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homework

Given:
atoms of nuclear charges Zq at positions R..
Solve
N Ne N, N N;
1 «— N 4 - 1 ~ ZJZ
H=-2Y v2— * : 25
2V L R ot A R ke
j=1 j=1 a=1 j<k a<p

The underlying laws necessary for the mathematical theory
of a large part of physics and the whole of chemistry are
thus completely known, and the difficulty is only that exact
applications of these laws lead to equations which are too
complicated to be soluble. It therefore becomes desirable that
approximate practical methods of applying quantum mechanics
should be developed, which can lead to an explanation of the
main features of complex atomic systems without too much
computation.

P.M.A. Dirac, Proceedings of the Royal Society A123, 714 (1929)

Theory of (almost) Everything



More iIs Different

... the reductionist hypothesis does not by any means imply a
“constructionist” one: The ability to reduce everything to simple
fundamental laws does not imply the ability to start from those
laws and reconstruct the universe.

Sometimes, as in the case of superconductivity, the new symmetry
— now called broken symmetry because the original symmetry is
no longer evident — may be of an entirely unexpected kind and
extremely difficult to visualize. In the case of superconductivity, 30
years elapsed between the time when physicists were in
possession of every fundamental law necessary for explaining it
and the time when it was actually done.

Thus with increasing complication at each stage, we go up the
hierarchy of the sciences. We expect to encounter fascinating and,
| believe, very fundamental questions at each stage in fitting
together less complicated pieces into the more complicated
system and understanding the the basically new types of behavior
which can result.

P.W. Anderson: More is Different, Science 177, 393 (1972)
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1 4 1
H= ——Vi—— ]+ ——
Z( 2 f/> — |7 — 7]
/ 1</
[Etot; H} — O
1 . 0 0 1
. F=r (rya—fz o 6@) \/(rx—r§)2 + (ry=r))? + (rz—r})?
— 2%//_3 (ry 2(r,—r}) (+1) = rz2(r,—r,) (+1)>
U = s (1 20 (1) = 225, 0) (1)

equations too complicated to be soluble
two-step approach:

1. (spherical) mean-field calculation
2. (degenerate) perturbation theory
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spherical mean-field approximation

Fe : [Ar] 3d° 452 4pO

-1000
—2000
-3000
-4000 [
-5000 |
—6000 |
—-7000
—-8000

Sn,l IN eV

rin A



spherical mean-field approximation

Fe : [Ar] 3d° 4¢2 4pO
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spherical mean-field approximation

Fe : [Ar] 3d° 4¢2 4pO
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Sn,l IN eV

spherical mean-field approximation

Fe : [Ar] 3d° 452 4p0




spherical mean-field approximation

Fe : [Ar] 3d° 452 4pO
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why not 3d8 4s0 ??



spherical mean-field approximation

Fe : [Ar] 3d” 4s 4pO

En,l IN eV
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levels change with occupations



total energy
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recap: spherical mean-field

® spherical symmetry: atoms are round
® atom still too complicated to be soluble

® spherical mean-field
filling of atomic shells
effective nuclear charge lifts hydrogen degeneracies

® open shells: large degeneracies

: . 4[+72
N electrons in 2(2/+1) orbitals: N states
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6 15 20
10 45 129 210 252
14 91 364 1001 2002 3003 3432
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Atomic Spectra Database

V2+ - d3
120 configurations
split into 8 levels

10-9-8
1-2-3

physics.nist.gov/PhysRefData/ASD/


http://physics.nist.gov/PhysRefData/ASD/

Multiplet Terms Hund-style

o pl: °P notation: *'L (SPDFGH..)
o pp' — p(zP) p . 3D 3P 3S  vector addition

ipiplg L=I1+0 I+I=1..[[=/]
same shell (n, /): orbitals ¢, ; ,,, , = M,
3D: 1, 1, occupied; AW 0, 0, X Pauli principle
p?: D3PS dimension: <g> =15=15+3-3+1-1
e p’p' = p*CP)p': *DP"S ‘D:1,1,0,; *P:1,0,0, X
'D’P’S e
p2('D)p': 2F2D2p b by
p*('$)p": P
p3: 452D 2p <§>=20=4.1+2-5+2-3

PR, pRyp= "S® Dd °P



multiplet terms
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Hund’s rules from experimental spectra
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Zeitschrift fur Physik 33, 345 (1925) 34

Zur Deutung verwickelter Spektren,
insbesondere der Elemente Scandium bis Nickel.

Von F. Hund in Géttingen.
Mit drei Abbildungen. (Eingegangen am 22. Juni 1925.)

Aunf Grund der Vorstellungen von Russell und Saunders, Pauli und Heisen-
berg ither das Zusammenwirken mehrerer Elektronen bei der Aussendung von
Spektrallinien werden die Spektralterme einiger Elemente auf ganz bestimmte,
durch Quantenzahlen gekennzeichnete Anordnungen von Elektromen zuriickgefiihre.
Insbesondere werden bei den Elementen Sc¢ bis Ni fiir die Normalzustinde der
Elemente und (soweit bekannt) ihrer positiven Ionen, ferner fiir die iibrigen tiefen
Terme der Elemente die Quantenzahlen aller Elektronen angegeben. Damit ist
der Zusammenhang hergestellt zwischen dem Ban dieser verwickelten Spekiren
und der Stellung der Elemente im periodischen System.

Man kann mehrere Stufen der Erklirung eines empirisch be-
kannten Spektrums unterscheiden. Beim Wasserstoff liefert die Bohr-
sche Quantentheorie mehrfach periodischer Systeme eine quantitativ
genaune Festlegung der Spektralterme. Fiir die iibrigen Elemente
gibt es keine entsprechende strenge Theorie. Bei einer Anzahl von Ele-
menten, im wesentlichen bei den in den ersten drei Spalten des periodi-
schen Systems stehenden, lassen sich die Spektralterme bestimmten
Quantenbahnen eines Elektrons (des Leuchtelektrons) zuordnen
(Bohr, Sommerfeld) und die Energiewerte wenigstens angenihert ab-
schitzen. Noch weniger war bisher hei den verwickelteren Spektren,
z. B. bei Sc bis Ni moglich. Catalan und die ihm gefolgten Forscher?),

1) Tber Elemente der mit K beginnenden Periode: Ca: H. N.Russell
und F. A. Saunders, Astrophys. Journ. 61, 38, 1925. Sc: M. A, Catalan, An.
Soc. Esp. d. Fis. y Quim. 20, 606, 1922; 21, 464, 1923. Ti: C. C. Kiess und
H. K. Kiess, Journ. Washington Acad. Sc. 13, 270, 1923; Journ. Opt. Soc. Amer.
8, 607, 1924. V: W.F. Meggers, Journ. Washington Acad. Se. 18, 317, 1923;
0. Laporte, Naturwissensch. 11, 779, 1923; Phys. ZS. 24, 510, 1923; M. A. Ca-
talan, An. Soc. Esp. d. Fis. y Quim. 22, 72, 1924; H. Gieseler und W. Gro-
tvian, ZS. f. Phys. 25, 342, 1924; K. Bechert und L. A. Sommer, ZS. f. Phys.
31, 145, 1925. Cr: M. A. Catalan, Phil. Trans. Roy. Soc. London (A) 223, 127,
1922; H. Gieseler, Ann. d. Phys. 69, 147, 1922; C. C. und H. K. Kiess,
Science 56, 666, 1922, Nr. 1458; M. A. Catalan, An. Soc. Esp. d. Fis. y Quim.
21, 84, 1923, Mn: M. A. Catalan, Phil. Trans. Roy. Soc. London (A) 223, 127,
1922; A. Sommerfeld, Ann. d. Phys. 70, 32, 1923; E. Back, ZS. f. Phys. 15,
206, 1923. Fe: F. M. Walters jr., Journ. Washington Acad. Se. 18, 243, 1923;
H. Gieseler und W. Grotrian, ZS. f Phys. 22, 245, 1924; 25, 243, 1924;
E. v. Angerer und G. Joos, Naturwissensch. 12, 140, 1924; Ann. d. Phys. 74, 743,
1924; O. Laporte, ZS. f. Phys. 23,135, 1924; 26, 1, 1924, (Co: F. M. Walters jr.,




Racah’s fractional parentage

p2p/_)p2(3p)p/: 4D 4P4S

2p 2p 2g
pz(lD) D' 2F 2 2p
p*(S)p'; P
p3 . 4 2p 2p ) originates from p2(3P)p

’D has parents in p>(°P)p and p*('D)p
’P has parents in all three

multiplet states are those linear combinations of
the Clebsch-Gordan states that are antisymmetric
the corresponding expansion coefficients are the
coefficients of fractional parentage
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Spectroscopic Coefficients
for the p", d", and f" Configurations

C. W.Meison and George F. Koster

The M. |. T. Press
Massachusetts [nstitute of Technology
Cambridge, Massachusetts

1
-
[
L

o
-
)
—
1
1

PACT4 =1 =L =1 UV =1
1 -1 =1001 =%




2nd quantization

wave function ¢ (7') — Dirac state | a)

get rid of coordinate: ¢ (7) = (r| a)

analogous for Slater determinants
1 P, (xl) e QDaN(Xl) )
° ° — <O

\m Cpal&xN) CﬁaN&xN) W

with vacuum state |0) and field operators \i’(x) defined by

(P(x), P} =0, {P@),P'(x)} = 6(x—x")and P(x)|0) =0, (0]0) = 1

P(x,)-- Plxy) C;N...C;

0)

|

2nd quantization: work with basis states

cl ... cgl |0) where ¢ := | dx qoa(x)‘iﬁ(x)

ay




one-body operator

include field operators in matrix elements

/dx1 cAdXN Poy o an (X1, - XN ) Etot(xl ..... xn) P, By (XL, -,

(0[Cay * * Cay NI/dwa(XN) wT(xl)ZL(xn)w(xl) W) ¢

= (0]Cay - - * Cary /dx VT () L(x)W(x) ¢ ¢ |0)

=:[



total angular momentum operator

expand field operators in orthonormal basis ¥'(x) = Z Py (X) c;n

&
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1

AP OLW¥w = Y ¢ |dvgLme, e,

(a,|L]a,,)

basis of atomic orbitals |7, [, m, 0)

A

— i
LZ m Cn,l,m,acn,l,m,a

n,l,m,c

i’i = Z \/(lim+1)(l$m) CT Cn,l,m,a

nlm=xl,o

n,l.m,o

similarly: total spin S+ = C,jl - TCn mm, |

n,l,m



p? shell

arrange basis determinants
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construct multiplet states

construct eigenstates | L, M; S, X) of Lmt and S o

basis states with maximum M and X are eigenstates:
L |®ys)=0=58|Pys) » |Pys)=I|LMS,X)

applying operators to basis states:
Lclc T|O) ([f,, ¢l + c;I:)cg 10)

= [L.cj1cf10) + ¢ [L, c]110)
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p?(1S)
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o
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constructed all eigenstates of Hee for p2 shell



ds shell
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need to diagonalize Hee ON
two-dimensional subspace

way to uniquely define function?
seniority



seniority

sV 52 1S
st °S
,DO, p6 1g Kramers pair (L=0, S=0)
S . T
pl pB l 2p P11P_q, +p0Tpg¢ —plepﬁ
,02, ,04 15 1D 3P
,03 2P 2D 45
0 46 1 T 7 _ gt g7 T 47 _ g7 AT (I Al
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A& ISDG \22 P
d ' d 2X 2X 2 X P D2F262H 2 X 2 X 4'D4F
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multiplet terms

pO p6 1S
pl p5 2P
p2 p4 151D 3P

p3 2P2D 4S
d’ d° 1S
dl, d° ’D
d>d® 'S'D'G ’ 3P 3p
ad o, . 2P 2D 2F G 2H . pA
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fLre r P (=1)%c nlanl -m,|
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2X 2X 2X 2X
f37 fll 2P 2D 2F2G2H 2[ 2K 2L 4S4D 4F4G4]
2X 4% 4x 2x 3% X 2X 4x 3IX 4% 2x 2X
f4, flO 15 1D 1F1G1H 1] 1K 1L 1N 3P3D 3F3G3H3[3K3L3M 5S5D 5F5G5]
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electron-hole symmetry

p°: |0} pe:p| py.p P PPl 10) =t p°)
vacuum state:

Pme|0) = 0and (0]0) Pho|P®) = 0and (p®|p°) =1
p':p;,10) ps:py, |P°) =—p/ p’,.p PP, 10)
hole operator h}j S G ])l—m+1/ 2‘Gcn -

t me 1 () — t 1=t 14142
[T(c,,, )10y =TT (nf,_, ) "1
m,o m,o

angular momentum operators have same form, e.g.
L. = mc' ¢ = mh hi
< nlm,oc n,lm,o nl,—m,—oc n,l,—m,—oc
m,o m,o

same construction of states in hole representation



recap: multiplet terms

® multiplet terms: vector addition & exclusion principle
Racah: coefficients of fractional parentage

® second quantization: Dirac representation for many-body states
can only represent physical states and operators

® use ladder operators to construct multiplet states

® diagonalizes Hamiltonian when eigenstates of
total angular momenta are non-degenerate

® residual eigenvalue problem for degenerate angular momenta,
(partially) classify degenerate states using seniority (Kramers pairs)

® electron-hole transformation establishes relation between shells
with N and (4/+2 - N) electrons

so far only used angular momenta, next consider Hamiltonian...



two-body operators

second guantization

N 1 A A 1 . A
Hee = 5 /dx/dx’ W)W (X)) |F_F7|\IJ(X’)\IJ(X)
expand in orthonormal basis

2 1 n n’ / m’ / m
e = 3 /dx/dx,cp (X) @ (X") @y (X)Pm(X) ciele o

7|
-—_—————

=:(n,n"|Hee|m',m)

nn ., mm

| U, (1)
orbitals: gan,l,m(x) = - Y, (3, 0) %,




addition theorem for spherical harmonics

1

- =/

|7 =7

express In spherical coordinates

f(F. 7") —Za/m(r 78, 0)Yim(8, ©)

:Z (Z a/l,m’/(l’, r ) Y//,m/(’ly, @ ))Yl,m('ﬁv (,0)
Im Im M

—

special case: singlet (L

wﬂ—Za,(rr)Z( 1)™-m(9, @) YVim(8. )

m=—1|

L)s(7,7) =0

cf. Kramers singlet

—Zam r)L Yi,m(®, ") Yim(9, 0)

m=—1

2141
- | 5 _ / Y ,’9 /
s(r,rz) Zal(ﬂf)\/ ppe o(% )~ alrr)



Legendre polynomials

1 o0
generating function = Z P (x)t"
V1-2xt+2 o

1 1
> = R
r— ! 2 = 2 Z /+1
= rP—2rr — r,

I’
r/il Q,H L Vim (9 @) Yim(B,¢)



matrix elements

1 _ _ 1 ~ ~
(08| = 1.8 = [ r d* 0alF) 0ol i 047 )05(7) b b
k
k
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u=—K

Slater-Condon parameters

o0 00 k
k I
Fihs = [ dria()us(r) [ drup() () e

Gaunt coefficients

/ 47T m' 47'(-
C/S’lk,'nlv”/) L= \/2/(—|-1 <W,m‘yk,m—m’W’,m’> — (_1) \/2k—|—1 <Yk,m’—m|w,—mW’,m’>
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Gaunt coefficients

00 k
Y/,m('ﬁv (,0) Y/’,m’('ﬁ' (,0) — 2: Z <Yk,,u‘y/,myl’,m’> Yk,u('ﬁ1 (,0)
k=0 u=—k

products behave like independent angular momenta
(but are not normalized)

L—I— YimYrm = (L+Y/m) Yim + Y/m(L—I—Y/’m’)

/—2 N . 0 0\

yp |- 6 1 1 —6 0
C,S,’Z”rig) — \/ ?<»/2’m’\/2’m_m/\/2’m/> — ? _2 —]_ 2 —1 —2
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tensor vs two-body matrix

~ 1
H = 5 Z M v-m C,T,C;:,Cm,Cm

n.n, m,n’

Z (Mn,n’;m,m’

n>nm>m

[ St )

C14Cyy
C11Coy
CorCyy
Cor

\ €1 €1y /

direct and exchange terms
each set of operators appears only once

f
[ Hyy

\

\

- Mn/’n;m’m/)C,T)Cj’,Cm/Cm

/ Cor.Cry \
C14Cyy
C14Co
CorCyy
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average traces

Tr HTi (0)
— mm = F
dim(Hy,)  (2/41)3 n;,u | !

Uavg =

Ltuh AL TN ST (U = Jmn)
d|m(HTT —+ d|m(H\L¢) 2/(2/_|_1) — m,m m, m

Uavg Javg :

average energy for N electrons in K = 2(2/+1) orbitals:

N(N—1) O
<E(/N)> — 2 <U3V9 4/_|_1J3V9>

electron-hole relation:

E(K—) = E) + (£ Vg = 20 ) (K1) = 1)




recap: Hamiltonian

® 2-electron matrix elements
expand interaction in spherical functions

® addition theorem for spherical harmonics
® generating function of Legendre polynomials

® Slater-Condon parameters
electrostatic multipoles

® Gaunt coefficients
Clebsch-Gordan/Wigner-Eckart

® collect all operators of same type:
two-body matrix instead of tensor

theory — practice



practical calculations

https://www.cond-mat.de/sims/multiplet/


https://www.cond-mat.de/sims/multiplet/

