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Motivation

WHAT?
— Unifying framework fo study inferacting quantum systems:
Dictionaries connecting the different languages of quantum mechanics
Connection between languages and symmetries
WHY?
— New paradigm: coexistence and competition of “non-rivia
— Determination and classification of order parameters
— Identity general symmetry principles for complex phase diagrams
— Unveil hidden symmetries to explore new states of matter

III

phases



Coexistence and Competition of Complex Phases of Matter

® Emergence of a new paradigm in Physics of matter, characterized by

coexistence and competition of “non-rivial” phases.
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— Absence of a small parameter:
Standard mean-field theories do not work
— Lack of exact solutions




Motivation

WHAT?

— Unifying framework fo study inferacting quantum systems:
Dictionaries connecting the different languages of quantum mechanics

Connection between languages and symmetries
WHY?

— Connect seemingly unrelated physical phenomena
— Obtain exact solutions and develop better approximation schemes



Connect Seemingly Unrelated Physical Phenomena

® (an one map the Physics of a quantum gas of particles to that of
quantum magnet? Unveiling Order Parameters and Universality
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Connect Seemingly Unrelated Physical Phenomena

® (an one map the Physics of a quantum gas of particles to that of
quantum magnet? Unveiling Order Parameters and Universality

Obtain Exact Solutions

@ Exact Solution

SP=|

AF: Antiferromagnetic
SN: Staggered-nematic
FM.: Ferromagnetic

UNI Uniform-nematic

3
N
||

JV2y" {cose S; - S; + sinf (S; - sj)ﬂ
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Motivation

WHAT?
— Unifying framework fo study inferacting quantum systems:
Dictionaries connecting the different languages of quantum mechanics

Connection between languages and symmetries
WHY?

— Duality Maps: Strong Coupling to Weak Coupling relations



Majorana wires XXZ honeycomb
(Interacting) (spin 1/2)

Quantum Ising Gauge
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-1 All share exactly the same spectrum
—. *(unitarily equivalent) R

Majorana wires XXZ honeycomb Quantum lsing Gauge
(Interacting) [spin 1/2] o



Motivation

WHAT?
— Unifying framework fo study inferacting quantum systems:
Dictionaries connecting the different languages of quantum mechanics

Connection between languages and symmetries
WHY?

— Simulation of one system by another physical system
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Models
of
Computation

IS Eri
ISy

A model requires physical systems that can be controlled by modulating

the parameters of the system Hamiltonian



The Laws of Computation are the Laws of Physics

.
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FE i iiiiiiiiiiiiis
i Fr i i i i P i i i i i i i sy y
T T i i i i i i il iiiiiiiiiiiiiiiiis
Fil i il i T i i il iiiididiiiiidfiiiiilidiiissy
F i d i i i i i i i i iiiiiiiiiiiiiiiiisy
Filtiiliilifiidiidiidiils

TP IsTIIIrrisrriiisssi f
Pl i il i i i ii i idiifiilidiifiiliilifiidfiiliisy
LIFF LTI LT LTINS L L LT i
Fili il il iididiidiiiiidNes il iiridflidfiiliisy
I rsriiss s Vs
/ FrEL ISy

\\\\me\f, sy
AL FAFT i iiiiiy
\ .\,,\\\
\\\

Fiiiilidiis
ISy rrrrsys
PPl iliiidis
77777 iy
Fi I NN
FEPEET T ii i iiiidiiiisy
FEE T i i i i il iiiiiliiiiss
STy
SIS
FEFTETET T ET i ii i iy
i i i i i i i il idiis

Ty

-,
.

Ty

sy

/
\x\xxxx\\xxm\x\
ST ITIIIrIsy,
'y,

I

FAF it il i iiss

\\ ____ . 5\
IS i s s ssssy, Iy
i/ /

F

Models
of
Computation
i (Operator Algebra)

/ FEAE T F i i iiii i iiiiiiss /
P d i F i i i i d i i i i i i iiiiiiiiriiy Iy
C i i i i il i i il i i iiiidiifiilidiidiiliiliisi)
i i i i i i i i iiidii il iiiiiiidiiiiisy
Fi il i i i i i il iiiidiidiiiiiiiliiliiriidiiiliisy
FiiFTl il i iiriilidls
NNy

Iy
Iy
/

7
S
1z 7]
>
(7

AL EEEE
FiLiilidiis?
/

NSNSy
FiLiilidiiliiilidirilfiiy s
T i il i i i i iiidid s
FiLii i i iiiiiiilidiiidiiiliisi
T F i i i i i il iiiiiiiiiss

STy rrrryrsi

\Axx\\\\\\\\\\vu\ /
;
&xmmxaxmxm\x\x

£/
SNy rIrrIrIss

..._ ..A_

!/

\_....A..
Y rrrrrsi

Sy Ery

.am
FAiiiiiss

YIRI I IT NIy
Iy

iy FEEEETETET i i i iiss

FELEEi il i iiiiisiss FELEEi il i iiiiisss
PP il iiiiilidriliisiis FALiilii ity
R e O i FLEiiiiii il

ISy

A model requires physical systems that can be controlled by modulating

the parameters of the system Hamiltonian



The Many Languages and Dictionaries of Nature:

— Bosonic and Hierarchical Languages

— Transmutation of Stafistics: Fermionic (Anyonic) Languages

— Building Dictionaries: Ex. Generalized Jordan-Wigner transformations




Problem Setup
m Sate Space:  |U) € H
H = ®; H;
dimH; = D

m Observables:

@, (@Jr = @) Energy, Polarization, - - -

. . 1 ..
m Dynamics: H = (ih|j)aja; + > ) (jlgkl) alalaa)
i’j iajakal
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2D continuous geometries 1D orbital lattices



Languages and Dictionaries: Classical Systems

[ Classical spins to lattice gas or binary alloy mappings J

Ising Model: (magnetism)

2

{S;} € configuration; S; = +1
H=J) SS;-B) S,
(.) z

NT+N¢=NS

Lattice Gas: (e.g., crystal melting)

Collection of “atoms” (no T)
One atom at each site

Ny = N, , N — empty sites

Binary Alloy: (e.g., B-brass)

Two types of “atoms” (no T
One atom at each site (e or o)

Ne + No = Nj



Languages and Dictionaries: Quantum Systems

A bosonic language is a set of operators grouped in subsets .5
(associated to each mode i) that satisfy the conditions:

e Each Sj is a set of elements bf which belong to the algebra of endomor-
phisms for the vector space H; over the field C, b} : H; — H;, and are linearly
independent.

e The elements of S; generate a monoid of linear transformations under the
associative product in the algebra which acts irreducibly on H; in the sense that
the only subspaces stabilized by S; are H; and 0.

o If b!' and by are elements of different subsets S; and Sj, then

b, bY] = biBY —bYbl =0, if 1]
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1<a, A<N;  DBosonic Languages Ny =2
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1<a, g<N; DBosonicLanguages N, =2
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1<a, <N, Bosonic Languages Ny =2
.
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Physics defines what language is more appropriate




Fundamental Theorem

Given two bosonic languages having the same finite dimension )

of their local Hilbert spaces 7, the generators of one of them can
can be written as a polynomial function of the generators of the other
language and vice versa.

(Corollary of Burnside’s Theorem)



Languages and Dictionaries

Example I: Matsubara-Matsuda

transformation.
Spin 1/2 Hard Core Boson o+ _ 1
| 7 7
_ - ] ] 1
11T

[Siua SJV] — Z.5i,j€,tw/\8i)\ MV, A = LY, <



Languages and Dictionaries

Example II: Generalization of the

Matsubara-Matsuda transformationto S = 1

SU(2) S=1/2 hard

Spin One  core bosons S ;r = V2 (B;[T T BN)
L - e h _]L
o Sj = Ny — )
-1 -



Fundamental Theorem

Given two bosonic languages having the same finite dimension )
of their local Hilbert spaces 7, the generators of one of them can
can be written as a polynomial function of the generators of the other
language and vice versa. (Corollary of Burnside's Theorem)

Corollary: In each class of bosonic languages there is at least one
which is the conjunction of a Lie algebra S and an irreducible rep
I's (S ATg) ie., the generators of the bosonic language are
generators of the Lie algebra S intherep I's .

Y T Li = u(1) @ su(2)
L D =925+1 S:@Ei

S, =-S5



Hierarchical Language

e Definition: Any local operator O can be written as a linear combination of

the generators of the language.

Ng
O = Z N\ G
=0

e For each class of languages there is always one hierarchical language (HL)
whose generators are the identity / and the generators of su(/V) in the
fundamental representation (D = V).

e A Hamiltonian operator in the HL becomes quadratic in the symmetry
generators of the Hierarchical group.

e Example: N = 2 (Two-level system). The Pauli matrices are generators of
su(2) in the fundamental representation.
O:)\O ]—l—)\l O'gj—|—)\2 0'73;/—|—)\3 O'f

-~






SU(2)
Quantum Spins
/ (eg., S=1) \

<= - >

& Quantum Particles /
(e.g., s = %)




Fermionic Languages

{A,BY = AB + BA

We will say that a fermionic language is the one generated by the
creation and anihilation operators for the canonical fermions:

{{Ciav C,]B} — {CION Cjﬁ} =0 7 CAR

{Ciav C}Lﬁ} — 5ij50é5

and any other one which can be obtained by imposing local
constraints to the canonical fermions.



Quantum Statistics

Local Pauli Exclusion Principle:

Non-local Exchange (Permutation/Braid) Statistics:

Ve _—

- 000®



Transmutation of Statistics

9 =0 "Bosons”

Local Transmutation:

i
&

o

bl T

Joa ' jo

9 =7 “Fermions”



Local Transmutation:

10




Local Transmutation:

10




Local Transmutation:



Local Transmutation:



The Languages of Nature

m We have shown how to connect all possible (spin-particle-gauge)
languages used in the quantum description of matter, and proved a

fundamental theorem that establishes when two languages can be
connected through a dictionary.

Relation between modes:
* Transmutation of Statistics

[ Locality j & [Non—localityj — [ Language j

For each mode (local Hilbert space H of dimD ): Set of operators S
A set of operators S acting irreducibly on H Statistics g-etween modes
Dictionary:
o
[ Language A ] — [ Language B ]
A - B

dim of the local Hilbert spaces are equal




The Lunguuges of Nuture

m We ‘
an DeF ining a Language umounts io def' ining 4

fur the State Space be

ge)

con

L ——

Relation between modes:
* Transmutation of Statistics

[ Locality j & [Non—localityj — [ Language j
$

For each mode (local Hilbert space H of dimD ): Set of operators S

.. : +
A set of operators S acting irreducibly on H Statistics between modes

Dictionary:
[ Language A] é [ Language B ]
Dy - Dy

dim of the local Hilbert spaces are equal




Building Dictionaries

0 — ———




Jordan-Wigner Particles

SU(2) Spin Hard-core P SU(2) Spin Hard-core P
1
S = — S=1
! >
2
D=2 D=3
1
2
it gt T _
bJ _ Sj % K; SjJr = V2 (G5 K+ KjJr Cj¢)
S - B
j =95 =856 S = V2 (K] e + ¢y Kj)
~ 1 z 1 Sz — N+ — N
nJ—§:Sj:nJ—— J JT .N/
ey = b (1=1g5) , 0 =1, |



Generalized Jordan-Wigner Transformations

Spin-Flavor Equivalence

Flavors Fq S~ Flavors F%
S S S
S — ] ——— S —1 EE— |
S=2 o S=2 e §-2
O 90 8 —
_1— —1 _% —_%
—S-I—Z; —S+2 ;—S—FQ
— 5 4 ] — —S+1 — — 1O+ 1
B O

Integer S Half-odd Integer S






Connecting seemingly unrelated phenomena:
Haldane-gap

e Haldane conjecture: Half-odd integer spin chains have a qualitative

different excitation spectrum than integer spin chains

H3=! = Zszsz+1 + A (STST L+ 5YSY. )
0

S T
Hxxz b= Z(nJT n]i)(n]—FlT n]‘|-1¢ _I_AZ (C]O'C]—|—10' _I_ ;ra ;—I—lg _I_ HC)

J Jjo

o H°= l'isat-J, model + SC, wheret = —A and J, = 4. For

XXZ

8|t| > J., the charge spectrum of the t-J, chain is gapless

e In the particle language, the Haldane gap 1s a superconducting gap



Ferromagnetism and Bose-Einstein Condensation

(1"'=0), J>0

H(J):J\/iz {COSQSij—I—SiDQ(Si-Sj)Z} h

(1,j)

(SPT) || 6 =>2F

[
\_
g = —JZ (2, JO—|—HC)—2JZSI S;

n
1
— 2
\ (i,j) /




Broken Symmetries

4

su@ | Hsx hasaglobal SU(3) symmetry

00| BS: (W =N; N <N
e SU(2) of spin (s = =)
e U(1) of charge

Uo(N,S.)) quasihole,
Uo(N,S,)) quasiparticle

Goldstone modes:




Hierarchical Language

g HQ(J):JﬂZ{COSQ Si-Sj—i—siné’(Si-Sj)Z} h
L (1.J) Y
| (SU(3) SPT)
4 R
Hy(J) = JV2)_ |cos S (1)S""(j) + (sin 6 — cos ) S (1)S"(j)|

(1,j)

/




Fundamental and Conjugate representations

s by by
SG = B ap-1 bhb, “Quark”
b, blby =3
Pomo by b
SG) = | —b, my—1 bbby “Anti — Quark”
_BJT ELBJ n; %

(S"(3), 8™ ()] = 808" (§) = 8 S (3)



Global SU(3) Order Parameters

Global SU(3) OP

5 /4 (FM-UN)

S=ZS<.1>

/4 (AF-SN)

Ss1= Z S(j)eiQ.rj
J

Mgt = Z SjeiQ'ri

37/2 (AF-UN) || S84 =) S+ > 8() | Mst=) Sje'¥i N=>) N;
jeA j€B j j
7/2(EM-SN) || S_=) S3G) - > S(3) M=> "S; Nst=»  Nje'@

jeA jeB




m Finding useful translations: The one-dimensional Hubbard model

O——O0——O0——O0—0
] j+1  j+2 J—|—3NJ—|—4

1 1

Hyipp = Z Cii10 T ClinCio) + U Y (Rgy — ) = 5)
j=1
1 SJE = cT K4,
I S5 =, _1 JT:eXp@WZ”I¢+Z”IT
Bond j || <> @ Site j I JT 1<j
| S;g = cT K , X
s o 1 K; = exp[mZnu
Jj2 ,n’.]\lz 9 1<j
1
J J+1 J+2 J+3 Jj+4

N
Hubb =2 Z v oi+1y T SJ%/S.?HV T UZ jl
=1



m Finding useful translations: The one-dimensional Hubbard model

O——O0——O0——O0—0
] j+1  j+2 J—|—3NJ—|—4

1 1

Hubb — Z —|—1c7 ]L—|—1acjc7) T UZ(ﬁJT o 5)(ﬁ‘]¢ o 5)
j=1
1 St = CT K4,
& Jl_n _l JT:eXPZWZn1¢+anT]
Bond j || <> @ Site j Ji ]'L]T 1<j
| Sin = ¢ Ky _ , R
2 SZ = fi — 1 Ky, = explim ) )]
j2 J4 1<j

Hie=Y [JuwS* (G)S™(+ 1) + J,QVSW(J')SWG +1) + %(Soo(j) +87(j))]

J
) 3 bjf(lll_.ﬁﬂ) b.u(}T i) by by \ _SOO(T) _~jl¢1ﬁj¢ _:.iTﬂ?.iT —bs bt
S(j) = (1 —nyy)bys ‘? ~<J> bnbu nJTZBN SG) = — 15,034 —5()) bJTbJ¢ (731 — 1)l~7j¢
(1 nn)bT bl by S2(G)  fgby | nan bl by =8%() (g — Dby,

\ b bjﬁn b SP()) _b}bi by, (g = 1) by = 1) =S%(j)



Equivalence between Spin-Particle Models

Concept of Universality (or Equivalence)

d Model A Model B M-5

1 [sotropic XY (S=1/2) t C-E

1 Anisotropic XY (5=1/2) t-A C-E

1 XXZ (5=1/2) t-V C-E (BA)

1 XXZ (S=1/2) t-J, P-E (BA)

1 XYZ (5=1/2) t-A-V C-E (BA)

1 Majumdar-Ghosh (S=1/2) t-t’-V-V’ C -GS

1 BB S =1 (¢ =m/4, LS) t-J-V-p C-E (BA)

1 BB S =1 (tan¢=1/3, AKLT) t-A-J-V-p C - GS

1 BB S =1 (¢ = 7w/4, TB) t-A-J-V-pu C-E (BA)

1 BB S =1 (¢ = 37/2, K) A-J-V-p C - QE

1 S=3/2 F (S=1/2) Hubbard | C - E (BA)

2 U(1) gauge magnet F strings C-E

2 Shastry-Sutherland (S=1/2) t-t’-V-V’ C -GS
Any BB S=1 (¢ =>5n/4) t-J-V-p C - QE
Any | Anisotropic S = 1 Heisenberg | B (S=1/2) Hubbard | P - U




m  (lassification of local Order Parameters
The generators of the HL exhaust all possible OPs
Recipe: (HL: Hierarchical Language)

|dentify the group of symmetries of H, G
Classify the generators of the HL according to the irreps of G
Each irrep leads to a different broken symmetry OP

m Hierarchical mean-field theories =+ .

All OPs are treated on an equal footing |
Help to design/engineer new states of matter

05

m  (oncept of Emergent Symmetry P

Helps to identify the relevant low energy degrees of freedom
(bricks to build new phases)



Hierarchical Mean-field of the Heisenberg model in Kagome

1

QMC —— Q’\Q N~ . : | | VBGas
DMRG — ib “ : : N
iPEPS ; —e— :@:
e | : ‘ nVBC-g
9-HMFT | |

27-HMFT ——

0.6 |
y ¢ : Bc, 0o
b- VBC, —e
0=2/3 { [vec,
0.4 - “ —

e J
SF e e

| == VBC
0.2 P et o

i nVBCs/g

\ /\ KK oo 4 A/ =
> X >\ 3 N

>>><
>/ >\ >\ />

V‘




Dictionaries: Fermions and Bosons to Qubits

000000




Fermion Computation via the Standard (Qubit) Model

Prove that every

step can be
done with the

The two models
are equivalent

same complexity "“*Para*”" Quantum
Inltlal State Evolution [Eamzd Measurement

Unitary
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Quantum Algorithm to Compute G(¢)

Physical property: Effective 2-Qubit problem  G(t) = (W) = (e'to! e Ht51)
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Green's Function: G(¢)
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Simulating Number-conserving Canonical Bosons with Spins
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