⇤�↵. (236)

In these expressions, ⌃2 is given by

1
⌃2

�⇥
⇤⌥

⇥⌥

d⌅
⌃⇤⌅↵
⌅2 . (237)

⌃2 can be considered as an order parameter for the insu-
lating phase [the integral in Eq. (237) diverges in the
metallic phase]. A plot of the spectral function and self-
energy in the insulating phase, obtained within the iter-
ated perturbation theory approximation, is also dis-
played in Figs. 30 and 31. The accuracy of these results is
more difficult to assess than for the metal, since exact
diagonalization methods are less efficient in this phase.
A plot of the gap �g vs U estimated by the iterated
perturbation theory and exact diagonalization is given in
Fig. 32. Within both methods, the insulating solution is
found to disappear for U⌅Uc1(T�0), with Uc1

ED

� 2.15D (while the iterated perturbation theory method
yields Uc1

IPT � 2.6D). As discussed below in more detail
(Sec. VII.F), the precise mechanism for the disappear-

FIG. 30. Local spectral density  D⌃(�) at T=0, for several
values of U , obtained by the iterated perturbation theory ap-
proximation. The first four curves (from top to bottom, U/D
=1,2,2.5,3) correspond to an increasingly correlated metal,
while the bottom one (U/D=4) is an insulator.

64 A. Georges et al.: Dynamical mean-field theory of . . .
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insulating phase

A. Georges et al., RMP 63, 13 (1996)

Bethe lattice

G. Kotliar and D. Vollhardt, Physics Today 57, 53 (2004)



why this cannot be obtained  
with static mean-field methods?



comparison to Hartree-Fock (LDA+U)

Hartree-Fock Hamiltonian and bands

Un̂i"n̂i# �! U
�
n̄i"n̂i# + n̂i"n̄i# � n̄i"n̄i#

�
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ferromagnetic case

self-energy

m: magnetization



ferromagnetic Hartree-Fock
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antiferromagnetic case
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Mott transition: HF vs DMFT
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see my lecture notes in correl17



scheme of the lecture

what is the final goal? 

minimal many-body models & DMFT
Hubbard dimer
one-band Hubbard model
multi-band Hubbard model

building material-specific models

what is special in multi-orbital models?



multi-band Hubbard model



DMFT for  multi-band models
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in theory, more indices
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in practice, QMC-based solvers

limited number of orbitals/site
finite temperature

some interactions are worse than others
some bases are worse than others

we need minimal material-specific models 

computational time

sign problem



scheme of the lecture

what is the final goal? 

minimal many-body models & DMFT
Hubbard dimer
one-band Hubbard model
multi-band Hubbard model

building material-specific models

what is special in multi-orbital models?



0. chose the one-electron basis

LDA Wannier(-like) functions
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why LDA Wannier functions?

can be constructed site-centered & orthogonal & localized

span exactly the one-electron Hamiltonian

very good for weakly correlated systems
information on lattice and chemistry

natural basis for local Coulomb terms



Ĥe = Ĥ0 + ĤU �! ĤLDA + ĤU � Ĥdc

if long range Hartree and mean-field exchange-correlation 
already are well described by LDA (GGA,..), ΔU is local

why LDA Wannier functions?
ΔU



1. heavy electrons, light electrons

light electrons                               DFT (LDA, GGA,…)

heavy electrons                         ΔU correction, DMFT
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self-consistency loop



2. downfolding
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effects of downfolding

less parameters & no HDC 

eg

massive downfolding

no downfolding

more parameters & HDC  

WF more localized 

WF less localized 



no DC correction
around mean-field approximation
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effects of downfolding

less parameters & no HDC 

eg

massive downfolding

no downfolding

more parameters & HDC  

WF more localized 

WF less localized 



how important is localization?

U iji0j0

mp m0p0 /
�i,i0�j,j0

|Ti � Tj |
,
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Ĥe = Ĥ0 + ĤU �! ĤLDA + ĤU � Ĥdc

local or almost local
strong correlations arise from strong local Coulomb



methods based on space tiling 
functions inside the sphere?

extreme localization

 im�(r) i0m0�0(r) ⇠ �i,i0�(r � Ti)
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effects of downfolding

less parameters & no HDC 

eg

massive downfolding

no downfolding

more parameters & HDC  

WF more localized 

WF less localized 



3. Screening
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what can we do?

orbital order

conductivity
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FIG. 6. VOMoO4: Static magnetic susceptibility χ (q; 0)/χA(0)
in the qx,qy plane for representative values of qz, T ∼ 380 K (T ≫
TN ) and U = 5 eV; χA(0) ∼ µ2

eff/kBT is the atomic susceptibility
in the local spin (large βU ) limit. For each value of qz, the top
panel shows the result without vertex correction and the bottom panel
that with vertex correction. The special points in the qx,qy plane are
#1 = (2π,0), X = (π,0), and M = (π,π ).

approximately given by the expression obtained by replacing
in the Green functions in Eq. (3) the self-energy with its atomic
limit, with U renormalized by a factor r0,

%(iωn) ∼ r2
0 U 2

4
1

iωn

.

The factor r0 can be obtained by fitting the actual self-energy.
After performing analytically the Matsubara sums, we find, in
the large βU limit (for more details see the Appendix)

χ0(q; 0) ∼ µ2
eff

U

[
1 − 1

2U

(
Jr0 (0) + 1

2
Jr0 (q)

)]
, (5)

where

Jr0 (q) = (χ0(q; 0))−1 − (χ0(0))−1 = JSPT(q)/2r2
0 ,

and µeff = gµB

√
S(S + 1)/3, where S is the effective local

spin (for fully localized moments, S = 1/2). In this expression
JSPT(q) is the magnetic coupling obtained via many-body
second-order perturbation theory, accounting, however, not
only for J1 and J2 but also for long range exchange couplings.

It is given by

JSPT(q) ∼ 4J1 cos
qx

2
cos

qy

2

[

1 + 2
J1z

J1
cos qz +

(
J1z

J1

)2
]1/2

+ 2J2(cos qx + cos qy)

+ 2Jz cos qz + 4J2z(cos qx + cos qy) cos qz + · · · ,

(6)

where Ji ∼ 4t2
i /U . For VOMoO4 we find that the renor-

malization factor r0 ∼ 1. The expression Eq. (5) shows that
χ0(q; 0) does not exhibit the Curie-Weiss temperature behavior
associated with a local-moment system, and the effective
magnetic exchange coupling extracted from χ0(q; 0) is about
a factor 2 smaller than in second-order perturbation theory.
The DMFT vertex correction has several effects. First, via
the Bethe-Salpeter equation it enhances the susceptibility in
a slightly nonuniform way. Then, it yields a high-temperature
Curie-Weiss-like behavior, so that χ (q; 0) ∼ µ2

eff/(T − Tq),
where Tq is a generalized Curie-Weiss temperature. It follows
from this that we can define the magnetic coupling as J (q) =
−Tq/µ

2
eff . In first approximation we find J (q) ∼ Jr (q) and the

value of the renormalization factor is reduced from r0 ∼ 1
to r ∼ 0.7. Thus our results show that for VOMoO4, in
first approximation, Jr (q) ∼ JSPT(q). Furthermore, we find
that the local susceptibility is close to the atomic magnetic
susceptibility, and the effective static local vertex #(0) is
approximately given by

#(0) ∼ 1
µ2

eff

[
U

(
1 + 1

2U
Jr (0)

)
− kBT

]
.

Remarkably, in the large temperature limit the r factor can
be estimated expanding the Bethe-Salpeter equation (in the
matrix form) around the atomic limit

χ (q; 0) ∼ χA(0) − r2
0

r2
χA(0) Jr0 (q) χA(0),

where

r2
0

r2
∼ 1

β2

∑

nn′

[χA(0)Jr0 (q)χA(0)]n,n′

χA(0)Jr0 (q)χA(0)
(7)

and
[
Jr0 (q)

]
n,n

= [(χ0(q; 0))−1 − (χ0(0))−1]n,n.

The analytic expression of the atomic susceptibility matrix
is given for completeness in the Appendix. This yields for
VOMoO4 a renormalization factor r ∼ 0.7, close to the actual
value obtained from fitting the DMFT data.

The susceptibility of Li2VOSiO4 is shown in Fig. 7. The
conclusions are similar as for VOMoO4; the susceptibility
jumps from about zero without vertex correction to about 1
(in units of the atomic susceptibility) with vertex correction.
The renormalization parameters are slightly larger than in
VOMoO4, r0 ∼ 1.1 and r ∼ 0.84. For both Li2VOSiO4 and
VOMoO4 we find that at q = qX ≡ (0,π,π/2) the magnetic
susceptibility χ (qX; 0) ∼ χA(0) ∼ µ2

eff/kBT , indicating that
J (qX) is basically zero.
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our codes
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FIG. 4. Convergence of the Krylov approximation |ψ(τ )⟩r to
|ψ(τ )⟩ = e−(Hloc−E0)τ |ψ⟩ for a representative test case (five-orbital
model, half filling). The figure shows the difference #(r) =
||ψ(τ )⟩r − |ψ(τ )⟩|. Symbols (in order of increasing size) represent
τ = 0.005, 0.05, 0.5, 5, and 100.

window and truncate adaptively the outer bracket of the trace.
This further reduces the CPU time.

The performance of our CT-HYB QMC solver (Krylov and
segment version) on the Jülich BlueGene/Q, and comparison
with Hirsch-Fye QMC, is shown in Fig. 5.

3. Green’s function and occupation matrix

The partition function (2) can be seen as the sum over all
configurations c = {αiτi ,ᾱi τ̄i ,n} in imaginary time and flavors.
In a compact form,

Z =
∑

c

⟨Z⟩c =
∑

c

wc ∼
∑

{c}
sign(wc),

where in the last term the sum is over a sequence of
configurations {c} sampled by the Monte Carlo approach
using |wc| as the probability of configuration c. In the
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FIG. 5. (Color online) Scaling of our CT-HYB QMC
LDA + DMFT code on BlueGene/Q. Black line: Hirsch-Fye (HF)
solver, two orbitals. The dark and light lines are CT-HYB calculations.
Dark lines: Krylov solver with truncation of the local trace (open
symbols, K-t) and without (solid symbols, K). Results are for two
(circles) and three (triangles) orbitals. Light lines: Segment solver (S),
five-band model (pentagons). All points correspond to calculations
of high quality (and with comparable error bars) for the systems
considered in this work. For β = 70 (∼165 K) the five-orbital segment
solver is about as fast the three-orbital Krylov with trace truncation or
the two-orbital Krylov without trace truncation, and it is remarkably
faster than the two-orbital HF solver.

segment solver approach, we parametrize the configurations
by intervals [0,β) (time line), occupied by a sequence of
creators and annihilators, which define segments on the time
line. The basic Monte Carlo updates are addition and removal
of segments, antisegments, or complete lines.8 In the Krylov
solver approach we use the insertion and removal of pairs
of creation and annihilation operators9,10 as basic updates.
In addition, we shift operators in time8,10 and exchange the
configurations of blocks or flavors39 (global moves). Finally,
a generic observable O can then be obtained as a Monte Carlo
average:

O ∼
∑

{c}⟨O⟩c sign(wc)
∑

{c} sign(wc)
,

where ⟨O⟩c is the value of the observable for configuration c,
and c runs over the configurations visited with probability |wc|
during the sampling. The average expansion order increases
linearly with the inverse temperature. For the case of YTiO3,
at ∼40 K, the average expansion order is n ∼ 40.

We calculate the Green’s function matrix in two ways,
directly8,12 and via Legendre polynomials.40 In the first
approach, the Green’s function matrix is obtained as a Monte
Carlo average with ⟨O⟩c = ⟨Gαᾱ⟩c, and

⟨Gαᾱ⟩c =
Nb∑

b=1

nb∑

i,j=1

#(τ,τbj − τ̄bi)[M (nb)]bj,biδαbj αδᾱbi ᾱ.

Here M (n) = [F (n)]−1 is the inverse of the hybridization-
function matrix, which we update at each accepted move, while
# is given by

#(τ,τ ′) = − 1
β

{
δ(τ − τ ′) τ ′ > 0,

−δ(τ − (τ ′ + β)) τ ′ < 0,

and the δ function is discretized. In the second approach, we
calculate the Legendre coefficients ⟨O⟩c = ⟨Gl

αᾱ⟩c, with

⟨Gl
αᾱ⟩c =

Nb∑

b=1

nb∑

i,j=1

Pl(τbj − τ̄bi)[M (nb)]bj,biδαbj αδᾱbi ᾱ,

Pl(τ ) = −
√

2l + 1
β

{
pl(x(τ )), τ > 0,
−pl(x(τ + β)), τ < 0,

where pl(x) is a Legendre polynomial of rank l, with x(τ ) =
2τ/β − 1, and we reconstruct the Green’s function matrix from

Gαᾱ(τ ) =
∞∑

l=0

√
2l + 1
β

pl(x(τ ))Gl
αᾱ.

Concerning occupations, in the segment solver we calculate
them from the total length of the segments of the different
flavors;8 in the Krylov solver we obtain them in two ways,
directly from the Green’s function and by explicitly inserting
the occupation number operator at the center of the oper-
ator sequence (τ = β/2) and calculating the corresponding
trace.9,11 The off-diagonal elements of the local occupation
matrix ⟨c†αcᾱ⟩, which cannot be obtained by inserting the
corresponding operators at τ = β/2,41 are extracted from the
Green’s function matrix only.
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metal oxides. Electronic correlations are treated with a new implementation of dynamical mean-field
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tions in LaTiO3 and even more in YTiO3, and to favor the transition to the insulating state.
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Transition-metal perovskites have attracted much in-
terest because of their unusual electronic and magnetic
properties arising from narrow 3d bands and strong Cou-
lomb correlations [1]. The 3d1 perovskites are particularly
interesting, since seemingly similar materials have very
different electronic properties: SrVO3 and CaVO3 are
correlated metals with mass enhancements of, respec-
tively, 2.7 and 3.6 [2], while LaTiO3 and YTiO3 are Mott
insulators with gaps of, respectively, 0.2 and 1 eV [3].

In the Mott-Hubbard picture the metal-insulator tran-
sition occurs when the ratio of the on-site Coulomb re-
pulsion to the one-electron bandwidth exceeds a critical
value Uc=W, which increases with orbital degeneracy
[4,5]. In the ABO3 perovskites the transition-metal ions
(B) are on a nearly cubic (orthorhombic) lattice and at the
centers of corner-sharing O6 octahedra. The 3d band
splits into pd!-coupled t2g bands and pd"-coupled eg
bands, of which the former lie lower, have less O character
and couple less to the octahedra than the latter. The
simplest theories for the d1 perovskites [1] are therefore
based on a Hubbard model with three degenerate, 16 -filled
t2g bands per B ion, and the variation of the electronic
properties along the series is ascribed to a progressive
reduction of W due to the increased bending of the pd!
hopping paths (BOB bonds).

This may not be the full explanation of the Mott
transition however, because a splitting of the t2g levels
can effectively lower the degeneracy. In the correlated
metal, the relevant energy scale is the reduced bandwidth
associated with quasiparticle excitations. Close to the
transition, this scale is of order !ZW, with Z! 1"
U=Uc , and hence much smaller than the original band-
width W. A level splitting by merely ZW is sufficient to
lower the effective degeneracy all the way from a three-
fold to a nondegenerate single band [6]. This makes the
insulating state more favorable by reducing Uc=W [5,6].
Unlike the eg-band perovskites, such as LaMnO3, where
large (10%) cooperative Jahn-Teller (JT) distortions of
the octahedra indicate that the orbitals are spatially or-
dered, in the t2g-band perovskites the octahedra are al-

most perfect. The t2g orbitals have therefore often been
assumed to be degenerate. If that is true, it is conceivable
that quantum fluctuations lead to an orbital liquid [7]
rather than orbital ordering. An important experimental
constraint on the nature of the orbital physics is the
observation of an isotropic, small-gap spin-wave spec-
trum in both insulators [8]. This is remarkable because
LaTiO3 is a G-type antiferromagnet with TN # 140 K,
m # 0:45#B, and a 3% JT stretching along a [9], while
YTiO3 is a ferromagnet with TC # 30 K, m0 ! 0:8#B,
and a 3% stretching along y on sites 1 and 3, and x on 2
and 4 [10] (see Fig. 1).

FIG. 1 (color). Pbnm primitive cells (right panels), subcells 1
(left panels), and the occupied t2g orbitals for LaTiO3 (top
panels) and YTiO3 (bottom panels) according to the LDA$
DMFT calculation. The oxygens are violet, the octahedra
yellow, and the cations orange. In the global, cubic xyz system
directed approximately along the Ti-O bonds, the orthorhombic
translations are a#%1;"1; 0&%1$ $&, b#%1; 1; 0&%1$ %&, and
c#%0; 0; 2&%1$ &&, with $, %, and & small. The Ti sites 1 to 4
are a=2, b=2, %a$ c&=2, and %b$ c&=2. The La(Y) ab plane is
a mirror %z $ "z& and so is the Ti bc plane %x $ y& when
combined with the translation %b" a&=2.
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1. Hund’s rule coupling J & atomic multiplets 

2. Orbital degeneracy, orbital order & crystal field 
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t2g atomic levels & Hund’s rule
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Using t2g Wannier functions, a low-energy Hamiltonian is derived for orthorhombic 3d1 transition-
metal oxides. Electronic correlations are treated with a new implementation of dynamical mean-field
theory for noncubic systems. Good agreement with photoemission data is obtained. The interplay of
correlation effects and cation covalency (GdFeO3-type distortions) is found to suppress orbital fluctua-
tions in LaTiO3 and even more in YTiO3, and to favor the transition to the insulating state.
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Transition-metal perovskites have attracted much in-
terest because of their unusual electronic and magnetic
properties arising from narrow 3d bands and strong Cou-
lomb correlations [1]. The 3d1 perovskites are particularly
interesting, since seemingly similar materials have very
different electronic properties: SrVO3 and CaVO3 are
correlated metals with mass enhancements of, respec-
tively, 2.7 and 3.6 [2], while LaTiO3 and YTiO3 are Mott
insulators with gaps of, respectively, 0.2 and 1 eV [3].

In the Mott-Hubbard picture the metal-insulator tran-
sition occurs when the ratio of the on-site Coulomb re-
pulsion to the one-electron bandwidth exceeds a critical
value Uc=W, which increases with orbital degeneracy
[4,5]. In the ABO3 perovskites the transition-metal ions
(B) are on a nearly cubic (orthorhombic) lattice and at the
centers of corner-sharing O6 octahedra. The 3d band
splits into pd!-coupled t2g bands and pd"-coupled eg
bands, of which the former lie lower, have less O character
and couple less to the octahedra than the latter. The
simplest theories for the d1 perovskites [1] are therefore
based on a Hubbard model with three degenerate, 16 -filled
t2g bands per B ion, and the variation of the electronic
properties along the series is ascribed to a progressive
reduction of W due to the increased bending of the pd!
hopping paths (BOB bonds).

This may not be the full explanation of the Mott
transition however, because a splitting of the t2g levels
can effectively lower the degeneracy. In the correlated
metal, the relevant energy scale is the reduced bandwidth
associated with quasiparticle excitations. Close to the
transition, this scale is of order !ZW, with Z! 1"
U=Uc , and hence much smaller than the original band-
width W. A level splitting by merely ZW is sufficient to
lower the effective degeneracy all the way from a three-
fold to a nondegenerate single band [6]. This makes the
insulating state more favorable by reducing Uc=W [5,6].
Unlike the eg-band perovskites, such as LaMnO3, where
large (10%) cooperative Jahn-Teller (JT) distortions of
the octahedra indicate that the orbitals are spatially or-
dered, in the t2g-band perovskites the octahedra are al-

most perfect. The t2g orbitals have therefore often been
assumed to be degenerate. If that is true, it is conceivable
that quantum fluctuations lead to an orbital liquid [7]
rather than orbital ordering. An important experimental
constraint on the nature of the orbital physics is the
observation of an isotropic, small-gap spin-wave spec-
trum in both insulators [8]. This is remarkable because
LaTiO3 is a G-type antiferromagnet with TN # 140 K,
m # 0:45#B, and a 3% JT stretching along a [9], while
YTiO3 is a ferromagnet with TC # 30 K, m0 ! 0:8#B,
and a 3% stretching along y on sites 1 and 3, and x on 2
and 4 [10] (see Fig. 1).

FIG. 1 (color). Pbnm primitive cells (right panels), subcells 1
(left panels), and the occupied t2g orbitals for LaTiO3 (top
panels) and YTiO3 (bottom panels) according to the LDA$
DMFT calculation. The oxygens are violet, the octahedra
yellow, and the cations orange. In the global, cubic xyz system
directed approximately along the Ti-O bonds, the orthorhombic
translations are a#%1;"1; 0&%1$ $&, b#%1; 1; 0&%1$ %&, and
c#%0; 0; 2&%1$ &&, with $, %, and & small. The Ti sites 1 to 4
are a=2, b=2, %a$ c&=2, and %b$ c&=2. The La(Y) ab plane is
a mirror %z $ "z& and so is the Ti bc plane %x $ y& when
combined with the translation %b" a&=2.
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Transition-metal perovskites have attracted much in-
terest because of their unusual electronic and magnetic
properties arising from narrow 3d bands and strong Cou-
lomb correlations [1]. The 3d1 perovskites are particularly
interesting, since seemingly similar materials have very
different electronic properties: SrVO3 and CaVO3 are
correlated metals with mass enhancements of, respec-
tively, 2.7 and 3.6 [2], while LaTiO3 and YTiO3 are Mott
insulators with gaps of, respectively, 0.2 and 1 eV [3].

In the Mott-Hubbard picture the metal-insulator tran-
sition occurs when the ratio of the on-site Coulomb re-
pulsion to the one-electron bandwidth exceeds a critical
value Uc=W, which increases with orbital degeneracy
[4,5]. In the ABO3 perovskites the transition-metal ions
(B) are on a nearly cubic (orthorhombic) lattice and at the
centers of corner-sharing O6 octahedra. The 3d band
splits into pd!-coupled t2g bands and pd"-coupled eg
bands, of which the former lie lower, have less O character
and couple less to the octahedra than the latter. The
simplest theories for the d1 perovskites [1] are therefore
based on a Hubbard model with three degenerate, 16 -filled
t2g bands per B ion, and the variation of the electronic
properties along the series is ascribed to a progressive
reduction of W due to the increased bending of the pd!
hopping paths (BOB bonds).

This may not be the full explanation of the Mott
transition however, because a splitting of the t2g levels
can effectively lower the degeneracy. In the correlated
metal, the relevant energy scale is the reduced bandwidth
associated with quasiparticle excitations. Close to the
transition, this scale is of order !ZW, with Z! 1"
U=Uc , and hence much smaller than the original band-
width W. A level splitting by merely ZW is sufficient to
lower the effective degeneracy all the way from a three-
fold to a nondegenerate single band [6]. This makes the
insulating state more favorable by reducing Uc=W [5,6].
Unlike the eg-band perovskites, such as LaMnO3, where
large (10%) cooperative Jahn-Teller (JT) distortions of
the octahedra indicate that the orbitals are spatially or-
dered, in the t2g-band perovskites the octahedra are al-

most perfect. The t2g orbitals have therefore often been
assumed to be degenerate. If that is true, it is conceivable
that quantum fluctuations lead to an orbital liquid [7]
rather than orbital ordering. An important experimental
constraint on the nature of the orbital physics is the
observation of an isotropic, small-gap spin-wave spec-
trum in both insulators [8]. This is remarkable because
LaTiO3 is a G-type antiferromagnet with TN # 140 K,
m # 0:45#B, and a 3% JT stretching along a [9], while
YTiO3 is a ferromagnet with TC # 30 K, m0 ! 0:8#B,
and a 3% stretching along y on sites 1 and 3, and x on 2
and 4 [10] (see Fig. 1).

FIG. 1 (color). Pbnm primitive cells (right panels), subcells 1
(left panels), and the occupied t2g orbitals for LaTiO3 (top
panels) and YTiO3 (bottom panels) according to the LDA$
DMFT calculation. The oxygens are violet, the octahedra
yellow, and the cations orange. In the global, cubic xyz system
directed approximately along the Ti-O bonds, the orthorhombic
translations are a#%1;"1; 0&%1$ $&, b#%1; 1; 0&%1$ %&, and
c#%0; 0; 2&%1$ &&, with $, %, and & small. The Ti sites 1 to 4
are a=2, b=2, %a$ c&=2, and %b$ c&=2. The La(Y) ab plane is
a mirror %z $ "z& and so is the Ti bc plane %x $ y& when
combined with the translation %b" a&=2.

P H Y S I C A L R E V I E W L E T T E R S week ending
30 APRIL 2004VOLUME 92, NUMBER 17

176403-1 0031-9007=04=92(17)=176403(4)$22.50 © 2004 The American Physical Society 176403-1

a real d1 case: YTiO3
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2. orbital degeneracy d can reduce the gap 
in the large U limit
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example: t2g,cubic symmetry 
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one-band case

Eg~ U-W



the spectral function of the Hubbard dimer

 0

 10

 20

-5  0  5

-Im
 G

(ω
)

ω

 0

 10

 20

-5  0  5

-Im
 G

(ω
)

ω

 0

 10

 20

-5  0  5

-Im
 G

(ω
)

ω

 0

 10

 20

-5  0  5

-Im
 G

(ω
)

ω

 0

 10

 20

-5  0  5

-Im
 G

(ω
)

ω

 0

 10

 20

-5  0  5

-Im
 G

(ω
)

ω

   

   

   

-5  0  5

   
   

   

ω

   

   

   

-5  0  5

   
   

   

ω

   

   

   

-5  0  5

   
   

   

ω

   

   

   

-5  0  5

   
   

   

ω

   

   

   

-5  0  5

   
   

   

ω

   

   

   

-5  0  5

   
   

   

ω

0 

10 

20 

         

U=0

-Im
 G

(ω
)

         

0 

10 

20 

         

U=0

-Im
 G

(ω
)

         

   

   

   

         

U=4

   
   

   

         

   

   

   

         

U=4

   
   

   

         

 U=4

 U=02t

 ~U-2t=U-W

W=2t



the gap in the large U limit (J=0)
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Erik Koch, Olle Gunnarsson, and Richard M. Martin, Phys. Rev. B 60, 15714 (1999)
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orbital degenerate case

site 1 site 2
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a crystal field helps Mott transition

a small crystal field plays a key role

Mott Transition and Suppression of Orbital Fluctuations in Orthorhombic 3d1 Perovskites
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Using t2g Wannier functions, a low-energy Hamiltonian is derived for orthorhombic 3d1 transition-
metal oxides. Electronic correlations are treated with a new implementation of dynamical mean-field
theory for noncubic systems. Good agreement with photoemission data is obtained. The interplay of
correlation effects and cation covalency (GdFeO3-type distortions) is found to suppress orbital fluctua-
tions in LaTiO3 and even more in YTiO3, and to favor the transition to the insulating state.
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Transition-metal perovskites have attracted much in-
terest because of their unusual electronic and magnetic
properties arising from narrow 3d bands and strong Cou-
lomb correlations [1]. The 3d1 perovskites are particularly
interesting, since seemingly similar materials have very
different electronic properties: SrVO3 and CaVO3 are
correlated metals with mass enhancements of, respec-
tively, 2.7 and 3.6 [2], while LaTiO3 and YTiO3 are Mott
insulators with gaps of, respectively, 0.2 and 1 eV [3].

In the Mott-Hubbard picture the metal-insulator tran-
sition occurs when the ratio of the on-site Coulomb re-
pulsion to the one-electron bandwidth exceeds a critical
value Uc=W, which increases with orbital degeneracy
[4,5]. In the ABO3 perovskites the transition-metal ions
(B) are on a nearly cubic (orthorhombic) lattice and at the
centers of corner-sharing O6 octahedra. The 3d band
splits into pd!-coupled t2g bands and pd"-coupled eg
bands, of which the former lie lower, have less O character
and couple less to the octahedra than the latter. The
simplest theories for the d1 perovskites [1] are therefore
based on a Hubbard model with three degenerate, 16 -filled
t2g bands per B ion, and the variation of the electronic
properties along the series is ascribed to a progressive
reduction of W due to the increased bending of the pd!
hopping paths (BOB bonds).

This may not be the full explanation of the Mott
transition however, because a splitting of the t2g levels
can effectively lower the degeneracy. In the correlated
metal, the relevant energy scale is the reduced bandwidth
associated with quasiparticle excitations. Close to the
transition, this scale is of order !ZW, with Z! 1"
U=Uc , and hence much smaller than the original band-
width W. A level splitting by merely ZW is sufficient to
lower the effective degeneracy all the way from a three-
fold to a nondegenerate single band [6]. This makes the
insulating state more favorable by reducing Uc=W [5,6].
Unlike the eg-band perovskites, such as LaMnO3, where
large (10%) cooperative Jahn-Teller (JT) distortions of
the octahedra indicate that the orbitals are spatially or-
dered, in the t2g-band perovskites the octahedra are al-

most perfect. The t2g orbitals have therefore often been
assumed to be degenerate. If that is true, it is conceivable
that quantum fluctuations lead to an orbital liquid [7]
rather than orbital ordering. An important experimental
constraint on the nature of the orbital physics is the
observation of an isotropic, small-gap spin-wave spec-
trum in both insulators [8]. This is remarkable because
LaTiO3 is a G-type antiferromagnet with TN # 140 K,
m # 0:45#B, and a 3% JT stretching along a [9], while
YTiO3 is a ferromagnet with TC # 30 K, m0 ! 0:8#B,
and a 3% stretching along y on sites 1 and 3, and x on 2
and 4 [10] (see Fig. 1).

FIG. 1 (color). Pbnm primitive cells (right panels), subcells 1
(left panels), and the occupied t2g orbitals for LaTiO3 (top
panels) and YTiO3 (bottom panels) according to the LDA$
DMFT calculation. The oxygens are violet, the octahedra
yellow, and the cations orange. In the global, cubic xyz system
directed approximately along the Ti-O bonds, the orthorhombic
translations are a#%1;"1; 0&%1$ $&, b#%1; 1; 0&%1$ %&, and
c#%0; 0; 2&%1$ &&, with $, %, and & small. The Ti sites 1 to 4
are a=2, b=2, %a$ c&=2, and %b$ c&=2. The La(Y) ab plane is
a mirror %z $ "z& and so is the Ti bc plane %x $ y& when
combined with the translation %b" a&=2.
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Transition-metal perovskites have attracted much in-
terest because of their unusual electronic and magnetic
properties arising from narrow 3d bands and strong Cou-
lomb correlations [1]. The 3d1 perovskites are particularly
interesting, since seemingly similar materials have very
different electronic properties: SrVO3 and CaVO3 are
correlated metals with mass enhancements of, respec-
tively, 2.7 and 3.6 [2], while LaTiO3 and YTiO3 are Mott
insulators with gaps of, respectively, 0.2 and 1 eV [3].

In the Mott-Hubbard picture the metal-insulator tran-
sition occurs when the ratio of the on-site Coulomb re-
pulsion to the one-electron bandwidth exceeds a critical
value Uc=W, which increases with orbital degeneracy
[4,5]. In the ABO3 perovskites the transition-metal ions
(B) are on a nearly cubic (orthorhombic) lattice and at the
centers of corner-sharing O6 octahedra. The 3d band
splits into pd!-coupled t2g bands and pd"-coupled eg
bands, of which the former lie lower, have less O character
and couple less to the octahedra than the latter. The
simplest theories for the d1 perovskites [1] are therefore
based on a Hubbard model with three degenerate, 16 -filled
t2g bands per B ion, and the variation of the electronic
properties along the series is ascribed to a progressive
reduction of W due to the increased bending of the pd!
hopping paths (BOB bonds).

This may not be the full explanation of the Mott
transition however, because a splitting of the t2g levels
can effectively lower the degeneracy. In the correlated
metal, the relevant energy scale is the reduced bandwidth
associated with quasiparticle excitations. Close to the
transition, this scale is of order !ZW, with Z! 1"
U=Uc , and hence much smaller than the original band-
width W. A level splitting by merely ZW is sufficient to
lower the effective degeneracy all the way from a three-
fold to a nondegenerate single band [6]. This makes the
insulating state more favorable by reducing Uc=W [5,6].
Unlike the eg-band perovskites, such as LaMnO3, where
large (10%) cooperative Jahn-Teller (JT) distortions of
the octahedra indicate that the orbitals are spatially or-
dered, in the t2g-band perovskites the octahedra are al-

most perfect. The t2g orbitals have therefore often been
assumed to be degenerate. If that is true, it is conceivable
that quantum fluctuations lead to an orbital liquid [7]
rather than orbital ordering. An important experimental
constraint on the nature of the orbital physics is the
observation of an isotropic, small-gap spin-wave spec-
trum in both insulators [8]. This is remarkable because
LaTiO3 is a G-type antiferromagnet with TN # 140 K,
m # 0:45#B, and a 3% JT stretching along a [9], while
YTiO3 is a ferromagnet with TC # 30 K, m0 ! 0:8#B,
and a 3% stretching along y on sites 1 and 3, and x on 2
and 4 [10] (see Fig. 1).

FIG. 1 (color). Pbnm primitive cells (right panels), subcells 1
(left panels), and the occupied t2g orbitals for LaTiO3 (top
panels) and YTiO3 (bottom panels) according to the LDA$
DMFT calculation. The oxygens are violet, the octahedra
yellow, and the cations orange. In the global, cubic xyz system
directed approximately along the Ti-O bonds, the orthorhombic
translations are a#%1;"1; 0&%1$ $&, b#%1; 1; 0&%1$ %&, and
c#%0; 0; 2&%1$ &&, with $, %, and & small. The Ti sites 1 to 4
are a=2, b=2, %a$ c&=2, and %b$ c&=2. The La(Y) ab plane is
a mirror %z $ "z& and so is the Ti bc plane %x $ y& when
combined with the translation %b" a&=2.
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3. spin-orbit interaction



multi-orbital models for t2g  (or eg) bands
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atomic spin-orbit interaction
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couples eg and t2g!

λ small compared to Hund’s rule couplings J1 and J2

λ small compared to cubic crystal-field splitting

here: limit case



example: Sr2RuO4
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G. Zhang, E. Gorelov, E. Sarvestani, and E. Pavarini, Phys. Rev. Lett. 116, 106402 (2016) 



what is the problem?

FLESCH, GORELOV, KOCH, AND PAVARINI PHYSICAL REVIEW B 87, 195141 (2013)

model includes the full dynamics of the t2g electrons,21 the
effective U0 is larger than for the two-band model. By scanning
different U0 between 7 and 5 eV we find that U0 ∼ 5.5 eV
yields a gap quite close to that of the two-band model and a
spectrum in good agreement with experiments. This shows that
in the two-band model the Coulomb integral U0 is screened
∼10% by the t2g electrons. The half-filled t2g bands exhibit a
very large gap because at half filling the t2g exchange couplings
effectively enhance the effect of the Coulomb repulsion U0.
Finally, we find the on-site spin-spin correlation function to
be ⟨Stg

z S
eg

z ⟩ ∼ 0.74, very close to the value of 0.75 expected
for aligned eg and St2g

= 3/2 t2g spins. Concerning the sign
problem, we find it negligible for all of these calculations (the
average sign is ∼0.99 in the worst case).

IV. ORBITAL FLUCTUATIONS AND MAGNETISM IN
CaVO3 AND YTiO3

The importance of orbital fluctuations in the physics of
3d1 perovskites has long been debated.6,15,16,28–30 Single-site
DMFT calculations have shown that in the presence of crystal-
field splitting Coulomb repulsion strongly suppresses orbital
fluctuations.6 However, these conclusions were based on a
Hubbard model with density-density Coulomb interactions
only. In this section we analyze the effect of the neglected
spin-flip and pair-hopping Coulomb interactions. Furthermore,
exploiting our efficient CT-HYB solver, we address the issue
of the nature of the low-temperature (30 K)15,31 ferromagnetic
transition in YTiO3.

A. Orbital fluctuations

The minimal model to consider for 3d1 transition-metal
oxides is a three-band Hubbard model for the t2g bands
including spin-flip and pair-hopping terms, and with

εmσm′σ ′ = εmm′δσ,σ ′ ,

t ii
′

mσm′σ ′ = t ii
′

mm′δσ,σ ′ ,

where m,m′ = xy,xz,yz. For the Coulomb parameters we use
U0 = 5 eV and Jt2g

∼ 0.68 eV (CaVO3) or Jt2g
= 0.64 eV

(YTiO3) from theoretical estimates and previous works.6,27

Because the local Hamiltonian mixes flavors even in the
crystal-field basis, i.e., the basis diagonalizing the nonin-
teracting part of the local Hamiltonian, we perform the
LDA + DMFT calculations using the Krylov version of our
general CT-HYB QMC solver.

In Table I we show the occupations ni of the natural orbitals,
i.e., the eigenstates of the one-body density matrix, at ∼190 K
in CaVO3 and YTiO3. We find that CaVO3 is a paramagnetic
metal with a small orbital polarization. Instead, YTiO3 is
a paramagnetic insulator with orbital polarization p = n1 −
(n2 + n3)/2 ∼ 1, i.e., basically full (orbitally ordered state).
For this system, the double occupancies at 290 K are small; i.e.,
we find 1

2

∑
mσ ̸=m′σ ′ ⟨n̂mσ n̂m′σ ′ ⟩ ∼ 0.015 for YTiO3. The occu-

pied orbital is |1⟩ = 0.611|xy⟩ − 0.056|xz⟩ + 0.789|yz⟩. We
find the occupied state and orbital polarization are basically the
same with full Coulomb and density-density approximations.
Previous calculations6 in which spin-flip and pair-hopping
terms have been neglected and T ∼ 770 K are in line with these
results. This shows that spin-flip and pair-hopping terms do

TABLE I. Occupations ni of the natural orbitals (with ni > ni+1)
at T = 190 K in CaVO3 and YTiO3 obtained by diagonalizing the
occupation matrix. For YTiO3 the occupied orbital is the natural
orbital |1⟩ = 0.611|xy⟩ − 0.056|xz⟩ + 0.789|yz⟩, and it basically
coincides with the lowest-energy crystal-field state; we find about
the same occupied orbital by performing the calculation with and
without pair-hopping and spin-flip terms, or in the paramagnetic and
in the ferromagnetic phase.

n1 n2 n3

CaVO3 0.47 0.28 0.25
YTiO3 0.98 0.01 0.01

not change the conclusion that orbital fluctuations are strongly
suppressed in the Mott insulator YTiO3. In the CT-HYB QMC
simulations the average sign is ∼0.9 for YTiO3 and ∼0.95 for
CaVO3.

B. Ferromagnetism in YTiO3

YTiO3 is one of the few ferromagnetic Mott insulators.
Neutron scattering experiments pointed out early-on the diffi-
culties in reconciling ferromagnetism and the expected orbital
order,15 and there have been suggestions that the ferromagnetic
state could rather be associated with a quadrupolar order
and large-scale orbital fluctuations.29 However, second-order
perturbation theory calculations indicate that ferromagnetism
and orbital order could be reconciled, provided that the real
crystal structure of YTiO3, including the GdFeO3-type dis-
tortion (tilting and rotation of the octahedra, and deformation
of the cation cage), is taken into account.16 To clarify this
point, we check the instability towards ferromagnetism of the
three-band t2g Hubbard model obtained for the experimental
structure of YTiO3. With this approach we calculate the
ferromagnetic transition temperature TC due to superexchange
alone in the orbitally ordered phase. Since experimentally
TC ∼ 30 K, we have to perform LDA + DMFT calculations
down to very low temperatures, which becomes possible with
the CT-HYB QMC solver. On lowering the temperature, we
find that the sign problem becomes sizable (average sign ∼0.7
at 40 K). However, we can basically eliminate it (average
sign ∼0.97) by performing the LDA + DMFT calculations
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FIG. 3. Ferromagnetic spin polarization as a function of temper-
ature in YTiO3. The plot shows a transition at the critical temperature
TC ∼ 50 K, slightly overestimating the experimental value TC ∼
30 K, as one might expect from a mean-field calculations.
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basis that diagonalizes on-site Hamiltonian/Green function  
reduces sign problem

A. Flesch et al., Phys. Rev. B 87, 195141 (2013)

larger (6x6) Green function matrices, QMC sign problem
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cubic & tetragonal symmetry
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Is the Coulomb interaction spherical?

the bare Coulomb interaction is spherical
but the screened interaction has the symmetry of the site

G. Zhang, E. Gorelov, E. Sarvestani, and E. Pavarini, Phys. Rev. Lett. 116, 106402 (2016) 
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Mott Transition and Suppression of Orbital Fluctuations in Orthorhombic 3d1 Perovskites
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Using t2g Wannier functions, a low-energy Hamiltonian is derived for orthorhombic 3d1 transition-
metal oxides. Electronic correlations are treated with a new implementation of dynamical mean-field
theory for noncubic systems. Good agreement with photoemission data is obtained. The interplay of
correlation effects and cation covalency (GdFeO3-type distortions) is found to suppress orbital fluctua-
tions in LaTiO3 and even more in YTiO3, and to favor the transition to the insulating state.
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Transition-metal perovskites have attracted much in-
terest because of their unusual electronic and magnetic
properties arising from narrow 3d bands and strong Cou-
lomb correlations [1]. The 3d1 perovskites are particularly
interesting, since seemingly similar materials have very
different electronic properties: SrVO3 and CaVO3 are
correlated metals with mass enhancements of, respec-
tively, 2.7 and 3.6 [2], while LaTiO3 and YTiO3 are Mott
insulators with gaps of, respectively, 0.2 and 1 eV [3].

In the Mott-Hubbard picture the metal-insulator tran-
sition occurs when the ratio of the on-site Coulomb re-
pulsion to the one-electron bandwidth exceeds a critical
value Uc=W, which increases with orbital degeneracy
[4,5]. In the ABO3 perovskites the transition-metal ions
(B) are on a nearly cubic (orthorhombic) lattice and at the
centers of corner-sharing O6 octahedra. The 3d band
splits into pd!-coupled t2g bands and pd"-coupled eg
bands, of which the former lie lower, have less O character
and couple less to the octahedra than the latter. The
simplest theories for the d1 perovskites [1] are therefore
based on a Hubbard model with three degenerate, 16 -filled
t2g bands per B ion, and the variation of the electronic
properties along the series is ascribed to a progressive
reduction of W due to the increased bending of the pd!
hopping paths (BOB bonds).

This may not be the full explanation of the Mott
transition however, because a splitting of the t2g levels
can effectively lower the degeneracy. In the correlated
metal, the relevant energy scale is the reduced bandwidth
associated with quasiparticle excitations. Close to the
transition, this scale is of order !ZW, with Z! 1"
U=Uc , and hence much smaller than the original band-
width W. A level splitting by merely ZW is sufficient to
lower the effective degeneracy all the way from a three-
fold to a nondegenerate single band [6]. This makes the
insulating state more favorable by reducing Uc=W [5,6].
Unlike the eg-band perovskites, such as LaMnO3, where
large (10%) cooperative Jahn-Teller (JT) distortions of
the octahedra indicate that the orbitals are spatially or-
dered, in the t2g-band perovskites the octahedra are al-

most perfect. The t2g orbitals have therefore often been
assumed to be degenerate. If that is true, it is conceivable
that quantum fluctuations lead to an orbital liquid [7]
rather than orbital ordering. An important experimental
constraint on the nature of the orbital physics is the
observation of an isotropic, small-gap spin-wave spec-
trum in both insulators [8]. This is remarkable because
LaTiO3 is a G-type antiferromagnet with TN # 140 K,
m # 0:45#B, and a 3% JT stretching along a [9], while
YTiO3 is a ferromagnet with TC # 30 K, m0 ! 0:8#B,
and a 3% stretching along y on sites 1 and 3, and x on 2
and 4 [10] (see Fig. 1).

FIG. 1 (color). Pbnm primitive cells (right panels), subcells 1
(left panels), and the occupied t2g orbitals for LaTiO3 (top
panels) and YTiO3 (bottom panels) according to the LDA$
DMFT calculation. The oxygens are violet, the octahedra
yellow, and the cations orange. In the global, cubic xyz system
directed approximately along the Ti-O bonds, the orthorhombic
translations are a#%1;"1; 0&%1$ $&, b#%1; 1; 0&%1$ %&, and
c#%0; 0; 2&%1$ &&, with $, %, and & small. The Ti sites 1 to 4
are a=2, b=2, %a$ c&=2, and %b$ c&=2. The La(Y) ab plane is
a mirror %z $ "z& and so is the Ti bc plane %x $ y& when
combined with the translation %b" a&=2.
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