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introduction
strong correlations: what are they? 



all of physics and chemistry is correlation
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why is it a problem?
simple interactions among many particles 

lead to unexpected emergent co-operative behavior

Philip Warren Anderson
more is different



emergence in social media
formation of polarized opinion-bubbles
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emergence in solid-state systems

superconductivity

 high-Tc superconductivity

non-conventional superconductivity

magnetismorbital order
photo from wikipedia

Mott transition
G. Kotliar and D. Vollhardt, Physics Today 57, 53 (2004)

BSCCO-2223, photo from wikipedia

E. Pavarini, E. Koch, A.I. Lichtenstein, PRL 101, 266405 (2008)  

G. Zhang and E. Pavarini,  
Rapid Research Letters 12, 1800211 (2018) 

http://link.aps.org/doi/10.1103/PhysRevLett.101.266405
https://doi.org/10.1002/pssr.201800211


bad news: the exact solution is not an option
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• uncertainty principle �x�v � 1
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• described via wavefunction 

already 1 body is difficult

• eigenvalue problem & discrete energies
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Ĥ0 (r) = " (r)

• particles are identical and indistinguishable
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Ĥ
0
i

quantum N-body problem



quantum N-body problem, no interaction

(classical/mean field)
+ antisymmetrization =  (r1) (r2)... (rN )

(Slater determinant)

Fermi gas

neutron stars
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good news: it would be anyway useless

On the other hand, the exact solution of a many-body 
problem is really irrelevant since it includes a large 
mass of information about the system which although 
measurable in principle is never measured in practice.   
[..] An incomplete description of the system is 
considered to be sufficient if these measurable 
quantities and their behavior are described correctly.  

H.J. Lipkin

E. Pavarini and E. Koch, Autumn School on Correlated Electron 2013, Introduction



what can be done then ?
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This paper deals with the ground state of an interacting electron gas in an external potential v(r). It is
proved that there exists a universal functional of the density, Ft I(r) g, independent of v(r), such that the ex-
pression E—=fs(r)n (r)dr+Ft I(r)j has as its minimum value the correct ground-state energy associated with
s(r). The functional FLn(r)j is then discussed for two situations: (1) n(r) @san(r), 8/ao((1, and
(2) a(r) = q (r/ra) with p arbitrary and 1'p ~~.In both cases F can be expressed entirely in terms of the cor-
relation energy and linear and higher order electronic polarizabilities of a uniform electron gas. This approach
also sheds some light on generalized Thomas-Fermi methods and their limitations. Some new extensions of
these methods are presented.

INTRODUCTION
' '
&~IJRING the last decade there has been considerable

progress in understanding the properties of a
homogeneous interacting electron gas. ' The point of
view has been, in general, to regard the electrons as
similar to a collection of noninteracting particles
with the important additional concept of collective
excitations.
On the other hand, there has been in existence since

the 7920's a different approach, represented by the
Thomas-Fermi method' and its re6nements, in which
the electronic density n(r) plays a central role and in
which the system of electrons is pictured more like a
classical liquid. This approach has been useful, up to
now, for simple though crude descriptions of inhomo-
geneous systems like atoms and impurities in nietals.
Lately there have been also some important advances

along this second line of approach, such as the work of
Kompaneets and Pavlovskii, ' Kirzhnits, ' Lewis, ' Baraff
and Borowitz, ' Bara6, ' and DuBois and Kivelson. ' The
present paper represents a contribution in the same area.
In Part I, we develop an exact formal variational

principle for the ground-state energy, in which the den-
sity tz(r) is the variable function. Into this principle
enters a universal functional PLtr(r)), which applies to
all electronic systems in their ground state no matter
what the external potential is. The main objective of
*Supported in part by the U. S. Once of Naval Research.
f NATO Post Doctoral Fellow.
f Guggenheim Fellow.' For a review see, for example, D. Pines, Elementary E'.'xci tati ons

in Solids (W. A. Benjamin Inc. , New York, 1963).' For a review of work up to 1956, see N. H. March, Advan.
Phys. 6, 1 (1957).

A. S. Kompaneets and E. S. Pavlovskii, Zh. Eksperim. i.
Teor. Fiz. 51, 427 (1956) [English transl. : Soviet Phys.—JETP
4, 328 (1957)j.
D. A. Kirzhnits, Zh. Eksperim. i. Teor. Fiz. 32, 115 (1957)

I English transl. : Soviet Phys.—JETP 5, 64 (1957)j.' H. W. Lewis, Phys. Rev. 111, 1554 (1958).' G. A. 13araff and S. Borowitz, Phys. Rev. 121, 1704 (1961).
7 G. A. BaraG, Phys. Rev. 123, 2087 (1961).'D. F. Du Bois and M. G. Kivelson, Phys. Rev. 127, 1182

(1962).

theoretical considerations is a description of this
functional. Once known, it is relatively easy to deter-
mine the ground-state energy in a given external
potential.
In Part II, we obtain an expression for FLnj when tr

deviates only slightly from uniformity, i.e., n(r)=1'cp
+ts(r), with ts/tss —& 0; In this case FLej is entirely
expressible in terms of the exact ground-state energy
and the exact electronic polarizability n(g) of a uniform
electron gas. This procedure will describe correctly
the long-range Friedel charge oscillations' set up by
a localized perturbation. All previous refinements of the
Thomas-Fermi method have failed to include these.
In Part III we consider the case of a slowly varying,

but +of necessarily almost constant density, tr (r)= p(r/rs), rs —&oo. For this case we derive an expansion
of F)trj in successive orders of rs ' or, equivalently of
the gradient operator V acting on e(r). The expansion
coeKcients are again expressible in terms of the exact
ground-state energy and the exact linear, quadratic,
etc. , electric response functions of a uniform electron
gas to an external potential w(r). In this way we recover,
quite simply, all previously developed refinements of
the Thomas-Fermi method and are able to carry them
somewhat further. Comparison of this case with the
nearly uniform one, discussed in Part II, ,also reveals
why the gradient expansion is intrinsically incapable
of properly describing the Friedel oscillations or the
radial oscillations of the electronic density in an atom
which reQect the electronic shell structure. A partial
summation of the gradient expansion can be carried
out (Sec. III.4), but its usefulness has not yet been
tested.

I. EXACT GENERAL FORMULATION

I. The Density as Basic Variable
Ke shall be considering a collection of an arbitrary

number of electrons, enclosed in a large box and moving

' J. Friedel, Phil. Nag. 45, 155 (1952).

a way out: density-functional theory
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Self-Consistent Equations Including Exchange and Correlation Effects*
W. KOHN AND L. J. SHAM

Unieersity of Ca/Bfornia, San Diego, la Jolta, California
(Received 21 June 1965l

From a theory of Hohenberg and Kohn, approximation methods for treating an inhomogeneous system
of interacting electrons are developed. These methods are exact for systems of slowly varying or high density.
For the ground state, they lead to self-consistent equations analogous to the Hartree and Hartree-Fock
equations, respectively. In these equations the exchange and correlation portions of the chemical potential
of a uniform electron gas appear as additional effective potentials. (The exchange portion of our effective
potential differs from that due to Slater by a factor of -';.) Electronic systems at finite temperatures and in
magnetic lelds are also treated by similar methods. An appendix deals with a further correction for
systems with short-wavelength density oscillations.

I. INTRODUCTION
'N recent years a great deal of attention has been
- - given to the problem of a homogeneous gas of inter-
acting electrons and its properties have been established
with a considerable degree of confidence over a wide
range of densities. Of course, such a homogeneous gas
represents only a mathematical model, since in all real
systeins (atoms, inolecules, solids, etc.) the electronic
density is nonuniform.
It is then a matter of interest to see how properties

of the homogeneous gas can be utilized in theoretical
studies of inhomogeneous systems. The well-known
methods of Thomas-Fermi' and the Slater' exchange
hole are in this spirit. In the present paper we use the
formalism of Hohenberg and Kohn' to carry this
approach further and we obtain a set of self-consistent
equations which include, in an approximate way, ex-
change and correlation effects. They' require only a
knowledge of the true chemical potential, tie(e), of a
homogeneous interacting electron gas as a function of
the density n.
We derive two alternative sets of equations

[Eqs. (2.8) and (2.22)) which are analogous, respec-
tively, to the conventional Hartree and Hartree-Fock.
equations, and, although they also include correlation
effects, they are no more difficult to solve.
The local effective potentials in these equations are

unique in a sense which is described in Sec. II. In par-
ticular, we And that the Slater exchange-hole potential,
besides its omission of correlation effects, is too large
by a factor of —,'.
Apart from work. on the correlation energy of the

homogeneous electron gas, most theoretical many-body
studies have been concerned with elementary excita-
tions and as a result there has been little recent progress
in the theory of cohesive energies, elastic constants,
etc., of real (i.e., inhomogeneous) metals and alloys.
The methods proposed here offer the hope of new
progress in this latter area.
~ Supported in part by the U. S. Ofhce of Naval Research.'L. H. Thomas, Proc. Cambridge Phil. Soc. 23, 542 (1927);E. Fermi, Z. Physik 48, 73 (1928).' J. C. Slater, Phys. Rev. 81, 385 (1951).' P. Hohenberg and W. Kohn, Phys. Rev. 136, 3864 (1964l;

referred to hereafter as HK.

In Secs. III and IV, we describe the necessary Inodid-
cations to deal with the finite-temperature properties
and with the spin paramagnetism of an inhomogeneous
electron gas.
Of course, the simple methods which are here pro-

posed in general involve errors. These are of two general
origins4: a too rapid variation of density and, for 6nite
systems, boundary effects. Refinements aimed at re-
ducing the 6rst type of error are brieQy discussed in
Appendix II.

II. THE GROUND STATE

A. Local Effective Potential
It has been shown' that the ground-state energy of an

interacting inhomogeneous electron gas in a static po-
tential n(r) can be written in the form

1 e(r)e(r')
Z= tt(r)e(r) dr+— dr dr'+G[e),

r r'[—
i:,, (2.1)

where e(r) is the density and G[e) is a universal func-
tional of the density. This expression, furthermore, is a
minimum for the correct density function e(r). In this
section we propose first an approximation for G[e),
which leads to a scheme analogous to Hartree's method
but contains the major part of the effects of exchange
and correlation.
We first write

G[e)=T.[e)yZ, [e), (2.2)
where T,[e) is the kinetic energy of a system of non-
interacting electrons with density e(r) and F,[e) is,
by our definition, the exchange and. correlation energy
of an interacting system with density e(r). For an arbi-
trary e(r), of course, one can give no simple exact ex-
pression for E,[e). However, if e(r) is sufliciently
slowly varying, one can show' that

F,[e)= e(r)e, (e(r)) dr, (2.3)

4 W. Kohn and L. J. Sham, Phys. Rev. 137, A1697 (1965).
~ For such a system it follows from HK that the kinetic energy

is in fact a unique functional of the density.
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1998: Nobel Prize in Chemistry to Walter Kohn



1998: Nobel Prize in Chemistry to Walter Kohn

(from the Nobel lecture)



Philip Warren 
Anderson

Nobel Prize in Physics 1977

physics is understanding

(1972)

. . . In other words the better the machinery, the more likely it is to 
conceal the workings of nature, in the sense that it simply gives you 
the experimental answer without telling you why the experimental 
answer is true (1980)

There is a school which essentially accepts the idea that nothing 
further is to be learned in terms of genuine fundamentals and all that 
is left for us to do is calculate. . . . [..] This is then the idea that I call 
“The Great Solid State Physics Dream Machine”…

(RO Jones, DFT for emergents, Autumn School on Correlated Electrons 2013) 



a way out: density-functional theory
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from the ground-state wave-function to the electron density



Kohn-Sham eigenvalues as elementary excitations!

! unexpected successes of DFT  
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“the labours and controversies . . . in 
understanding the chemical binding in 
materials had finally come to a resolution 
in favour of ‘LDA’ and the modern 
computer” (1998)

(R.O. Jones, DFT for emergents, Autumn School on Correlated Electrons 2013) 

unexpected successes of DFT

but “very deep problems” remain (1998)

origin of failures: one-electron picture

Philip Warren Anderson



big disappointments
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Experiments: it is an insulator! and above 40 K  a paramagnetic insulator 

DFT (LDA): it is a metal! 



strongly correlated systems

Coulomb-induced metal-insulator transition 
heavy-Fermions 

unconventional superconductivity  
spin-charge separation 

……….
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 in the Kohn-Sham picture  



ab-initio methods fail…



but it can be explained with simple models!
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editorial

Capturing the essence of a phenomenon 
while being simple: the ingredients of a 
top model in physics. Since the early days 
of quantum mechanics, many models, 
Hamiltonians and theories aiming to 
provide a deeper understanding of 
various properties of condensed matter 
have been put forward — with varying 
degrees of success and fame. One 
truly legendary model is the Hubbard 
model, independently conceived by 
Martin Gutzwiller1, Junjiro Kanamori2 
and, of course, John Hubbard3 — their 
original papers all appearing in 1963. The 
main motivation was the need for a way to 
tackle the behaviour of correlated (rather 
than non-interacting) electrons in solids. 
Initially, the model was introduced to 
provide an explanation for the itinerant 
ferromagnetism of transition metals, such 
as iron and nickel, but the past 50 years 
have seen its relevance go far beyond that 
original context.

Technically, the Hubbard model is an 
extension of the so-called tight-binding 
model, wherein electrons can hop between 
lattice sites without ‘feeling’ each other. In 
its simplest form, electron hopping can 
only take place between nearest-neighbour 
sites, and all hopping processes have the 
same kinetic energy, –t. The tight-binding 
model evinces the quantum-mechanical 
quintessence of electrons in a solid: the 
emergence of an electronic band structure — 
intervals of allowed and forbidden 
energies — lying at the heart of present-day 
semiconductor technology.

Hubbard’s Hamiltonian features 
an additional term, introducing an 
energy amount U for each pair of 
electrons occupying the same lattice 
site — representing Coulomb repulsion. 
Hubbard found the model to be the 
simplest that produces both a metallic 
and an insulating state, depending on the 
value of U. (Incidentally, the commonly 
known ‘Hubbard U’ was actually called 
‘I’ by Hubbard, following John Slater’s 
notation used in a precursor to the model.
Philip Anderson seems to be the first one 
to have used ‘U’.)

Following the submission of his 1963 
paper3, Hubbard continued to improve and 

refine his model. His ‘Electron correlations 
in narrow energy bands’ would eventually 
comprise six installments. ‘Hubbard III’4 
became especially important as it showed 
that for one electron per lattice site — the 
Hubbard model at half filling — the Mott (or 
Mott–Hubbard) transition is reproduced. 
This is a type of metal–insulator transition 
that could not be understood in terms of 
conventional band theory (which predicts 
that a half-filled band always results in a 
conducting state).

The simplicity of the Hubbard model, 
when written down, is deceptive. Not only 
had Gutzwiller, Kanamori and Hubbard 
already extracted different physics from the 
model, it turned out to be a ‘mathematically 
hard’ problem: an exact solution has so far 
only been obtained for the one-dimensional 
case. Today, with ever-increasing computer 
power, numerical simulations of the 
model are mainstream — particularly 
when trying to get a grip on the role of the 
topology of the underlying lattice, a ‘hidden 
variable’ indeed.

Ever since its inception, the model 
has spawned new lines of research in 
theoretical physics; the development 
of dynamical mean-field theory is a 
noteworthy example. Although the 
model quickly became a firm favourite of 
theorists, it twice experienced a sudden 
rise in popularity due to breakthroughs in 
experimental physics.

The first followed the discovery of 
high-temperature superconductors in 
1986. Until then, the Hubbard model 
was believed to have little to do with 
superconductivity. However, in the wake 
of the high-temperature superconductivity 
‘revolution’, one particular adaptation of 
Hubbard’s original model called the t–J 
model (originally arising in the context of 
doped Mott–Hubbard insulators) emerged 
as a compelling candidate for hosting a 
superconducting state. A rigorous proof 
of the existence (or non-existence) of a 
superconducting ground state in the t–J 
model is still missing — underlining that 
research on superconductivity and the 
Hubbard model is continuing.

A second boost in activity surrounding 
the Hubbard model came in the 2000s, 

when the field of cold-atom optical trapping 
had advanced so far that experimental 
realizations of the Hubbard model could 
be achieved. A landmark experiment 
demonstrated how a lattice of bosonic 
atoms displays a transition from a superfluid 
to a Mott insulator5, a result accounted 
for by the Bose–Hubbard model (the 
Hubbard model for bosons). Many other 
variants of the Hubbard model, including 
the original model for fermions6, have 
been experimentally realized by now, a 
development that nicely illustrates how a 
model can become the target of experiments 
itself — and, more generally, how theoretical 
and experimental physics can entangle and 
spark further progress.

Part of the legacy of Hubbard’s model 
is that it launched the field of strongly 
correlated systems — it is undoubtedly the 
archetypal model of many-body physics. 
(As an aside, when asked by his mother-
in-law what the book he was reading — 
The Many-Body Problem — was about, 
John Hubbard replied, without even the 
faintest attempt at a serious explanation: “A 
murder mystery.”)

Although the Hubbard model secured 
it’s place in (condensed-matter) physics 
textbooks many decades ago, it is very likely 
that it will continue to play an important 
role in fundamental research as well. In 
particular, the continuing experimental 
progress in artificial lattices of cold 
atoms and superconductivity, where the 
Hubbard model and its modifications play 
a prominent role, should be a stimulus for 
further explorations. ❐
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Models are abundant in virtually all branches of physics, with some achieving iconic status. The Hubbard 
model, celebrating its golden jubilee this year, continues to be one of the most popular contrivances of 
theoretical condensed-matter physics.

The Hubbard model at half a century

The simplicity of the Hubbard 
model, when written down, 
is deceptive.

© 2013 Macmillan Publishers Limited. All rights reserved
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of quantum mechanics, many models, 
Hamiltonians and theories aiming to 
provide a deeper understanding of 
various properties of condensed matter 
have been put forward — with varying 
degrees of success and fame. One 
truly legendary model is the Hubbard 
model, independently conceived by 
Martin Gutzwiller1, Junjiro Kanamori2 
and, of course, John Hubbard3 — their 
original papers all appearing in 1963. The 
main motivation was the need for a way to 
tackle the behaviour of correlated (rather 
than non-interacting) electrons in solids. 
Initially, the model was introduced to 
provide an explanation for the itinerant 
ferromagnetism of transition metals, such 
as iron and nickel, but the past 50 years 
have seen its relevance go far beyond that 
original context.

Technically, the Hubbard model is an 
extension of the so-called tight-binding 
model, wherein electrons can hop between 
lattice sites without ‘feeling’ each other. In 
its simplest form, electron hopping can 
only take place between nearest-neighbour 
sites, and all hopping processes have the 
same kinetic energy, –t. The tight-binding 
model evinces the quantum-mechanical 
quintessence of electrons in a solid: the 
emergence of an electronic band structure — 
intervals of allowed and forbidden 
energies — lying at the heart of present-day 
semiconductor technology.

Hubbard’s Hamiltonian features 
an additional term, introducing an 
energy amount U for each pair of 
electrons occupying the same lattice 
site — representing Coulomb repulsion. 
Hubbard found the model to be the 
simplest that produces both a metallic 
and an insulating state, depending on the 
value of U. (Incidentally, the commonly 
known ‘Hubbard U’ was actually called 
‘I’ by Hubbard, following John Slater’s 
notation used in a precursor to the model.
Philip Anderson seems to be the first one 
to have used ‘U’.)

Following the submission of his 1963 
paper3, Hubbard continued to improve and 

refine his model. His ‘Electron correlations 
in narrow energy bands’ would eventually 
comprise six installments. ‘Hubbard III’4 
became especially important as it showed 
that for one electron per lattice site — the 
Hubbard model at half filling — the Mott (or 
Mott–Hubbard) transition is reproduced. 
This is a type of metal–insulator transition 
that could not be understood in terms of 
conventional band theory (which predicts 
that a half-filled band always results in a 
conducting state).

The simplicity of the Hubbard model, 
when written down, is deceptive. Not only 
had Gutzwiller, Kanamori and Hubbard 
already extracted different physics from the 
model, it turned out to be a ‘mathematically 
hard’ problem: an exact solution has so far 
only been obtained for the one-dimensional 
case. Today, with ever-increasing computer 
power, numerical simulations of the 
model are mainstream — particularly 
when trying to get a grip on the role of the 
topology of the underlying lattice, a ‘hidden 
variable’ indeed.

Ever since its inception, the model 
has spawned new lines of research in 
theoretical physics; the development 
of dynamical mean-field theory is a 
noteworthy example. Although the 
model quickly became a firm favourite of 
theorists, it twice experienced a sudden 
rise in popularity due to breakthroughs in 
experimental physics.

The first followed the discovery of 
high-temperature superconductors in 
1986. Until then, the Hubbard model 
was believed to have little to do with 
superconductivity. However, in the wake 
of the high-temperature superconductivity 
‘revolution’, one particular adaptation of 
Hubbard’s original model called the t–J 
model (originally arising in the context of 
doped Mott–Hubbard insulators) emerged 
as a compelling candidate for hosting a 
superconducting state. A rigorous proof 
of the existence (or non-existence) of a 
superconducting ground state in the t–J 
model is still missing — underlining that 
research on superconductivity and the 
Hubbard model is continuing.

A second boost in activity surrounding 
the Hubbard model came in the 2000s, 

when the field of cold-atom optical trapping 
had advanced so far that experimental 
realizations of the Hubbard model could 
be achieved. A landmark experiment 
demonstrated how a lattice of bosonic 
atoms displays a transition from a superfluid 
to a Mott insulator5, a result accounted 
for by the Bose–Hubbard model (the 
Hubbard model for bosons). Many other 
variants of the Hubbard model, including 
the original model for fermions6, have 
been experimentally realized by now, a 
development that nicely illustrates how a 
model can become the target of experiments 
itself — and, more generally, how theoretical 
and experimental physics can entangle and 
spark further progress.

Part of the legacy of Hubbard’s model 
is that it launched the field of strongly 
correlated systems — it is undoubtedly the 
archetypal model of many-body physics. 
(As an aside, when asked by his mother-
in-law what the book he was reading — 
The Many-Body Problem — was about, 
John Hubbard replied, without even the 
faintest attempt at a serious explanation: “A 
murder mystery.”)

Although the Hubbard model secured 
it’s place in (condensed-matter) physics 
textbooks many decades ago, it is very likely 
that it will continue to play an important 
role in fundamental research as well. In 
particular, the continuing experimental 
progress in artificial lattices of cold 
atoms and superconductivity, where the 
Hubbard model and its modifications play 
a prominent role, should be a stimulus for 
further explorations. ❐
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Hubbard model at half-filling
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Mott systems: two irreconcilable philosophies?
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how do we connect 
canonical models and DFT ?



let us go back to the basics

complete one-electron basis set!
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parameters
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in theory all basis are identical
in practice some bases are better than others

Kohn-Sham orbitals
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what do the parameters contain?
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weakly-correlated systems
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Ũaa0bb0 c
†
a
c
†
a0cb0cb � ĤDC
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one-electron approximation

very good approach for weakly correlated systems 



why not also for Mott systems ?
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near the middle of the conduction band, d !´", s!´", and
p!´" are positive, and the energy dependence of d !´" may
be linearized ! !d . 0", while those of s!´" and of p!´"
may be neglected. The bilayer bonding and antibonding
subbands have ´s values split by 7t!

ss. Now, if ´s were
infinitely far above the conduction band, or tsp vanishingly
small, the right-hand side of (2) would vanish, with the
result that the constant-energy contours would depend
only on u . The dispersion of the conduction band near the
Fermi level would thus be that of the one-orbital model
(1) with t " !1 2 p"#4 !d and t0 " t00 " 0. For realistic
values of ´s and tsp, the conduction band attains Cu s
character proportional to y2, thus vanishing along the
nodal direction, kx " ky , and peaking at !p, 0", where it
is of order 10%. The repulsion from the Cu s band lowers
the energy of the Van Hove singularities and turns the
constant-energy contours towards the [10] directions. In a
multilayer material, this same y2 dependence pertains to
the interlayer splitting caused by t!

ss. In order to go from
(2) to (1), 1#!1 2 u 1 s" $ 2r#!1 2 2ru " was expanded
in powers of 2ru , where r $ 1

2 #!1 1 s". This provided
explicit expressions, such as t " %1 2 p 1 o !r"&#4 !d ,
t0 " %r 1 o !r"&#4 !d , and t00 " 1

2 t0 1 o !r", for the
hopping integrals of the one-orbital model in terms of
the parameters of the four(six)-orbital model and the
expansion energy ' ´F . Note that all intralayer hoppings
beyond nearest neighbors are expressed in terms of the
range parameter r. Although one may think of r as
t0#t, this holds only for flat layers and when r , 0.2.
When r . 0.2, the series (1) must be carried beyond
t00. Dimpling is seen not to influence the range of the
intralayer hopping, but to reduce t through admixture of
Oa#b pz. In addition, it also reduces tpd .

Here, we generalize this analysis to all known families
of HTSC materials using a new muffin-tin-orbital (MTO)
method [6] which allows us to construct minimal basis
sets for the low-energy part of an LDA band structure
with sufficient accuracy that we can extract the materials
dependence. This dependence we find to be contained
solely in ´s, which is now the energy of the axial orbital,
a hybrid between Cu s, Cu d3z221, apical-oxygen Oc pz ,
and farther orbitals on, e.g., La or Hg. The range, r, of the
intralayer hopping is thus controlled by the structure and
chemical composition perpendicular to the CuO2 layers. It
turns out that the materials with the larger r (lower ´s) tend
to be those with the higher observed values of Tc max. In the
materials with the highest Tc max, the axial orbital is almost
pure Cu 4s. It should be noted that r describes the shape
of the noninteracting band in a 1 eV range around the
Fermi level, whose accurate position is unknown because
we make no assumptions about the remaining terms of the
Hamiltonian, inhomogeneities, stripes, etc.

Figure 2 shows the LDA bands for the single-layer
materials La2CuO4 and Tl2Ba2CuO6. Whereas the high-
energy band structures are complicated and very different,
the low-energy conduction bands shown by dashed lines
contain the generic features. Most notably, the dispersion
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FIG. 2. LDA bands (solid lines) and Cu dx22y2-like conduction
band (dashed line). In the bct structure, G " !0, 0, 0", D "
!p , 0, 0", Z " !2p , 0, 0" " !0, 0, 2p#c", and X " !p , p , 0".

along GDZ is suppressed for Tl2Ba2CuO6 relatively
to La2CuO4, whereas the dispersion along GXZ is the
same. This is the y2 effect. The low-energy bands
were calculated variationally with a single Bloch sum
of Cu dx22y2 -like orbitals constructed to be correct at an
energy near half filling. Hence, these bands agree with
the full band structures to linear order and head towards
the pure Cu dx22y2 levels at G and Z, extrapolating across
a multitude of irrelevant bands. This was explained in
Ref. [6]. Now, the hopping integrals t, t0, t00, . . . may be
obtained by expanding the low-energy band as a Fourier
series, yielding t " 0.43 eV in both cases, t0#t " 0.17
for La2CuO4 and 0.33 for Tl2Ba2CuO6, plus many
further interlayer and intralayer hopping integrals [7].

That all these hopping integrals and their materials
dependence can be described with a generalized four-
orbital model is conceivable from the appearance of the
conduction-band orbital for La2CuO4 in the xz plane
(Fig. 3). Starting from the central Cu atom and going in
the x direction, we see 3dx22y2 antibond to neighboring
Oa 2px, which itself bonds to 4s and antibonds to 3d3z221
on the next Cu. From here, and in the z direction, we see
4s and 3d3z221 antibond to Oc 2pz , which itself bonds to
La orbitals, mostly 5d3z221. For Tl2Ba2CuO6 we find
about the same amount of Cu 3dx22y2 and Oa#b 2px#y
character, but more Cu 4s, negligible Cu 3d3z221, much
less Oc 2pz , and Tl 6s instead of La 5d3z221 character. In
Tl2Ba2CuO6 the axial part of the conduction-band orbital
is thus mainly Cu 4s.

Calculations with larger basis sets than one MTO per
CuO2 now confirm that, in order to localize the orbitals
so much that only nearest-neighbor hoppings are essential,
one needs to add one orbital, Cu axial, to the three stan-
dard orbitals. The corresponding four-orbital Hamiltonian
is therefore the one described above in Fig. 1 and Eq. (2).
Note that we continue to call the energy of the axial orbital
´s and its hopping to Oa px and Ob py tsp . Calculations
with this basis set for many different materials show that,
of all the parameters, only ´s varies significantly [7]. This
variation can be understood in terms of the couplings be-
tween the constituents of the axial orbital sketched in the

047003-2 047003-2

VOLUME 87, NUMBER 4 P H Y S I C A L R E V I E W L E T T E R S 23 JULY 2001

Band-Structure Trend in Hole-Doped Cuprates and Correlation with Tc max

E. Pavarini, I. Dasgupta,* T. Saha-Dasgupta,† O. Jepsen, and O. K. Andersen
Max-Planck-Institut für Festkörperforschung, D-70506 Stuttgart, Germany

(Received 4 December 2000; published 10 July 2001)

By calculation and analysis of the bare conduction bands in a large number of hole-doped high-
temperature superconductors, we have identified the range of the intralayer hopping as the essential,
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axial orbitals more localized in the CuO2 layers.
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The mechanism of high-temperature superconductivity
(HTSC) in the hole-doped cuprates remains a puzzle [1].
Many families with CuO2 layers have been synthesized
and all exhibit a phase diagram with Tc going through a
maximum as a function of doping. The prevailing expla-
nation is that at low doping, superconductivity is destroyed
with rising temperature by the loss of phase coherence, and
at high doping by pair breaking [2]. For the materials de-
pendence of Tc at optimal doping, Tc max, the only known,
but not understood, systematics is that for materials with
multiple CuO2 layers, such as HgBa2 Can21CunO2 n12 ,
Tc max increases with the number of layers, n , until n ! 3 .
There is little clue as to why for n fixed, Tc max depends
strongly on the family, e.g., why for n ! 1, Tc max is 40 K
for La2 CuO4 and 85 K for Tl2 Ba2 CuO6 , although the
Néel temperatures are fairly similar. A wealth of structural
data has been obtained, and correlations between struc-
ture and Tc have often been looked for as functions of
doping, pressure, uniaxial strain, and family. However,
the large number of structural and compositional param-
eters makes it difficult to find what besides doping con-
trols the superconductivity. Recent studies of thin epitaxial
La1.9 Sr0.1CuO4 films concluded that the distance between
the charge reservoir and the CuO2 plane is the key struc-
tural parameter determining the normal state and supercon-
ducting properties [3].

Most theories of HTSC are based on a Hubbard model
with one Cu dx2 2y2 -like orbital per CuO2 unit. The one-
electron part of this model is, in the k representation,

´"k# ! 2 2 t"coskx 1 cosky# 1 4 t0 coskx cosky

2 2 t00"cos2 kx 1 cos2 ky# 1 . . . , (1)

with t, t0, t00, . . . denoting the hopping integrals "$0# on
the square lattice (Fig. 1). First, only t was taken into
account, but the consistent results of local-density approxi-
mation (LDA) band-structure calculations [4] and angle-
resolved photoemission spectroscopy (for overdoped,
stripe-free materials) [5] have led to the current usage
of including also t0, with t0$t ! 0.1 for La2 CuO4
and t0$t ! 0.3 for YBa2 Cu3 O7 and Bi2 Sr2 CaCu2 O8 ,
whereby the constant-energy contours of expression (1)
become rounded squares oriented in, respectively, the [11]

and [10] directions. It is conceivable that the materials
dependence enters the Hamiltonian primarily via its
one-electron part (1) and that this dependence is captured
by LDA calculations, but it needs to be filtered out.

The LDA band structure of the best known, and only
stoichiometric optimally doped HTSC, YBa2 Cu3 O7 , is
more complicated than what can be described with the
t-t0 model. Nevertheless, careful analysis has shown [4]
that the low-energy layer-related features, which are the
only generic ones, can be described by a nearest-neighbor
tight-binding model with four orbitals per layer (Fig. 1),
Cu 3 dx2 2y2 , Oa 2 px, Ob 2 py, and Cu 4 s, with the interlayer
hopping proceeding via the diffuse Cu 4 s orbital whose
energy ´s is several eV above the conduction band. Also
the intralayer hoppings t0, t00, . . . , beyond nearest neighbors
in (1) proceed via Cu s. The constant-energy contours,
´i"k# ! ´, of this model could be expressed as [4]

1 2 u 2 d "´# 1 "1 1 u #p"´# !
y2

1 2 u 1 s"´# (2)

in terms of the coordinates u % 1
2 "coskx 1 cosky# and

y % 1
2 "coskx 2 cosky#, and the quadratic functions

d "´# % "´ 2 ´d # "´ 2 ´p#$"2 tpd #2 and s"´# % "´s 2 ´# 3
"´ 2 ´p#$"2 tsp #2 , which describe the coupling of
Oa$bpx$y to, respectively, Cu dx2 2y2 and Cu s. The term
proportional to p"´# in (2) describes the admixture of
Oa$bpz orbitals for dimpled layers and actually extends
the four-orbital model to a six-orbital one [4]. For ´

-t’ε ε εd p s tsp tpd

t t’’
FIG. 1. Relation between the one-orbital model "t, t0, t00, . . .#
and the nearest-neighbor four-orbital model [4] (´d 2 ´p !
1 eV, tpd ! 1.5 eV, ´s 2 ´p ! 4 16 eV, tsp ! 2 eV).
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electron counting argument
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one electron per site
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to open a gap we must lower the symmetry
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methods to lower the symmetry

magnetic/orbital/charge order
spin-glass

Mott insulators have different properties  
than Slater insulators

….
Slater insulator

the gap is only one of them

it is not only about the gap



strongly-correlated systems
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it is the local Coulomb interaction that matters

minimal model for a given class of phenomena
as system-specific as possible



let us discuss first how to solve them 

we have to build & solve materials-
specific Hubbard-like models



Hubbard model

hoppings atomicatomic

Ĥ = "d

X

i

X

�

c
†
i�ci� � t

X

hii0i

X

�

c
†
i�ci0� + U

X

i

ni"ni# = Ĥd + ĤT + ĤU

1. t=0: collection of atoms, insulator 

2. U=0: half-filled band, metal

how do we solve it?

at half filling: 



1989-1992: dynamical mean-field theory

• W. Metzner and D. Vollhardt, Phys. Rev. Lett. 62, 324 (1989)  

• E. Müller-Hartmann, Z. Phys. B 74, 507 (1989);  
Z. Phys. B 76, 211 (1989); Int. J. Mod. Phys. B 3, 2169 (1989)  

• A. Georges and G. Kotliar, Phys. Rev. B 45, 6479 (1992)  

•M. Jarrell, Phys. Rev. Lett. 69, 168 (1992)  

local self-energy approximation

map LATTICE problem to QUANTUM IMPURITY problem



k-independent self-energy

Metzner and Vollhardt, PRL 62, 324 (1989); Georges and Kotliar, PRB 45, 6479 (1992). 

self-consistent  
quantum-impurity model

Hubbard model

main difficulty: solve self-consistent quantum impurity problem
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1989-1992: dynamical mean-field theory



dynamical mean-field theory

G. Kotliar and D. Vollhardt, Physics Today 57, 53 (2004)

W: band width
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Bethe Lattice



DMFT for real materials

realistic self-
consistent  

quantum-impurity 
(QI) model

realistic models
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X
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Ucdd0c0c
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cc
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how does it work?



DMFT for the Hubbard dimer
this is a toy model: coordination number is one

DMFT is exact for t=0, U=0 and in the infinite dimension limit



the Hubbard dimer



the Hubbard dimer
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 t=0: exact diagonalization
|N,S, Szi N S E(N,S)

|0, 0, 0i = |0i 0 0 0

|1, 1/2,�i1 = c†1�|0i 1 1/2 "d

|1, 1/2,�i2 = c†2�|0i 1 1/2 "d

|2, 1, 1i = c†2"c
†
1"|0i 2 1 2"d

|2, 1,�1i = c†2#c
†
1#|0i 2 1 2"d

|2, 1, 0i = 1p
2
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1 2



 finite t: exact diagonalization N=1

A

B

2tU=0

"0 = "d � t
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k=π
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 finite t: exact diagonalization
half filling (N=2)
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 finite t: exact diagonalization
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the local Green function

Lehmann representation

1 2

E(2)-E(1)

E(3)-E(2)
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the local spectral function
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the local Green function

Lehmann representation
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local Green function
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U=0 vs finite U
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local self-energy

non-local self-energy

the local Green function1 2
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modified hybridization function

1 2 the local Green function



map to a quantum impurity model ?
the Anderson molecule
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~ same local Green function ?



self-consistency

same occupations of Hubbard dimer εs=εd+U/2=µ

half filling: N=2
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solution: Hubbard vs Anderson

Hubbard dimer

 Anderson molecule
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1 2 solution: Hubbard vs Anderson1 2



Green function U=4t

Anderson  vs  Hubbard
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QIM solver

DMFT for the dimer

self-consistency loop

map to quantum impurity model (QIM) in local self-energy approximation
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non-local self-energy terms 
                             vs non-local interaction

⌃(k,!) �! ⌃d(!)
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non-local Coulomb terms
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non-local Coulomb terms
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Setting for simplicity JV = 0, we can notice that Ĥ
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! non-local Coulomb terms

! U=V:  N=2, effective non-correlated dimer

Strong-correlation effects appear when the local electron-
electron repulsion dominates over non-local terms 

If Coulomb interaction independent on site distance map to 
effective weakly correlated model  

1 2



quantum-impurity solvers  



QIM solver

DMFT for the dimer

self-consistency loop

map to quantum impurity model (QIM) in local self-energy approximation
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quantum-impurity solver

Ĥ
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! hybridization-expansion CT-QMC
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! hybridization expansion

quantum-impurity solver
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! only even orders survive (m=2k)
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! bath-impurity decoupling

quantum-impurity solver
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! bath-impurity decoupling

quantum-impurity solver
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e��(Ĥloc�µN̂d)T ⇧1

i=k
c
d�i

(⌧i)c
†
d�̄i

(⌧̄i)
⌘
,

<latexit sha1_base64="mNOaIdklGYXhzBu2HJ0W83Z6myQ="></latexit>

1 2

! bath dk�̄,�(⌧ , ⌧̄ ) = det
�
F k
�̄,�(⌧ , ⌧̄ )

�
<latexit sha1_base64="za+20l0eejPoKc+SJtucUJgEX+E="></latexit>

! non-interacting hybridization function

! the difficult part: the local trace tk�,�̄(⌧ , ⌧̄ ) = Trloc

✓
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define configurations1 2
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quantum-impurity solver

! hybridization-expansion CT-QMC

Z =
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! configuration c: expansion order & segments

wc = d⌧c dc tc
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moves: addition & removal of segments, antisegments, 
or complete lines
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DMFT for the one-band Hubbard model
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dynamical mean-field theory

Metzner and Vollhardt, PRL 62, 324 (1989); Georges and Kotliar, PRB 45, 6479 (1992)



self-consistency loop

quantum impurity model  (QIM)

self-consistency loop  Gdd=Gii
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QIM solver: QMC, ED, NRG, DMRG,…
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a real-system case: VOMoO4
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why this cannot be obtained  
with static mean-field methods?



comparison to Hartree-Fock (LDA+U)

Hartree-Fock Hamiltonian and bands
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ferromagnetic Hartree-Fock

self-energy

m: magnetization



ferromagnetic Hartree-Fock
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antiferromagnetic case
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Mott transition: HF vs DMFT
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see also my lecture notes in correl17



multi-band Hubbard model



DMFT for  multi-band models
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in theory, more indices
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in practice, QMC-based solvers

limited number of orbitals/site
finite temperature

some interactions are worse than others
some bases are worse than others

we need minimal material-specific models 

computational time

sign problem



strongly-correlated systems

Ĥe = �
X

ab

t̃ab c
†
a
c
b

| {z }
Ĥ0=ĤLDA
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minimal model for a given class of phenomena
as system-specific as possible

build & solve these models



model building



chose the one-electron basis

LDA Wannier(-like) functions

LDA, GGA & so on: minor differences in this context
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Ĥ0=ĤLDA
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why LDA Wannier functions?

can be constructed site-centered & orthogonal & localized

span exactly the one-electron Hamiltonian

very good for weakly correlated systems

information on lattice and chemistry

natural basis for local Coulomb terms



Ĥe = Ĥ0 + ĤU �! Ĥ
LDA + ĤU � Ĥdc

if long range Hartree and mean-field exchange-correlation 
already are well described by LDA (GGA,..), ΔU is local

why LDA Wannier functions?
ΔU



heavy electrons, light electrons

light electrons                               DFT (LDA, GGA,…)

heavy electrons                         ΔU correction, DMFT



self-consistency loop
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to downfold or not to downfold?
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massive downfolding: no DC correction
around mean-field approximation
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should we downfold light electrons?

fewer parameters & no HDC 

eg

massive downfolding

no downfolding

more parameters & HDC  

WF more localized 

WF less localized 



how important is the basis localization?
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local or almost local
strong correlations arise from strong local Coulomb



methods based on space tiling functions inside the sphere?

extreme localization
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screening effects

screening: approximate schemes such as cRPA, cLDA
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1

|r1 � r2|
 j0p0�0(r2) i0n0�(r1).

light electrons                               DFT (LDA, GGA,…)

heavy electrons                         ΔU correction, DMFT



LDA+DMFT

YES Jolly good show!   

You converged 
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what can we be done?

orbital order

conductivity
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FIG. 6. VOMoO4: Static magnetic susceptibility χ (q; 0)/χA(0)
in the qx,qy plane for representative values of qz, T ∼ 380 K (T ≫
TN ) and U = 5 eV; χA(0) ∼ µ2

eff/kBT is the atomic susceptibility
in the local spin (large βU ) limit. For each value of qz, the top
panel shows the result without vertex correction and the bottom panel
that with vertex correction. The special points in the qx,qy plane are
#1 = (2π,0), X = (π,0), and M = (π,π ).

approximately given by the expression obtained by replacing
in the Green functions in Eq. (3) the self-energy with its atomic
limit, with U renormalized by a factor r0,

%(iωn) ∼ r2
0 U 2

4
1

iωn

.

The factor r0 can be obtained by fitting the actual self-energy.
After performing analytically the Matsubara sums, we find, in
the large βU limit (for more details see the Appendix)

χ0(q; 0) ∼ µ2
eff

U

[
1 − 1

2U

(
Jr0 (0 ) + 1

2
Jr0 (q)

)]
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where

Jr0 (q) = (χ0(q; 0 ))−1 −(χ0(0))−1 = JSPT(q)/2r2
0 ,

and µeff = gµB

√
S(S + 1)/3, where S is the effective local

spin (for fully localized moments, S = 1/2). In this expression
JSPT(q) is the magnetic coupling obtained via many-body
second-order perturbation theory, accounting, however, not
only for J1 and J2 but also for long range exchange couplings.

It is given by

JSPT(q) ∼ 4J1 cos
qx

2
cos

qy

2

[

1 + 2
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J1
cos qz +
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+ 2J2(cos qx + cos qy)

+ 2Jz cos qz + 4J2z(cos qx + cos qy) cos qz + · · · ,

(6)

where Ji ∼ 4t2
i /U . For VOMoO4 we find that the renor-

malization factor r0 ∼ 1. The expression Eq. (5) shows that
χ0(q; 0) does not exhibit the Curie-Weiss temperature behavior
associated with a local-moment system, and the effective
magnetic exchange coupling extracted from χ0(q; 0) is about
a factor 2 smaller than in second-order perturbation theory.
The DMFT vertex correction has several effects. First, via
the Bethe-Salpeter equation it enhances the susceptibility in
a slightly nonuniform way. Then, it yields a high-temperature
Curie-Weiss-like behavior, so that χ (q; 0) ∼ µ2

eff/(T −Tq),
where Tq is a generalized Curie-Weiss temperature. It follows
from this that we can define the magnetic coupling as J (q) =
−Tq/µ

2
eff . In first approximation we find J (q) ∼ Jr (q) and the

value of the renormalization factor is reduced from r0 ∼ 1
to r ∼ 0.7. Thus our results show that for VOMoO4, in
first approximation, Jr (q) ∼ JSPT(q). Furthermore, we find
that the local susceptibility is close to the atomic magnetic
susceptibility, and the effective static local vertex #(0) is
approximately given by

#(0) ∼ 1
µ2

eff

[
U

(
1 + 1

2U
Jr (0 )

)
−kBT

]
.

Remarkably, in the large temperature limit the r factor can
be estimated expanding the Bethe-Salpeter equation (in the
matrix form) around the atomic limit

χ (q; 0) ∼ χA(0) − r2
0

r2
χA(0) Jr0 (q) χA(0),

where

r2
0

r2
∼ 1

β2

∑

nn′

[χA(0)Jr0 (q)χA(0)]n,n′

χA(0)Jr0 (q)χA(0)
(7)

and
[
Jr0 (q)

]
n,n

= [(χ0(q; 0))−1 −(χ0(0))−1]n,n.

The analytic expression of the atomic susceptibility matrix
is given for completeness in the Appendix. This yields for
VOMoO4 a renormalization factor r ∼ 0.7, close to the actual
value obtained from fitting the DMFT data.

The susceptibility of Li2VOSiO4 is shown in Fig. 7. The
conclusions are similar as for VOMoO4; the susceptibility
jumps from about zero without vertex correction to about 1
(in units of the atomic susceptibility) with vertex correction.
The renormalization parameters are slightly larger than in
VOMoO4, r0 ∼ 1.1 and r ∼ 0.84. For both Li2VOSiO4 and
VOMoO4 we find that at q = qX ≡ (0,π,π/2) the magnetic
susceptibility χ (qX; 0) ∼ χA(0) ∼ µ2

eff/kBT , indicating that
J (qX) is basically zero.
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do we need it ?
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E. Pavarini,1 S. Biermann,2 A. Poteryaev,3 A. I. Lichtenstein,3 A. Georges,2 and O. K. Andersen4

1INFM and Dipartimento di Fisica ‘‘A. Volta,’’ Università di Pavia, Via Bassi 6, I-27100 Pavia, Italy
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Using t2g Wannier functions, a low-energy Hamiltonian is derived for orthorhombic 3d1 transition-
metal oxides. Electronic correlations are treated with a new implementation of dynamical mean-field
theory for noncubic systems. Good agreement with photoemission data is obtained. The interplay of
correlation effects and cation covalency (GdFeO3-type distortions) is found to suppress orbital fluctua-
tions in LaTiO3 and even more in YTiO3, and to favor the transition to the insulating state.
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Transition-metal perovskites have attracted much in-
terest because of their unusual electronic and magnetic
properties arising from narrow 3d bands and strong Cou-
lomb correlations [1]. The 3d1 perovskites are particularly
interesting, since seemingly similar materials have very
different electronic properties: SrVO3 and CaVO3 are
correlated metals with mass enhancements of, respec-
tively, 2.7 and 3.6 [2], while LaTiO3 and YTiO3 are Mott
insulators with gaps of, respectively, 0.2 and 1 eV [3].

In the Mott-Hubbard picture the metal-insulator tran-
sition occurs when the ratio of the on-site Coulomb re-
pulsion to the one-electron bandwidth exceeds a critical
value Uc=W, which increases with orbital degeneracy
[4,5]. In the ABO3 perovskites the transition-metal ions
(B) are on a nearly cubic (orthorhombic) lattice and at the
centers of corner-sharing O6 octahedra. The 3d band
splits into pd!-coupled t2g bands and pd"-coupled eg
bands, of which the former lie lower, have less O character
and couple less to the octahedra than the latter. The
simplest theories for the d1 perovskites [1] are therefore
based on a Hubbard model with three degenerate, 16 -filled
t2g bands per B ion, and the variation of the electronic
properties along the series is ascribed to a progressive
reduction of W due to the increased bending of the pd!
hopping paths (BOB bonds).

This may not be the full explanation of the Mott
transition however, because a splitting of the t2g levels
can effectively lower the degeneracy. In the correlated
metal, the relevant energy scale is the reduced bandwidth
associated with quasiparticle excitations. Close to the
transition, this scale is of order !ZW, with Z! 1"
U=Uc, and hence much smaller than the original band-
width W. A level splitting by merely ZW is sufficient to
lower the effective degeneracy all the way from a three-
fold to a nondegenerate single band [6]. This makes the
insulating state more favorable by reducing Uc=W [5,6].
Unlike the eg-band perovskites, such as LaMnO3, where
large (10%) cooperative Jahn-Teller (JT) distortions of
the octahedra indicate that the orbitals are spatially or-
dered, in the t2g-band perovskites the octahedra are al-

most perfect. The t2g orbitals have therefore often been
assumed to be degenerate. If that is true, it is conceivable
that quantum fluctuations lead to an orbital liquid [7]
rather than orbital ordering. An important experimental
constraint on the nature of the orbital physics is the
observation of an isotropic, small-gap spin-wave spec-
trum in both insulators [8]. This is remarkable because
LaTiO3 is a G-type antiferromagnet with TN # 140 K,
m # 0:45#B, and a 3% JT stretching along a [9], while
YTiO3 is a ferromagnet with TC # 30 K, m0 ! 0:8#B,
and a 3% stretching along y on sites 1 and 3, and x on 2
and 4 [10] (see Fig. 1).

FIG. 1 (color). Pbnm primitive cells (right panels), subcells 1
(left panels), and the occupied t2g orbitals for LaTiO3 (top
panels) and YTiO3 (bottom panels) according to the LDA$
DMFT calculation. The oxygens are violet, the octahedra
yellow, and the cations orange. In the global, cubic xyz system
directed approximately along the Ti-O bonds, the orthorhombic
translations are a#%1;"1; 0&%1$ $&, b#%1; 1; 0&%1$ %&, and
c#%0; 0; 2&%1$ &&, with $, %, and & small. The Ti sites 1 to 4
are a=2, b=2, %a$ c&=2, and %b$ c&=2. The La(Y) ab plane is
a mirror %z $ "z& and so is the Ti bcplane %x $ y& when
combined with the translation %b" a&=2.
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details matter!

a small crystal field plays a key roleΔ=200-300 meV
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FIG. 4. Convergence of the Krylov approximation |ψ(τ )⟩r to
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model, half filling). The figure shows the difference #(r) =
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τ = 0.005, 0.05, 0.5, 5, and 100.

window and truncate adaptively the outer bracket of the trace.
This further reduces the CPU time.

The performance of our CT-HYB QMC solver (Krylov and
segment version) on the Jülich BlueGene/Q, and comparison
with Hirsch-Fye QMC, is shown in Fig. 5.

3. Green’s function and occupation matrix

The partition function (2) can be seen as the sum over all
configurations c = {αiτi ,ᾱi τ̄i ,n} in imaginary time and flavors.
In a compact form,

Z =
∑

c

⟨Z⟩c =
∑

c

wc ∼
∑

{c}
sign(wc),

where in the last term the sum is over a sequence of
configurations {c} sampled by the Monte Carlo approach
using |wc| as the probability of configuration c. In the
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FIG. 5. (Color online) Scaling of our CT-HYB QMC
LDA + DMFT code on BlueGene/Q. Black line: Hirsch-Fye (HF)
solver, two orbitals. The dark and light lines are CT-HYB calculations.
Dark lines: Krylov solver with truncation of the local trace (open
symbols, K-t) and without (solid symbols, K). Results are for two
(circles) and three (triangles) orbitals. Light lines: Segment solver (S),
five-band model (pentagons). All points correspond to calculations
of high quality (and with comparable error bars) for the systems
considered in this work. For β = 70 (∼ 165 K) the five-orbital segment
solver is about as fast the three-orbital Krylov with trace truncation or
the two-orbital Krylov without trace truncation, and it is remarkably
faster than the two-orbital HF solver.

segment solver approach, we parametrize the configurations
by intervals [0,β) (time line), occupied by a sequence of
creators and annihilators, which define segments on the time
line. The basic Monte Carlo updates are addition and removal
of segments, antisegments, or complete lines.8 In the Krylov
solver approach we use the insertion and removal of pairs
of creation and annihilation operators9,10 as basic updates.
In addition, we shift operators in time8,10 and exchange the
configurations of blocks or flavors39 (global moves). Finally,
a generic observable O can then be obtained as a Monte Carlo
average:

O ∼
∑

{c}⟨O⟩c sign(wc)
∑

{c} sign(wc)
,

where ⟨O⟩c is the value of the observable for configuration c,
and c runs over the configurations visited with probability |wc|
during the sampling. The average expansion order increases
linearly with the inverse temperature. For the case of YTiO3,
at ∼ 40 K, the average expansion order is n ∼ 40.

We calculate the Green’s function matrix in two ways,
directly8,12 and via Legendre polynomials.40 In the first
approach, the Green’s function matrix is obtained as a Monte
Carlo average with ⟨O⟩c = ⟨Gαᾱ⟩c, and

⟨Gαᾱ⟩c =
Nb∑

b=1

nb∑

i,j=1

#(τ,τbj − τ̄bi)[M (nb)]bj,biδαbj αδᾱbi ᾱ.

Here M (n) = [F (n)]− 1 is the inverse of the hybridization-
function matrix, which we update at each accepted move, while
# is given by

#(τ,τ ′) = − 1
β

{
δ(τ − τ ′) τ ′ > 0,

− δ(τ − (τ ′ + β)) τ ′ < 0,

and the δ function is discretized. In the second approach, we
calculate the Legendre coefficients ⟨O⟩c = ⟨Gl

αᾱ⟩c, with

⟨Gl
αᾱ⟩c =

Nb∑

b=1

nb∑

i,j=1

Pl(τbj − τ̄bi)[M (nb)]bj,biδαbj αδᾱbi ᾱ,

Pl(τ ) = −
√

2l + 1
β

{
pl(x(τ )), τ > 0,
− pl(x(τ + β)), τ < 0,

where pl(x) is a Legendre polynomial of rank l, with x(τ ) =
2τ/β − 1, and we reconstruct the Green’s function matrix from

Gαᾱ(τ ) =
∞∑

l=0

√
2l + 1
β

pl(x(τ ))Gl
αᾱ.

Concerning occupations, in the segment solver we calculate
them from the total length of the segments of the different
flavors;8 in the Krylov solver we obtain them in two ways,
directly from the Green’s function and by explicitly inserting
the occupation number operator at the center of the oper-
ator sequence (τ = β/2) and calculating the corresponding
trace.9,11 The off-diagonal elements of the local occupation
matrix ⟨c†αcᾱ⟩, which cannot be obtained by inserting the
corresponding operators at τ = β/2,41 are extracted from the
Green’s function matrix only.
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FIG. 1. The S-Pbca structure [8,9] of Ca2RuO4. The pseudote-
tragonal axes are x ∼ (a + b)/2, y ∼ (b − a)/2, and z = c. Ru sites
i = 2,3,4 transform into the equivalent site i = 1 via the symmetry
operations a → −a (i = 2), b → −b (i = 3), and c → −c (i = 4).

and we confirm that the MIT is indeed mostly driven by
the L-Pbca → S-Pbca change in structure. In Sec. III, we
discuss the magnetic interaction, and we calculate, using
spin-wave theory, the magnon spectrum. We show that the
insulating ground state is not the jt = 0 state. We show that the
spin-orbit-induced single-ion anisotropy is essential to explain
the spin-wave spectrum. Finally, we give our conclusion in
Sec. IV.

II. MODEL AND METHOD

We use the local-density-approximation+dynamical mean-
field theory approach augmented with spin-wave theory. We
first perform LDA calculations [37] with and without spin-
orbit coupling using the full-potential linearized augmented
plane-wave method, as implemented in WIEN2K code [38].
Next we construct t2g Wannier functions via projectors and
a maximal localization procedure [39]. Finally, we build the
Hubbard model for the low-lying t2g states,

H = −
∑

ii ′

∑

mm′

∑

σσ ′

t i,i
′

mσ,m′σ ′c
†
imσ ci ′m′σ ′

+ 1
2

∑

i

∑

mm′pp′

∑

σσ ′

Umm′pp′c
†
imσ c

†
im′σ ′cip′σ ′cipσ

− Hdc. (1)
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FIG. 2. Total LDA+DMFT spectral function at T = 200 K for
the S-Pbca structure. Light lines (cRPA): U = 2.3 eV and J = 0.4 eV.
Dark lines (cLDA): U = 3.1 eV and J = 0.7 eV.

Here, c†imσ (cimσ ) is the creation (annihilation) operator for the
Wannier state with orbital quantum number m = xy,yz,xz and
spin σ at site i, and nimσ = c

†
imσ cimσ . The terms t i,i

′

mσ,m′σ ′ yield
for i = i ′ the on-site energies εmσ,m′σ ′ = −t i,imσ,m′σ ′ and for i ̸=
i ′ the hopping integrals. The parameters Umm′nn′ are elements
of the screened Coulomb interaction tensor. For t2g states in
a free atom, the essential terms are [40] the direct Coulomb
interaction, Umm′mm′ = Um,m′ = U − 2J (1 − δm,m′ ), the
exchange Coulomb interaction, Umm′m′m = J , the pair-
hopping term, Ummm′m′ = J , and the spin-flip term, Umm′m′m =
J . For Ca2RuO4, the site symmetry of Ru sites is only Ci .
The main anisotropy effects are given by the two tetragonal
terms $U = Uxz,xz − Uxy,xy and $U ′ = Uxz,yz − Uxy,yz; we
therefore study the effects of those terms in particular.

We perform calculations with two sets of screened pa-
rameters. The first, U = 3.1 eV and J = 0.7 eV, has been
obtained for Sr2RuO4, the sister compound of Ca2RuO4,
via the constrained local-density approximation (cLDA) [41].
These parameters have been already successfully used [23] to
describe the metal-insulator transition in Ca2RuO4 with the
LDA+DMFT approach. The second set of parameters are the
constrained random-phase approximation (cRPA) values [42],
U = 2.3 eV and J = 0.4 eV. Remarkably, both sets yield an
insulating solution with xy-like orbital order for the S-Pbca
structure. The comparison between LDA+DMFT spectra for
the cLDA and the cRPA parameter sets is shown in Fig. 2.
The main differences between the two results are (i) the size
of the gap (slightly smaller for the cRPA values) and (ii) the
shape of the lower Hubbard band. Both spectral functions
exhibit Hubbard bands more or less in line with the spectra
measured in photoemission, x-ray fluorescence emission, and
x-ray absorption spectroscopy experiments [41,43– 45], thus it
is difficult, based on experiments available so far, to decide
conclusively in favor of one set or the other. For this reason
we will present, when necessary, results for both the cLDA
and cRPA parameter sets. Finally, Hdc is the double-counting
correction [46]. For what concerns the spin-orbit interaction,
which is by construction included in the Hamiltonian in
LDA+SO calculations, the on-site term can be written as

HSO =
∑

iµ

H
iµ
SO =

∑

iµ

∑

mσm′σ ′

λi
µξ

iµ
mσm′σ ′c

†
imσ cim′σ ′ ,
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operations a → −a (i = 2), b → −b (i = 3), and c → −c (i = 4).

and we confirm that the MIT is indeed mostly driven by
the L-Pbca → S-Pbca change in structure. In Sec. III, we
discuss the magnetic interaction, and we calculate, using
spin-wave theory, the magnon spectrum. We show that the
insulating ground state is not the jt = 0 state. We show that the
spin-orbit-induced single-ion anisotropy is essential to explain
the spin-wave spectrum. Finally, we give our conclusion in
Sec. IV.

II. MODEL AND METHOD

We use the local-density-approximation+dynamical mean-
field theory approach augmented with spin-wave theory. We
first perform LDA calculations [37] with and without spin-
orbit coupling using the full-potential linearized augmented
plane-wave method, as implemented in WIEN2K code [38].
Next we construct t2g Wannier functions via projectors and
a maximal localization procedure [39]. Finally, we build the
Hubbard model for the low-lying t2g states,

H = −
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Here, c†imσ (cimσ ) is the creation (annihilation) operator for the
Wannier state with orbital quantum number m = xy,yz,xz and
spin σ at site i, and nimσ = c

†
imσ cimσ . The terms t i,i

′

mσ,m′σ ′ yield
for i = i ′ the on-site energies εmσ,m′σ ′ = −t i,imσ,m′σ ′ and for i ̸=
i ′ the hopping integrals. The parameters Umm′nn′ are elements
of the screened Coulomb interaction tensor. For t2g states in
a free atom, the essential terms are [40] the direct Coulomb
interaction, Umm′mm′ = Um,m′ = U − 2J (1 − δm,m′ ), the
exchange Coulomb interaction, Umm′m′m = J , the pair-
hopping term, Ummm′m′ = J , and the spin-flip term, Umm′m′m =
J . For Ca2RuO4, the site symmetry of Ru sites is only Ci .
The main anisotropy effects are given by the two tetragonal
terms $U = Uxz,xz − Uxy,xy and $U ′ = Uxz,yz − Uxy,yz; we
therefore study the effects of those terms in particular.

We perform calculations with two sets of screened pa-
rameters. The first, U = 3.1 eV and J = 0.7 eV, has been
obtained for Sr2RuO4, the sister compound of Ca2RuO4,
via the constrained local-density approximation (cLDA) [41].
These parameters have been already successfully used [23] to
describe the metal-insulator transition in Ca2RuO4 with the
LDA+DMFT approach. The second set of parameters are the
constrained random-phase approximation (cRPA) values [42],
U = 2.3 eV and J = 0.4 eV. Remarkably, both sets yield an
insulating solution with xy-like orbital order for the S-Pbca
structure. The comparison between LDA+DMFT spectra for
the cLDA and the cRPA parameter sets is shown in Fig. 2.
The main differences between the two results are (i) the size
of the gap (slightly smaller for the cRPA values) and (ii) the
shape of the lower Hubbard band. Both spectral functions
exhibit Hubbard bands more or less in line with the spectra
measured in photoemission, x-ray fluorescence emission, and
x-ray absorption spectroscopy experiments [41,43– 45], thus it
is difficult, based on experiments available so far, to decide
conclusively in favor of one set or the other. For this reason
we will present, when necessary, results for both the cLDA
and cRPA parameter sets. Finally, Hdc is the double-counting
correction [46]. For what concerns the spin-orbit interaction,
which is by construction included in the Hamiltonian in
LDA+SO calculations, the on-site term can be written as

HSO =
∑

iµ

H
iµ
SO =

∑
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∑

mσm′σ ′

λi
µξ

iµ
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model includes the full dynamics of the t2g electrons,21 the
effective U0 is larger than for the two-band model. By scanning
different U0 between 7 and 5 eV we find that U0 ∼ 5.5 eV
yields a gap quite close to that of the two-band model and a
spectrum in good agreement with experiments. This shows that
in the two-band model the Coulomb integral U0 is screened
∼10% by the t2g electrons. The half-filled t2g bands exhibit a
very large gap because at half filling the t2g exchange couplings
effectively enhance the effect of the Coulomb repulsion U0.
Finally, we find the on-site spin-spin correlation function to
be ⟨Stg

z S
eg

z ⟩ ∼ 0.74, very close to the value of 0.75 expected
for aligned eg and St2g

= 3/2 t2g spins. Concerning the sign
problem, we find it negligible for all of these calculations (the
average sign is ∼0.99 in the worst case).

IV. ORBITAL FLUCTUATIONS AND MAGNETISM IN
CaVO3 AND YTiO3

The importance of orbital fluctuations in the physics of
3d1 perovskites has long been debated.6,15,16,28–30 Single-site
DMFT calculations have shown that in the presence of crystal-
field splitting Coulomb repulsion strongly suppresses orbital
fluctuations.6 However, these conclusions were based on a
Hubbard model with density-density Coulomb interactions
only. In this section we analyze the effect of the neglected
spin-flip and pair-hopping Coulomb interactions. Furthermore,
exploiting our efficient CT-HYB solver, we address the issue
of the nature of the low-temperature (30 K)15,31 ferromagnetic
transition in YTiO3.

A. Orbital fluctuations

The minimal model to consider for 3d1 transition-metal
oxides is a three-band Hubbard model for the t2g bands
including spin-flip and pair-hopping terms, and with

εmσm′σ ′ = εmm′δσ,σ ′ ,

t ii
′

mσm′σ ′ = t ii
′

mm′δσ,σ ′ ,

where m,m′ = xy,xz,yz. For the Coulomb parameters we use
U0 = 5 eV and Jt2g

∼ 0.68 eV (CaVO3) or Jt2g
= 0.64 eV

(YTiO3) from theoretical estimates and previous works.6,27

Because the local Hamiltonian mixes flavors even in the
crystal-field basis, i.e., the basis diagonalizing the nonin-
teracting part of the local Hamiltonian, we perform the
LDA + DMFT calculations using the Krylov version of our
general CT-HYB QMC solver.

In Table I we show the occupations ni of the natural orbitals,
i.e., the eigenstates of the one-body density matrix, at ∼190 K
in CaVO3 and YTiO3. We find that CaVO3 is a paramagnetic
metal with a small orbital polarization. Instead, YTiO3 is
a paramagnetic insulator with orbital polarization p = n1 −
(n2 + n3)/2 ∼ 1, i.e., basically full (orbitally ordered state).
For this system, the double occupancies at 290 K are small; i.e.,
we find 1

2

∑
mσ ̸=m′σ ′ ⟨n̂mσ n̂m′σ ′ ⟩ ∼ 0.015 for YTiO3. The occu-

pied orbital is |1⟩ = 0.611|xy⟩ − 0.056|xz⟩ + 0.789|yz⟩. We
find the occupied state and orbital polarization are basically the
same with full Coulomb and density-density approximations.
Previous calculations6 in which spin-flip and pair-hopping
terms have been neglected and T ∼ 770 K are in line with these
results. This shows that spin-flip and pair-hopping terms do

TABLE I. Occupations ni of the natural orbitals (with ni > ni+1)
at T = 190 K in CaVO3 and YTiO3 obtained by diagonalizing the
occupation matrix. For YTiO3 the occupied orbital is the natural
orbital |1⟩ = 0.611|xy⟩ − 0.056|xz⟩ + 0.789|yz⟩, and it basically
coincides with the lowest-energy crystal-field state; we find about
the same occupied orbital by performing the calculation with and
without pair-hopping and spin-flip terms, or in the paramagnetic and
in the ferromagnetic phase.

n1 n2 n3

CaVO3 0.47 0.28 0.25
YTiO3 0.98 0.01 0.01

not change the conclusion that orbital fluctuations are strongly
suppressed in the Mott insulator YTiO3. In the CT-HYB QMC
simulations the average sign is ∼0.9 for YTiO3 and ∼0.95 for
CaVO3.

B. Ferromagnetism in YTiO3

YTiO3 is one of the few ferromagnetic Mott insulators.
Neutron scattering experiments pointed out early-on the diffi-
culties in reconciling ferromagnetism and the expected orbital
order,15 and there have been suggestions that the ferromagnetic
state could rather be associated with a quadrupolar order
and large-scale orbital fluctuations.29 However, second-order
perturbation theory calculations indicate that ferromagnetism
and orbital order could be reconciled, provided that the real
crystal structure of YTiO3, including the GdFeO3-type dis-
tortion (tilting and rotation of the octahedra, and deformation
of the cation cage), is taken into account.16 To clarify this
point, we check the instability towards ferromagnetism of the
three-band t2g Hubbard model obtained for the experimental
structure of YTiO3. With this approach we calculate the
ferromagnetic transition temperature TC due to superexchange
alone in the orbitally ordered phase. Since experimentally
TC ∼ 30 K, we have to perform LDA + DMFT calculations
down to very low temperatures, which becomes possible with
the CT-HYB QMC solver. On lowering the temperature, we
find that the sign problem becomes sizable (average sign ∼0.7
at 40 K). However, we can basically eliminate it (average
sign ∼0.97) by performing the LDA + DMFT calculations

 0

 0.5

 1

 20  30  40  50  60  70  80

m
 (

T
)

T (K)

FIG. 3. Ferromagnetic spin polarization as a function of temper-
ature in YTiO3. The plot shows a transition at the critical temperature
TC ∼ 50 K, slightly overestimating the experimental value TC ∼
30 K, as one might expect from a mean-field calculations.
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Σ(0) changes local Hamiltonian

interaction and t2g crystal field (CF) [9,27], and the role
of the Hund’s rule coupling [10]. LDAþ slave-boson
calculations point to SO effects on the correlated bands
[28]. It remains, however, unclear to what extent many-
body effects actually modify the Fermi surface, and how
they compete with other effects.
In this Letter, by using the LDAþ DMFT method

with SO interaction, we investigate, for the first time,
the interplay between Coulomb repulsion, spin-orbit,
and symmetry at the Fermi surface in a realistic setting.
We show that, surprisingly, the standard isotropic
Coulomb interaction alone [Oð3Þ symmetry] does not
improve (or even worsens) the agreement between
theoretical and experimental Fermi surface. The agree-
ment with experiments can be achieved only if both SO
and Ru D 4h low-symmetry Coulomb terms are taken into
account. These terms are often neglected in realistic
many-body calculations due to the numerical difficulties
of treating them. In order to efficiently deal with many-
body Hamiltonians of arbitrary symmetry we have
recently developed a generalized LDAþ DMFT solver
[9,29,30] based on the continuous-time (CT) quantum
Monte Carlo (QMC) [31] technique. Here, we use the
interaction-expansion [32] flavor (CT-INT) of this solver
[9], further extended to account for SO terms. We show
that, remarkably, D 4h low-symmetry Coulomb terms
compete with the standard isotropic Oð3Þ terms, the
crystal field, and the SO coupling in determining the
actual shape of the FS of Sr2RuO4.
In the first step we perform LDA calculations using the

full-potential linearized augmented plane-wave method
(WIEN2K [33] code), with and without SO interaction.
Next we construct localized t2g Wannier functions via
Marzari-Vanderbilt localization [34,35] and t2g projectors
[36]. Finally, we build the t2g Hubbard model

H ¼ −
X

jj0

X

σσ0

X

mm0

tj;j
0

mσ;m0σ0c
†
jmσcj0m0σ0

þ 1

2

X

j

X

σσ0

X

mm0pp0

Umm0pp0c†jmσc
†
jm0σ0cjp0σ0cjpσ − H dc:

ð1Þ

Here, c†jmσ (cjmσ) creates (destroys) an electron with spin
σ in the Wannier state with orbital quantum number m
(m ¼ xy; yz; xz) at site j; H dc is the double-counting
correction [37]; −tj;j

0

mσ;m0σ0 are the hopping integrals
(j ≠ j0) and the elements of the on-site energy matrix
(j ¼ j0). The latter includes crystal field splittings
and, when present, the SO term l · λ · s, where λ is the
coupling constant tensor. After ordering the states as
fjmi↑g; fjmi↓g, the on-site matrix εmσ;m0σ0 ¼ −tj;jmσ;m0σ0

takes the form
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Because of D 4h site symmetry, the Ru t2g states split into an
eg doublet ðxz; yzÞ and a b2g singlet ðxyÞ, with on-site
energy εxz ¼ εyz and εxy, respectively. LDA yields
εxz ¼ εxy þ εCF with εCF ∼ 120 meV. The SO parameter
λz couples the orbital jyziσ to the orbital jxziσ; instead, the
term λxy couples the jxyiσ state to the jyzi−σ and jxzi−σ
orbitals. LDA yields λz ∼ 102 meV and λxy ∼ 100 meV,
i.e., 15% smaller than the value 130 % 30 meV esti-
mated via spin-resolved photoemission spectroscopy [26].
The LDA tetragonal anisotropy δλ ¼ λz − λxy, is tiny,
δλ ∼ 2 meV. The terms Umm0pp0 are elements of the
screened Coulomb interaction tensor. For a free atom
the Coulomb interaction tensor for d states can be
written in terms of the three Slater integrals F0, F2,
and F4. For t2g states the essential terms [38] are the
direct [Umm0mm0 ¼ Um;m0 ¼ U − 2Jð1 − δm;m0Þ] and the
exchange (Umm0m0m ¼ J) screened Coulomb interaction,
the pair-hopping (Ummm0m0 ¼ J) and the spin-flip
term (Umm0m0m ¼ J); here U ¼ F0 þ 4

49 ðF2 þ F4Þ and
J ¼ 1

49 ð3F2 þ 20
9 F4Þ. For site symmetry D 4h the number

of independent Coulomb parameters increases to six.
Here we will discuss, in particular, the effect of ΔU ¼
Uxy;xy −Uxz;xz and ΔU0 ¼ Uxy;yz − Uxz;yz. We solve (1)
with DMFT using the CT-INT QMC method. We
work with a 6 × 6 self-energy matrix Σmσ;m0σ0ðωÞ ¼
Σ0
mσ;m0σ0ðωÞ þ iΣ00

mσ;m0σ0ðωÞ in spin-orbital space, extending
the solver of Ref. [9] to deal explicitly with the SO term; Σ0

is the real and Σ00 the imaginary part of the self-energy. The
calculations with SO coupling are performed in the basis
j ~miσ ¼ T̂jmiσ, where the unitary operator T̂ is chosen such
that the local imaginary-time Green function matrix is real.
In the rest of the Letter, for calculations with SO coupling,
the elements of the self-energy matrix are given in the j ~miσ
basis; since T̂ only changes the phases [39] but does not
mix orbitals, we rename for simplicity j ~miσ as jmiσ .
First, let us analyze the LDA results without SO

interaction [Fig. 1(a)]. Our results agree very well with
previous theoretical works [22,23,40,41]. Compared with
ARPES data, LDA describes well the α and γ sheets, and in
particular the region around the M point of the γ sheet.
There are two major discrepancies. First, the LDA β and γ
sheets cross, differently than in ARPES. Second, the area
enclosed by the β sheet is larger in LDA than in ARPES.
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Is the Coulomb interaction spherical?

the bare Coulomb interaction is spherical
but the screened interaction has the symmetry of the site
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α

β

γ

M

X

Γ

? a crucial mechanism is still missing ?
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reduced crystal-field enhancement

cRPA
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DMFT for materials

downfolding, localization,  
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