
Auxiliary-field quantum Monte Carlo        
at zero- and finite-temperatures                                 

The Hydrogen chain can be a playground that ties together much of what 
we’ve learned in this school.

Apply your favorite approach to compute/understand some aspect of the 
physics of the Hydrogen chain.          
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Auxiliary-field quantum Monte Carlo        
at zero- and finite-temperatures                                 

• Introduction (aka context of HW) - look for overlaps w/ other lects!

• Brief reminder of Monte Carlo       

• AFQMC framework, T=0K


– Many-body ground state as ensembles of entangled DFT solutions           

• Finite-T AFQMC - use to introduce sign problem and exact gauge 

conditions to control it, followed by approximate implementation 

• Example of ab initio calculations in solids and quantum chemistry 
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Inside a materials computation

 Hydrogen chain as an illustration:     
    

    
With time:

Electrons respond quickly 
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Inside a materials computation

 Hydrogen chain as an illustration:     
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Born-Oppenheimer - for fixed nuclear positions

• Electrons respond instantaneously 

• Path integrals - infinite length (imaginary time) for most materials  

• Precisely how -> many materials properties

• Electron density distribution -> inter-atomic force for atomic motion
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Inside a materials computation
 Hydrogen chain as an illustration:     
    

    

With ‘time’:
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Like stat. mech. !     Formulate as molecular dynamics or MC?
• Path is for wave function, not density 

• Pauli — paths have complicated signs from fermion exchange

• Hilbert space exponentially large — natural to use sampling
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We present numerical results for the equation of state of an infinite chain of hydrogen atoms. A
variety of modern many-body methods are employed, with exhaustive cross-checks and validation.
Approaches for reaching the continuous space limit and the thermodynamic limit are investigated,
proposed, and tested. The detailed comparisons provide a benchmark for assessing the current state
of the art in many-body computation, and for the development of new methods. The ground-state
energy per atom in the linear chain is accurately determined versus bondlength, with a confidence
bound given on all uncertainties.

I. INTRODUCTION

One of the grand challenges in modern science is the
accurate treatment of interacting many-electron systems.
In condensed phase materials, the challenge is increased
by the need to account for the interplay between the
electrons and the chemical and structural environment.
Progress in addressing this challenge will be fundamental
to the realization of “materials genome” or materials by
design initiatives.
Often the physical properties of materials and

molecules are determined by a delicate quantitative bal-
ance between competing tendencies, so that accurate
computations are required to predict the outcome. The
theoretical framework for these calculations, the many-
particle Schrödinger equation, is known [1]. However, the
solution of the Schrödinger equation in a many-electron
system presents fundamental difficulties originating from
combinatorial growth of the dimension of the Hilbert
space involved, along with the high degree of entangle-
ment produced by the combination of Fermi statistics
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and electron-electron interactions. Computational meth-
ods need to reach beyond the incredible success afforded
by density functional theory (DFT), and capture electron
correlation effects with sufficient accuracy across differ-
ent physical parameter regimes.
No general, numerically exact method presently exists

that can treat many-electron systems with low computa-
tional cost. Except for special cases, known methods ei-
ther have systematic errors which cannot be easily quan-
tified, or the computational burden scales exponentially
or as a very high power of the system size.
Recent years have witnessed remarkable progress in

the development of new theories, concepts, methodolo-
gies, software and algorithms that have pushed the con-
ceptual horizons and technical boundaries of computa-
tional many-body methods, and considerably improved
our understanding of interacting electrons in solids and
molecules. A vast suite of methods exist which have dif-
ferent strengths and weaknesses and different domains of
applicability, and ever more are being developed.
It is imperative, under these circumstances, to de-

velop systematic knowledge by detailed benchmark stud-
ies. Comparison of different methods allows character-
ization of relative accuracy and capabilities, which pro-
vides a survey of the state-of-the-art to guide applica-
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and electron-electron interactions. Computational meth-
ods need to reach beyond the incredible success afforded
by density functional theory (DFT), and capture electron
correlation effects with sufficient accuracy across differ-
ent physical parameter regimes.
No general, numerically exact method presently exists

that can treat many-electron systems with low computa-
tional cost. Except for special cases, known methods ei-
ther have systematic errors which cannot be easily quan-
tified, or the computational burden scales exponentially
or as a very high power of the system size.
Recent years have witnessed remarkable progress in

the development of new theories, concepts, methodolo-
gies, software and algorithms that have pushed the con-
ceptual horizons and technical boundaries of computa-
tional many-body methods, and considerably improved
our understanding of interacting electrons in solids and
molecules. A vast suite of methods exist which have dif-
ferent strengths and weaknesses and different domains of
applicability, and ever more are being developed.
It is imperative, under these circumstances, to de-

velop systematic knowledge by detailed benchmark stud-
ies. Comparison of different methods allows character-
ization of relative accuracy and capabilities, which pro-
vides a survey of the state-of-the-art to guide applica-

– 10 groups, 21 authors; > a dozen many-body methods

– Following Hubbard model benchmark (PRX ’15), move towards 

real materials: 

‣ long-range Coulomb interaction

‣ reach complete basis set (continuous space) limit

‣ thermodynamic limit
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The problem: hydrogen chain 
Stretching bonds in HN:                 

stretch each bond 
symmetrically


Born-Oppenheimer


Equation of state (EOS)
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The Hamiltonian 
• Methods that work in continuous coordinate space 


– DFT (effectively) 

– diffusion Monte Carlo (DMC), VMC


• Methods that work in a single-particle basis:

– All QChem methods

– auxiliary-field QMC (AFQMC)

– DMRG 

– embedding methods (DMET, SEET)

– diagrammatic MC; sc-GW

Ĥ = Ĥ1 + Ĥ2 =
M�

i,j

Tij c†jcj +
M�

i,j,k,l

Vijklc
†
i c

†
jckcl



An array of many-body methods
Summary of characteristics                 4

method deterministic basis set self-consistent variational scaling

Wave-function CCSD yes b yes no N
2
M

4 +N
3
M

3

CCSD(T) yes b yes no N
3
M

4

DMRG yes b yes yes D
3
M

3 +D
2
M

4

SBDMRG yes sb yes yes NRD
3
⇥
N

3
o +D(No)

⇤

HF yes b yes yes M
4

FCI yes b no yes
�
M
N

�

MRCI yes b no yes >
�

N
N/2

�
N

4 +N
2
M

4

NEVPT2 yes b no no
�

N
N/2

�
N

8

AFQMC no b no no N
2
M

2 +M
2
N

VMC no cs no yes N
2
M +N

3

LR-DMC no cs no yes N
2
M +N

3

Embedding DMET yes b yes no N
3
fD

3 +N
2
fD

4
⇥
(N3

fD
3 +N

2
fD

4)M
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SEET yes b yes no Nimp

�
Ms
ne

�
+M

5
n⌧ [Nimp

�
Ms
ne

�
+M

4]

Diagrammatic SC-GW yes/no b yes no M
4
n⌧

GF2 yes b yes no M
5
n⌧

BDMCn no b yes no e
↵n

Table I. Summary of the methods employed in the present work. Methods are classified by type: wavefunction, embedding,
or diagrammatic; the use of one-electron Gaussian basis sets (b), sliced-basis sets (sb), or continuous electron positions (cs);
whether a self-consistency procedure is involved; whether the method is deterministic or stochastic in nature; and whether or
not the method is variational. The scaling of the computational cost of key pieces of the algorithm is shown, versus the number
of electrons (N), basis set size (M), etc. In DMRG, D is the bond dimension kept in the calculation. In SBDMRG, No is the
number of basis function per slice and D(No) the compressed MPO size. In Green’s function methods, n⌧ is the size of the
imaginary time grid. In DMET, Nf is the number of atoms in the fragment and D denotes the bond dimension kept by the
DMRG solver. The first scaling corresponds to a DMET calculation with a single fragment using translational invariance, while
the second corresponds to treating multiple fragments tiling the chain. In SEET, Nimp is the number of impurities, while ne

denotes the number of electrons in the impurity and Ms = M
A +Mb the number of orbitals treated, where Mb is the number

of bath orbitals. The first scaling corresponds to SEET(CI/GF2), while the second corresponds to SEET(CI/HF). In BDMC,
n denotes the diagrammatic order and ↵ is a positive number.

• RCCSD and RCCSD(T): coupled cluster (CC) the-
ory with full treatment of singles and doubles
(RCCSD ) and perturbative treatment of triple ex-
citations (RCCSD(T)), using RHF as a reference
state [38–40]

• RHF: restricted Hartree-Fock [41]

• SBDMRG: specialized DMRG with sliced basis sets
[42]

• SC-GW: fully self-consistent GW [27, 43–45]

• SEET: self-energy embedding theory [46–50]

• UCCSD and UCCSD(T): CC theory with full treat-
ment of singles and doubles (UCCSD ) and pertur-
bative treatment of triple excitations (UCCSD(T)),
using UHF as a reference state [38–40]

• UGF2: spin-unrestricted GF2 [29]

• UHF: unrestricted Hartree-Fock [51]

• VMC: variational Monte Carlo [52, 53]

Detailed descriptions of the methods and specific cal-
culational details are presented in Appendix A. We focus

on many-body methods in this work. The independent-
electron methods RHF and UHF are listed above, be-
cause they are used by many of our methods as reference,
initial, or trial states. Further, we will use the RHF to
define the correlation energy for the purpose of extrap-
olation to the CBS limit [regardless of the nature of the
mean-field reference (if any) used in the method].
In Table I we summarize the methods using several

characteristics or criteria. At a high level, the methods
can be distinguished by general categories such as wave-
function, embedding, and diagrammatic. Wave-function
methods (AFQMC, CC, DMRG, FCI, LR-DMC, MRCI,
NEVPT2, and VMC) formulate an ansatz for the ground
state, and compute expectation values of observables and
correlation functions with respect to the wave function.
The ansatz for the wave function can be explicit (as in
VMC and most quantum chemistry methods), or reached
via an iterative procedure (as in AFQMC, LR-DMC).
The accuracy of a wave-function method is determined
by the quality of the underlying ansatz (e.g., form of trial
wave function in VMC, size of truncated space, order of
perturbation) and by approximations (if any) in the real-
ization of the ansatz (e.g., constraints in QMC) and in the
evaluation of observables (e.g., non-variational estima-
tors in CC methods, mixed estimate or back-propagation
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• Physics 
– EOS (benchmark paper) - e.g. implement H10 (open or PBC)



MC integration

f(x) .=
1
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i=1

�(x � xi)



Integral eqs by random walk



Interaction can be decoupled:                              
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Many-body propagator —> linear combination of independent-particle 
propagators in auxiliary-fields                             
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General H w/ two-body interaction, in 2nd quantization: 
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An auxiliary-field perspective

e��Ĥ =
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p(�)B(�)d�



An auxiliary-field perspective
To obtain ground state, use projection in imaginary-time: 

��T |H e��H ···e��He��H |�(0)�
��T | e��H ···e��He��H |�(0)�

• Independent-electron: 

Ĥ = Ĥ1 + Ĥ2 =
M�

i,j

Tij c†jcj +
M�

i,j,k,l

Vijklc
†
i c

†
jckcl

Ĥ2 �
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i

fc(ni)n̂iLDA

- Change the Hamiltonian         

- Demand a single-determinant solution
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An auxiliary-field perspective

Propagation leads to multi-determinants

e��ĤLDA(n) .= e��Ĥ1e��Ĥxc(n)• Independent-electron:

e��ĤConsider the propagator

Thus, LDA calculation:

...
Single-determinant solution

Ĥ2 = �
�

�

v̂2
�• Many-body:

Importance sampling to make practical      (Lect. notes; web - Matlab)    
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Reformulating field theory:                                                 
many-body effects as fluctuations around `DFT soln’:
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many-body effects as fluctuations around `DFT soln’:
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A step advances the SD by ‘rotations’ 

Path integral over AFs
Imaginary-time projection --> random walk: 
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  quantum chemistry                           AF QMC
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<latexit sha1_base64="uXEuJNLYSR47L3ZBl8aotuX3GNk=">AAACBXicdZDLSgMxFIYzXmu9jbrURbAIrkpSxLa7ohtXUsFeoDMMmTTThmYuJBmxDN248VXcuFDEre/gzrcx01ZQ0QOBj/8/4Zzz+4ngSiP0YS0sLi2vrBbWiusbm1vb9s5uW8WppKxFYxHLrk8UEzxiLc21YN1EMhL6gnX80Xnud26YVDyOrvU4YW5IBhEPOCXaSJ59cOkpR/OQKWgIOjBzZAhDoiW/nXh2CZURQhhjmAOuniID9XqtgmsQ55apEphX07PfnX5M05BFmgqiVA+jRLsZkZpTwSZFJ1UsIXREBqxnMCJmrptNr5jAI6P0YRBL8yINp+r3HxkJlRqHvuk0+w3Vby8X//J6qQ5qbsajJNUsorNBQSqgjmEeCexzyagWYwOESm52hXRIJKHaBFc0IXxdCv+HdqWMDV+dlBpn8zgKYB8cgmOAQRU0wAVoghag4A48gCfwbN1bj9aL9TprXbDmf/bAj7LePgEjxphb</latexit><latexit sha1_base64="uXEuJNLYSR47L3ZBl8aotuX3GNk=">AAACBXicdZDLSgMxFIYzXmu9jbrURbAIrkpSxLa7ohtXUsFeoDMMmTTThmYuJBmxDN248VXcuFDEre/gzrcx01ZQ0QOBj/8/4Zzz+4ngSiP0YS0sLi2vrBbWiusbm1vb9s5uW8WppKxFYxHLrk8UEzxiLc21YN1EMhL6gnX80Xnud26YVDyOrvU4YW5IBhEPOCXaSJ59cOkpR/OQKWgIOjBzZAhDoiW/nXh2CZURQhhjmAOuniID9XqtgmsQ55apEphX07PfnX5M05BFmgqiVA+jRLsZkZpTwSZFJ1UsIXREBqxnMCJmrptNr5jAI6P0YRBL8yINp+r3HxkJlRqHvuk0+w3Vby8X//J6qQ5qbsajJNUsorNBQSqgjmEeCexzyagWYwOESm52hXRIJKHaBFc0IXxdCv+HdqWMDV+dlBpn8zgKYB8cgmOAQRU0wAVoghag4A48gCfwbN1bj9aL9TprXbDmf/bAj7LePgEjxphb</latexit><latexit sha1_base64="uXEuJNLYSR47L3ZBl8aotuX3GNk=">AAACBXicdZDLSgMxFIYzXmu9jbrURbAIrkpSxLa7ohtXUsFeoDMMmTTThmYuJBmxDN248VXcuFDEre/gzrcx01ZQ0QOBj/8/4Zzz+4ngSiP0YS0sLi2vrBbWiusbm1vb9s5uW8WppKxFYxHLrk8UEzxiLc21YN1EMhL6gnX80Xnud26YVDyOrvU4YW5IBhEPOCXaSJ59cOkpR/OQKWgIOjBzZAhDoiW/nXh2CZURQhhjmAOuniID9XqtgmsQ55apEphX07PfnX5M05BFmgqiVA+jRLsZkZpTwSZFJ1UsIXREBqxnMCJmrptNr5jAI6P0YRBL8yINp+r3HxkJlRqHvuk0+w3Vby8X//J6qQ5qbsajJNUsorNBQSqgjmEeCexzyagWYwOESm52hXRIJKHaBFc0IXxdCv+HdqWMDV+dlBpn8zgKYB8cgmOAQRU0wAVoghag4A48gCfwbN1bj9aL9TprXbDmf/bAj7LePgEjxphb</latexit><latexit sha1_base64="uXEuJNLYSR47L3ZBl8aotuX3GNk=">AAACBXicdZDLSgMxFIYzXmu9jbrURbAIrkpSxLa7ohtXUsFeoDMMmTTThmYuJBmxDN248VXcuFDEre/gzrcx01ZQ0QOBj/8/4Zzz+4ngSiP0YS0sLi2vrBbWiusbm1vb9s5uW8WppKxFYxHLrk8UEzxiLc21YN1EMhL6gnX80Xnud26YVDyOrvU4YW5IBhEPOCXaSJ59cOkpR/OQKWgIOjBzZAhDoiW/nXh2CZURQhhjmAOuniID9XqtgmsQ55apEphX07PfnX5M05BFmgqiVA+jRLsZkZpTwSZFJ1UsIXREBqxnMCJmrptNr5jAI6P0YRBL8yINp+r3HxkJlRqHvuk0+w3Vby8X//J6qQ5qbsajJNUsorNBQSqgjmEeCexzyagWYwOESm52hXRIJKHaBFc0IXxdCv+HdqWMDV+dlBpn8zgKYB8cgmOAQRU0wAVoghag4A48gCfwbN1bj9aL9TprXbDmf/bAj7LePgEjxphb</latexit>

x
<latexit sha1_base64="CaoewDnCcmoXbOydDp1lALdc2Ow=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqS5tb0YvHCvYD2lA22027dLMJuxuxhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tHpWKRuNWzmHohHgsWMIK1kbrpwA/Q/XxYLNllt1GrXTSQXbZtt+LWDXFd16k7yDFKhhKs0BoW3wejiCQhFZpwrFTfsWPtpVhqRjidFwaJojEmUzymfUMFDqny0sW5c3RmlBEKImlKaLRQv0+kOFRqFvqmM8R6on57mfiX10900PBSJuJEU0GWi4KEIx2h7Hc0YpISzWeGYCKZuRWRCZaYaJNQwYTw9Sn6n3QqZcfwm2qpebmKIw8ncArn4EAdmnANLWgDgSk8wBM8W7H1aL1Yr8vWnLWaOYYfsN4+AcFUj9k=</latexit><latexit sha1_base64="CaoewDnCcmoXbOydDp1lALdc2Ow=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqS5tb0YvHCvYD2lA22027dLMJuxuxhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tHpWKRuNWzmHohHgsWMIK1kbrpwA/Q/XxYLNllt1GrXTSQXbZtt+LWDXFd16k7yDFKhhKs0BoW3wejiCQhFZpwrFTfsWPtpVhqRjidFwaJojEmUzymfUMFDqny0sW5c3RmlBEKImlKaLRQv0+kOFRqFvqmM8R6on57mfiX10900PBSJuJEU0GWi4KEIx2h7Hc0YpISzWeGYCKZuRWRCZaYaJNQwYTw9Sn6n3QqZcfwm2qpebmKIw8ncArn4EAdmnANLWgDgSk8wBM8W7H1aL1Yr8vWnLWaOYYfsN4+AcFUj9k=</latexit><latexit sha1_base64="CaoewDnCcmoXbOydDp1lALdc2Ow=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqS5tb0YvHCvYD2lA22027dLMJuxuxhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tHpWKRuNWzmHohHgsWMIK1kbrpwA/Q/XxYLNllt1GrXTSQXbZtt+LWDXFd16k7yDFKhhKs0BoW3wejiCQhFZpwrFTfsWPtpVhqRjidFwaJojEmUzymfUMFDqny0sW5c3RmlBEKImlKaLRQv0+kOFRqFvqmM8R6on57mfiX10900PBSJuJEU0GWi4KEIx2h7Hc0YpISzWeGYCKZuRWRCZaYaJNQwYTw9Sn6n3QqZcfwm2qpebmKIw8ncArn4EAdmnANLWgDgSk8wBM8W7H1aL1Yr8vWnLWaOYYfsN4+AcFUj9k=</latexit><latexit sha1_base64="CaoewDnCcmoXbOydDp1lALdc2Ow=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqS5tb0YvHCvYD2lA22027dLMJuxuxhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tHpWKRuNWzmHohHgsWMIK1kbrpwA/Q/XxYLNllt1GrXTSQXbZtt+LWDXFd16k7yDFKhhKs0BoW3wejiCQhFZpwrFTfsWPtpVhqRjidFwaJojEmUzymfUMFDqny0sW5c3RmlBEKImlKaLRQv0+kOFRqFvqmM8R6on57mfiX10900PBSJuJEU0GWi4KEIx2h7Hc0YpISzWeGYCKZuRWRCZaYaJNQwYTw9Sn6n3QqZcfwm2qpebmKIw8ncArn4EAdmnANLWgDgSk8wBM8W7H1aL1Yr8vWnLWaOYYfsN4+AcFUj9k=</latexit>



Introduction - T>0 method  

Ns ⇥Ns matrix
<latexit sha1_base64="uXEuJNLYSR47L3ZBl8aotuX3GNk=">AAACBXicdZDLSgMxFIYzXmu9jbrURbAIrkpSxLa7ohtXUsFeoDMMmTTThmYuJBmxDN248VXcuFDEre/gzrcx01ZQ0QOBj/8/4Zzz+4ngSiP0YS0sLi2vrBbWiusbm1vb9s5uW8WppKxFYxHLrk8UEzxiLc21YN1EMhL6gnX80Xnud26YVDyOrvU4YW5IBhEPOCXaSJ59cOkpR/OQKWgIOjBzZAhDoiW/nXh2CZURQhhjmAOuniID9XqtgmsQ55apEphX07PfnX5M05BFmgqiVA+jRLsZkZpTwSZFJ1UsIXREBqxnMCJmrptNr5jAI6P0YRBL8yINp+r3HxkJlRqHvuk0+w3Vby8X//J6qQ5qbsajJNUsorNBQSqgjmEeCexzyagWYwOESm52hXRIJKHaBFc0IXxdCv+HdqWMDV+dlBpn8zgKYB8cgmOAQRU0wAVoghag4A48gCfwbN1bj9aL9TprXbDmf/bAj7LePgEjxphb</latexit><latexit sha1_base64="uXEuJNLYSR47L3ZBl8aotuX3GNk=">AAACBXicdZDLSgMxFIYzXmu9jbrURbAIrkpSxLa7ohtXUsFeoDMMmTTThmYuJBmxDN248VXcuFDEre/gzrcx01ZQ0QOBj/8/4Zzz+4ngSiP0YS0sLi2vrBbWiusbm1vb9s5uW8WppKxFYxHLrk8UEzxiLc21YN1EMhL6gnX80Xnud26YVDyOrvU4YW5IBhEPOCXaSJ59cOkpR/OQKWgIOjBzZAhDoiW/nXh2CZURQhhjmAOuniID9XqtgmsQ55apEphX07PfnX5M05BFmgqiVA+jRLsZkZpTwSZFJ1UsIXREBqxnMCJmrptNr5jAI6P0YRBL8yINp+r3HxkJlRqHvuk0+w3Vby8X//J6qQ5qbsajJNUsorNBQSqgjmEeCexzyagWYwOESm52hXRIJKHaBFc0IXxdCv+HdqWMDV+dlBpn8zgKYB8cgmOAQRU0wAVoghag4A48gCfwbN1bj9aL9TprXbDmf/bAj7LePgEjxphb</latexit><latexit sha1_base64="uXEuJNLYSR47L3ZBl8aotuX3GNk=">AAACBXicdZDLSgMxFIYzXmu9jbrURbAIrkpSxLa7ohtXUsFeoDMMmTTThmYuJBmxDN248VXcuFDEre/gzrcx01ZQ0QOBj/8/4Zzz+4ngSiP0YS0sLi2vrBbWiusbm1vb9s5uW8WppKxFYxHLrk8UEzxiLc21YN1EMhL6gnX80Xnud26YVDyOrvU4YW5IBhEPOCXaSJ59cOkpR/OQKWgIOjBzZAhDoiW/nXh2CZURQhhjmAOuniID9XqtgmsQ55apEphX07PfnX5M05BFmgqiVA+jRLsZkZpTwSZFJ1UsIXREBqxnMCJmrptNr5jAI6P0YRBL8yINp+r3HxkJlRqHvuk0+w3Vby8X//J6qQ5qbsajJNUsorNBQSqgjmEeCexzyagWYwOESm52hXRIJKHaBFc0IXxdCv+HdqWMDV+dlBpn8zgKYB8cgmOAQRU0wAVoghag4A48gCfwbN1bj9aL9TprXbDmf/bAj7LePgEjxphb</latexit><latexit sha1_base64="uXEuJNLYSR47L3ZBl8aotuX3GNk=">AAACBXicdZDLSgMxFIYzXmu9jbrURbAIrkpSxLa7ohtXUsFeoDMMmTTThmYuJBmxDN248VXcuFDEre/gzrcx01ZQ0QOBj/8/4Zzz+4ngSiP0YS0sLi2vrBbWiusbm1vb9s5uW8WppKxFYxHLrk8UEzxiLc21YN1EMhL6gnX80Xnud26YVDyOrvU4YW5IBhEPOCXaSJ59cOkpR/OQKWgIOjBzZAhDoiW/nXh2CZURQhhjmAOuniID9XqtgmsQ55apEphX07PfnX5M05BFmgqiVA+jRLsZkZpTwSZFJ1UsIXREBqxnMCJmrptNr5jAI6P0YRBL8yINp+r3HxkJlRqHvuk0+w3Vby8X//J6qQ5qbsajJNUsorNBQSqgjmEeCexzyagWYwOESm52hXRIJKHaBFc0IXxdCv+HdqWMDV+dlBpn8zgKYB8cgmOAQRU0wAVoghag4A48gCfwbN1bj9aL9TprXbDmf/bAj7LePgEjxphb</latexit>

x
<latexit sha1_base64="CaoewDnCcmoXbOydDp1lALdc2Ow=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqS5tb0YvHCvYD2lA22027dLMJuxuxhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tHpWKRuNWzmHohHgsWMIK1kbrpwA/Q/XxYLNllt1GrXTSQXbZtt+LWDXFd16k7yDFKhhKs0BoW3wejiCQhFZpwrFTfsWPtpVhqRjidFwaJojEmUzymfUMFDqny0sW5c3RmlBEKImlKaLRQv0+kOFRqFvqmM8R6on57mfiX10900PBSJuJEU0GWi4KEIx2h7Hc0YpISzWeGYCKZuRWRCZaYaJNQwYTw9Sn6n3QqZcfwm2qpebmKIw8ncArn4EAdmnANLWgDgSk8wBM8W7H1aL1Yr8vWnLWaOYYfsN4+AcFUj9k=</latexit><latexit sha1_base64="CaoewDnCcmoXbOydDp1lALdc2Ow=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqS5tb0YvHCvYD2lA22027dLMJuxuxhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tHpWKRuNWzmHohHgsWMIK1kbrpwA/Q/XxYLNllt1GrXTSQXbZtt+LWDXFd16k7yDFKhhKs0BoW3wejiCQhFZpwrFTfsWPtpVhqRjidFwaJojEmUzymfUMFDqny0sW5c3RmlBEKImlKaLRQv0+kOFRqFvqmM8R6on57mfiX10900PBSJuJEU0GWi4KEIx2h7Hc0YpISzWeGYCKZuRWRCZaYaJNQwYTw9Sn6n3QqZcfwm2qpebmKIw8ncArn4EAdmnANLWgDgSk8wBM8W7H1aL1Yr8vWnLWaOYYfsN4+AcFUj9k=</latexit><latexit sha1_base64="CaoewDnCcmoXbOydDp1lALdc2Ow=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqS5tb0YvHCvYD2lA22027dLMJuxuxhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tHpWKRuNWzmHohHgsWMIK1kbrpwA/Q/XxYLNllt1GrXTSQXbZtt+LWDXFd16k7yDFKhhKs0BoW3wejiCQhFZpwrFTfsWPtpVhqRjidFwaJojEmUzymfUMFDqny0sW5c3RmlBEKImlKaLRQv0+kOFRqFvqmM8R6on57mfiX10900PBSJuJEU0GWi4KEIx2h7Hc0YpISzWeGYCKZuRWRCZaYaJNQwYTw9Sn6n3QqZcfwm2qpebmKIw8ncArn4EAdmnANLWgDgSk8wBM8W7H1aL1Yr8vWnLWaOYYfsN4+AcFUj9k=</latexit><latexit sha1_base64="CaoewDnCcmoXbOydDp1lALdc2Ow=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqS5tb0YvHCvYD2lA22027dLMJuxuxhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tHpWKRuNWzmHohHgsWMIK1kbrpwA/Q/XxYLNllt1GrXTSQXbZtt+LWDXFd16k7yDFKhhKs0BoW3wejiCQhFZpwrFTfsWPtpVhqRjidFwaJojEmUzymfUMFDqny0sW5c3RmlBEKImlKaLRQv0+kOFRqFvqmM8R6on57mfiX10900PBSJuJEU0GWi4KEIx2h7Hc0YpISzWeGYCKZuRWRCZaYaJNQwYTw9Sn6n3QqZcfwm2qpebmKIw8ncArn4EAdmnANLWgDgSk8wBM8W7H1aL1Yr8vWnLWaOYYfsN4+AcFUj9k=</latexit>

Referred to as DQMC



Path integral over AFs

x
<latexit sha1_base64="CaoewDnCcmoXbOydDp1lALdc2Ow=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqS5tb0YvHCvYD2lA22027dLMJuxuxhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tHpWKRuNWzmHohHgsWMIK1kbrpwA/Q/XxYLNllt1GrXTSQXbZtt+LWDXFd16k7yDFKhhKs0BoW3wejiCQhFZpwrFTfsWPtpVhqRjidFwaJojEmUzymfUMFDqny0sW5c3RmlBEKImlKaLRQv0+kOFRqFvqmM8R6on57mfiX10900PBSJuJEU0GWi4KEIx2h7Hc0YpISzWeGYCKZuRWRCZaYaJNQwYTw9Sn6n3QqZcfwm2qpebmKIw8ncArn4EAdmnANLWgDgSk8wBM8W7H1aL1Yr8vWnLWaOYYfsN4+AcFUj9k=</latexit><latexit sha1_base64="CaoewDnCcmoXbOydDp1lALdc2Ow=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqS5tb0YvHCvYD2lA22027dLMJuxuxhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tHpWKRuNWzmHohHgsWMIK1kbrpwA/Q/XxYLNllt1GrXTSQXbZtt+LWDXFd16k7yDFKhhKs0BoW3wejiCQhFZpwrFTfsWPtpVhqRjidFwaJojEmUzymfUMFDqny0sW5c3RmlBEKImlKaLRQv0+kOFRqFvqmM8R6on57mfiX10900PBSJuJEU0GWi4KEIx2h7Hc0YpISzWeGYCKZuRWRCZaYaJNQwYTw9Sn6n3QqZcfwm2qpebmKIw8ncArn4EAdmnANLWgDgSk8wBM8W7H1aL1Yr8vWnLWaOYYfsN4+AcFUj9k=</latexit><latexit sha1_base64="CaoewDnCcmoXbOydDp1lALdc2Ow=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqS5tb0YvHCvYD2lA22027dLMJuxuxhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tHpWKRuNWzmHohHgsWMIK1kbrpwA/Q/XxYLNllt1GrXTSQXbZtt+LWDXFd16k7yDFKhhKs0BoW3wejiCQhFZpwrFTfsWPtpVhqRjidFwaJojEmUzymfUMFDqny0sW5c3RmlBEKImlKaLRQv0+kOFRqFvqmM8R6on57mfiX10900PBSJuJEU0GWi4KEIx2h7Hc0YpISzWeGYCKZuRWRCZaYaJNQwYTw9Sn6n3QqZcfwm2qpebmKIw8ncArn4EAdmnANLWgDgSk8wBM8W7H1aL1Yr8vWnLWaOYYfsN4+AcFUj9k=</latexit><latexit sha1_base64="CaoewDnCcmoXbOydDp1lALdc2Ow=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqS5tb0YvHCvYD2lA22027dLMJuxuxhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tHpWKRuNWzmHohHgsWMIK1kbrpwA/Q/XxYLNllt1GrXTSQXbZtt+LWDXFd16k7yDFKhhKs0BoW3wejiCQhFZpwrFTfsWPtpVhqRjidFwaJojEmUzymfUMFDqny0sW5c3RmlBEKImlKaLRQv0+kOFRqFvqmM8R6on57mfiX10900PBSJuJEU0GWi4KEIx2h7Hc0YpISzWeGYCKZuRWRCZaYaJNQwYTw9Sn6n3QqZcfwm2qpebmKIw8ncArn4EAdmnANLWgDgSk8wBM8W7H1aL1Yr8vWnLWaOYYfsN4+AcFUj9k=</latexit>

x
<latexit sha1_base64="CaoewDnCcmoXbOydDp1lALdc2Ow=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqS5tb0YvHCvYD2lA22027dLMJuxuxhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tHpWKRuNWzmHohHgsWMIK1kbrpwA/Q/XxYLNllt1GrXTSQXbZtt+LWDXFd16k7yDFKhhKs0BoW3wejiCQhFZpwrFTfsWPtpVhqRjidFwaJojEmUzymfUMFDqny0sW5c3RmlBEKImlKaLRQv0+kOFRqFvqmM8R6on57mfiX10900PBSJuJEU0GWi4KEIx2h7Hc0YpISzWeGYCKZuRWRCZaYaJNQwYTw9Sn6n3QqZcfwm2qpebmKIw8ncArn4EAdmnANLWgDgSk8wBM8W7H1aL1Yr8vWnLWaOYYfsN4+AcFUj9k=</latexit><latexit sha1_base64="CaoewDnCcmoXbOydDp1lALdc2Ow=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqS5tb0YvHCvYD2lA22027dLMJuxuxhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tHpWKRuNWzmHohHgsWMIK1kbrpwA/Q/XxYLNllt1GrXTSQXbZtt+LWDXFd16k7yDFKhhKs0BoW3wejiCQhFZpwrFTfsWPtpVhqRjidFwaJojEmUzymfUMFDqny0sW5c3RmlBEKImlKaLRQv0+kOFRqFvqmM8R6on57mfiX10900PBSJuJEU0GWi4KEIx2h7Hc0YpISzWeGYCKZuRWRCZaYaJNQwYTw9Sn6n3QqZcfwm2qpebmKIw8ncArn4EAdmnANLWgDgSk8wBM8W7H1aL1Yr8vWnLWaOYYfsN4+AcFUj9k=</latexit><latexit sha1_base64="CaoewDnCcmoXbOydDp1lALdc2Ow=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqS5tb0YvHCvYD2lA22027dLMJuxuxhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tHpWKRuNWzmHohHgsWMIK1kbrpwA/Q/XxYLNllt1GrXTSQXbZtt+LWDXFd16k7yDFKhhKs0BoW3wejiCQhFZpwrFTfsWPtpVhqRjidFwaJojEmUzymfUMFDqny0sW5c3RmlBEKImlKaLRQv0+kOFRqFvqmM8R6on57mfiX10900PBSJuJEU0GWi4KEIx2h7Hc0YpISzWeGYCKZuRWRCZaYaJNQwYTw9Sn6n3QqZcfwm2qpebmKIw8ncArn4EAdmnANLWgDgSk8wBM8W7H1aL1Yr8vWnLWaOYYfsN4+AcFUj9k=</latexit><latexit sha1_base64="CaoewDnCcmoXbOydDp1lALdc2Ow=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqS5tb0YvHCvYD2lA22027dLMJuxuxhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tHpWKRuNWzmHohHgsWMIK1kbrpwA/Q/XxYLNllt1GrXTSQXbZtt+LWDXFd16k7yDFKhhKs0BoW3wejiCQhFZpwrFTfsWPtpVhqRjidFwaJojEmUzymfUMFDqny0sW5c3RmlBEKImlKaLRQv0+kOFRqFvqmM8R6on57mfiX10900PBSJuJEU0GWi4KEIx2h7Hc0YpISzWeGYCKZuRWRCZaYaJNQwYTw9Sn6n3QqZcfwm2qpebmKIw8ncArn4EAdmnANLWgDgSk8wBM8W7H1aL1Yr8vWnLWaOYYfsN4+AcFUj9k=</latexit>
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…. ….det[  ]
T=0K:

finite-T:



The sign problem
Imaginary-time projection for GS. —> random walk: 
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The sign problem

B. . . B|�� � �|��  * happens whenever                        exists 
    symmetry can prevent this:
       - attractive interaction      ( det[ ] )^2 
       - repulsive half-filling bipartite    (particle-hole)
       - a more general formulation      PRL 116, 250601 (2016) 
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Ns ⇥Ns matrix
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Self consistent algorithm                 

1. Hartree-Fock (“DFT”) solution -> AFQMC trial density matrix (DM)

2. Carry out AFQMC calculation with trial DM as constraint

3. Solve mean-field H, tune interaction strength (or form!), e.g U_eff, 
to match (minimize difference) DM with QMC from prev. iteration

4. Take new mean-field solution as trial DM  

5. Repeat 2-4 until convergence: final QMC answer; optimal mean-field 

mean-field AFQMC

trial DM

Green fcn/DM

He et al, PRB 99, 045108 (2019)

Impose gauge condition approximately   



• Model for CuO plane in cuprates ?   

• Half-filling: antiferromagnetic (AF) order at T=0K

           (Furukawa & Imada 1991; Tang & Hirsch 1983; White et al, 1989; .…)

Magnetic properties in the Hubbard model 

  AF correlation:

next !
What happens to the AF order upon doping?

doping of a Mott insulator



Illustration in Hubbard ladders 
 Add pinning field to break translational invariance:

• Allows direct comparison with DMRG, which can treat 
narrow cylinders very accurately

• Calculations made easier! :                           
correlation function ==> spin density
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Stripe order in 2D Hubbard model
4x16 cylinder,  U=6t,  doping h=1/8, pinning field at x=1, 16

• High T

– No order

– Agree with DQMC to 

beta=5 (when DQMC 
breaks down)   

MINGPU QIN, HAO SHI, AND SHIWEI ZHANG PHYSICAL REVIEW B 94, 235119 (2016)

FIG. 4. Converged CPMC results after a self-consistent proce-
dure for a large system of 16 × 32. In the upper panel, the staggered
spin and hole densities are plotted. The red and blue horizontal lines
represent zero spin density and the average hole density, respectively.
In the lower pane, the spin density for the cell is shown with a color
map. As in the earlier systems, U = 8t, h = 1/8, and a pinning field
is applied to both edges along Ly .

by the patterns in the bottom row. With the iteration, the spin
densities from the IP solutions become better. At convergence
with a Ueff value of 2.7t for this system, the densities from
the UHF solution are in fact quite close to the exact results.
The reduction from the bare U of 8t is substantial because
of the tendency in UHF to severely overestimate order. The
self-consistent procedure allows an ab initio determination of
an optimum effective U .

Much larger system sizes must be treated in order to deter-
mine the nature of the magnetic order in the thermodynamic
limit. The effect of the pinning fields must be minimized,
Lx needs to be sufficiently large to move from ladders to two
dimensions, and Ly must be sufficiently large to accommodate
the wavelength of possible collective modes. This can now
be achieved by the QMC self-consistent procedure. In Fig. 4
we show the results for a 16 × 32 lattice with the same
physical parameters. The converged CPMC staggered spin
and charge densities are plotted in the upper panel. The result
confirms the tendencies of the spin and charge orders seen
in the smaller system sizes. A “bulk” region is present in the
middle which gives a characteristic wavelength. The lower
panel illustrates the spin-density wave structure with the four
nodal lines of modulation clearly visible (where the holes are
more concentrated). This is consistent with a wavelength of
1/h seen at lower interaction strengths [37].

IV. DISCUSSION

We have also tested a different but related approach for
constructing the trial wave function self-consistently from the

QMC. To encode the information on the one-body density
matrix from CPMC ρCPMC in the next stage |"T ⟩, we seek
a Slater determinant which gives a one-body density matrix
closest to ρCPMC. This is performed using natural orbitals, i.e.,
by diagonalizing

ρCPMC = V #V †. (5)

The eigenvectors (natural orbitals) in V corresponding to the
Nσ largest eigenvalues in # are chosen to construct a Slater
determinant. This procedure is implemented for each spin
specie σ separately, leading to a UHF-like |"T ⟩. We found
that this procedure gave results similar to the self-consistent
approach in the systems tested above.

Although we have used the Hubbard model as an illus-
tration, the self-consistent procedure we have proposed can
be generalized to AFQMC calculations in real materials [38]
and opens new directions to further improve the predictive
power of calculations in correlated electron systems. In real
materials, the self-consistent iteration with IP calculations can
be used to improve an exchange-correlation functional, for
example, to tune the optimal mixing parameter in a hybrid
functional [39,40]. The procedure could also be used to find
a correct U parameter in the context of LDA + U [41]. The
idea of introducing an effective U can also be connected to
embedding theories [42,43], although here the feedback of
Ueff to the real system (cluster) is less direct.

V. SUMMARY

To summarize, we have developed a self-consistent
constrained-path AFQMC method which allows the QMC
calculation to systematically improve its accuracy while fully
controlling the fermion sign or phase problem. The paradigm
coupling QMC with an IP calculation allows a feedback from
the former into the latter. This provides not only a way to
improve the constraining trial wave functions for the (next
iteration) QMC, but also an independent-particle framework
which in itself gives a drastically improved description of
the physical system. The approach can be applied to strongly
correlated models in condensed matter, ultracold atoms in traps
and optical lattices, nuclear shell models, as well as ab initio
calculations in molecules and solids.
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FIG. 4. Converged CPMC results after a self-consistent proce-
dure for a large system of 16 × 32. In the upper panel, the staggered
spin and hole densities are plotted. The red and blue horizontal lines
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In the lower pane, the spin density for the cell is shown with a color
map. As in the earlier systems, U = 8t, h = 1/8, and a pinning field
is applied to both edges along Ly .

by the patterns in the bottom row. With the iteration, the spin
densities from the IP solutions become better. At convergence
with a Ueff value of 2.7t for this system, the densities from
the UHF solution are in fact quite close to the exact results.
The reduction from the bare U of 8t is substantial because
of the tendency in UHF to severely overestimate order. The
self-consistent procedure allows an ab initio determination of
an optimum effective U .

Much larger system sizes must be treated in order to deter-
mine the nature of the magnetic order in the thermodynamic
limit. The effect of the pinning fields must be minimized,
Lx needs to be sufficiently large to move from ladders to two
dimensions, and Ly must be sufficiently large to accommodate
the wavelength of possible collective modes. This can now
be achieved by the QMC self-consistent procedure. In Fig. 4
we show the results for a 16 × 32 lattice with the same
physical parameters. The converged CPMC staggered spin
and charge densities are plotted in the upper panel. The result
confirms the tendencies of the spin and charge orders seen
in the smaller system sizes. A “bulk” region is present in the
middle which gives a characteristic wavelength. The lower
panel illustrates the spin-density wave structure with the four
nodal lines of modulation clearly visible (where the holes are
more concentrated). This is consistent with a wavelength of
1/h seen at lower interaction strengths [37].

IV. DISCUSSION

We have also tested a different but related approach for
constructing the trial wave function self-consistently from the

QMC. To encode the information on the one-body density
matrix from CPMC ρCPMC in the next stage |"T ⟩, we seek
a Slater determinant which gives a one-body density matrix
closest to ρCPMC. This is performed using natural orbitals, i.e.,
by diagonalizing

ρCPMC = V #V †. (5)

The eigenvectors (natural orbitals) in V corresponding to the
Nσ largest eigenvalues in # are chosen to construct a Slater
determinant. This procedure is implemented for each spin
specie σ separately, leading to a UHF-like |"T ⟩. We found
that this procedure gave results similar to the self-consistent
approach in the systems tested above.

Although we have used the Hubbard model as an illus-
tration, the self-consistent procedure we have proposed can
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power of calculations in correlated electron systems. In real
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idea of introducing an effective U can also be connected to
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Ueff to the real system (cluster) is less direct.

V. SUMMARY
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calculation to systematically improve its accuracy while fully
controlling the fermion sign or phase problem. The paradigm
coupling QMC with an IP calculation allows a feedback from
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the physical system. The approach can be applied to strongly
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FIG. 4. Converged CPMC results after a self-consistent proce-
dure for a large system of 16 × 32. In the upper panel, the staggered
spin and hole densities are plotted. The red and blue horizontal lines
represent zero spin density and the average hole density, respectively.
In the lower pane, the spin density for the cell is shown with a color
map. As in the earlier systems, U = 8t, h = 1/8, and a pinning field
is applied to both edges along Ly .

by the patterns in the bottom row. With the iteration, the spin
densities from the IP solutions become better. At convergence
with a Ueff value of 2.7t for this system, the densities from
the UHF solution are in fact quite close to the exact results.
The reduction from the bare U of 8t is substantial because
of the tendency in UHF to severely overestimate order. The
self-consistent procedure allows an ab initio determination of
an optimum effective U .

Much larger system sizes must be treated in order to deter-
mine the nature of the magnetic order in the thermodynamic
limit. The effect of the pinning fields must be minimized,
Lx needs to be sufficiently large to move from ladders to two
dimensions, and Ly must be sufficiently large to accommodate
the wavelength of possible collective modes. This can now
be achieved by the QMC self-consistent procedure. In Fig. 4
we show the results for a 16 × 32 lattice with the same
physical parameters. The converged CPMC staggered spin
and charge densities are plotted in the upper panel. The result
confirms the tendencies of the spin and charge orders seen
in the smaller system sizes. A “bulk” region is present in the
middle which gives a characteristic wavelength. The lower
panel illustrates the spin-density wave structure with the four
nodal lines of modulation clearly visible (where the holes are
more concentrated). This is consistent with a wavelength of
1/h seen at lower interaction strengths [37].

IV. DISCUSSION

We have also tested a different but related approach for
constructing the trial wave function self-consistently from the

QMC. To encode the information on the one-body density
matrix from CPMC ρCPMC in the next stage |"T ⟩, we seek
a Slater determinant which gives a one-body density matrix
closest to ρCPMC. This is performed using natural orbitals, i.e.,
by diagonalizing

ρCPMC = V #V †. (5)

The eigenvectors (natural orbitals) in V corresponding to the
Nσ largest eigenvalues in # are chosen to construct a Slater
determinant. This procedure is implemented for each spin
specie σ separately, leading to a UHF-like |"T ⟩. We found
that this procedure gave results similar to the self-consistent
approach in the systems tested above.

Although we have used the Hubbard model as an illus-
tration, the self-consistent procedure we have proposed can
be generalized to AFQMC calculations in real materials [38]
and opens new directions to further improve the predictive
power of calculations in correlated electron systems. In real
materials, the self-consistent iteration with IP calculations can
be used to improve an exchange-correlation functional, for
example, to tune the optimal mixing parameter in a hybrid
functional [39,40]. The procedure could also be used to find
a correct U parameter in the context of LDA + U [41]. The
idea of introducing an effective U can also be connected to
embedding theories [42,43], although here the feedback of
Ueff to the real system (cluster) is less direct.

V. SUMMARY

To summarize, we have developed a self-consistent
constrained-path AFQMC method which allows the QMC
calculation to systematically improve its accuracy while fully
controlling the fermion sign or phase problem. The paradigm
coupling QMC with an IP calculation allows a feedback from
the former into the latter. This provides not only a way to
improve the constraining trial wave functions for the (next
iteration) QMC, but also an independent-particle framework
which in itself gives a drastically improved description of
the physical system. The approach can be applied to strongly
correlated models in condensed matter, ultracold atoms in traps
and optical lattices, nuclear shell models, as well as ab initio
calculations in molecules and solids.
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FIG. 4. Converged CPMC results after a self-consistent proce-
dure for a large system of 16 × 32. In the upper panel, the staggered
spin and hole densities are plotted. The red and blue horizontal lines
represent zero spin density and the average hole density, respectively.
In the lower pane, the spin density for the cell is shown with a color
map. As in the earlier systems, U = 8t, h = 1/8, and a pinning field
is applied to both edges along Ly .

by the patterns in the bottom row. With the iteration, the spin
densities from the IP solutions become better. At convergence
with a Ueff value of 2.7t for this system, the densities from
the UHF solution are in fact quite close to the exact results.
The reduction from the bare U of 8t is substantial because
of the tendency in UHF to severely overestimate order. The
self-consistent procedure allows an ab initio determination of
an optimum effective U .

Much larger system sizes must be treated in order to deter-
mine the nature of the magnetic order in the thermodynamic
limit. The effect of the pinning fields must be minimized,
Lx needs to be sufficiently large to move from ladders to two
dimensions, and Ly must be sufficiently large to accommodate
the wavelength of possible collective modes. This can now
be achieved by the QMC self-consistent procedure. In Fig. 4
we show the results for a 16 × 32 lattice with the same
physical parameters. The converged CPMC staggered spin
and charge densities are plotted in the upper panel. The result
confirms the tendencies of the spin and charge orders seen
in the smaller system sizes. A “bulk” region is present in the
middle which gives a characteristic wavelength. The lower
panel illustrates the spin-density wave structure with the four
nodal lines of modulation clearly visible (where the holes are
more concentrated). This is consistent with a wavelength of
1/h seen at lower interaction strengths [37].

IV. DISCUSSION

We have also tested a different but related approach for
constructing the trial wave function self-consistently from the

QMC. To encode the information on the one-body density
matrix from CPMC ρCPMC in the next stage |"T ⟩, we seek
a Slater determinant which gives a one-body density matrix
closest to ρCPMC. This is performed using natural orbitals, i.e.,
by diagonalizing

ρCPMC = V #V †. (5)

The eigenvectors (natural orbitals) in V corresponding to the
Nσ largest eigenvalues in # are chosen to construct a Slater
determinant. This procedure is implemented for each spin
specie σ separately, leading to a UHF-like |"T ⟩. We found
that this procedure gave results similar to the self-consistent
approach in the systems tested above.

Although we have used the Hubbard model as an illus-
tration, the self-consistent procedure we have proposed can
be generalized to AFQMC calculations in real materials [38]
and opens new directions to further improve the predictive
power of calculations in correlated electron systems. In real
materials, the self-consistent iteration with IP calculations can
be used to improve an exchange-correlation functional, for
example, to tune the optimal mixing parameter in a hybrid
functional [39,40]. The procedure could also be used to find
a correct U parameter in the context of LDA + U [41]. The
idea of introducing an effective U can also be connected to
embedding theories [42,43], although here the feedback of
Ueff to the real system (cluster) is less direct.

V. SUMMARY

To summarize, we have developed a self-consistent
constrained-path AFQMC method which allows the QMC
calculation to systematically improve its accuracy while fully
controlling the fermion sign or phase problem. The paradigm
coupling QMC with an IP calculation allows a feedback from
the former into the latter. This provides not only a way to
improve the constraining trial wave functions for the (next
iteration) QMC, but also an independent-particle framework
which in itself gives a drastically improved description of
the physical system. The approach can be applied to strongly
correlated models in condensed matter, ultracold atoms in traps
and optical lattices, nuclear shell models, as well as ab initio
calculations in molecules and solids.

ACKNOWLEDGMENTS

We are very grateful to S. R. White and C.-M. Chung
for providing the DMRG results and for many helpful com-
munications. We acknowledge support from the NSF (Grant
No. DMR-1409510). M.Q. and S.Z. were also supported by
the Simons Foundation. The calculations were carried out at
the Extreme Science and Engineering Discovery Environment
(XSEDE), which is supported by National Science Foundation
Grant No. ACI-1053575, and the computational facilities at the
College of William and Mary.

[1] R. Blankenbecler, D. J. Scalapino, and R. L. Sugar, Phys. Rev.
D 24, 2278 (1981).

[2] G. Sugiyama and S. E. Koonin, Ann. Phys. (NY) 168, 1
(1986).

235119-4

X• High T

– No order

– Agree with DQMC to 

beta=5 (when DQMC 
breaks down)   

• As T lowers, 
order develops



Stripe order in 2D Hubbard model
4x16 cylinder,  U=6t,  doping h=1/8, pinning field at x=1, 16

MINGPU QIN, HAO SHI, AND SHIWEI ZHANG PHYSICAL REVIEW B 94, 235119 (2016)

FIG. 4. Converged CPMC results after a self-consistent proce-
dure for a large system of 16 × 32. In the upper panel, the staggered
spin and hole densities are plotted. The red and blue horizontal lines
represent zero spin density and the average hole density, respectively.
In the lower pane, the spin density for the cell is shown with a color
map. As in the earlier systems, U = 8t, h = 1/8, and a pinning field
is applied to both edges along Ly .

by the patterns in the bottom row. With the iteration, the spin
densities from the IP solutions become better. At convergence
with a Ueff value of 2.7t for this system, the densities from
the UHF solution are in fact quite close to the exact results.
The reduction from the bare U of 8t is substantial because
of the tendency in UHF to severely overestimate order. The
self-consistent procedure allows an ab initio determination of
an optimum effective U .

Much larger system sizes must be treated in order to deter-
mine the nature of the magnetic order in the thermodynamic
limit. The effect of the pinning fields must be minimized,
Lx needs to be sufficiently large to move from ladders to two
dimensions, and Ly must be sufficiently large to accommodate
the wavelength of possible collective modes. This can now
be achieved by the QMC self-consistent procedure. In Fig. 4
we show the results for a 16 × 32 lattice with the same
physical parameters. The converged CPMC staggered spin
and charge densities are plotted in the upper panel. The result
confirms the tendencies of the spin and charge orders seen
in the smaller system sizes. A “bulk” region is present in the
middle which gives a characteristic wavelength. The lower
panel illustrates the spin-density wave structure with the four
nodal lines of modulation clearly visible (where the holes are
more concentrated). This is consistent with a wavelength of
1/h seen at lower interaction strengths [37].

IV. DISCUSSION

We have also tested a different but related approach for
constructing the trial wave function self-consistently from the

QMC. To encode the information on the one-body density
matrix from CPMC ρCPMC in the next stage |"T ⟩, we seek
a Slater determinant which gives a one-body density matrix
closest to ρCPMC. This is performed using natural orbitals, i.e.,
by diagonalizing

ρCPMC = V #V †. (5)

The eigenvectors (natural orbitals) in V corresponding to the
Nσ largest eigenvalues in # are chosen to construct a Slater
determinant. This procedure is implemented for each spin
specie σ separately, leading to a UHF-like |"T ⟩. We found
that this procedure gave results similar to the self-consistent
approach in the systems tested above.

Although we have used the Hubbard model as an illus-
tration, the self-consistent procedure we have proposed can
be generalized to AFQMC calculations in real materials [38]
and opens new directions to further improve the predictive
power of calculations in correlated electron systems. In real
materials, the self-consistent iteration with IP calculations can
be used to improve an exchange-correlation functional, for
example, to tune the optimal mixing parameter in a hybrid
functional [39,40]. The procedure could also be used to find
a correct U parameter in the context of LDA + U [41]. The
idea of introducing an effective U can also be connected to
embedding theories [42,43], although here the feedback of
Ueff to the real system (cluster) is less direct.

V. SUMMARY

To summarize, we have developed a self-consistent
constrained-path AFQMC method which allows the QMC
calculation to systematically improve its accuracy while fully
controlling the fermion sign or phase problem. The paradigm
coupling QMC with an IP calculation allows a feedback from
the former into the latter. This provides not only a way to
improve the constraining trial wave functions for the (next
iteration) QMC, but also an independent-particle framework
which in itself gives a drastically improved description of
the physical system. The approach can be applied to strongly
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FIG. 4. Converged CPMC results after a self-consistent proce-
dure for a large system of 16 × 32. In the upper panel, the staggered
spin and hole densities are plotted. The red and blue horizontal lines
represent zero spin density and the average hole density, respectively.
In the lower pane, the spin density for the cell is shown with a color
map. As in the earlier systems, U = 8t, h = 1/8, and a pinning field
is applied to both edges along Ly .

by the patterns in the bottom row. With the iteration, the spin
densities from the IP solutions become better. At convergence
with a Ueff value of 2.7t for this system, the densities from
the UHF solution are in fact quite close to the exact results.
The reduction from the bare U of 8t is substantial because
of the tendency in UHF to severely overestimate order. The
self-consistent procedure allows an ab initio determination of
an optimum effective U .

Much larger system sizes must be treated in order to deter-
mine the nature of the magnetic order in the thermodynamic
limit. The effect of the pinning fields must be minimized,
Lx needs to be sufficiently large to move from ladders to two
dimensions, and Ly must be sufficiently large to accommodate
the wavelength of possible collective modes. This can now
be achieved by the QMC self-consistent procedure. In Fig. 4
we show the results for a 16 × 32 lattice with the same
physical parameters. The converged CPMC staggered spin
and charge densities are plotted in the upper panel. The result
confirms the tendencies of the spin and charge orders seen
in the smaller system sizes. A “bulk” region is present in the
middle which gives a characteristic wavelength. The lower
panel illustrates the spin-density wave structure with the four
nodal lines of modulation clearly visible (where the holes are
more concentrated). This is consistent with a wavelength of
1/h seen at lower interaction strengths [37].

IV. DISCUSSION

We have also tested a different but related approach for
constructing the trial wave function self-consistently from the

QMC. To encode the information on the one-body density
matrix from CPMC ρCPMC in the next stage |"T ⟩, we seek
a Slater determinant which gives a one-body density matrix
closest to ρCPMC. This is performed using natural orbitals, i.e.,
by diagonalizing

ρCPMC = V #V †. (5)

The eigenvectors (natural orbitals) in V corresponding to the
Nσ largest eigenvalues in # are chosen to construct a Slater
determinant. This procedure is implemented for each spin
specie σ separately, leading to a UHF-like |"T ⟩. We found
that this procedure gave results similar to the self-consistent
approach in the systems tested above.

Although we have used the Hubbard model as an illus-
tration, the self-consistent procedure we have proposed can
be generalized to AFQMC calculations in real materials [38]
and opens new directions to further improve the predictive
power of calculations in correlated electron systems. In real
materials, the self-consistent iteration with IP calculations can
be used to improve an exchange-correlation functional, for
example, to tune the optimal mixing parameter in a hybrid
functional [39,40]. The procedure could also be used to find
a correct U parameter in the context of LDA + U [41]. The
idea of introducing an effective U can also be connected to
embedding theories [42,43], although here the feedback of
Ueff to the real system (cluster) is less direct.

V. SUMMARY

To summarize, we have developed a self-consistent
constrained-path AFQMC method which allows the QMC
calculation to systematically improve its accuracy while fully
controlling the fermion sign or phase problem. The paradigm
coupling QMC with an IP calculation allows a feedback from
the former into the latter. This provides not only a way to
improve the constraining trial wave functions for the (next
iteration) QMC, but also an independent-particle framework
which in itself gives a drastically improved description of
the physical system. The approach can be applied to strongly
correlated models in condensed matter, ultracold atoms in traps
and optical lattices, nuclear shell models, as well as ab initio
calculations in molecules and solids.
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FIG. 4. Converged CPMC results after a self-consistent proce-
dure for a large system of 16 × 32. In the upper panel, the staggered
spin and hole densities are plotted. The red and blue horizontal lines
represent zero spin density and the average hole density, respectively.
In the lower pane, the spin density for the cell is shown with a color
map. As in the earlier systems, U = 8t, h = 1/8, and a pinning field
is applied to both edges along Ly .

by the patterns in the bottom row. With the iteration, the spin
densities from the IP solutions become better. At convergence
with a Ueff value of 2.7t for this system, the densities from
the UHF solution are in fact quite close to the exact results.
The reduction from the bare U of 8t is substantial because
of the tendency in UHF to severely overestimate order. The
self-consistent procedure allows an ab initio determination of
an optimum effective U .

Much larger system sizes must be treated in order to deter-
mine the nature of the magnetic order in the thermodynamic
limit. The effect of the pinning fields must be minimized,
Lx needs to be sufficiently large to move from ladders to two
dimensions, and Ly must be sufficiently large to accommodate
the wavelength of possible collective modes. This can now
be achieved by the QMC self-consistent procedure. In Fig. 4
we show the results for a 16 × 32 lattice with the same
physical parameters. The converged CPMC staggered spin
and charge densities are plotted in the upper panel. The result
confirms the tendencies of the spin and charge orders seen
in the smaller system sizes. A “bulk” region is present in the
middle which gives a characteristic wavelength. The lower
panel illustrates the spin-density wave structure with the four
nodal lines of modulation clearly visible (where the holes are
more concentrated). This is consistent with a wavelength of
1/h seen at lower interaction strengths [37].

IV. DISCUSSION

We have also tested a different but related approach for
constructing the trial wave function self-consistently from the

QMC. To encode the information on the one-body density
matrix from CPMC ρCPMC in the next stage |"T ⟩, we seek
a Slater determinant which gives a one-body density matrix
closest to ρCPMC. This is performed using natural orbitals, i.e.,
by diagonalizing

ρCPMC = V #V †. (5)

The eigenvectors (natural orbitals) in V corresponding to the
Nσ largest eigenvalues in # are chosen to construct a Slater
determinant. This procedure is implemented for each spin
specie σ separately, leading to a UHF-like |"T ⟩. We found
that this procedure gave results similar to the self-consistent
approach in the systems tested above.

Although we have used the Hubbard model as an illus-
tration, the self-consistent procedure we have proposed can
be generalized to AFQMC calculations in real materials [38]
and opens new directions to further improve the predictive
power of calculations in correlated electron systems. In real
materials, the self-consistent iteration with IP calculations can
be used to improve an exchange-correlation functional, for
example, to tune the optimal mixing parameter in a hybrid
functional [39,40]. The procedure could also be used to find
a correct U parameter in the context of LDA + U [41]. The
idea of introducing an effective U can also be connected to
embedding theories [42,43], although here the feedback of
Ueff to the real system (cluster) is less direct.

V. SUMMARY

To summarize, we have developed a self-consistent
constrained-path AFQMC method which allows the QMC
calculation to systematically improve its accuracy while fully
controlling the fermion sign or phase problem. The paradigm
coupling QMC with an IP calculation allows a feedback from
the former into the latter. This provides not only a way to
improve the constraining trial wave functions for the (next
iteration) QMC, but also an independent-particle framework
which in itself gives a drastically improved description of
the physical system. The approach can be applied to strongly
correlated models in condensed matter, ultracold atoms in traps
and optical lattices, nuclear shell models, as well as ab initio
calculations in molecules and solids.
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at half-filling from the same methods, where the spread in energies is less than 0.001t. This

illustrates the significantly greater numerical challenge encountered in the underdoped region.

Nonetheless, the accuracy and agreement reached here represents a ten-fold improvement over

recent comparisons of numerical methods at this point in the phase diagram (23).

Figure 1: Best estimates of ground state energy for the 1/8-doped 2D Hubbard model at U/t =
8 from DMET, AFQMC, iPEPS and DMRG. Inset: Best estimates of ground state energy for
the half-filled 2D Hubbard model at U/t = 8.

Ground state stripe order. For all the methods employed, the lowest energies shown in Fig. 1

correspond to a vertical striped state. This corresponds to a co-directional charge and spin-

density wave, with the region of maximum hole density coinciding with a domain wall in the

antiferromagnetism. As mentioned, unidirectional stripes of various kinds are a long-standing

candidate order in the doped Hubbard and related models. Hartree-Fock calculations give filled

stripes (i.e. one hole per charge unit cell) in both vertical and diagonal orientations, while one
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• Properties 
     -  wavelength = 1/h (a) DMET

(b) AFQMC

(c) iPEPS

(d) DMRG

Figure 4: Charge and spin orders in the wavelength 8 stripes from DMET, AFQMC, iPEPS and
DMRG. The local magnetic moments and hole densities are shown above and below the order
plots, respectively. (Circle radius is proportional to hole density, arrow height is proportional to
spin density). The gray dashed lines represent the positions of maximum hole density.
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• Properties 
     -  wavelength = 1/h
     -  fluctuating stripes (sloppy)

Figure 3: Energies of stripes with different wavelengths relative to that of the wavelength 8
stripe from DMET, AFQMC, iPEPS and DMRG. To aid readability, the data points are shifted
horizontally. Inset: Relative energies of stripes with different wavelengths from UHF, with an
effective coupling U/t = 2.7.
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FIG. 4. Converged CPMC results after a self-consistent proce-
dure for a large system of 16 × 32. In the upper panel, the staggered
spin and hole densities are plotted. The red and blue horizontal lines
represent zero spin density and the average hole density, respectively.
In the lower pane, the spin density for the cell is shown with a color
map. As in the earlier systems, U = 8t, h = 1/8, and a pinning field
is applied to both edges along Ly .
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tration, the self-consistent procedure we have proposed can 291

be generalized to AFQMC calculations in real materials [38] 292

and opens new directions to further improve the predictive 293

power of calculations in correlated electron systems. In real 294

materials, the self-consistent iteration with IP calculations can 295

be used to improve an exchange-correlation functional, for 296

example, to tune the optimal mixing parameter in a hybrid 297

functional [39,40]. The procedure could also be used to find 298

a correct U parameter in the context of LDA + U [41]. The 299

idea of introducing an effective U can also be connected to 300

embedding theories [42,43], although here the feedback of 301

Ueff to the real system (cluster) is less direct. 302

V. SUMMARY 303

To summarize, we have developed a self-consistent 304

constrained-path AFQMC method which allows the QMC 305

calculation to systematically improve its accuracy while fully 306

controlling the fermion sign or phase problem. The paradigm 307

coupling QMC with an IP calculation allows a feedback from 308

the former into the latter. This provides not only a way to 309

improve the constraining trial wave functions for the (next 310

iteration) QMC, but also an independent-particle framework 311

which in itself gives a drastically improved description of 312

the physical system. The approach can be applied to strongly 313

correlated models in condensed matter, ultracold atoms in traps 314

and optical lattices, nuclear shell models, as well as ab initio 315

calculations in molecules and solids. 316
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FIG. 2: Summary of calculated equilibrium volumes (a) and
bulk moduli (b), shown as relative errors from experiment.
Selected DFT results are also shown for reference. Zero-point
e↵ects have been subtracted from the experiments [31, 32].

averaging over 90 random k-points [25]. He-core PSPs
were used for Na and Al, together with the FC treatment
as described for Si. This makes a major di↵erence in both
NaCl and Na. With a Ne-core PSP, the equilibrium vol-
ume is underestimated by ⇠ 30% in Na, for example.
The error is eliminated by the FC approach, which al-
lows the semi-core 2s and 2p electrons to fully relax in
the target environment of the solid at the DFT-level, be-
fore freezing them in the corresponding KS orbitals in
the many-body calculation.

The agreement between downfolding AFQMC and ex-
periments [31, 34–36] is excellent. For reference, some
representative DFT results are shown in Fig. 2: the top
panels in (a) and (b) include results from the widely used
local-density (LDA) and generalized gradient (GGA,
with two flavors, PBE and a variant which is specially
designed for solids and surfaces, PBEsol) approximations
[37–39]; the middle panels sample more recent develop-
ments in DFT, with a meta-GGA (TPSS) and two flavors
of hybrid functionals (HSE06 and HSEsol) [31, 34–36],
which are highly accurate in many conventional systems
but often involve empirical parameters. The AFQMC
results (bottom panels) demonstrate that the new ap-
proach provides an ab initio, parameter-free, many-body
framework that is consistently accurate. The calcula-
tions used single-determinant trial wave functions taken
directly from LDA or GGA to control the sign or phase
problem of the random walks in Slater determinant space
[5, 13]. The systematic error from this approximation,
based on extensive prior benchmarks [12, 13, 19, 23], is
expected to be essentially negligible in these systems, in
accord with the results in the figure. The largest uncer-
tainty arises in NaCl and is statistical in nature. Di↵erent
from the other systems, the ionic character results in va-
lence states localized on the Cl atom. The high-energy
virtual KS orbitals, which are used to capture the e↵ect
of electron interactions, are free-electron like, however.
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FIG. 3: (Color online) Pressure calibration and EOS in cubic
BN. The main graph displays the calculated pressure vs. vol-
ume at room-temperature, using the fitted experimental curve
of Ref. 32 (green diamond symbols) as a pressure reference.
Symbols represent di↵erent experiments, including green dia-
monds [32], orange squares [40], magenta circles, black trian-
gles [41] and violet stars [42]. The shading gives the overall
statistical uncertainties in the calculations. The all-electron
DMC results are from Ref. 21. The inset shows the T = 0K
EOS near equilibrium from AFQMC. The calculated equi-
librium position is shown by the arrow. The vertical line
indicates the experimental value [32, 41].

As a result, convergence of the EOS is slow and an ex-
trapolation with respect to 1/Nbasis was needed to reach
the complete basis set limit, resulting in larger uncer-
tainty. Clearly, this can be improved by using Wannier
or other localized orbitals in the downfolding.

In a more demanding test, we apply downfolding
AFQMC to obtain the EOS of cubic BN for pressures
up to 900GPa (V ⇠ 0.5Veq). This system has been iden-
tified as a promising material for an ultra-high pressure
calibration scale [21, 43]. A recent DMC study stressed
the need for all-electron (AE) calculations in order to
obtain reliable results at high pressures [21]. The dif-
ficulty underscores the PSP transferability problem dis-
cussed above in the context of Na and Si, and is ex-
acerbated by the need to apply a locality approxima-
tion in DMC to treat non-local PSPs [4, 20]. The AE
treatment would be di�cult to realize for heavier atoms.
Our calculations freeze the 1s electrons in their KS or-
bitals in the supercell at each volume, using extremely
hard “zero-electron-core” PSPs for B and N in the down-
folding procedure [44]. In most cases ⇠ 55 states/atom
were used, but larger Nbasis calculations were done at se-
lected volumes to extrapolate the EOS to the complete
basis set limit. We applied finite-temperature correc-
tions following Ref. 21. The calculations were done with
k = (0.5, 0.5, 0.0) for 8- and 16-atom supercells, with
one- and two-body finite-size corrections as discussed ear-
lier; we have confirmed that residual errors are negligible
compared to the final estimated error band, especially

• Basis from downfolding     (Kohn-Sham orbitals: occupied and virtual) 

 Bulk mod

Eq volume

Relative error vs. expt

 Total energy calculations in solids
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On Achieving High Accuracy in Quantum Chemical Calculations of
3d Transition Metal-Containing Systems: A Comparison of Auxiliary-
Field Quantum Monte Carlo with Coupled Cluster, Density
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ABSTRACT: The bond dissociation energies of a set of 44 3d transition
metal-containing diatomics are computed with phaseless auxiliary-field
quantum Monte Carlo (ph-AFQMC) utilizing a correlated sampling
technique. We investigate molecules with H, N, O, F, Cl, and S ligands,
including those in the 3dMLBE20 database first compiled by Truhlar and
co-workers with calculated and experimental values that have since been
revised by various groups. In order to make a direct comparison of the
accuracy of our ph-AFQMC calculations with previously published results
from 10 DFT functionals, CCSD(T), and icMR-CCSD(T), we establish an
objective selection protocol which utilizes the most recent experimental
results except for a few cases with well-specified discrepancies. With the
remaining set of 41 molecules, we find that ph-AFQMC gives robust
agreement with experiment superior to that of all other methods, with a
mean absolute error (MAE) of 1.4(4) kcal/mol and maximum error of
3(3) kcal/mol (parentheses account for reported experimental uncertainties and the statistical errors of our ph-AFQMC
calculations). In comparison, CCSD(T) and B97, the best performing DFT functional considered here, have MAEs of 2.8 and
3.7 kcal/mol, respectively, and maximum errors in excess of 17 kcal/mol (for the CoS diatomic). While a larger and more
diverse data set would be required to demonstrate that ph-AFQMC is truly a benchmark method for transition metal systems,
our results indicate that the method has tremendous potential, exhibiting unprecedented consistency and accuracy compared to
other approximate quantum chemical approaches.

■ INTRODUCTION
Transition metals play a vital role in a wide range of important
processes in biology1 and materials science.2 Many redox and
catalytic reactions, such as the water splitting reaction in
Photosystem II,3 are dependent upon the electronic structure
of specific transition metal-containing clusters. A precise
understanding of the chemistry and physics of these processes
at an atomic level of detail can only be elucidated by accurate
quantum chemical calculations in conjunction with extensive
experimental data. However, quantum chemical methods have
had great difficulty in the treatment of transition metal-
containing systems.4,5 Even for small molecules, the accuracy
of high level ab initio approaches for these systems has been far
from clear. For larger systems, density functional theory
(DFT) has been the only viable alternative. Much has been
learned from applying DFT to complex systems,6 but while in
many cases surprisingly good quantitative results have been

obtained, there are also cases where errors as large as 40 kcal/
mol can be observed.7 A benchmark quality quantum chemical
methodology which can be scaled up efficiently to treat
systems 30−100 atoms in size would be a transformative
advance.
Validation of benchmark accuracy must start with molecules

containing only a few atoms, as was the case for organic
systems, where coupled cluster (CC) based approaches,
predominantly CCSD(T), have been able to demonstrate
accuracy to better than 1 kcal/mol, with steady, systematic
improvement over the past 20 years.8 For transition metals, the
challenge is compounded by uncertainties in many of the
experimental measurements used as relevant test cases, as is
apparent in recent investigations using a variety of computa-
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including those in the 3dMLBE20 database first compiled by Truhlar and
co-workers with calculated and experimental values that have since been
revised by various groups. In order to make a direct comparison of the
accuracy of our ph-AFQMC calculations with previously published results
from 10 DFT functionals, CCSD(T), and icMR-CCSD(T), we establish an
objective selection protocol which utilizes the most recent experimental
results except for a few cases with well-specified discrepancies. With the
remaining set of 41 molecules, we find that ph-AFQMC gives robust
agreement with experiment superior to that of all other methods, with a
mean absolute error (MAE) of 1.4(4) kcal/mol and maximum error of
3(3) kcal/mol (parentheses account for reported experimental uncertainties and the statistical errors of our ph-AFQMC
calculations). In comparison, CCSD(T) and B97, the best performing DFT functional considered here, have MAEs of 2.8 and
3.7 kcal/mol, respectively, and maximum errors in excess of 17 kcal/mol (for the CoS diatomic). While a larger and more
diverse data set would be required to demonstrate that ph-AFQMC is truly a benchmark method for transition metal systems,
our results indicate that the method has tremendous potential, exhibiting unprecedented consistency and accuracy compared to
other approximate quantum chemical approaches.

■ INTRODUCTION
Transition metals play a vital role in a wide range of important
processes in biology1 and materials science.2 Many redox and
catalytic reactions, such as the water splitting reaction in
Photosystem II,3 are dependent upon the electronic structure
of specific transition metal-containing clusters. A precise
understanding of the chemistry and physics of these processes
at an atomic level of detail can only be elucidated by accurate
quantum chemical calculations in conjunction with extensive
experimental data. However, quantum chemical methods have
had great difficulty in the treatment of transition metal-
containing systems.4,5 Even for small molecules, the accuracy
of high level ab initio approaches for these systems has been far
from clear. For larger systems, density functional theory
(DFT) has been the only viable alternative. Much has been
learned from applying DFT to complex systems,6 but while in
many cases surprisingly good quantitative results have been

obtained, there are also cases where errors as large as 40 kcal/
mol can be observed.7 A benchmark quality quantum chemical
methodology which can be scaled up efficiently to treat
systems 30−100 atoms in size would be a transformative
advance.
Validation of benchmark accuracy must start with molecules

containing only a few atoms, as was the case for organic
systems, where coupled cluster (CC) based approaches,
predominantly CCSD(T), have been able to demonstrate
accuracy to better than 1 kcal/mol, with steady, systematic
improvement over the past 20 years.8 For transition metals, the
challenge is compounded by uncertainties in many of the
experimental measurements used as relevant test cases, as is
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<latexit sha1_base64="CaoewDnCcmoXbOydDp1lALdc2Ow=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqS5tb0YvHCvYD2lA22027dLMJuxuxhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tHpWKRuNWzmHohHgsWMIK1kbrpwA/Q/XxYLNllt1GrXTSQXbZtt+LWDXFd16k7yDFKhhKs0BoW3wejiCQhFZpwrFTfsWPtpVhqRjidFwaJojEmUzymfUMFDqny0sW5c3RmlBEKImlKaLRQv0+kOFRqFvqmM8R6on57mfiX10900PBSJuJEU0GWi4KEIx2h7Hc0YpISzWeGYCKZuRWRCZaYaJNQwYTw9Sn6n3QqZcfwm2qpebmKIw8ncArn4EAdmnANLWgDgSk8wBM8W7H1aL1Yr8vWnLWaOYYfsN4+AcFUj9k=</latexit><latexit sha1_base64="CaoewDnCcmoXbOydDp1lALdc2Ow=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqS5tb0YvHCvYD2lA22027dLMJuxuxhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tHpWKRuNWzmHohHgsWMIK1kbrpwA/Q/XxYLNllt1GrXTSQXbZtt+LWDXFd16k7yDFKhhKs0BoW3wejiCQhFZpwrFTfsWPtpVhqRjidFwaJojEmUzymfUMFDqny0sW5c3RmlBEKImlKaLRQv0+kOFRqFvqmM8R6on57mfiX10900PBSJuJEU0GWi4KEIx2h7Hc0YpISzWeGYCKZuRWRCZaYaJNQwYTw9Sn6n3QqZcfwm2qpebmKIw8ncArn4EAdmnANLWgDgSk8wBM8W7H1aL1Yr8vWnLWaOYYfsN4+AcFUj9k=</latexit><latexit sha1_base64="CaoewDnCcmoXbOydDp1lALdc2Ow=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqS5tb0YvHCvYD2lA22027dLMJuxuxhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tHpWKRuNWzmHohHgsWMIK1kbrpwA/Q/XxYLNllt1GrXTSQXbZtt+LWDXFd16k7yDFKhhKs0BoW3wejiCQhFZpwrFTfsWPtpVhqRjidFwaJojEmUzymfUMFDqny0sW5c3RmlBEKImlKaLRQv0+kOFRqFvqmM8R6on57mfiX10900PBSJuJEU0GWi4KEIx2h7Hc0YpISzWeGYCKZuRWRCZaYaJNQwYTw9Sn6n3QqZcfwm2qpebmKIw8ncArn4EAdmnANLWgDgSk8wBM8W7H1aL1Yr8vWnLWaOYYfsN4+AcFUj9k=</latexit><latexit sha1_base64="CaoewDnCcmoXbOydDp1lALdc2Ow=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqS5tb0YvHCvYD2lA22027dLMJuxuxhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tHpWKRuNWzmHohHgsWMIK1kbrpwA/Q/XxYLNllt1GrXTSQXbZtt+LWDXFd16k7yDFKhhKs0BoW3wejiCQhFZpwrFTfsWPtpVhqRjidFwaJojEmUzymfUMFDqny0sW5c3RmlBEKImlKaLRQv0+kOFRqFvqmM8R6on57mfiX10900PBSJuJEU0GWi4KEIx2h7Hc0YpISzWeGYCKZuRWRCZaYaJNQwYTw9Sn6n3QqZcfwm2qpebmKIw8ncArn4EAdmnANLWgDgSk8wBM8W7H1aL1Yr8vWnLWaOYYfsN4+AcFUj9k=</latexit>

…. ….I  +det[  ]

x
<latexit sha1_base64="CaoewDnCcmoXbOydDp1lALdc2Ow=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqS5tb0YvHCvYD2lA22027dLMJuxuxhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tHpWKRuNWzmHohHgsWMIK1kbrpwA/Q/XxYLNllt1GrXTSQXbZtt+LWDXFd16k7yDFKhhKs0BoW3wejiCQhFZpwrFTfsWPtpVhqRjidFwaJojEmUzymfUMFDqny0sW5c3RmlBEKImlKaLRQv0+kOFRqFvqmM8R6on57mfiX10900PBSJuJEU0GWi4KEIx2h7Hc0YpISzWeGYCKZuRWRCZaYaJNQwYTw9Sn6n3QqZcfwm2qpebmKIw8ncArn4EAdmnANLWgDgSk8wBM8W7H1aL1Yr8vWnLWaOYYfsN4+AcFUj9k=</latexit><latexit sha1_base64="CaoewDnCcmoXbOydDp1lALdc2Ow=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqS5tb0YvHCvYD2lA22027dLMJuxuxhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tHpWKRuNWzmHohHgsWMIK1kbrpwA/Q/XxYLNllt1GrXTSQXbZtt+LWDXFd16k7yDFKhhKs0BoW3wejiCQhFZpwrFTfsWPtpVhqRjidFwaJojEmUzymfUMFDqny0sW5c3RmlBEKImlKaLRQv0+kOFRqFvqmM8R6on57mfiX10900PBSJuJEU0GWi4KEIx2h7Hc0YpISzWeGYCKZuRWRCZaYaJNQwYTw9Sn6n3QqZcfwm2qpebmKIw8ncArn4EAdmnANLWgDgSk8wBM8W7H1aL1Yr8vWnLWaOYYfsN4+AcFUj9k=</latexit><latexit sha1_base64="CaoewDnCcmoXbOydDp1lALdc2Ow=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqS5tb0YvHCvYD2lA22027dLMJuxuxhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tHpWKRuNWzmHohHgsWMIK1kbrpwA/Q/XxYLNllt1GrXTSQXbZtt+LWDXFd16k7yDFKhhKs0BoW3wejiCQhFZpwrFTfsWPtpVhqRjidFwaJojEmUzymfUMFDqny0sW5c3RmlBEKImlKaLRQv0+kOFRqFvqmM8R6on57mfiX10900PBSJuJEU0GWi4KEIx2h7Hc0YpISzWeGYCKZuRWRCZaYaJNQwYTw9Sn6n3QqZcfwm2qpebmKIw8ncArn4EAdmnANLWgDgSk8wBM8W7H1aL1Yr8vWnLWaOYYfsN4+AcFUj9k=</latexit><latexit sha1_base64="CaoewDnCcmoXbOydDp1lALdc2Ow=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqS5tb0YvHCvYD2lA22027dLMJuxuxhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tHpWKRuNWzmHohHgsWMIK1kbrpwA/Q/XxYLNllt1GrXTSQXbZtt+LWDXFd16k7yDFKhhKs0BoW3wejiCQhFZpwrFTfsWPtpVhqRjidFwaJojEmUzymfUMFDqny0sW5c3RmlBEKImlKaLRQv0+kOFRqFvqmM8R6on57mfiX10900PBSJuJEU0GWi4KEIx2h7Hc0YpISzWeGYCKZuRWRCZaYaJNQwYTw9Sn6n3QqZcfwm2qpebmKIw8ncArn4EAdmnANLWgDgSk8wBM8W7H1aL1Yr8vWnLWaOYYfsN4+AcFUj9k=</latexit>

x
<latexit sha1_base64="CaoewDnCcmoXbOydDp1lALdc2Ow=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqS5tb0YvHCvYD2lA22027dLMJuxuxhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tHpWKRuNWzmHohHgsWMIK1kbrpwA/Q/XxYLNllt1GrXTSQXbZtt+LWDXFd16k7yDFKhhKs0BoW3wejiCQhFZpwrFTfsWPtpVhqRjidFwaJojEmUzymfUMFDqny0sW5c3RmlBEKImlKaLRQv0+kOFRqFvqmM8R6on57mfiX10900PBSJuJEU0GWi4KEIx2h7Hc0YpISzWeGYCKZuRWRCZaYaJNQwYTw9Sn6n3QqZcfwm2qpebmKIw8ncArn4EAdmnANLWgDgSk8wBM8W7H1aL1Yr8vWnLWaOYYfsN4+AcFUj9k=</latexit><latexit sha1_base64="CaoewDnCcmoXbOydDp1lALdc2Ow=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqS5tb0YvHCvYD2lA22027dLMJuxuxhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tHpWKRuNWzmHohHgsWMIK1kbrpwA/Q/XxYLNllt1GrXTSQXbZtt+LWDXFd16k7yDFKhhKs0BoW3wejiCQhFZpwrFTfsWPtpVhqRjidFwaJojEmUzymfUMFDqny0sW5c3RmlBEKImlKaLRQv0+kOFRqFvqmM8R6on57mfiX10900PBSJuJEU0GWi4KEIx2h7Hc0YpISzWeGYCKZuRWRCZaYaJNQwYTw9Sn6n3QqZcfwm2qpebmKIw8ncArn4EAdmnANLWgDgSk8wBM8W7H1aL1Yr8vWnLWaOYYfsN4+AcFUj9k=</latexit><latexit sha1_base64="CaoewDnCcmoXbOydDp1lALdc2Ow=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqS5tb0YvHCvYD2lA22027dLMJuxuxhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tHpWKRuNWzmHohHgsWMIK1kbrpwA/Q/XxYLNllt1GrXTSQXbZtt+LWDXFd16k7yDFKhhKs0BoW3wejiCQhFZpwrFTfsWPtpVhqRjidFwaJojEmUzymfUMFDqny0sW5c3RmlBEKImlKaLRQv0+kOFRqFvqmM8R6on57mfiX10900PBSJuJEU0GWi4KEIx2h7Hc0YpISzWeGYCKZuRWRCZaYaJNQwYTw9Sn6n3QqZcfwm2qpebmKIw8ncArn4EAdmnANLWgDgSk8wBM8W7H1aL1Yr8vWnLWaOYYfsN4+AcFUj9k=</latexit><latexit sha1_base64="CaoewDnCcmoXbOydDp1lALdc2Ow=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqS5tb0YvHCvYD2lA22027dLMJuxuxhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tHpWKRuNWzmHohHgsWMIK1kbrpwA/Q/XxYLNllt1GrXTSQXbZtt+LWDXFd16k7yDFKhhKs0BoW3wejiCQhFZpwrFTfsWPtpVhqRjidFwaJojEmUzymfUMFDqny0sW5c3RmlBEKImlKaLRQv0+kOFRqFvqmM8R6on57mfiX10900PBSJuJEU0GWi4KEIx2h7Hc0YpISzWeGYCKZuRWRCZaYaJNQwYTw9Sn6n3QqZcfwm2qpebmKIw8ncArn4EAdmnANLWgDgSk8wBM8W7H1aL1Yr8vWnLWaOYYfsN4+AcFUj9k=</latexit>

x
<latexit sha1_base64="CaoewDnCcmoXbOydDp1lALdc2Ow=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqS5tb0YvHCvYD2lA22027dLMJuxuxhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tHpWKRuNWzmHohHgsWMIK1kbrpwA/Q/XxYLNllt1GrXTSQXbZtt+LWDXFd16k7yDFKhhKs0BoW3wejiCQhFZpwrFTfsWPtpVhqRjidFwaJojEmUzymfUMFDqny0sW5c3RmlBEKImlKaLRQv0+kOFRqFvqmM8R6on57mfiX10900PBSJuJEU0GWi4KEIx2h7Hc0YpISzWeGYCKZuRWRCZaYaJNQwYTw9Sn6n3QqZcfwm2qpebmKIw8ncArn4EAdmnANLWgDgSk8wBM8W7H1aL1Yr8vWnLWaOYYfsN4+AcFUj9k=</latexit><latexit sha1_base64="CaoewDnCcmoXbOydDp1lALdc2Ow=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqS5tb0YvHCvYD2lA22027dLMJuxuxhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tHpWKRuNWzmHohHgsWMIK1kbrpwA/Q/XxYLNllt1GrXTSQXbZtt+LWDXFd16k7yDFKhhKs0BoW3wejiCQhFZpwrFTfsWPtpVhqRjidFwaJojEmUzymfUMFDqny0sW5c3RmlBEKImlKaLRQv0+kOFRqFvqmM8R6on57mfiX10900PBSJuJEU0GWi4KEIx2h7Hc0YpISzWeGYCKZuRWRCZaYaJNQwYTw9Sn6n3QqZcfwm2qpebmKIw8ncArn4EAdmnANLWgDgSk8wBM8W7H1aL1Yr8vWnLWaOYYfsN4+AcFUj9k=</latexit><latexit sha1_base64="CaoewDnCcmoXbOydDp1lALdc2Ow=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqS5tb0YvHCvYD2lA22027dLMJuxuxhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tHpWKRuNWzmHohHgsWMIK1kbrpwA/Q/XxYLNllt1GrXTSQXbZtt+LWDXFd16k7yDFKhhKs0BoW3wejiCQhFZpwrFTfsWPtpVhqRjidFwaJojEmUzymfUMFDqny0sW5c3RmlBEKImlKaLRQv0+kOFRqFvqmM8R6on57mfiX10900PBSJuJEU0GWi4KEIx2h7Hc0YpISzWeGYCKZuRWRCZaYaJNQwYTw9Sn6n3QqZcfwm2qpebmKIw8ncArn4EAdmnANLWgDgSk8wBM8W7H1aL1Yr8vWnLWaOYYfsN4+AcFUj9k=</latexit><latexit sha1_base64="CaoewDnCcmoXbOydDp1lALdc2Ow=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqS5tb0YvHCvYD2lA22027dLMJuxuxhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tHpWKRuNWzmHohHgsWMIK1kbrpwA/Q/XxYLNllt1GrXTSQXbZtt+LWDXFd16k7yDFKhhKs0BoW3wejiCQhFZpwrFTfsWPtpVhqRjidFwaJojEmUzymfUMFDqny0sW5c3RmlBEKImlKaLRQv0+kOFRqFvqmM8R6on57mfiX10900PBSJuJEU0GWi4KEIx2h7Hc0YpISzWeGYCKZuRWRCZaYaJNQwYTw9Sn6n3QqZcfwm2qpebmKIw8ncArn4EAdmnANLWgDgSk8wBM8W7H1aL1Yr8vWnLWaOYYfsN4+AcFUj9k=</latexit>

…. ….det[  ]
T=0K:

finite-T:
O(NsN

2
e )

<latexit sha1_base64="Iisp8xHrDfw19VaErZ9J1OL6qfA=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1iEuilJEXRZdOOqVrAPaGOYTCft0MmDmYlQYhf+ihsXirj1N9z5N07aLLT1wMDhnHu5Z44XcyaVZX0bS8srq2vrhY3i5tb2zq65t9+SUSIIbZKIR6LjYUk5C2lTMcVpJxYUBx6nbW90lfntByoki8I7NY6pE+BByHxGsNKSax72AqyGBPP0ZlKuuxLVXXpfPXXNklWxpkCLxM5JCXI0XPOr149IEtBQEY6l7NpWrJwUC8UIp5NiL5E0xmSEB7SraYgDKp10mn+CTrTSR34k9AsVmqq/N1IcSDkOPD2ZpZXzXib+53UT5V84KQvjRNGQzA75CUcqQlkZqM8EJYqPNcFEMJ0VkSEWmChdWVGXYM9/eZG0qhVb89uzUu0yr6MAR3AMZbDhHGpwDQ1oAoFHeIZXeDOejBfj3fiYjS4Z+c4B/IHx+QOwmJU3</latexit><latexit sha1_base64="Iisp8xHrDfw19VaErZ9J1OL6qfA=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1iEuilJEXRZdOOqVrAPaGOYTCft0MmDmYlQYhf+ihsXirj1N9z5N07aLLT1wMDhnHu5Z44XcyaVZX0bS8srq2vrhY3i5tb2zq65t9+SUSIIbZKIR6LjYUk5C2lTMcVpJxYUBx6nbW90lfntByoki8I7NY6pE+BByHxGsNKSax72AqyGBPP0ZlKuuxLVXXpfPXXNklWxpkCLxM5JCXI0XPOr149IEtBQEY6l7NpWrJwUC8UIp5NiL5E0xmSEB7SraYgDKp10mn+CTrTSR34k9AsVmqq/N1IcSDkOPD2ZpZXzXib+53UT5V84KQvjRNGQzA75CUcqQlkZqM8EJYqPNcFEMJ0VkSEWmChdWVGXYM9/eZG0qhVb89uzUu0yr6MAR3AMZbDhHGpwDQ1oAoFHeIZXeDOejBfj3fiYjS4Z+c4B/IHx+QOwmJU3</latexit><latexit sha1_base64="Iisp8xHrDfw19VaErZ9J1OL6qfA=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1iEuilJEXRZdOOqVrAPaGOYTCft0MmDmYlQYhf+ihsXirj1N9z5N07aLLT1wMDhnHu5Z44XcyaVZX0bS8srq2vrhY3i5tb2zq65t9+SUSIIbZKIR6LjYUk5C2lTMcVpJxYUBx6nbW90lfntByoki8I7NY6pE+BByHxGsNKSax72AqyGBPP0ZlKuuxLVXXpfPXXNklWxpkCLxM5JCXI0XPOr149IEtBQEY6l7NpWrJwUC8UIp5NiL5E0xmSEB7SraYgDKp10mn+CTrTSR34k9AsVmqq/N1IcSDkOPD2ZpZXzXib+53UT5V84KQvjRNGQzA75CUcqQlkZqM8EJYqPNcFEMJ0VkSEWmChdWVGXYM9/eZG0qhVb89uzUu0yr6MAR3AMZbDhHGpwDQ1oAoFHeIZXeDOejBfj3fiYjS4Z+c4B/IHx+QOwmJU3</latexit><latexit sha1_base64="Iisp8xHrDfw19VaErZ9J1OL6qfA=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1iEuilJEXRZdOOqVrAPaGOYTCft0MmDmYlQYhf+ihsXirj1N9z5N07aLLT1wMDhnHu5Z44XcyaVZX0bS8srq2vrhY3i5tb2zq65t9+SUSIIbZKIR6LjYUk5C2lTMcVpJxYUBx6nbW90lfntByoki8I7NY6pE+BByHxGsNKSax72AqyGBPP0ZlKuuxLVXXpfPXXNklWxpkCLxM5JCXI0XPOr149IEtBQEY6l7NpWrJwUC8UIp5NiL5E0xmSEB7SraYgDKp10mn+CTrTSR34k9AsVmqq/N1IcSDkOPD2ZpZXzXib+53UT5V84KQvjRNGQzA75CUcqQlkZqM8EJYqPNcFEMJ0VkSEWmChdWVGXYM9/eZG0qhVb89uzUu0yr6MAR3AMZbDhHGpwDQ1oAoFHeIZXeDOejBfj3fiYjS4Z+c4B/IHx+QOwmJU3</latexit>

O(N3
s )

<latexit sha1_base64="5fJGnA4NIlI/VA000PnHExGz204=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSLUTUlU0GXRjSutYB/QxjCZTtqhkwczE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G0vLK6tr66WN8ubW9s6uuVdpyygRhLZIxCPR9bCknIW0pZjitBsLigOP0443vsr9ziMVkkXhvZrE1AnwMGQ+I1hpyTUr/QCrEcE8vc1qN658OD12zapVt6ZAi8QuSBUKNF3zqz+ISBLQUBGOpezZVqycFAvFCKdZuZ9IGmMyxkPa0zTEAZVOOs2eoSOtDJAfCf1Chabq740UB1JOAk9P5knlvJeL/3m9RPkXTsrCOFE0JLNDfsKRilBeBBowQYniE00wEUxnRWSEBSZK11XWJdjzX14k7ZO6rfndWbVxWdRRggM4hBrYcA4NuIYmtIDAEzzDK7wZmfFivBsfs9Elo9jZhz8wPn8AMZKT3g==</latexit><latexit sha1_base64="5fJGnA4NIlI/VA000PnHExGz204=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSLUTUlU0GXRjSutYB/QxjCZTtqhkwczE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G0vLK6tr66WN8ubW9s6uuVdpyygRhLZIxCPR9bCknIW0pZjitBsLigOP0443vsr9ziMVkkXhvZrE1AnwMGQ+I1hpyTUr/QCrEcE8vc1qN658OD12zapVt6ZAi8QuSBUKNF3zqz+ISBLQUBGOpezZVqycFAvFCKdZuZ9IGmMyxkPa0zTEAZVOOs2eoSOtDJAfCf1Chabq740UB1JOAk9P5knlvJeL/3m9RPkXTsrCOFE0JLNDfsKRilBeBBowQYniE00wEUxnRWSEBSZK11XWJdjzX14k7ZO6rfndWbVxWdRRggM4hBrYcA4NuIYmtIDAEzzDK7wZmfFivBsfs9Elo9jZhz8wPn8AMZKT3g==</latexit><latexit sha1_base64="5fJGnA4NIlI/VA000PnHExGz204=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSLUTUlU0GXRjSutYB/QxjCZTtqhkwczE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G0vLK6tr66WN8ubW9s6uuVdpyygRhLZIxCPR9bCknIW0pZjitBsLigOP0443vsr9ziMVkkXhvZrE1AnwMGQ+I1hpyTUr/QCrEcE8vc1qN658OD12zapVt6ZAi8QuSBUKNF3zqz+ISBLQUBGOpezZVqycFAvFCKdZuZ9IGmMyxkPa0zTEAZVOOs2eoSOtDJAfCf1Chabq740UB1JOAk9P5knlvJeL/3m9RPkXTsrCOFE0JLNDfsKRilBeBBowQYniE00wEUxnRWSEBSZK11XWJdjzX14k7ZO6rfndWbVxWdRRggM4hBrYcA4NuIYmtIDAEzzDK7wZmfFivBsfs9Elo9jZhz8wPn8AMZKT3g==</latexit><latexit sha1_base64="5fJGnA4NIlI/VA000PnHExGz204=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSLUTUlU0GXRjSutYB/QxjCZTtqhkwczE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G0vLK6tr66WN8ubW9s6uuVdpyygRhLZIxCPR9bCknIW0pZjitBsLigOP0443vsr9ziMVkkXhvZrE1AnwMGQ+I1hpyTUr/QCrEcE8vc1qN658OD12zapVt6ZAi8QuSBUKNF3zqz+ISBLQUBGOpezZVqycFAvFCKdZuZ9IGmMyxkPa0zTEAZVOOs2eoSOtDJAfCf1Chabq740UB1JOAk9P5knlvJeL/3m9RPkXTsrCOFE0JLNDfsKRilBeBBowQYniE00wEUxnRWSEBSZK11XWJdjzX14k7ZO6rfndWbVxWdRRggM4hBrYcA4NuIYmtIDAEzzDK7wZmfFivBsfs9Elo9jZhz8wPn8AMZKT3g==</latexit>

Continuum limit is required in ab initio computations in molecules and 
solids (basis set, or grid/planewaves) Ns/Ne ! 1

<latexit sha1_base64="PVhIHVRntjDpskffmUPbKApAN8U=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFcFVnRNBl0Y2rUsFeoC1DJs20oZlkSM4opRTc+CpuXCji1pdw59uYtrPQ1h8CH/85h5Pzh4ngBjzv28ktLa+sruXXCxubW9s77u5e3ahUU1ajSijdDIlhgktWAw6CNRPNSBwK1ggH15N6455pw5W8g2HCOjHpSR5xSsBagXtQCcxpJWC4rXmvD0Rr9YDbXEYwDNyiV/KmwovgZ1BEmaqB+9XuKprGTAIVxJiW7yXQGRENnAo2LrRTwxJCB6THWhYliZnpjKY3jPGxdbo4Uto+CXjq/p4YkdiYYRzazphA38zXJuZ/tVYK0WVnxGWSApN0tihKBQaFJ4HgLteMghhaIFRz+1dM+0QTCja2gg3Bnz95EepnJd/y7XmxfJXFkUeH6AidIB9doDK6QVVUQxQ9omf0it6cJ+fFeXc+Zq05J5vZR3/kfP4AlJWXew==</latexit><latexit sha1_base64="PVhIHVRntjDpskffmUPbKApAN8U=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFcFVnRNBl0Y2rUsFeoC1DJs20oZlkSM4opRTc+CpuXCji1pdw59uYtrPQ1h8CH/85h5Pzh4ngBjzv28ktLa+sruXXCxubW9s77u5e3ahUU1ajSijdDIlhgktWAw6CNRPNSBwK1ggH15N6455pw5W8g2HCOjHpSR5xSsBagXtQCcxpJWC4rXmvD0Rr9YDbXEYwDNyiV/KmwovgZ1BEmaqB+9XuKprGTAIVxJiW7yXQGRENnAo2LrRTwxJCB6THWhYliZnpjKY3jPGxdbo4Uto+CXjq/p4YkdiYYRzazphA38zXJuZ/tVYK0WVnxGWSApN0tihKBQaFJ4HgLteMghhaIFRz+1dM+0QTCja2gg3Bnz95EepnJd/y7XmxfJXFkUeH6AidIB9doDK6QVVUQxQ9omf0it6cJ+fFeXc+Zq05J5vZR3/kfP4AlJWXew==</latexit><latexit sha1_base64="PVhIHVRntjDpskffmUPbKApAN8U=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFcFVnRNBl0Y2rUsFeoC1DJs20oZlkSM4opRTc+CpuXCji1pdw59uYtrPQ1h8CH/85h5Pzh4ngBjzv28ktLa+sruXXCxubW9s77u5e3ahUU1ajSijdDIlhgktWAw6CNRPNSBwK1ggH15N6455pw5W8g2HCOjHpSR5xSsBagXtQCcxpJWC4rXmvD0Rr9YDbXEYwDNyiV/KmwovgZ1BEmaqB+9XuKprGTAIVxJiW7yXQGRENnAo2LrRTwxJCB6THWhYliZnpjKY3jPGxdbo4Uto+CXjq/p4YkdiYYRzazphA38zXJuZ/tVYK0WVnxGWSApN0tihKBQaFJ4HgLteMghhaIFRz+1dM+0QTCja2gg3Bnz95EepnJd/y7XmxfJXFkUeH6AidIB9doDK6QVVUQxQ9omf0it6cJ+fFeXc+Zq05J5vZR3/kfP4AlJWXew==</latexit><latexit sha1_base64="PVhIHVRntjDpskffmUPbKApAN8U=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFcFVnRNBl0Y2rUsFeoC1DJs20oZlkSM4opRTc+CpuXCji1pdw59uYtrPQ1h8CH/85h5Pzh4ngBjzv28ktLa+sruXXCxubW9s77u5e3ahUU1ajSijdDIlhgktWAw6CNRPNSBwK1ggH15N6455pw5W8g2HCOjHpSR5xSsBagXtQCcxpJWC4rXmvD0Rr9YDbXEYwDNyiV/KmwovgZ1BEmaqB+9XuKprGTAIVxJiW7yXQGRENnAo2LrRTwxJCB6THWhYliZnpjKY3jPGxdbo4Uto+CXjq/p4YkdiYYRzazphA38zXJuZ/tVYK0WVnxGWSApN0tihKBQaFJ4HgLteMghhaIFRz+1dM+0QTCja2gg3Bnz95EepnJd/y7XmxfJXFkUeH6AidIB9doDK6QVVUQxQ9omf0it6cJ+fFeXc+Zq05J5vZR3/kfP4AlJWXew==</latexit>

Major obstacle for finite-T calculations 



A major obstacle in finite-T method 

x
<latexit sha1_base64="CaoewDnCcmoXbOydDp1lALdc2Ow=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqS5tb0YvHCvYD2lA22027dLMJuxuxhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tHpWKRuNWzmHohHgsWMIK1kbrpwA/Q/XxYLNllt1GrXTSQXbZtt+LWDXFd16k7yDFKhhKs0BoW3wejiCQhFZpwrFTfsWPtpVhqRjidFwaJojEmUzymfUMFDqny0sW5c3RmlBEKImlKaLRQv0+kOFRqFvqmM8R6on57mfiX10900PBSJuJEU0GWi4KEIx2h7Hc0YpISzWeGYCKZuRWRCZaYaJNQwYTw9Sn6n3QqZcfwm2qpebmKIw8ncArn4EAdmnANLWgDgSk8wBM8W7H1aL1Yr8vWnLWaOYYfsN4+AcFUj9k=</latexit><latexit sha1_base64="CaoewDnCcmoXbOydDp1lALdc2Ow=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqS5tb0YvHCvYD2lA22027dLMJuxuxhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tHpWKRuNWzmHohHgsWMIK1kbrpwA/Q/XxYLNllt1GrXTSQXbZtt+LWDXFd16k7yDFKhhKs0BoW3wejiCQhFZpwrFTfsWPtpVhqRjidFwaJojEmUzymfUMFDqny0sW5c3RmlBEKImlKaLRQv0+kOFRqFvqmM8R6on57mfiX10900PBSJuJEU0GWi4KEIx2h7Hc0YpISzWeGYCKZuRWRCZaYaJNQwYTw9Sn6n3QqZcfwm2qpebmKIw8ncArn4EAdmnANLWgDgSk8wBM8W7H1aL1Yr8vWnLWaOYYfsN4+AcFUj9k=</latexit><latexit sha1_base64="CaoewDnCcmoXbOydDp1lALdc2Ow=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqS5tb0YvHCvYD2lA22027dLMJuxuxhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tHpWKRuNWzmHohHgsWMIK1kbrpwA/Q/XxYLNllt1GrXTSQXbZtt+LWDXFd16k7yDFKhhKs0BoW3wejiCQhFZpwrFTfsWPtpVhqRjidFwaJojEmUzymfUMFDqny0sW5c3RmlBEKImlKaLRQv0+kOFRqFvqmM8R6on57mfiX10900PBSJuJEU0GWi4KEIx2h7Hc0YpISzWeGYCKZuRWRCZaYaJNQwYTw9Sn6n3QqZcfwm2qpebmKIw8ncArn4EAdmnANLWgDgSk8wBM8W7H1aL1Yr8vWnLWaOYYfsN4+AcFUj9k=</latexit><latexit sha1_base64="CaoewDnCcmoXbOydDp1lALdc2Ow=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqS5tb0YvHCvYD2lA22027dLMJuxuxhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tHpWKRuNWzmHohHgsWMIK1kbrpwA/Q/XxYLNllt1GrXTSQXbZtt+LWDXFd16k7yDFKhhKs0BoW3wejiCQhFZpwrFTfsWPtpVhqRjidFwaJojEmUzymfUMFDqny0sW5c3RmlBEKImlKaLRQv0+kOFRqFvqmM8R6on57mfiX10900PBSJuJEU0GWi4KEIx2h7Hc0YpISzWeGYCKZuRWRCZaYaJNQwYTw9Sn6n3QqZcfwm2qpebmKIw8ncArn4EAdmnANLWgDgSk8wBM8W7H1aL1Yr8vWnLWaOYYfsN4+AcFUj9k=</latexit>

x
<latexit sha1_base64="CaoewDnCcmoXbOydDp1lALdc2Ow=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqS5tb0YvHCvYD2lA22027dLMJuxuxhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tHpWKRuNWzmHohHgsWMIK1kbrpwA/Q/XxYLNllt1GrXTSQXbZtt+LWDXFd16k7yDFKhhKs0BoW3wejiCQhFZpwrFTfsWPtpVhqRjidFwaJojEmUzymfUMFDqny0sW5c3RmlBEKImlKaLRQv0+kOFRqFvqmM8R6on57mfiX10900PBSJuJEU0GWi4KEIx2h7Hc0YpISzWeGYCKZuRWRCZaYaJNQwYTw9Sn6n3QqZcfwm2qpebmKIw8ncArn4EAdmnANLWgDgSk8wBM8W7H1aL1Yr8vWnLWaOYYfsN4+AcFUj9k=</latexit><latexit sha1_base64="CaoewDnCcmoXbOydDp1lALdc2Ow=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqS5tb0YvHCvYD2lA22027dLMJuxuxhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tHpWKRuNWzmHohHgsWMIK1kbrpwA/Q/XxYLNllt1GrXTSQXbZtt+LWDXFd16k7yDFKhhKs0BoW3wejiCQhFZpwrFTfsWPtpVhqRjidFwaJojEmUzymfUMFDqny0sW5c3RmlBEKImlKaLRQv0+kOFRqFvqmM8R6on57mfiX10900PBSJuJEU0GWi4KEIx2h7Hc0YpISzWeGYCKZuRWRCZaYaJNQwYTw9Sn6n3QqZcfwm2qpebmKIw8ncArn4EAdmnANLWgDgSk8wBM8W7H1aL1Yr8vWnLWaOYYfsN4+AcFUj9k=</latexit><latexit sha1_base64="CaoewDnCcmoXbOydDp1lALdc2Ow=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqS5tb0YvHCvYD2lA22027dLMJuxuxhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tHpWKRuNWzmHohHgsWMIK1kbrpwA/Q/XxYLNllt1GrXTSQXbZtt+LWDXFd16k7yDFKhhKs0BoW3wejiCQhFZpwrFTfsWPtpVhqRjidFwaJojEmUzymfUMFDqny0sW5c3RmlBEKImlKaLRQv0+kOFRqFvqmM8R6on57mfiX10900PBSJuJEU0GWi4KEIx2h7Hc0YpISzWeGYCKZuRWRCZaYaJNQwYTw9Sn6n3QqZcfwm2qpebmKIw8ncArn4EAdmnANLWgDgSk8wBM8W7H1aL1Yr8vWnLWaOYYfsN4+AcFUj9k=</latexit><latexit sha1_base64="CaoewDnCcmoXbOydDp1lALdc2Ow=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqS5tb0YvHCvYD2lA22027dLMJuxuxhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tHpWKRuNWzmHohHgsWMIK1kbrpwA/Q/XxYLNllt1GrXTSQXbZtt+LWDXFd16k7yDFKhhKs0BoW3wejiCQhFZpwrFTfsWPtpVhqRjidFwaJojEmUzymfUMFDqny0sW5c3RmlBEKImlKaLRQv0+kOFRqFvqmM8R6on57mfiX10900PBSJuJEU0GWi4KEIx2h7Hc0YpISzWeGYCKZuRWRCZaYaJNQwYTw9Sn6n3QqZcfwm2qpebmKIw8ncArn4EAdmnANLWgDgSk8wBM8W7H1aL1Yr8vWnLWaOYYfsN4+AcFUj9k=</latexit>

x
<latexit sha1_base64="CaoewDnCcmoXbOydDp1lALdc2Ow=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqS5tb0YvHCvYD2lA22027dLMJuxuxhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tHpWKRuNWzmHohHgsWMIK1kbrpwA/Q/XxYLNllt1GrXTSQXbZtt+LWDXFd16k7yDFKhhKs0BoW3wejiCQhFZpwrFTfsWPtpVhqRjidFwaJojEmUzymfUMFDqny0sW5c3RmlBEKImlKaLRQv0+kOFRqFvqmM8R6on57mfiX10900PBSJuJEU0GWi4KEIx2h7Hc0YpISzWeGYCKZuRWRCZaYaJNQwYTw9Sn6n3QqZcfwm2qpebmKIw8ncArn4EAdmnANLWgDgSk8wBM8W7H1aL1Yr8vWnLWaOYYfsN4+AcFUj9k=</latexit><latexit sha1_base64="CaoewDnCcmoXbOydDp1lALdc2Ow=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqS5tb0YvHCvYD2lA22027dLMJuxuxhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tHpWKRuNWzmHohHgsWMIK1kbrpwA/Q/XxYLNllt1GrXTSQXbZtt+LWDXFd16k7yDFKhhKs0BoW3wejiCQhFZpwrFTfsWPtpVhqRjidFwaJojEmUzymfUMFDqny0sW5c3RmlBEKImlKaLRQv0+kOFRqFvqmM8R6on57mfiX10900PBSJuJEU0GWi4KEIx2h7Hc0YpISzWeGYCKZuRWRCZaYaJNQwYTw9Sn6n3QqZcfwm2qpebmKIw8ncArn4EAdmnANLWgDgSk8wBM8W7H1aL1Yr8vWnLWaOYYfsN4+AcFUj9k=</latexit><latexit sha1_base64="CaoewDnCcmoXbOydDp1lALdc2Ow=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqS5tb0YvHCvYD2lA22027dLMJuxuxhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tHpWKRuNWzmHohHgsWMIK1kbrpwA/Q/XxYLNllt1GrXTSQXbZtt+LWDXFd16k7yDFKhhKs0BoW3wejiCQhFZpwrFTfsWPtpVhqRjidFwaJojEmUzymfUMFDqny0sW5c3RmlBEKImlKaLRQv0+kOFRqFvqmM8R6on57mfiX10900PBSJuJEU0GWi4KEIx2h7Hc0YpISzWeGYCKZuRWRCZaYaJNQwYTw9Sn6n3QqZcfwm2qpebmKIw8ncArn4EAdmnANLWgDgSk8wBM8W7H1aL1Yr8vWnLWaOYYfsN4+AcFUj9k=</latexit><latexit sha1_base64="CaoewDnCcmoXbOydDp1lALdc2Ow=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqS5tb0YvHCvYD2lA22027dLMJuxuxhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tHpWKRuNWzmHohHgsWMIK1kbrpwA/Q/XxYLNllt1GrXTSQXbZtt+LWDXFd16k7yDFKhhKs0BoW3wejiCQhFZpwrFTfsWPtpVhqRjidFwaJojEmUzymfUMFDqny0sW5c3RmlBEKImlKaLRQv0+kOFRqFvqmM8R6on57mfiX10900PBSJuJEU0GWi4KEIx2h7Hc0YpISzWeGYCKZuRWRCZaYaJNQwYTw9Sn6n3QqZcfwm2qpebmKIw8ncArn4EAdmnANLWgDgSk8wBM8W7H1aL1Yr8vWnLWaOYYfsN4+AcFUj9k=</latexit>

…. ….I  +det[  ]

x
<latexit sha1_base64="CaoewDnCcmoXbOydDp1lALdc2Ow=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqS5tb0YvHCvYD2lA22027dLMJuxuxhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tHpWKRuNWzmHohHgsWMIK1kbrpwA/Q/XxYLNllt1GrXTSQXbZtt+LWDXFd16k7yDFKhhKs0BoW3wejiCQhFZpwrFTfsWPtpVhqRjidFwaJojEmUzymfUMFDqny0sW5c3RmlBEKImlKaLRQv0+kOFRqFvqmM8R6on57mfiX10900PBSJuJEU0GWi4KEIx2h7Hc0YpISzWeGYCKZuRWRCZaYaJNQwYTw9Sn6n3QqZcfwm2qpebmKIw8ncArn4EAdmnANLWgDgSk8wBM8W7H1aL1Yr8vWnLWaOYYfsN4+AcFUj9k=</latexit><latexit sha1_base64="CaoewDnCcmoXbOydDp1lALdc2Ow=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqS5tb0YvHCvYD2lA22027dLMJuxuxhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tHpWKRuNWzmHohHgsWMIK1kbrpwA/Q/XxYLNllt1GrXTSQXbZtt+LWDXFd16k7yDFKhhKs0BoW3wejiCQhFZpwrFTfsWPtpVhqRjidFwaJojEmUzymfUMFDqny0sW5c3RmlBEKImlKaLRQv0+kOFRqFvqmM8R6on57mfiX10900PBSJuJEU0GWi4KEIx2h7Hc0YpISzWeGYCKZuRWRCZaYaJNQwYTw9Sn6n3QqZcfwm2qpebmKIw8ncArn4EAdmnANLWgDgSk8wBM8W7H1aL1Yr8vWnLWaOYYfsN4+AcFUj9k=</latexit><latexit sha1_base64="CaoewDnCcmoXbOydDp1lALdc2Ow=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqS5tb0YvHCvYD2lA22027dLMJuxuxhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tHpWKRuNWzmHohHgsWMIK1kbrpwA/Q/XxYLNllt1GrXTSQXbZtt+LWDXFd16k7yDFKhhKs0BoW3wejiCQhFZpwrFTfsWPtpVhqRjidFwaJojEmUzymfUMFDqny0sW5c3RmlBEKImlKaLRQv0+kOFRqFvqmM8R6on57mfiX10900PBSJuJEU0GWi4KEIx2h7Hc0YpISzWeGYCKZuRWRCZaYaJNQwYTw9Sn6n3QqZcfwm2qpebmKIw8ncArn4EAdmnANLWgDgSk8wBM8W7H1aL1Yr8vWnLWaOYYfsN4+AcFUj9k=</latexit><latexit sha1_base64="CaoewDnCcmoXbOydDp1lALdc2Ow=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqS5tb0YvHCvYD2lA22027dLMJuxuxhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tHpWKRuNWzmHohHgsWMIK1kbrpwA/Q/XxYLNllt1GrXTSQXbZtt+LWDXFd16k7yDFKhhKs0BoW3wejiCQhFZpwrFTfsWPtpVhqRjidFwaJojEmUzymfUMFDqny0sW5c3RmlBEKImlKaLRQv0+kOFRqFvqmM8R6on57mfiX10900PBSJuJEU0GWi4KEIx2h7Hc0YpISzWeGYCKZuRWRCZaYaJNQwYTw9Sn6n3QqZcfwm2qpebmKIw8ncArn4EAdmnANLWgDgSk8wBM8W7H1aL1Yr8vWnLWaOYYfsN4+AcFUj9k=</latexit>

x
<latexit sha1_base64="CaoewDnCcmoXbOydDp1lALdc2Ow=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqS5tb0YvHCvYD2lA22027dLMJuxuxhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tHpWKRuNWzmHohHgsWMIK1kbrpwA/Q/XxYLNllt1GrXTSQXbZtt+LWDXFd16k7yDFKhhKs0BoW3wejiCQhFZpwrFTfsWPtpVhqRjidFwaJojEmUzymfUMFDqny0sW5c3RmlBEKImlKaLRQv0+kOFRqFvqmM8R6on57mfiX10900PBSJuJEU0GWi4KEIx2h7Hc0YpISzWeGYCKZuRWRCZaYaJNQwYTw9Sn6n3QqZcfwm2qpebmKIw8ncArn4EAdmnANLWgDgSk8wBM8W7H1aL1Yr8vWnLWaOYYfsN4+AcFUj9k=</latexit><latexit sha1_base64="CaoewDnCcmoXbOydDp1lALdc2Ow=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqS5tb0YvHCvYD2lA22027dLMJuxuxhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tHpWKRuNWzmHohHgsWMIK1kbrpwA/Q/XxYLNllt1GrXTSQXbZtt+LWDXFd16k7yDFKhhKs0BoW3wejiCQhFZpwrFTfsWPtpVhqRjidFwaJojEmUzymfUMFDqny0sW5c3RmlBEKImlKaLRQv0+kOFRqFvqmM8R6on57mfiX10900PBSJuJEU0GWi4KEIx2h7Hc0YpISzWeGYCKZuRWRCZaYaJNQwYTw9Sn6n3QqZcfwm2qpebmKIw8ncArn4EAdmnANLWgDgSk8wBM8W7H1aL1Yr8vWnLWaOYYfsN4+AcFUj9k=</latexit><latexit sha1_base64="CaoewDnCcmoXbOydDp1lALdc2Ow=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqS5tb0YvHCvYD2lA22027dLMJuxuxhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tHpWKRuNWzmHohHgsWMIK1kbrpwA/Q/XxYLNllt1GrXTSQXbZtt+LWDXFd16k7yDFKhhKs0BoW3wejiCQhFZpwrFTfsWPtpVhqRjidFwaJojEmUzymfUMFDqny0sW5c3RmlBEKImlKaLRQv0+kOFRqFvqmM8R6on57mfiX10900PBSJuJEU0GWi4KEIx2h7Hc0YpISzWeGYCKZuRWRCZaYaJNQwYTw9Sn6n3QqZcfwm2qpebmKIw8ncArn4EAdmnANLWgDgSk8wBM8W7H1aL1Yr8vWnLWaOYYfsN4+AcFUj9k=</latexit><latexit sha1_base64="CaoewDnCcmoXbOydDp1lALdc2Ow=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqS5tb0YvHCvYD2lA22027dLMJuxuxhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tHpWKRuNWzmHohHgsWMIK1kbrpwA/Q/XxYLNllt1GrXTSQXbZtt+LWDXFd16k7yDFKhhKs0BoW3wejiCQhFZpwrFTfsWPtpVhqRjidFwaJojEmUzymfUMFDqny0sW5c3RmlBEKImlKaLRQv0+kOFRqFvqmM8R6on57mfiX10900PBSJuJEU0GWi4KEIx2h7Hc0YpISzWeGYCKZuRWRCZaYaJNQwYTw9Sn6n3QqZcfwm2qpebmKIw8ncArn4EAdmnANLWgDgSk8wBM8W7H1aL1Yr8vWnLWaOYYfsN4+AcFUj9k=</latexit>

x
<latexit sha1_base64="CaoewDnCcmoXbOydDp1lALdc2Ow=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqS5tb0YvHCvYD2lA22027dLMJuxuxhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tHpWKRuNWzmHohHgsWMIK1kbrpwA/Q/XxYLNllt1GrXTSQXbZtt+LWDXFd16k7yDFKhhKs0BoW3wejiCQhFZpwrFTfsWPtpVhqRjidFwaJojEmUzymfUMFDqny0sW5c3RmlBEKImlKaLRQv0+kOFRqFvqmM8R6on57mfiX10900PBSJuJEU0GWi4KEIx2h7Hc0YpISzWeGYCKZuRWRCZaYaJNQwYTw9Sn6n3QqZcfwm2qpebmKIw8ncArn4EAdmnANLWgDgSk8wBM8W7H1aL1Yr8vWnLWaOYYfsN4+AcFUj9k=</latexit><latexit sha1_base64="CaoewDnCcmoXbOydDp1lALdc2Ow=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqS5tb0YvHCvYD2lA22027dLMJuxuxhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tHpWKRuNWzmHohHgsWMIK1kbrpwA/Q/XxYLNllt1GrXTSQXbZtt+LWDXFd16k7yDFKhhKs0BoW3wejiCQhFZpwrFTfsWPtpVhqRjidFwaJojEmUzymfUMFDqny0sW5c3RmlBEKImlKaLRQv0+kOFRqFvqmM8R6on57mfiX10900PBSJuJEU0GWi4KEIx2h7Hc0YpISzWeGYCKZuRWRCZaYaJNQwYTw9Sn6n3QqZcfwm2qpebmKIw8ncArn4EAdmnANLWgDgSk8wBM8W7H1aL1Yr8vWnLWaOYYfsN4+AcFUj9k=</latexit><latexit sha1_base64="CaoewDnCcmoXbOydDp1lALdc2Ow=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqS5tb0YvHCvYD2lA22027dLMJuxuxhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tHpWKRuNWzmHohHgsWMIK1kbrpwA/Q/XxYLNllt1GrXTSQXbZtt+LWDXFd16k7yDFKhhKs0BoW3wejiCQhFZpwrFTfsWPtpVhqRjidFwaJojEmUzymfUMFDqny0sW5c3RmlBEKImlKaLRQv0+kOFRqFvqmM8R6on57mfiX10900PBSJuJEU0GWi4KEIx2h7Hc0YpISzWeGYCKZuRWRCZaYaJNQwYTw9Sn6n3QqZcfwm2qpebmKIw8ncArn4EAdmnANLWgDgSk8wBM8W7H1aL1Yr8vWnLWaOYYfsN4+AcFUj9k=</latexit><latexit sha1_base64="CaoewDnCcmoXbOydDp1lALdc2Ow=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqS5tb0YvHCvYD2lA22027dLMJuxuxhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tHpWKRuNWzmHohHgsWMIK1kbrpwA/Q/XxYLNllt1GrXTSQXbZtt+LWDXFd16k7yDFKhhKs0BoW3wejiCQhFZpwrFTfsWPtpVhqRjidFwaJojEmUzymfUMFDqny0sW5c3RmlBEKImlKaLRQv0+kOFRqFvqmM8R6on57mfiX10900PBSJuJEU0GWi4KEIx2h7Hc0YpISzWeGYCKZuRWRCZaYaJNQwYTw9Sn6n3QqZcfwm2qpebmKIw8ncArn4EAdmnANLWgDgSk8wBM8W7H1aL1Yr8vWnLWaOYYfsN4+AcFUj9k=</latexit>

…. ….det[  ]
T=0K:

finite-T:
O(NsN

2
e )

<latexit sha1_base64="Iisp8xHrDfw19VaErZ9J1OL6qfA=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1iEuilJEXRZdOOqVrAPaGOYTCft0MmDmYlQYhf+ihsXirj1N9z5N07aLLT1wMDhnHu5Z44XcyaVZX0bS8srq2vrhY3i5tb2zq65t9+SUSIIbZKIR6LjYUk5C2lTMcVpJxYUBx6nbW90lfntByoki8I7NY6pE+BByHxGsNKSax72AqyGBPP0ZlKuuxLVXXpfPXXNklWxpkCLxM5JCXI0XPOr149IEtBQEY6l7NpWrJwUC8UIp5NiL5E0xmSEB7SraYgDKp10mn+CTrTSR34k9AsVmqq/N1IcSDkOPD2ZpZXzXib+53UT5V84KQvjRNGQzA75CUcqQlkZqM8EJYqPNcFEMJ0VkSEWmChdWVGXYM9/eZG0qhVb89uzUu0yr6MAR3AMZbDhHGpwDQ1oAoFHeIZXeDOejBfj3fiYjS4Z+c4B/IHx+QOwmJU3</latexit><latexit sha1_base64="Iisp8xHrDfw19VaErZ9J1OL6qfA=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1iEuilJEXRZdOOqVrAPaGOYTCft0MmDmYlQYhf+ihsXirj1N9z5N07aLLT1wMDhnHu5Z44XcyaVZX0bS8srq2vrhY3i5tb2zq65t9+SUSIIbZKIR6LjYUk5C2lTMcVpJxYUBx6nbW90lfntByoki8I7NY6pE+BByHxGsNKSax72AqyGBPP0ZlKuuxLVXXpfPXXNklWxpkCLxM5JCXI0XPOr149IEtBQEY6l7NpWrJwUC8UIp5NiL5E0xmSEB7SraYgDKp10mn+CTrTSR34k9AsVmqq/N1IcSDkOPD2ZpZXzXib+53UT5V84KQvjRNGQzA75CUcqQlkZqM8EJYqPNcFEMJ0VkSEWmChdWVGXYM9/eZG0qhVb89uzUu0yr6MAR3AMZbDhHGpwDQ1oAoFHeIZXeDOejBfj3fiYjS4Z+c4B/IHx+QOwmJU3</latexit><latexit sha1_base64="Iisp8xHrDfw19VaErZ9J1OL6qfA=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1iEuilJEXRZdOOqVrAPaGOYTCft0MmDmYlQYhf+ihsXirj1N9z5N07aLLT1wMDhnHu5Z44XcyaVZX0bS8srq2vrhY3i5tb2zq65t9+SUSIIbZKIR6LjYUk5C2lTMcVpJxYUBx6nbW90lfntByoki8I7NY6pE+BByHxGsNKSax72AqyGBPP0ZlKuuxLVXXpfPXXNklWxpkCLxM5JCXI0XPOr149IEtBQEY6l7NpWrJwUC8UIp5NiL5E0xmSEB7SraYgDKp10mn+CTrTSR34k9AsVmqq/N1IcSDkOPD2ZpZXzXib+53UT5V84KQvjRNGQzA75CUcqQlkZqM8EJYqPNcFEMJ0VkSEWmChdWVGXYM9/eZG0qhVb89uzUu0yr6MAR3AMZbDhHGpwDQ1oAoFHeIZXeDOejBfj3fiYjS4Z+c4B/IHx+QOwmJU3</latexit><latexit sha1_base64="Iisp8xHrDfw19VaErZ9J1OL6qfA=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1iEuilJEXRZdOOqVrAPaGOYTCft0MmDmYlQYhf+ihsXirj1N9z5N07aLLT1wMDhnHu5Z44XcyaVZX0bS8srq2vrhY3i5tb2zq65t9+SUSIIbZKIR6LjYUk5C2lTMcVpJxYUBx6nbW90lfntByoki8I7NY6pE+BByHxGsNKSax72AqyGBPP0ZlKuuxLVXXpfPXXNklWxpkCLxM5JCXI0XPOr149IEtBQEY6l7NpWrJwUC8UIp5NiL5E0xmSEB7SraYgDKp10mn+CTrTSR34k9AsVmqq/N1IcSDkOPD2ZpZXzXib+53UT5V84KQvjRNGQzA75CUcqQlkZqM8EJYqPNcFEMJ0VkSEWmChdWVGXYM9/eZG0qhVb89uzUu0yr6MAR3AMZbDhHGpwDQ1oAoFHeIZXeDOejBfj3fiYjS4Z+c4B/IHx+QOwmJU3</latexit>

O(N3
s )

<latexit sha1_base64="5fJGnA4NIlI/VA000PnHExGz204=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSLUTUlU0GXRjSutYB/QxjCZTtqhkwczE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G0vLK6tr66WN8ubW9s6uuVdpyygRhLZIxCPR9bCknIW0pZjitBsLigOP0443vsr9ziMVkkXhvZrE1AnwMGQ+I1hpyTUr/QCrEcE8vc1qN658OD12zapVt6ZAi8QuSBUKNF3zqz+ISBLQUBGOpezZVqycFAvFCKdZuZ9IGmMyxkPa0zTEAZVOOs2eoSOtDJAfCf1Chabq740UB1JOAk9P5knlvJeL/3m9RPkXTsrCOFE0JLNDfsKRilBeBBowQYniE00wEUxnRWSEBSZK11XWJdjzX14k7ZO6rfndWbVxWdRRggM4hBrYcA4NuIYmtIDAEzzDK7wZmfFivBsfs9Elo9jZhz8wPn8AMZKT3g==</latexit><latexit sha1_base64="5fJGnA4NIlI/VA000PnHExGz204=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSLUTUlU0GXRjSutYB/QxjCZTtqhkwczE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G0vLK6tr66WN8ubW9s6uuVdpyygRhLZIxCPR9bCknIW0pZjitBsLigOP0443vsr9ziMVkkXhvZrE1AnwMGQ+I1hpyTUr/QCrEcE8vc1qN658OD12zapVt6ZAi8QuSBUKNF3zqz+ISBLQUBGOpezZVqycFAvFCKdZuZ9IGmMyxkPa0zTEAZVOOs2eoSOtDJAfCf1Chabq740UB1JOAk9P5knlvJeL/3m9RPkXTsrCOFE0JLNDfsKRilBeBBowQYniE00wEUxnRWSEBSZK11XWJdjzX14k7ZO6rfndWbVxWdRRggM4hBrYcA4NuIYmtIDAEzzDK7wZmfFivBsfs9Elo9jZhz8wPn8AMZKT3g==</latexit><latexit sha1_base64="5fJGnA4NIlI/VA000PnHExGz204=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSLUTUlU0GXRjSutYB/QxjCZTtqhkwczE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G0vLK6tr66WN8ubW9s6uuVdpyygRhLZIxCPR9bCknIW0pZjitBsLigOP0443vsr9ziMVkkXhvZrE1AnwMGQ+I1hpyTUr/QCrEcE8vc1qN658OD12zapVt6ZAi8QuSBUKNF3zqz+ISBLQUBGOpezZVqycFAvFCKdZuZ9IGmMyxkPa0zTEAZVOOs2eoSOtDJAfCf1Chabq740UB1JOAk9P5knlvJeL/3m9RPkXTsrCOFE0JLNDfsKRilBeBBowQYniE00wEUxnRWSEBSZK11XWJdjzX14k7ZO6rfndWbVxWdRRggM4hBrYcA4NuIYmtIDAEzzDK7wZmfFivBsfs9Elo9jZhz8wPn8AMZKT3g==</latexit><latexit sha1_base64="5fJGnA4NIlI/VA000PnHExGz204=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSLUTUlU0GXRjSutYB/QxjCZTtqhkwczE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G0vLK6tr66WN8ubW9s6uuVdpyygRhLZIxCPR9bCknIW0pZjitBsLigOP0443vsr9ziMVkkXhvZrE1AnwMGQ+I1hpyTUr/QCrEcE8vc1qN658OD12zapVt6ZAi8QuSBUKNF3zqz+ISBLQUBGOpezZVqycFAvFCKdZuZ9IGmMyxkPa0zTEAZVOOs2eoSOtDJAfCf1Chabq740UB1JOAk9P5knlvJeL/3m9RPkXTsrCOFE0JLNDfsKRilBeBBowQYniE00wEUxnRWSEBSZK11XWJdjzX14k7ZO6rfndWbVxWdRRggM4hBrYcA4NuIYmtIDAEzzDK7wZmfFivBsfs9Elo9jZhz8wPn8AMZKT3g==</latexit>

Continuum limit is required in ab initio computations in molecules and 
solids (basis set, or grid/planewaves) Ns/Ne ! 1

<latexit sha1_base64="PVhIHVRntjDpskffmUPbKApAN8U=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFcFVnRNBl0Y2rUsFeoC1DJs20oZlkSM4opRTc+CpuXCji1pdw59uYtrPQ1h8CH/85h5Pzh4ngBjzv28ktLa+sruXXCxubW9s77u5e3ahUU1ajSijdDIlhgktWAw6CNRPNSBwK1ggH15N6455pw5W8g2HCOjHpSR5xSsBagXtQCcxpJWC4rXmvD0Rr9YDbXEYwDNyiV/KmwovgZ1BEmaqB+9XuKprGTAIVxJiW7yXQGRENnAo2LrRTwxJCB6THWhYliZnpjKY3jPGxdbo4Uto+CXjq/p4YkdiYYRzazphA38zXJuZ/tVYK0WVnxGWSApN0tihKBQaFJ4HgLteMghhaIFRz+1dM+0QTCja2gg3Bnz95EepnJd/y7XmxfJXFkUeH6AidIB9doDK6QVVUQxQ9omf0it6cJ+fFeXc+Zq05J5vZR3/kfP4AlJWXew==</latexit><latexit sha1_base64="PVhIHVRntjDpskffmUPbKApAN8U=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFcFVnRNBl0Y2rUsFeoC1DJs20oZlkSM4opRTc+CpuXCji1pdw59uYtrPQ1h8CH/85h5Pzh4ngBjzv28ktLa+sruXXCxubW9s77u5e3ahUU1ajSijdDIlhgktWAw6CNRPNSBwK1ggH15N6455pw5W8g2HCOjHpSR5xSsBagXtQCcxpJWC4rXmvD0Rr9YDbXEYwDNyiV/KmwovgZ1BEmaqB+9XuKprGTAIVxJiW7yXQGRENnAo2LrRTwxJCB6THWhYliZnpjKY3jPGxdbo4Uto+CXjq/p4YkdiYYRzazphA38zXJuZ/tVYK0WVnxGWSApN0tihKBQaFJ4HgLteMghhaIFRz+1dM+0QTCja2gg3Bnz95EepnJd/y7XmxfJXFkUeH6AidIB9doDK6QVVUQxQ9omf0it6cJ+fFeXc+Zq05J5vZR3/kfP4AlJWXew==</latexit><latexit sha1_base64="PVhIHVRntjDpskffmUPbKApAN8U=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFcFVnRNBl0Y2rUsFeoC1DJs20oZlkSM4opRTc+CpuXCji1pdw59uYtrPQ1h8CH/85h5Pzh4ngBjzv28ktLa+sruXXCxubW9s77u5e3ahUU1ajSijdDIlhgktWAw6CNRPNSBwK1ggH15N6455pw5W8g2HCOjHpSR5xSsBagXtQCcxpJWC4rXmvD0Rr9YDbXEYwDNyiV/KmwovgZ1BEmaqB+9XuKprGTAIVxJiW7yXQGRENnAo2LrRTwxJCB6THWhYliZnpjKY3jPGxdbo4Uto+CXjq/p4YkdiYYRzazphA38zXJuZ/tVYK0WVnxGWSApN0tihKBQaFJ4HgLteMghhaIFRz+1dM+0QTCja2gg3Bnz95EepnJd/y7XmxfJXFkUeH6AidIB9doDK6QVVUQxQ9omf0it6cJ+fFeXc+Zq05J5vZR3/kfP4AlJWXew==</latexit><latexit sha1_base64="PVhIHVRntjDpskffmUPbKApAN8U=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFcFVnRNBl0Y2rUsFeoC1DJs20oZlkSM4opRTc+CpuXCji1pdw59uYtrPQ1h8CH/85h5Pzh4ngBjzv28ktLa+sruXXCxubW9s77u5e3ahUU1ajSijdDIlhgktWAw6CNRPNSBwK1ggH15N6455pw5W8g2HCOjHpSR5xSsBagXtQCcxpJWC4rXmvD0Rr9YDbXEYwDNyiV/KmwovgZ1BEmaqB+9XuKprGTAIVxJiW7yXQGRENnAo2LrRTwxJCB6THWhYliZnpjKY3jPGxdbo4Uto+CXjq/p4YkdiYYRzazphA38zXJuZ/tVYK0WVnxGWSApN0tihKBQaFJ4HgLteMghhaIFRz+1dM+0QTCja2gg3Bnz95EepnJd/y7XmxfJXFkUeH6AidIB9doDK6QVVUQxQ9omf0it6cJ+fFeXc+Zq05J5vZR3/kfP4AlJWXew==</latexit>

Major obstacle for finite-T calculations 

We have solved this problem with 
factorization & decomposition


– PRL (in press)  arXiv:1906.02247 



Approaching the continuum limit 
Solution — low-rank decomposition: 

1 2 1 R R R-= =R B B B B U D V! ! " 1 1M M L L L- += =L B B B V D U!"

Note that in T=0:              ! m = Ne
<latexit sha1_base64="IMqgKGPN/pEsRIKsG9fSd6nsdw8=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14kgrGFtpQNttJu3SzCbsboYT+Bi8eFPHqD/Lmv3Hb5qCtLyw8vDPDzrxhKrg2rvvtlFZW19Y3ypuVre2d3b3q/sGjTjLF0GeJSFQ7pBoFl+gbbgS2U4U0DgW2wtHNtN56QqV5Ih/MOMUgpgPJI86osZYfX931sFetuXV3JrIMXgE1KNTsVb+6/YRlMUrDBNW647mpCXKqDGcCJ5VupjGlbEQH2LEoaYw6yGfLTsiJdfokSpR90pCZ+3sip7HW4zi0nTE1Q71Ym5r/1TqZiS6DnMs0MyjZ/KMoE8QkZHo56XOFzIixBcoUt7sSNqSKMmPzqdgQvMWTl+HxrO5Zvj+vNa6LOMpwBMdwCh5cQANuoQk+MODwDK/w5kjnxXl3PuatJaeYOYQ/cj5/AGh6jmg=</latexit><latexit sha1_base64="IMqgKGPN/pEsRIKsG9fSd6nsdw8=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14kgrGFtpQNttJu3SzCbsboYT+Bi8eFPHqD/Lmv3Hb5qCtLyw8vDPDzrxhKrg2rvvtlFZW19Y3ypuVre2d3b3q/sGjTjLF0GeJSFQ7pBoFl+gbbgS2U4U0DgW2wtHNtN56QqV5Ih/MOMUgpgPJI86osZYfX931sFetuXV3JrIMXgE1KNTsVb+6/YRlMUrDBNW647mpCXKqDGcCJ5VupjGlbEQH2LEoaYw6yGfLTsiJdfokSpR90pCZ+3sip7HW4zi0nTE1Q71Ym5r/1TqZiS6DnMs0MyjZ/KMoE8QkZHo56XOFzIixBcoUt7sSNqSKMmPzqdgQvMWTl+HxrO5Zvj+vNa6LOMpwBMdwCh5cQANuoQk+MODwDK/w5kjnxXl3PuatJaeYOYQ/cj5/AGh6jmg=</latexit><latexit sha1_base64="IMqgKGPN/pEsRIKsG9fSd6nsdw8=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14kgrGFtpQNttJu3SzCbsboYT+Bi8eFPHqD/Lmv3Hb5qCtLyw8vDPDzrxhKrg2rvvtlFZW19Y3ypuVre2d3b3q/sGjTjLF0GeJSFQ7pBoFl+gbbgS2U4U0DgW2wtHNtN56QqV5Ih/MOMUgpgPJI86osZYfX931sFetuXV3JrIMXgE1KNTsVb+6/YRlMUrDBNW647mpCXKqDGcCJ5VupjGlbEQH2LEoaYw6yGfLTsiJdfokSpR90pCZ+3sip7HW4zi0nTE1Q71Ym5r/1TqZiS6DnMs0MyjZ/KMoE8QkZHo56XOFzIixBcoUt7sSNqSKMmPzqdgQvMWTl+HxrO5Zvj+vNa6LOMpwBMdwCh5cQANuoQk+MODwDK/w5kjnxXl3PuatJaeYOYQ/cj5/AGh6jmg=</latexit><latexit sha1_base64="IMqgKGPN/pEsRIKsG9fSd6nsdw8=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14kgrGFtpQNttJu3SzCbsboYT+Bi8eFPHqD/Lmv3Hb5qCtLyw8vDPDzrxhKrg2rvvtlFZW19Y3ypuVre2d3b3q/sGjTjLF0GeJSFQ7pBoFl+gbbgS2U4U0DgW2wtHNtN56QqV5Ih/MOMUgpgPJI86osZYfX931sFetuXV3JrIMXgE1KNTsVb+6/YRlMUrDBNW647mpCXKqDGcCJ5VupjGlbEQH2LEoaYw6yGfLTsiJdfokSpR90pCZ+3sip7HW4zi0nTE1Q71Ym5r/1TqZiS6DnMs0MyjZ/KMoE8QkZHo56XOFzIixBcoUt7sSNqSKMmPzqdgQvMWTl+HxrO5Zvj+vNa6LOMpwBMdwCh5cQANuoQk+MODwDK/w5kjnxXl3PuatJaeYOYQ/cj5/AGh6jmg=</latexit>

He et al, PRL (in press) 



Approaching the continuum limit 
Can tune truncation threshold: (negligible error w/ 0.001t (aggressive) ) 

He et al, PRL (in press) 



Approaching the continuum limit 
Dynamic truncation along the path; large speedups

He et al, PRL (in press) 



Approaching the continuum limit 
Dynamic truncation along the path; large speedups

He et al, PRL (in press) 



Application to Fermi gas - on-going 
Allows access to very low T, large systems sizes

 - computing exact properties in both normal and superfluid states

 - examine BKT transition in 2D Fermi gas


He et al, PRL (in press) 

Pairing wf

Condensate frac 



Summary
• Advances in computation —> new opportunities for synergy 

– progress in auxiliary-field QMC 

– sign problem      

•  Ab initio calculations in quantum many-body systems: 

– Reformulate field theory for post-DFT calculation which utilizes much 
of the DFT machinery  

– Many-body wave function or density matrix expressed as a linear 
combination of DFT solutions in stochastic auxiliary fields 

– Controls sign/phase problem with gauge condition  
• Many opportunities for further algorithmic and coding development
• Exceptional potential for parallelism -- petascale computing makes a 

wide range of problems accessible with this framework        

�= can’t do very accurate computation


