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Part |: Properties of Green’s functions and the self-energy




Preliminaries

We consider a a system of interacting Fermions with Hamiltonian

1
H = Z ta.s CLCB +§ Z Va8, CLCECVC(;.
a,f a,8,7,0

The indices «, ... are shorthand for some set of quantum numbers,
in an LCAO description o = (k, n, o), with n orbital type such as Cu 3d,2_,2, O 2p., Fe 3d,, ....
We consider a grand canonical ensemble at inverse temperature 5 = 1/kgT and chemical potential y
Following Fetter-Walecka we define K = H — ulN = [K, N] =0
The grand partition function is Z = trace (G_BK)
Using the complete basis of eigenstates K|i) = K;|i), this becomes Z = Y e /%
The thermal average of an operator O'is

OV, = L trace (e_ﬂKOA) _ L ZG_BKZ' (i|O)7)

A Z

1



Green's functions

Green's functions describe the following gedanken experiment

e Initially, the system is in thermal equilibrium
e ‘Do something’ to the system - i.e. act with some operator B - at time 0
e Let the system evolve under the action of H
e ‘Undo the change’ - i.e. act with some operator A - at some other time ¢

e Form the overlap with the undisturbed state at ¢

One can define different Green’s functions but here we consider the retarded Green's function

G () = =i0(t) ((AWB )u— (=1)" (BA() )un )
Thereby
o O(t) = eE/M O ¢~tK/M (Heisenberg operator but with H — K = H — uN)

A A

e np =[N, B] - the number of electrons added to the system by B - which may also be zero or negative



The retarded real-time Green's function has considerable physical significance

Assume that the system is acted on by a small time dependent perturbation F,(t) = f({)B

Then the induced change in the expectation value of some operator A at time ¢ is

A =5 [ ar Gy —o) 5

0

G'{ p(t) must be evaluated for the unperturbed system

This is called linear-response theory or the Kubo formula

The ‘components’ of G} 5 such as ( A(t)B )y, - so-called correlation functions - are 'related to’ the
spectra measured in inelastic scattering experiments

For B = Ck.s and A= CLU the Green's function is ‘related to’ the photoemission and inverse

photoemission spectrum



Lehmann representation

We find (using > [7)(j[ = 1)

Gliplt) = —io(t) ( |

— O

i
— —iol1) - (Ze% (AW GIB 1) = (=1 37 e (il Bli)(ilA) z'>)

1,] ,]
]_ i A (1087 ~ ~ it - A it 7~
= —i0(t) | YoM (@l M AT (1B [8) — (=1 Y e (] Bl (jleh ™ Ae 1 )
0] 0]
1 L . i
= —i0(t) | Y e MR GAY) (jBli) - (=1)" Y e KA (Bl (5] Al
oy i,J
y 1 — n — it K- 2 I
= —i0(t) 7 > (e (1) e ) R Gl AL) (iIBli)

e—ﬁK' . (_1>TLB e—BKj

w + 20T + %(Kz — Kj)

S 1 . .
The Fourier transform Gﬁ}B(w) = / e GiB(t) dt = — Z (1| Alg) (j|Bl%)



The imaginary time Green's function

In the definition of the Heisenberg operator we replace it — 7: O(T) — R/ O e=TR/N

A A

Gap(r) = —(T [Am B} Vih

— — O(7) (A7) By —O(—7) (=1)"" { B A(7)

We recall ....

Gip(t) = =i O(t) (A(t) B ) — @ O(t) (=1)" (B A(t) )

.. and by similar manipulations as in the preceding slide we find the Lehmann representation

Gap(t) = — — Z — (=) O(=r)e i) ef MR (1] Alj) (jBli)



Domain of existence

We had

Gap(r) = —— > (O(r) e ™ —(=1)m O(=r)e ™) ei M=) (i| Alj) (j| BJi)

r-dependence, 7 > 0: e PKi erKi=Kj) — —0K; e%(Ki_Kﬁ = e(%_@Ki 6—%1{,-
T-dependence, 7 < 0: e PKj ef(Ki=Kj) — o—PK; e%(Kﬂ'_K@') — e(%—ﬁ)[(j e—%Ki

K;, K; are eigenvalues of H — N - in the thermodynamical limit they are bounded from below

- namely by K - but unbounded from above

= G 4 (1) is well defined only for —hf3 < 7 < hf3



Fourier transform

o (4 p(T) exists only in the intervall [R5 : hf]
2m 208

2hB ~ hB

= it can be expanded in a Fourier series with frequencies w, = v

1 — _
Gap(T) = % Z e T Gy pliwy),

V=—00

1B .
Gapliv,) = / dr e"™“"" G4 p(T),
0

e One can show that for 7 € [—hf3,0] one has G4 (7 + 1) = (—1)"8 G4 p(T)
= e wrhf = =T — (_1)"B = only even v for even np, only odd v for odd np
e The w, are called Matsubara frequencies

e By straightforward calculation we find the Fourier transform

e_ﬁK _ (_1)713 e_ﬂKj ~ A~

h3 | |
G aplins) — / Ir e Gaplr) = 7
0 i.j



‘The' Green's function

We found

e BK; _ (—1)"B e PK; . .
: _ 1 VALY GBI
Gastivn) = 7 3 e ey (AL Il

Now recall the Fourier transform of the retarded real-time Green's function

1 e PKi _ (—1)"s e PLK; . .
1) = 3 X S e AL (1B

G§73<w) can be obtained from G 4 p(iw,) by replacing iw, — w +i0"

This means that there is one function GG 45(z) of the complex frequency z which gives the imaginary-time
Green's function when evaluated at the Matsubara frequencies, z = iw,, and the retarded real-time Green's
function when evaluated along a line infinitesimally above the real axis, 2 = w + 07

This function which is defined in the whole complex frequency plane is often called ‘the’ Green's function



Importance of the imaginary-time Green's function

The relation between the Fourier transforms of the time-ordered imaginary-time Green's function and the
real-time retarded Green's function is the main reason why imaginary-time Green's functions are considered in

the first place

The time-ordered imaginary-time Green's function can be expanded into Feynman-diagrams whereas this is

not possible for real-time Green's functions at finite temperature

A standard procedure - used frequently in the literature - therefore is to evaluate the imaginary Green's func-
tion, often using e.g. a partial summation of Feynman diagrams. This gives some function G0z (iw,) in

which one replaces iw, — w + 0" (‘analytical continuation’) to obtain the real-time Green's function

The question of whether the full Green's function is uniquely defined by its values at the Matsubara frequencies

has been answered affirmatively by G. Baym and N. D. Mermin, J. Math. Phys. 2,232 (1961)



The single-particle Green's function

We recall the definition of ‘the’ Green's function

1 ok, | ALY GBI
_ BK;
Gaplz) = 7 2. e 2+ LK - K))

]

e LB 1AL)

TR K

We specialize to the single-particle Green's function which corresponds to A= Cypi B= C/T,? so that np =1

Z

o o | Gleal DGRl (ilehlh) (leali)
Gap(2) —Zeﬁ [z—%(Kj—Ki)Jrz—%(Ki—Kj)]

i,J
We recall that a = (k,n,0) - G, s(2) may be viewed as a matrix of dimension n,,;, X 1., where 1, is the

number of « in the system - we will often write this as G(z2)

The 1% term describes adding an electron and removing it - inverse photoemission

The 2™ term describes removing an electron and adding it - photoemission



Spectral densities

ileal VGl Glet ) Gleald ~ . . y
Goslz) = — S e ;\_QIJMJI L 4) ) (ilchl7) (Fleali) ] :/_ L Pt )+/ N p;’ﬂ( )

Z Iy %(KJ—KZ) Z—%(KZ—Kﬂ 00 Z — W 00 — W
whereby
Aw) = — Z K (il eal ) (jlchla) 5( (K K>>
_ ' 1
Péﬁ)(w) =7 Z |CT 7)(dleali) O (W - ﬁ(Ki — Kj)>
Then
> _ 1 CBK: e i s 1 _BK :
| dodll) = 5 30 e it = 5 3 ¢ ieheald) = (cheut
00 ij )
Dito:



We recall

ANe) = 5 3 e el 8 (w - 3K - )

— h
2¥)
_ 1 CBK ot 1 1
Al = 5 X e dliule 6 (o - 50 - 1))
2¥)

e The labels 7 and j denote eigenstates of the Hamiltonian
e For a finite system the eigenenergies are discrete and the p(w) are ‘sums of §-spikes’
e In the thermodynamical limit the spacing between eigenenergies rapidly approaches zero and i and j become co

e At the same time the matrix elements (i|c,|j) vanish and the sums over i and j become integrals

Then e.g.

1 1
i) = 5 [ [k e P K 8 (- 416 - 1))

_ g / dK, e "M F(K,, K| — hw)

The p(w) become continuous functions



Asymptotic behavior

We recall....

1 8K,
Ga,ﬁ(z) - ? Z € P

0J

+
(K= Kj) 2+ 5K - K))

(ilcalg) (jlchla) <z‘\c;u><ﬂcali>]

.. and consider the limit |z| — oo - then

1 Ll KK (1
2+ 3(K; — K;) 2 hz? 23 )

The first term gives

1 ke T b e ] 50,
= O ¢ [(leachli) + (ilcheali)] = ({ch cal)hm =2
The second term gives
1 8K N Y
2 e [(Ki — K){ilcal ) (lchli) + (K —K)@!CE\JMJ\CQM]

0]

Now we use (K, — ;) (jlealt) = (§| Ko — caiX|i) = (j| [K, ca] |¢) and find

CJ[, Co,s
i 30 e [l ) 1)+ Gl ) [ ] 1] = (e [hzfl}%h

!



For our Hamiltonian

Ztozﬁc Cy— ,LLZ aca—l—— Z Vag(wcacﬂc Cs

a,3,7,0

we find
<{Cga[caaK]}>th = aﬁ_ﬂ5a5+z Varss = Van, ﬁ <C Cd>h

(HF)
= tOé,ﬁ - M 50[75 —|_ VOé,ﬁ

All in all we find the asymptotic expression for |z| — 0o

2 hz? 23

1 t—p+ VUEHD 1
G(z) = 41T +0(—).



The self-energy

The time-ordered imaginary-time Green's functions can be expanded in Feynman diagrams - this allows to

introduce the self-energy ....

Ga Q
B > ! 1
p——F»—«a ap ! !

»\ i

(t is the matrix to 5 in H =3, 5 tasches+...)



The Dyson equation was
t —
G1lz) = 2~ SR 3(z2)

Now we recall the asymptotic expression

1 t—p+ VED 1 ;) t—p VU
G(z)—>;—|— 7 +0 = = G '(2) >z — T
It follows that
V(HE) 1
> O (-
(2) — ; + (z)
If we define
V(HFEF)
3(z) = > + Xes(2) = Bpes(z) = —
z

In particular for Hubbard-type models V¥) = Un,;



Analytical properties

The single particle Green's function G(z) - and hence also the self-energy 3(z) are defined in the whole
complex z-plane - we now want to discuss general properties of these functions

For simplicity we restrict ourselves to the single-band case that means o = (k, o) -if wave vector and z-spin

are conserved we have G, g X 9, 5 so that

Gule) = [ [ g, 2

o Z—w Lo Z—w

1 8K . 1
A6 = 5 X eGP 8 (w0 - Ko
0]

- 1 8K N 1
) = 5 X e el 8 (w3 - )
i,

The functions pgj) (w) and pg_)(w) are real and positive = (G, (2))" = G, (2%



We had (with p,(w) = p™)(w) + p{=)(w), real and positive and [ dw p,(w) = 1):

o Z—w

Put z = x + iy - the imaginary part of G,(z) is

> <0 y>0
IG. (v +1y) = —/ dw 720 Y
—00 (x_w)Q—l—yQ >0 y<0

G (z) has no zeros off the real axis = G, '(z) is regular (has no poles) off the real axis

From the Dyson equation ....

ta — K V(HF>

Gl z) = 2 - . Yires(2)
.. it follows that >, ,(z) is regular off the real axis
Moreover we had (G,(2))" = G,(2") = (G;1(2))" = G 1(z%)
ta —H V(HF> * ta — K V(HF>
*— - - Eres = 2" — - - Eres i
e (Sl = - =)

= (Bre(2)” = Breal?)



In summary: G

o Y(z) = Vﬁ” + Yo (2)

zZ
o X,.s(2) — .
o X, .s(2)is analytlcal off the real axis

o (Bres(2))" = Tres(2") Ci

Now define for real w (with real K(w) and J(w))

m Yes(w +i€) = K(w) —iJ(w) = lim X,(w — t€) = K(w) +iJ(w)

e—0T e—0T

For z in the upper plane

7{ dz'zres —O:>/ w) +iJw )—O:>/ dw (w)__/ du - W)
o 2 —z W—2z oo W —2Z oo W —2Z

Now use Cauchy's theorem

52 = 1 ﬂ{ g Zresl?) 1 /OO g Blw) —iJw) 5o(2) = 1 /°° )
Co

271 2 —z 271 w—z T Z— W

— 00 —0o0



We thus arrive at the spectral representation of the full self-energy

(J.M. Luttinger, Phys. Rev. 121, 942 (1961)):

S(2) = V(HF)+/°° " o(w)




Summary, spectral representation

Green's function Self energy
> pa(w) V(HF) OO g (w)
GO& — d = @

(2) /OO W Yal(2) ; +/OO dwz—w
e p.(w) is real and positive e 0,(w) is real and positive
° Ga(z) — % o ZQ(Z) _ V(IhfF) +§
e Analytical off the real axis e Analytical off the real axis

Im(z)

Re(z)
7 p(w) Im G




For a finite system we expect the self-energy also to be discrete

(HF)
ta_ o
Gw) = <w— pot b

Now consider again the Green's function:

w

The (; are the zeros of G(w)

It follows that the poles of ¥(w) are ‘sandwiched’ in between the poles of G(w) -m =n —1



Near a zero (; : G(w) = a;(w — §) + bi(w —

with real constants ¢y and ¢y - therefore

G(w)

w—G €

—(w =)+ = a=——.



Part Il: The Luttinger-Ward functional




Our Hamiltonian from now on

Hy = ZZ ta5<k> C;[(,a k.3

k af

1
Hi = § Z Z Va,ﬁ,é,fy(k, kl) q) C}L{—Fq,a CL’—q,B k'~ k0
kk'.q apb,7,0

® «, [3 etc label the atom and orbital in the unit cell (e.g. Cu 3d,2 2, O 2p., Fe 3d,,) and the spin
e The number of such orbitals per unit-cell is 1,4

e The eigenvalues £, (k) of t(k) give the noninteracting band structure

G= +++@F++@—»—@»F+m-
In Ga,ﬁ1 Za,ﬁ @ = e g Q

« outgoing N

£ incoming

>4 o
B a



The Grand Canonical Potential

The Grand Canonical Potential 2 = U — T'S — uN is obtained from the Grand Partition Function Z
1

Q= ——log(Z
3 (Z)
Q) Q)
It gives the thermodynamics of the system: S = — ((‘9_) P = — (8_> N = — (8_@)
oT Vi oV T oL TV

() can be evaluated analytically for some systems e.g. for noninteracting Bloch electrons:

2norp

O — _% S I (He—/ﬁ(En(k)—m)
n=1 k

® N, humber of orbitals per unit cell, 2n,,;, the number of bands
e £E,(k): Dispersion of n'" band

e Gives for example: C, o< T

But: No way to calculate this for an interacting system of macroscopic size



The Grand Canconical Potential of interacting Fermions

Luttinger and Ward have derived an expression for the Grand Canonical Potential of interacting Fermions

(J.M. Luttinger and J.C. Ward, Phys. Rev. 118, 1417 (1960))

1 |
Q= — lim, 3 Z e [In det (—G '(k.iw,) ) + trace (G (k, iw,) X(k, iw,)) | + P [G].
n—0 o
2v+ 1)

o w, = . Matsubara Frequencies for ny =1

h3
e G: Green's Function, X: Self-Energy

e O[G]: The Luttinger-Ward functional:




We now want to proove that {2’ = ) thereby following the original proof by Luttinger and Ward

e We replace H — Hy + \H;

o We show 2’ = (2 for A = 0 (the case of noninteracting electrons)

o We calculate A0, (2

e We calculate A0, €2 and show that it is equal to A0 (2

Obviously this prooves the equality of 2’ and (2



The case A = 0: Noninteracting Fermions

The Grand Canonical potential of free Bloch electrons is

2norb

0- 1 S (He—/ﬁ(En(k)—m)
ﬁ n=1 k

The expression by Luttinger and Ward is

.1 - , tk) —p
r Wy
Q= —nlggl+ B kgy e In det (—Zwy + — )

For noninteracting electrons we have > = 0 and ® = 0:




We now want to proove that {2’ = ) thereby following the original proof by Luttinger and Ward:

e We replace H — Hy + \H;

o We show 2’ = (2 for A = 0 (the case of noninteracting electrons)

o We calculate A0, (2

e We calculate A0, €2 and show that it is equal to A0 (2

Obviously this prooves the equality of 2’ and (2



oS2

Calculation of A\ —

o\
The definition of €2
() = —l In~Z
5
= —l In (trace e_ﬁ(HOHHl_“N))
5
Here we use
0 1 0
A ﬁQ(A) =3 A 0 In ( trace (G_B(HOHH““N)))

= 1 trace ()\Hl e_ﬁ(H‘)“Hl_“N))
Z

= (AH1))

(...)a: thermal average at interaction strength )\



Calculation of (AH1))

This can be obtained from the equation of motion of the Green's function

(AHp)\ = —1 lim Ztrace (h—+t(k) ,u) Gi(k,T),

T—0~

Now: Use the Dyson equation

(m - t(k)h_ H sk, iwy)> Gy(k, iw,) — 1

Its Fourier transform is

<—§T — t(k)h_ M) Gk, T) - /Oﬁh Eak, 7 —1") Gi(k,7")d7’

(—%) (h % (k) — M) Gy(k,7) — /0 BT — ) Gl 1)

Using lim,_,o- o(7) = 0:

or

(h 9 k) — ) G\(k.7) = —h /Oﬁth(k,T _ ) Gy (k, VA



Calculation of (AH1))

This can be obtained from the equation of motion of the Green's function

(AHy)) = —1 lim Ztrace (h—+t(k) ,u) Gi(k, 1),

T—0~

We found....

8h
<h ag — t(k)) G.k,7) = —h / ik, 7 —7) Gik, T)dr’
T 0

_ —h— Z —Wy T E)\(k ZWV) G/\(k ZCUV)

.. so that the end result is (remember that 7 — 07)

0 1 . .
A EQ(A) = (AHy)), = 25 Z trace X)\(k, iw,) G\(k,iw,)



We now want to proove that {2’ = ) thereby following the original proof by Luttinger and Ward:

e We replace H — Hy + \H;

o We show 2’ = (2 for A = 0 (the case of noninteracting electrons)

o We calculate A0, (2

e We calculate A0, €2 and show that it is equal to A0 (2

Obviously this prooves the equality of 2’ and (2



The Precise Definition and Properties of the Luttinger-Ward Functional ®|G]

Reminder: The Luttinger-Ward functional is defined in terms of Feynman diagrams

The diagrams which are included into ® are

e Closed (no open ends)
e Connected (no subdiagrams with no lines connecting them)

e Skeleton diagrams (no self-energy parts in any Green's function line)



Excluded diagrams

. 3 : L
Open ends! Disconnected! Self-energy insertion!



Short disgression: Self-energy diagrams can be reduced uniquely to skeleton diagrams

Each self-energy diagram can be reduced uniquely to a skeleton diagram by removing all self-energy insertions



This also goes the other way round

—~— [ =+ ﬂ@++a@a@++

<o o« oy

ig=

By drawing all skeleton-diagrams for the self-energy and ‘translating’ Green's function lines into the full Green's

function instead of the noninteracting one the total self-energy is obtained



The Precise Definition and Properties of the Luttinger-Ward Functional ®|G]

Reminder: The Luttinger-Ward functional is defined in terms of Feynman diagrams

The diagrams which are included into ® are

e Closed (no open ends)
e Connected (no subdiagrams with no lines connecting them)

e Skeleton diagrams (no self-energy parts in any Green's function line)



The Diagrams are Converted into Multiple Sums using the Standard Feynman Rules....

a - B
p
a> Va[aév <
0 Y

1 \?
/BHQN> (_1)2 y: y: y: y: Va7ﬁ’(57ﬂy(k7 kl) q) ‘/51,71,041,ﬁ1 (k _|_ q, k/ - q_7 —q)

k,k/,q Oé,ﬁ,")/,d 051751”‘)/1,61 V,V/,,LL

Gopok+ q,iw, +w,) Gss, (K, iw,) G, 5k — q, 1w, — iw,) G-, (K, iw,)



.... but there is one crucial difference!

Gaﬁ
o - B
p
a> Va[sésv <
S Y

1 \?
(/BFLZN) <_1)2 S: y: y: y: V@>ﬁ>6>7<k7 kl’ q> %1>71>@1>ﬁ1 (k + q7 k/ _ q? _q>

kX' .q 87,0 a1,B1,71,01 v,/ p
Gomoz(k +q, iwl/ =+ wu) G5,51 (ka iwl/) G5175<k/ —q, iw”’ - iwﬂ) G%W <k/7 iwyl>

The Green's function in the algebraic expression corresponding to a given diagram is not the noninteracting

Green's function G'”) but the Green's function G which is the argument of the functional: ®[G]!



Reminder: using the full Green's function instead of the noninteracting one is precisely the same idea as in the

skeleton-diagram expansion of the self-energy!

—~— [ =+ ﬂ@++a@a@++




Symmetry factors

In addition to the factors from the Feynman rules the expression for each diagram is multiplied by

1
- BS

where the integer S is the symmetry factor of the diagram

In simplest terms .S gives the number of ways in which the diagram can be ‘deformed’ such that it is

identical to itself



Example

The final diagram looks exactly like the original one - including direction of all arrows - but the Green's function

lines are permuted!



Determination of the Symmetry Factors S

We label the lines on the diagram by integers € {1...n}

We imagine that the diagram can be ‘taken off the paper’ and is completely flexible

We deform the diagram but without breaking any line or changing the direction of any arrow on a Green's
function line - this means we maintain the connectivity properties of the diagram

If the resulting diagram looks exactly the same as the original one but with permuted labels we call this
a symmetry operation of the diagram

The symmetry factor S of a diagram is the number of different symmetry operations

(including the ‘unit deformation’)

All Green's function lines then can be grouped into classes such that the members of a class are permuted
amongst themselves

If two lines i and j belong to the same class the diagram can be deformed such that it looks completely
the same but i and j have switched their positions

We call all lines of a class symmetry equivalent



Example

For this diagram there are no further symmetry operations — the diagram has S = 2 (we include identity!)

The classes of equivalent Green's function lines are (1,2), (3,6) and (4,5)



Another example

Above we show two symmetry operations corresponding to the permutations (2, 1,4, 3) and (3,4, 1,2) - there
is a third operation corresponding to the product of these two permutations namely (4, 3,2, 1) — the diagram

has S = 4, there is only one class comprising all lines



Further discussion

An n'" order diagram - i.e. a diagram with n interaction lines - has 2n Green's function lines
Assume that the diagram has symmetry factor S

This means the classes of equivalent Green's function have S members each

The number of classes - therefore is %” (which of course better be an integer...)

If two lines - say ¢ and j - belong to the same class it means that the diagram can be redrawn such that

it looks completely the same but with line 7 in place of line ¢



The real defining property of the Luttinger-Ward functional

The Luttinger-Ward functional is the generating functional of the self-energy

o0G) 1 |
0G5k i) B Yg.alk, iw)

To see this we need to consider the change of a given diagram contributing to ® under a change of G:

G(w(k, iwy) — Gaﬁ(k, iwy) + 5Ga5(k, iwy)



Let us consider the variation of ¢ under a variation G,s(k, iw,) = Gap(k, iw,) + 6G,s(k, iw,)




What is the meaning of the ‘substituted’ diagrams?

1 \?
() T T Y Y Voo Vs ak -

kX' q o570 a1,81,71,01 v,/ 1

Gal,a(k +q, 1w, + wﬂ) 5G5351 (k, iw,,) Gﬁljﬁ(k’ —q, W, — iwu> G%’Yl(klv @'wy,)



Let us consider the variation of ¢ under a variation G,s(k, iw,) = Gap(k, iw,) + 6G,s(k, iw,)




Let us consider the variation of ¢ under a variation G,s(k, iw,) = Gap(k, iw,) + 6G,s(k, iw,)




Forming the derivative

0P
8Ga,5(k, iwy)

means ‘opening’ one of the Green's function lines in the diagrams contributing to ®

The ‘opened’ diagrams then indeed ‘look like' self-energy diagrams:

~

The question is: Do we have the correct prefactors so as to fulfill

0P 1

8Ga,@(k, iwy) B B

Z@a(k, iwy) ?



Factoring out the variation G ‘fixes’ the momentum, frequency and band indices of the remaining diagram

1 \?
(6712]\7) (_1)2 Z Z Z Z Vaﬁ"sﬁ(k’ kl? q) V51m,a1ﬁ1(k +q, k' — q, _Cl)

k7k/7q Oé,ﬁ,")/,(s CYl,ﬁl,")/l,(S] V,V/,,M

Gal,a(k +q, Wy, + w,u) 5G5,51 <k7 Z.Wz/) Gﬁl,ﬁ(k/ —q, ?;CUV/ — iwu) CJ%71 (k’, iwyl)



Factoring out the variation G ‘fixes’ the momentum, frequency and band indices of the remaining diagram

| 1\’
e () Y Sk

k/7q Oé,ﬁ,")/ alaﬁlaﬁ)/l l//,,u

Gal,a(k +q, iwu + W,u) Gﬁlﬁ(k, —q, iwyl — iwﬂ) G%’Yl (k’, iwyl)



Factoring out the variation G ‘fixes’ the momentum, frequency and band indices of the remaining diagram

, —1
6G575] <k7 Zwl/) (6h2N> Z Z Z Z V ’B’ ”V k k q) %1,’71,0&1 51 (k + q; k/ )

kK'q a8,y a1,81.m )

Gal’a(k +q,w, + wﬂ) Gﬁlaﬁ(k, — q, Wy — iwﬂ) G%’Yl (k,a Z-("-)1/’)

e The incoming and outgoing momentum and frequency are k and w,
e There is still momentum /frequency conservation at each vertex and all remaining momenta, frequencies,

band indices keep on being summed over - exactly as in the true expression for ¥(k, w)



Factoring out the variation G ‘fixes’ the momentum, frequency and band indices of the remaining diagram

| -1 ,
st () 07T X T X Ve kKo Vpanlk + 4K - g

kK'q a8,y a1,81.m 1z

Gal’a(k +q,w, + wﬂ) Gﬁlaﬁ(k, — q, Wy — iwﬂ) G%’Yl (k,a Z-("-)1/’)

e The remaining diagram has band index ¢ on its incoming entry and d; on its outgoing entry

e This is exactly as in the true expression for £;, s5(k,w)



Factoring out the variation G ‘fixes’ the momentum, frequency and band indices of the remaining diagram

| -1 ,
i) () VT X T T Vs kKo Vpanlk + 0K - g

kK'q a8,y a1,81.m Iz

Gal’a(k +q,w, + wﬂ) Gﬁlaﬁ(k, — q, Wy — iwu) G%’Yl (k,7 Z-("-)1/’)

e The order n (number of interaction lines) is not changed by opening a Fermion line

_1 n
(5712]\7) remains correct



Factoring out the variation G ‘fixes’ the momentum, frequency and band indices of the remaining diagram

| —1 1\’
sG] (o) CUF X S Y X Vs kK@) Vi (@ - a-q

k/,q o,y alaﬁlaﬁ)/l V/,[,L

G@L@(k +q, 1wy + wu) Gﬁl,ﬁ(k, —q, W, — iwu) G%fyl (k’, iwyl)

e Opening one Green's function lines reduces the number of Fermion loops £ by 1 — the factor (—1)%

changes sign - the extra (-1) in the prefactor takes care of this:

1
- BS



What about the factor 1/57

e Let us consider an n'" order d-diagram with symmetry factor S

e The symmetry factor S was the number of ways in which the diagram could be deformed into itself

e Then there are 2n/S classes, each containing S Green's function lines, which are symmetry equivalent to
each other

e Symmetry equivalence means that the diagram can be deformed such that it looks exactly the same but

with the two symmetry equivalent Green's function exchanged

This means that if two symmetry equivalent lines are opened the resulting self-energy diagrams also can

be deformed into each other and thus are completely identical

All S Green's function lines in one class therefore give exactly the same self-energ diagram when they are
opened
e Since we have 2n/S classes with S lines in each class the ®-diagram gives 2n /S Y-diagrams and each is

produced S times

This factor of S exactly cancels the factor of 1/.S in the prefactor of the diagram



Example

For this diagram there are no further symmetry operations — the diagram has S = 2 (we include identity!)

The classes of equivalent Green's function lines are (1,2), (3,6) and (4,5)



Example, cont'd
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Example, cont'd

>o——— P 06 —9op \

e The diagram has n =3 and S = 2 — 3 classes with 2 members each
e By successively opening the lines we get 3 different self-energy diagrams

e Each of them is produced 2 times



We have seen that the derivative

HO[G]
8Ga,5(k, iwy)

gives precisely all skeleton diagrams for >3 . (k, iw,) but with the the Green's function G used for all Green's

function lines (and a prefactor 1/5)
If & is the exact Green's function this is the exact self-energy

Therefore: If G is the exact Green's function we have

0P[G] 1 .
== « k7 v
0G5k, iw,) B 7 (ke iy )




This also goes the other way round

—~— [ =+ ﬂ@++a@a@++

<o o« oy

ig=

By drawing all skeleton-diagrams for the self-energy and ‘translating’ Green's function lines into the full Green's

function instead of the noninteracting one the total self-energy is obtained



We have seen that the derivative

HO[G]
8Ga,5(k, iwy)

gives precisely all skeleton diagrams for >3 . (k, iw,) but with the the Green's function G used for all Green's

function lines (and a prefactor 1/5)
If & is the exact Green's function this is the exact self-energy

Therefore: If G is the exact Green's function we have

0P[G] 1 .
== « k7 v
0G5k, iw,) B 7 (ke iy )




We saw that 3 (k,w) can be obtained from ®[G] by ‘opening’ Green's function lines

The question is then: can this be reversed, that means:

Can ¢[G] be obtained from 3(k,w) by ‘reconnecting’ the two entry points by a Green's function?



Factoring out the variation G ‘fixes’ the momentum, frequency and band indices of the remaining diagram

1 \?
(6712]\7) (_1)2 Z Z Z Z Vaﬁ"sﬁ(k’ kl? q) V51m,a1ﬁ1(k +q, k' — q, _Cl)

k7k/7q Oé,ﬁ,")/,(s CYl,ﬁl,")/l,(S] V,V/,,M

Gal,a(k +q, Wy, + w,u) 5G5,51 <k7 Z.Wz/) Gﬁl,ﬁ(k/ —q, ?;CUV/ — iwu) CJ%71 (k’, iwyl)



Factoring out the variation G ‘fixes’ the momentum, frequency and band indices of the remaining diagram

| 1\’
e () Y Sk

k/7q Oé,ﬁ,")/ alaﬁlaﬁ)/l l//,,u

Gal,a(k +q, iwu + W,u) Gﬁlﬁ(k, —q, iwyl — iwﬂ) G%’Yl (k’, iwyl)



The correct operation to ‘undo’ the opening of a line therefore is something like

1 S. M .
PUIG) o 2 30D Gaplkien) 2 (K )

vk a,fp

1 g
— B Z trace G(k, iw,) E(%r'/)(k’ iw,)
v,k

®™) is the sum of all n'* order diagrams for ®: closed, linked skeleton diagrams, with Green's function lines

standing for the full Green's function G

EF;’(ll)(k, iw,) is the sum of all n'" order skeleton diagrams for the self-energy with Green's function lines

standing for the full Green's function G

We include only skeleton-diagrams for 32 because we only want skeleton diagrams for ¢

However, again we need to be careful about prefactors!




We consider n'"-order diagrams for & and ¥

/N //\\

OROLOLORORO

2n 2n 2_n
S s, 5
This shows
o) = Z trace G(k, iw,) (K, iw,) 2n 2n 2n
W B, B, ‘ﬁ_ss

o

T kf\\
(OO Q Q Q

2n 2n
S S

L5



Summary of the properties of the Luttinger-Ward functional

e The Luttinger Ward functional involves only the interaction matrix elements V5.5 of the Hamiltonian,
but not the single particle matrix elements ¢,5
e The Luttinger-Ward functional is the generating functional of the self-energy, which is obtained by opening

Green's function lines

oD 1
- = E o k7 ] v
0G5k, iw,) B 7 (ke iy )

e The Luttinger-Ward functional can also be written by ‘closing’ the open ends in the self-energ - however,
there is an extra factor of 1/2n (n is the order of the self-energy diagram) which makes resummation

impossible

o =) o

1 1

— 5 § > E trace G(k, iw,) 2 (k, iw,)

n
n vk

> (1) is the n'™ order ‘skeleton self-energy’



We now want to proove that {2’ = ) thereby following the original proof by Luttinger and Ward:

e We replace H — Hy + \H;

o We show 2’ = (2 for A = 0 (the case of noninteracting electrons)

o We calculate A0, (2

e We calculate A0, €2 and show that it is equal to A0 (2

Obviously this prooves the equality of 2’ and (2



. /
Calculation of \ %—%

1 .
Q0 = —nlirgi B g; e'“v [ln det (—G_l(k, iwy) ) + trace (G(k, iw,) X(k, iw,)) ] + 0 |Gl.

Reminder: we replaced H — Hy + AH; - a variation A — X\ + 0\ has two different effects

e The self-energy 3 will change
e The interaction lines in the Luttinger-Ward functional will change

(since H; — A H; they carry a factor of Al

We treat these two variations separately and first consider the variation of ) under a change X — X + X



oY

Calculati f —
alculation o 82

To avoid calculations with many indices we treat only the case of a single spinless band

(see the notes for the full multi-band case)

1 .
Q = —nlirgi 3 ; e [In det (—G~'(k,iw,) ) + trace (G(k, iw,) X(k, iw,)) | + P [G]
then becomes
1 .
O = —n% 5 ; e In (-G Hk,iw,) ) + Gk, iw,) Y(k,iw,) | + & [G]

e We need to differentiate this with respect to X(k, iw,)
e The first two terms are a sum over terms with different k and iw, - only one term contributes

e All G and X in this term have the same argument (k, iw,) - we omit this for simlicity



QO = —nlgg+ 5 Z e [In (-G Yk iw,) ) + Gk, iw,) (k,iw,) | + & [G]

Then we have

>
VI SRS R YT S ST

o P

oY 1[ 1 a(-GYH oG 00  0G(k,iw,)
<_

Now we use the Dyson equation

1
~G Nk, iw,) = —iw, + +

-1 h<

Ek) —p) + 2(k, iw,)

So that

o1 oG 009Gk, iw,)
m - 5| T T ek i) ook iwy)




We had

o5y 1 0G . 00  0G(k,iw,)
)N RG)S 0G(k,iw,) 0% (k, iw,)

Now we use the fact that ® is the generating functional of X

Hd |
— 2 Y(K.iw,
oGk, iw,) B ke, i )
Then we have
oY 180G 1 _ 0G
e S I i
B> Bon -5 om0

(2 is stationary under variations of the self-energy

Once we have shown that € = () this prooves a variational principle of central importance: The Grand

Canonical Potential of an interacting Fermi system is stationary with respect to variations of its self-energy



. /
Calculation of \ %—g

1 .
Q0 = —nli>n(;1+ B g; e" v [ln det (—G_l(k, iwy) ) + trace (G(k, iw,) X(k, iw,)) ] + ¢ [G].

Reminder: we replaced H — Hy + AH; - a variation A — X\ + 0\ has two different effects

e The self-energy X3 will change - but the corresponding first order change of () is zero!
e The interaction lines in the Luttinger-Ward functional will change

(since H; — A Hj they carry a factor of Al

Accordingly we study the change of ® under a change of A (prefactor of all interaction lines) when ¥ is kept
fixed



This is in fact a rather simple calculation: we again split the Luttinger-Ward functional

— Z o)

whereby ®(" is the sum of diagrams with n interaction lines - which is proportional to A"

But:

ON"

)\8)\

=n\"

It follows that (3(*™) denotes all n'" order self-energy skeleton diagrams)

dsY d
ABE 4 Z n )

— (S,ﬂ) y
= Z n — 25” Z trace G (k, iw, )3\ (k, iw,)

— Z trace G (k, iw,) (Z Esn (k Zwy)

df)

_ % Ztrace Gk, iw,) Xy (k,iw,) = )\ﬁ

This is precisely the same result we obtained for A0, (2!




Summary of the Proof

e The Grand Canonical Potential of an interacting Fermi system is given by

1 |
0 = —nli>r61+ 3 ; e [In det (—G (k. iw,) ) + trace (G (k, iw,) X(k, iw,)) | + P [G]

e () is stationary with respect to variations of the self-energy

oS2

=0
82a5(k, iwy)

e The Luttinger-Ward functional is the generating functional of the self-energy

0P 1

8Ga,5(k, iwy) N 5

Zﬁja(k, iw,,)



Applications of the Luttinger-Ward functional: Conserving Approximations

We consider a translationally invariant system V (r) = 0 - the Hamiltonian is

H = i dr VUi(r) /dr/dr U)W () V(e — )W) ().

om

We assume that a time-dependent perturbation H, = [ dr U(r,t) n(r)

Then the change of the expectation value of any operator A(r) is
N 1 o0
6 (A(r))(t) = - /dr’/ dt' G% ,(vt,?'t) U (v, t')

We may choose A to be electron density or electron current - we obtain the density dn(r,t) and current j(r, 1)

However, density and current must obey conservation laws

don(r) . -
BT + V- 4dj(r) = 0,

%/dr mdj(r) =




For the exact dn(r,t) and j(r,t) the conservation laws of course are obeyed - but in general we have to make

some approximation to calculate the retarded Green's function in

5 (A(r) /dr/ at' G (vt v't) U (v, 1)

The question is: can we find approximations to GAjn(rt, r't’) such that the resulting approximate dn(r,t) and
j(r,t) obey the conservation laws?

This question was addressed in the famous papers by Kadanoff and Baym

Their answer: if we construct an approximate Luttinger-Ward functional CB[G] by retaining only a subclass of

skeleton diagrams and defining

lee o . O%[G] S U1
——Ya sk, iw,) = 3Gk, i) =YX =XG=G =G, —X[G]

B

the resulting theory does obey the conservation laws

This is difficult to proove - in the notes the proof is given for the continuity equation.....



A famous example for such a conserving approximation is the GW-approximation

.________
\







Summary

The Grand Canonical Potential of an interacting Fermi system can be expressed as a functional of its
Green's function

This involves the Luttinger-Ward functional which is defined as a sum over infinitely many Feynman
diagrams

The expression for () is the starting point for important results such as the Luttinger theorem

The Luttinger-Ward functional is the generating functional for the self-energy and is of considerable
importance for obtaining conserving approximations

() is stationary with respect to variations of the self-energy and this can be used to derive many schemes

to compute the self-energy



Calculation of (AH1))

This can be obtained from the Green's function

Gap(T) = —O(7) { cy(7) ¢y Y+ O(=7) (¢, e (7))

We assume 7 < 0 and set 0 = «

Goz,oz(T) — <CJc[y Ca(T»th
= (cl el ¢, eThE ),
;»_ha(’g_’c@ = (el eFF [ K] e FF )y,
T

— lim (—h aGa—a(T) > = <c£ [Cay K] Yo = (Hy — N Yep, + 2(Hy)

70"

Using lim._,o- = { CTB c,(T) Yen we can exoress (Hy — N )y, in terms of lim,_,- G



