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Outline

• Pairing and superconductivity 

• Bloch vs  Wannier  vs orbital bases 

• Separation of variables, d-vector, etc. 

• Mean-field description 

• Quick overview of group theory 

• common point groups 

• representations, character tables, projection operators 

• Landau approach to the transition 

• Single-band superconductors (e.g. with  symmetry) 

• Relation between nodal lines and symmetry 

• Multi-band superconductors (e.g.  Sr RuO  ) 

• Superconductors with spin-orbit coupling

C4v
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Pairing and superconductivity
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Δ̂ = ∫ d3x d3x′ Δσσ′ (x − x′ )Ψσ(x)Ψσ′ (x′ )

Pairing operator : annihilates an electron of spin  at position σ x

Antisymmetry imposes   Δσσ′ (x − x′ ) = − Δσ′ σ(x′ − x)

Superconductivity : condensation of Cooper pairs :  
  
or rather 

⟨Δ̂⟩ ≠ 0

lim
|x−x′ |→∞

⟨Δ†(x)Δ(x′ )⟩ ≠ 0

In this talk : we do not care why… 
(no discussion of mechanisms)

I insist…

pairing function
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Bloch basis
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Ψσ(x) = ∑
k,a,σ

da,σ(k)φk,a(x) where {da,σ(k), d†
b,σ′ 

(k′ )} = (2π)3δ(k − k′ )δa,bδσ,σ′ 

H0 = ∑
k,a,σ

εa(k)d†
a,σ(k)da,σ(k)

annihilates an electron of spin  & momentum  in band σ k a

noninteracting Hamiltonian is diagonal

Bloch wavefunction

Δ̂ = ∑
k,a,b,σ,σ′ 

Δaσ,bσ′ (k)daσ(k)dbσ′ (−k) Δaσ,bσ′ (k) = − Δbσ′ ,aσ(−k)

(assumes pair has no net momentum) antisymmetry

pairing function in the Bloch basis

bandindex



Wannier basis
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Ψσ(x) = ∑
r,m,σ

cr,m,σwm,σ(x − r) where {cr,m,σ, c†
r′ ,m′ ,σ′ 

} = δr,r′ δm,m′ δσ,σ′ 

H0 = ∑
r,r′ ,m,m′ ,σ

tm,m′ 

r,r′ 
c†

r,m,σcr′ ,m′ ,σ = ∑
k,m,m′ ,σ

tm,m′ (k)c†
m,σ(k)cm′ ,σ(k)

annihilates an electron of spin  & orbital  at site σ m r Interaction is diagonal

Wannier wavefunction

Δ̂ = ∑
r,r′ ,m,m′ ,σ,σ′ 

Δrmσ,r′ m′ σ′ crmσcr′ m′ σ′ Δrmσ,r′ m′ σ′ = − Δr′ m′ σ′ ,rmσ

Δ̂ = ∑
k,m,m′ ,σ,σ′ 

Δmσ,m′ σ′ (k)cmσ(k)cm′ σ′ (−k) Δmσ,m′ σ′ (k) = − Δm′ σ′ ,mσ(−k)

annihilates an electron of spin , orbital  and momentum σ m k

orbital basis

(= Bloch basis if )Nb = 1

pairing function in the Wannier basis

pairing function in the orbital basis

otherwise diagonalize   and  tm,m′ (k) ⟶ εa(k) da,σ(k) = ∑
m

Va,m(k)cm,σ(k)

 - dependent unitary matrixk



Separation of variables
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Δm,σ;m′ ,σ′ 
(k) = ∑

αβγ
ψαβγ f α(k)Oβ

mm′ 
Sγ

σσ′ 

Δa,σ;b,σ′ 
(k) = ∑

αβγ
χαβγ f α(k)Bβ

ab(k)Sγ
σσ′ 

Orbital basis :

Bloch basis :

pairing amplitudes

The basis functions  ,  ,  ,   must transform according 
to irreducible representations of the symmetry group 

f α(k) Oβ
mm′ 

Bβ
ab(k) Sγ

σσ′ 

da,σ(k) = ∑
m

Va,m(k)cm,σ(k)



Spatial and spin parts
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Spatial part : f(k) = ∑
r

freik⋅r

Sσσ′ = dγ( ̂dγ)σσ′ 
̂dγ = i(τγτ2)Spin part : 

Δm,σ;m′ ,σ′ (k) = ∑
αβγ

ψαβγ f α(k)Oβ
mm′ 

Sγ
σσ′ 

(α → r)

̂d0 = ( 0 1
−1 0)

̂dx = (−1 0
0 1)

̂dy = ( i 0
0 i)

̂dz = (0 1
1 0)

| ↓ ↑ ⟩ − | ↑ ↓ ⟩

| ↓ ↑ ⟩ + | ↑ ↓ ⟩

| ↓ ↓ ⟩ − | ↑ ↑ ⟩

i ( | ↓ ↓ ⟩ + | ↑ ↑ ⟩)

singlet (antisymmetric)

triplet (symmetric)}

« d » - vector 

spin 0

spin 1



Mean field approximation
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HMF = ∑
k,a,σ

εa(k)d†
a,σ(k)da,σ(k) + ∑

k,a,b
Δ̄ab(k)[da↑(k)db↓(−k) − da↓(k)db↑(−k)]

Bloch basis, spin singlet : 

Nambu representation : Ψ(k) = (d1↑(k), …, dNb↑(k), d†
1↓(−k), …, d†

Nb↓
(−k))

ℋ(k) = ( ϵ(k) Δ(k)
Δ†(k) −ϵ(−k))HMF = ∑

k
Ψ†(k)ℋ(k)Ψ(k) where

   matrixNb × Nb

One band ( ) : eigenvalues Nb = 1 ξ(k) = ± ε2(k) + Δ2(k)
dependent gap functionk−

Many bands ( ) : more complicatedNb > 1



Group theory I
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A group  is a set  endowed with a multiplication law satisfying the following 
constraints: 

1. Group multiplication is associative: . 
2. There is a neutral element  such that  
3. Each element   has an inverse  such that   

It is implicit that if  , then    (closure under the group multiplication) 

Most groups of interest for us are finite subgroups of the  (the group of orthogonal 
matrices of dimension 3)

G {a, b, c, …}

(ab)c = a(bc)
e ea = ae = a, ∀a ∈ G

a a−1 aa−1 = a−1a = e

a, b ∈ G ab ∈ G

O(3)



Common point groups
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+ + + +

+ + + +

n = 2 n= 3 n= 4 n= 6

Cn

Dn

Cnv

Cnh

Dnh

Dnd



Example : C4v
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5.10 David Sénéchal

Table 1: A simple example of group representation for C4v: the matrices act on the coordinates

(x , y). Cn is a rotation by 2⇡/n in the x-y plane. �x , �y , �d and �d 0 are reflexions across the

planes x = 0, y = 0, x = �y and x = y , respectively.

g R(g) g R(g) g R(g) g R(g)

e

Ç
1 0

0 1

å
C4

Ç
0 1

�1 0

å
C�1

4

Ç
0 �1

1 0

å
C2

Ç
�1 0

0 �1

å

�x

Ç
�1 0

0 1

å
�y

Ç
1 0

0 �1

å
�d

Ç
0 1

1 0

å
�d 0

Ç
0 �1

�1 0

å

terms of irreps (as irreducible representations are often called). The representation shown in
Table 1 happens to be irreducible.

A capital result of group theory are Schur’s lemma:

1. If R and R0 are two irreps of different dimensions d 6= d 0, then no nonzero rectangular
matrix A exists such that R(a)A= AR0(a) 8a 2 G.

2. If R and R0 are two irreps of the same dimension d = d 0 and if a square matrix A exists
such that R(a)A= AR0(a) 8a 2 G, then the two representations are equivalent.

The consequence of these two lemmas is the following. Consider a module V upon which
a reducible representation acts. Then V = V1 � V2 is a direct sum, and so is each element
of the representation: R(a) = R1(a) � R2(a). Let H be a matrix acting on V that commutes
with all the group elements, i.e., HR(a) = R(a)H . If the representations R1 and R2 are not
equivalent, then H is necessarily block diagonal too, i.e., has no matrix elements between V1

and V2. Typically, in quantum mechanics, H is a Hamiltonian acting on a Hilbert space and G is
a group of transformations that commute with H , i.e., that leave the Hamiltonian invariant. The
construction of irreps then allows us to consider smaller spaces (the blocks) that are not mixed
with one another under time evolution. Said otherwise, energy eigenstates and eigenvalues can
be classified according to the irreps of the symmetry group of the problem.

2.3 Character tables

An important tool in identifying irreps of finite groups is the notion of character. Let us start by
defining conjugacy classes. Two elements a and b of a group G are conjugate to one another
if there is another element c such that a = cbc�1. Intuitively, this means that the two trans-
formations a and b are of the “same type”, as c can be seen as a change of basis (or point of
view), after which the two transformations a and b are equivalent. For instance, in the group
C4v, a = �x and b = �y are related by the rotation c = C4: they are conjugate. Evidently, if a
is conjugate to b and b is conjugate to a third element c, then a is also conjugate to c: conju-
gacy is an equivalence relation and therefore the group G can be split into separate conjugacy

3

4

1

2

34

12

3 4

1 2 3
4

1
2 3

4

1
2

34

12

3

4

1

23 4

1 2

e C4 C−1
4 C2

σd′ σdσx σy



group theory II : representations
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a → R(a)

ℛ : G → GL(d)
regular   matricesd × d

R(ab) = R(a)R(b)

Conjugacy classes :  and  are conjugate if  for some  
 and  are then « the same type » of transformation 

Reducible representation :  basis such that 

a b b = c−1ac c ∈ G
a b

∃ R(a) = R(1)(a) ⊕ R(2)(a) , ∀a ∈ G

R(a) = (R(1)(a) 0
0 R(2)(a)) We care about irreducible representations



Character tables : example of C4v
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K

∑
i

gi

g
χ(ν)*

i χ(μ)
i = δμν

K

∑
μ

gi

g
χ(μ)*

i χ(μ)
j = δij

Orthogonality of rows : Orthogonality of columns :

Classification of Superconducting States 5.29

Table 6: Character table of C2v, with a list of the simplest (i.e., lowest degree) basis functions..

e C2 �x �y basis functions
even-even A1 1 1 1 1 1 , z , x2 + y2

odd-odd A2 1 1 �1 �1 Rz , x y
even-odd B1 1 �1 1 �1 x , Ry , xz
odd-even B2 1 �1 �1 1 y , Rx , yz

Table 7: Character table of C4v, with a list of the simplest (i.e., lowest degree) basis functions..

The basis functions of the two-dimensional representation E form a doublet, written here and

elsewhere in this chapter within square brackets [· · · , · · ·]. The last column shows the gap basis

functions derived in Sect. 3.1.

e 2C4 C2 �x ,y �d,d 0 basis functions
A1 1 1 1 1 1 1

A2 1 1 1 �1 �1 Rz , x y(x2
� y2)

B1 1 �1 1 1 �1 x2
� y2

B2 1 �1 1 �1 1 x y
E 2 0 �2 0 0 [Rx ,Ry] , [x , y]

gap functions
A1 1

A2 sin kx sin ky(cos kx � cos ky)
B1 cos kx � cos ky

B2 sin kx sin ky

E [sin kx , sin ky]

(sum over irreps) (sum over classes)

 = # of elements in class gi i
 = # of elements in groupg

Character of class in a representation : χ(a) = tr R(a)



Character tables : simpler example of C2v
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Classification of Superconducting States 5.29

Table 6: Character table of C2v, with a list of the simplest (i.e., lowest degree) basis functions..

e C2 �x �y basis functions
even-even A1 1 1 1 1 1 , z , x2 + y2

odd-odd A2 1 1 �1 �1 Rz , x y
even-odd B1 1 �1 1 �1 x , Ry , xz
odd-even B2 1 �1 �1 1 y , Rx , yz



Tensor products of representations
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Riμ,jν(a) = R(1)
ij (a)R(2)

μν (a)    or    R(a) = R(1)(a) ⊗ R(2)(a)

e.g. momentum e.g. orbital Δm,σ;m′ ,σ′ (k) = ∑
αβγ

ψαβγ f α(k)Oβ
mm′ S

γ
σσ′ 

R(μ) ⊗ R(ν) = ⨁
ρ

Cρ
μνR(ρ) products of irreducible representations  

are generally reducible (Clebsch-Gordan series)

χi(R(μ) ⊗ R(ν)) = χ(μ)
i χ(ν)

i = ∑
ρ

Cρ
μν χ(ρ)

i
characters of tensor products are products 
of characters

Cρ
μν =

K

∑
i=1

gi

g
χ*(ρ)

i χ(μ)
i χ(ν)

i from
K

∑
μ

gi

g
χ(μ)*

i χ(μ)
j = δij

P(μ) = ∑
a∈G

dμ

g
χ(μ)*(a)R(a) Projects states in the tensor product space onto  

the irreducible representation labelled μ

Projection operator :



Schur’s lemma
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• Consider a reducible representation ,  

acting on space  

• Suppose the Hamiltonian obeys the symmetry :  

• If  and  are not equivalent, then  is block diagonal

R = R1 ⊕ R2

V = V1 ⊕ V2

HR(a) = R(a)H

R1 R2 H = H1 ⊕ H2

Main use of group theory : classification of energy levels and selection rules



The Landau free energy
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Δm,σ;m′ ,σ′ (k) = ∑
r

ψr Δ(r)
m,σ;m′ ,σ′ 

(k)

f [ψ] = ars(T )ψ̄rψs + brspq(T )ψ̄rψ̄sψpψq + ⋯

single index  for the product basis functionsr

Landau free energy functional, compatible with the symmetries of the system :

ψ

f

T > Tc

ψ

f

T = Tc

ψ

f

T < Tc

 is block-diagonal : a(T ) a(T ) = ⨁
μ

a(μ)(T )   can be viewed as an operator 
on the states, like a Hamiltonian

a(T )rs

The representation with the first negative eigenvalue as  is lowered wins…T



Single-band superconductor with  symmetryC4v
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basis functions (spatial part) : f r(k) = eik⋅r

|r | = 0 : (1)on-site pairing

|r | = 1 : (eikx, eiky, e−ikx, e−iky)first-neighbor pairing

|r | = 2 : (ei(kx+ky), ei(kx−ky), e−i(kx+ky), e−i(kx−ky))second-neighbor pairing

Classification of Superconducting States 5.29

Table 6: Character table of C2v, with a list of the simplest (i.e., lowest degree) basis functions..

e C2 �x �y basis functions
even-even A1 1 1 1 1 1 , z , x2 + y2

odd-odd A2 1 1 �1 �1 Rz , x y
even-odd B1 1 �1 1 �1 x , Ry , xz
odd-even B2 1 �1 �1 1 y , Rx , yz

Table 7: Character table of C4v, with a list of the simplest (i.e., lowest degree) basis functions..

The basis functions of the two-dimensional representation E form a doublet, written here and

elsewhere in this chapter within square brackets [· · · , · · ·]. The last column shows the gap basis

functions derived in Sect. 3.1.

e 2C4 C2 �x ,y �d,d 0 basis functions
A1 1 1 1 1 1 1

A2 1 1 1 �1 �1 Rz , x y(x2
� y2)

B1 1 �1 1 1 �1 x2
� y2

B2 1 �1 1 �1 1 x y
E 2 0 �2 0 0 [Rx ,Ry] , [x , y]

spin state distance gap functions
A1 singlet 0 1

A2 singlet
p

5 sin kx sin ky(cos kx � cos ky)
B1 singlet 1 cos kx � cos ky

B2 singlet
p

2 sin kx sin ky

E triplet 1 [sin kx , sin ky]

0

1
2

5

P(μ) = ∑
a∈G

dμ

g
χ(μ)*(a)R(a)

« d-wave »}

« s-wave »

« f-wave »

« p-wave »



Single-band SC with  symmetry : nodesC4

19

+

A1

+

−+

−

+

− +

−

B1A2

+

−

+

−

B1

+−

+ −

B2

px

+−
+

−

py |px ± ipy|

E :

s dxydx2−y2g

time-reversal 
symmetry breaking

sin kx sin ky

polar plots at constant |k |



Relation between nodes and symmetry
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 : The spatial part is odd under the diagonal mirror  node at B1 ⟶ ±45∘

Classification of Superconducting States 5.29

Table 6: Character table of C2v, with a list of the simplest (i.e., lowest degree) basis functions..

e C2 �x �y basis functions
even-even A1 1 1 1 1 1 , z , x2 + y2

odd-odd A2 1 1 �1 �1 Rz , x y
even-odd B1 1 �1 1 �1 x , Ry , xz
odd-even B2 1 �1 �1 1 y , Rx , yz

Table 7: Character table of C4v, with a list of the simplest (i.e., lowest degree) basis functions..

The basis functions of the two-dimensional representation E form a doublet, written here and

elsewhere in this chapter within square brackets [· · · , · · ·]. The last column shows the gap basis

functions derived in Sect. 3.1.

e 2C4 C2 �x ,y �d,d 0 basis functions
A1 1 1 1 1 1 1

A2 1 1 1 �1 �1 Rz , x y(x2
� y2)

B1 1 �1 1 1 �1 x2
� y2

B2 1 �1 1 �1 1 x y
E 2 0 �2 0 0 [Rx ,Ry] , [x , y]

gap functions
A1 1

A2 sin kx sin ky(cos kx � cos ky)
B1 cos kx � cos ky

B2 sin kx sin ky

E [sin kx , sin ky]

 : The spatial part is odd under  and    nodes along   and  B2 σx σy ⟶ x y

 : The spatial part is odd under all mirrors   nodes along   and   and at  A2 ⟶ x y ±45∘

+

A1

+

−+

−

+

− +

−

B1A2

+

−

+

−

B1

+−

+ −

B2

ξ(k) = ± ε2(k) + Δ2(k)

• In the one-band case : nodes are set by 
symmetry (i.e. representation). 

• This is no longer true in the multi-band case.



Sr RuO    (  symmetry, 3 bands)2 4 D4h
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�⇡ 0 ⇡
�⇡

0

⇡

↵
�

�

Ru  orbitals : t2g dyz , dxz , dxy

U(C4) = (
0 1 0

−1 0 0
0 0 −1) U(σx) = (

1 0 0
0 −1 0
0 0 −1) U(σz) = (

−1 0 0
0 −1 0
0 0 1)

cm,σ(k) → c′ m,σ(k) = ∑
m′ 

Umm′ (g)cm′ ,σ(gk) (no spin orbit coupling)



 character tableD4h
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5.12 David Sénéchal

Table 2: Character table of C4v, with a list of the simplest (i.e., lowest degree) basis functions..

The basis functions of the two-dimensional representation E form a doublet, written here and

elsewhere in this chapter within square brackets [· · · , · · ·]. The last column shows the gap basis

functions derived in Sect. 3.1.

e 2C4 C2 �x ,y �d,d 0 basis functions gap functions
A1 1 1 1 1 1 1 1

A2 1 1 1 �1 �1 Rz , x y(x2
� y2) sin kx sin ky(cos kx � cos ky)

B1 1 �1 1 1 �1 x2
� y2

cos kx � cos ky

B2 1 �1 1 �1 1 x y sin kx sin ky

E 2 0 �2 0 0 [Rx ,Ry] , [x , y] [sin kx , sin ky]

Table 3: Character table of D4h, with a list of the lowest degree basis functions.

e 2C4 C2 2C 0
2

2C 00
2

i 2S4 �z �x ,y �d,d 0 basis functions
A1g 1 1 1 1 1 1 1 1 1 1 1

A2g 1 1 1 �1 �1 1 1 1 �1 �1 Rz , x y(x2
� y2)

B1g 1 �1 1 1 �1 1 �1 1 1 �1 x2
� y2

B2g 1 �1 1 �1 1 1 �1 1 �1 1 x y
Eg 2 0 �2 0 0 2 0 �2 0 0 [Rx ,Ry] , z[x , y]

A1u 1 1 1 1 1 �1 �1 �1 �1 �1 x yz(x2
� y2)

A2u 1 1 1 �1 �1 �1 �1 �1 1 1 z
B1u 1 �1 1 1 �1 �1 1 �1 �1 1 x yz
B2u 1 �1 1 �1 1 �1 1 �1 1 �1 z(x2

� y2)
Eu 2 0 �2 0 0 �2 0 2 0 0 [x , y]

The reducible representation R acts on a module V which, likewise, is a direct sum of irreducible
modules:

V =
KM
µ

V (µ) (27)

A vector  belonging to the module V will be affected by the transformation a 2 G as  !
R(a) . It can be shown that the components of  along the submodule V (µ) associated to the
irrep µ can be obtained by applying on  the following projection operator:

P(µ) =
X

a

dµ
g
� (µ)⇤(a)R(a) (28)

where � (µ)(a) is the character of element a in representation µ. In other words, the vector P(µ) 
belongs to the submodule V (µ) and, when acted upon by any transformation a 2 G, will stay in
this submodule. Projection operators are exceedingly useful in constructing basis functions (or,
in superconductivity applications, gap functions) from tensor products.

ev
en

od
d



orbital part
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Classification of Superconducting States 5.21

The orbital part of the pairing function can be expanded in terms of the following 3⇥3 matrices:

âx =

0
BB@

1 0 0

0 0 0

0 0 0

1
CCA b̂x =

0
BB@

0 0 0

0 0 1

0 1 0

1
CCA ĉx =

0
BB@

0 0 0

0 0 1

0 �1 0

1
CCA

ây =

0
BB@

0 0 0

0 1 0

0 0 0

1
CCA b̂y =

0
BB@

0 0 1

0 0 0

1 0 0

1
CCA ĉy =

0
BB@

0 0 1

0 0 0

�1 0 0

1
CCA (51)

âz =

0
BB@

0 0 0

0 0 0

0 0 1

1
CCA b̂z =

0
BB@

0 1 0

1 0 0

0 0 0

1
CCA ĉz =

0
BB@

0 1 0

�1 0 0

0 0 0

1
CCA

A general basis state for pairing in orbital space may then be expressed via three vectors a, b
and c as

Omn = a · âmn + b · b̂mn + c · ĉmn . (52)

The orbital part Omm0 transforms as follows under a group operation g:

Omm0 !

X

n,n0
Umn(g)Um0n0(g)Onn0 or O! U(g)OU T (g) (53)

These 9 matrices (51) belong to a 9-dimensional representation of D4h, obtained by taking the
tensor products of the matrices (50) with themselves. The content of this representation can
easily be shown to be 2A1g � B1g � B2g � Eg for symmetric states (spin singlets), and A2g + Eg

for antisymmetric states (spin triplets). Again, this classification ignores the spatial part (or
rather, supposes that it is invariant).

We can combine these orbital gap functions with spatial functions classified according to Ta-
ble 3, by taking tensor products and reducing them to irreps using projection operators. Ref. [10]
provides tables of singlet and triplet states belonging to each representation, with and without
inter-orbital pairing. These tables are too lengthy to reproduce here, but let us consider two
examples:

1. Singlet pairing may occur in the constant (k-independent) b̂z state, which belongs to the
B2g representation of D4h, and is basically pairing between electrons belonging to the dxz

and dyz orbitals. This admixture of orbitals occurs in bands ↵ and � of Sr2RuO4 (see right
panel of Fig. 3), mostly along the diagonals of the Brillouin zone. This pairing would lead
to nodes at the intersection of the ↵ and � branches of the Fermi surface with the kx and
ky axes (dashed lines on the Fig. 3), as the pairing changes sign under C4 rotations (from
Table 3). It therefore has d-wave character.

2. The E2u representation contains many simple triplet gap functions, including sin kz ⇥

[b̂x , b̂y] and âz[sin kx , sin ky]. This corresponds to what is usually called p ± ip super-
conductivity in this context. The âz[sin kx , sin ky] function involves only the � band and

Omn = a ⋅ âmn + b ⋅ b̂mn + c ⋅ ̂cmn

Omm′ → ∑
n,n′ 

Umn(g)Um′ n′ (g)Onn′ or O → U(g)OUT(g)



Sr RuO  :  singlet pairing functions2 4
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Classification of Superconducting States 5.29

irrep pairing function

A1g

âz

âx + ây

b̂z x y

z(b̂x y � b̂y x)

A2g

âz x y(x2
� y2)

x y(âx � ây)

b̂z(x2
� y2)

z(b̂x x + b̂y y)

B1g

âz(x2
� y2)

âx � ây

b̂z x y(x2
� y2)

z(b̂x y + b̂y x)

B2g

âz x y

x y(âx + ây)

b̂z

z(b̂x x � b̂y y)

Eg

âzz(x , y)

z(âx x , ây y)

z(âx y, ây x)

b̂zz(x , y)

(b̂x , b̂y)

A1u
ĉzz

ĉx x + ĉy y

A2u
ĉz x yz(x2

� y2)

ĉx y � ĉy x

B1u
ĉzz(x2

� y2)

ĉx x � ĉy y

B2u
ĉz x yz

ĉx y + ĉy x

Eu
ĉz(x , y)

z(ĉx , ĉy)
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irrep pairing function

A1g

âz
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(b̂x , b̂y)

A1u
ĉzz

ĉx x + ĉy y

A2u
ĉz x yz(x2

� y2)

ĉx y � ĉy x

B1u
ĉzz(x2

� y2)

ĉx x � ĉy y

B2u
ĉz x yz

ĉx y + ĉy x

Eu
ĉz(x , y)

z(ĉx , ĉy)
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b̂z

z(b̂x x � b̂y y)

Eg
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irrep pairing function

A1g

âz

âx + ây

b̂z x y

z(b̂x y � b̂y x)
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âz x y(x2
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B2g

âz x y
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ĉzz
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ĉx x � ĉy y
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irrep pairing function

A1g

âz

âx + ây

b̂z x y

z(b̂x y � b̂y x)

A2g

âz x y(x2
� y2)

x y(âx � ây)

b̂z(x2
� y2)

z(b̂x x + b̂y y)

B1g

âz(x2
� y2)

âx � ây

b̂z x y(x2
� y2)

z(b̂x y + b̂y x)

B2g

âz x y

x y(âx + ây)

b̂z

z(b̂x x � b̂y y)

Eg

âzz(x , y)

z(âx x , ây y)

z(âx y, ây x)

b̂zz(x , y)

(b̂x , b̂y)

A1u
ĉzz

ĉx x + ĉy y

A2u
ĉz x yz(x2

� y2)

ĉx y � ĉy x

B1u
ĉzz(x2

� y2)

ĉx x � ĉy y

B2u
ĉz x yz

ĉx y + ĉy x

Eu
ĉz(x , y)

z(ĉx , ĉy)

x → sin kx
y → sin ky
z → sin kz
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Classification of Superconducting States 5.31

irrep pairing function

A1g
ĉz x y(x2

� y2)

z(ĉx y � ĉy x)

A2g
ĉz

z(ĉx x + ĉy y)

B1g
ĉz x y

z(ĉx y + ĉy x)

B2g
ĉz(x2
� y2)

z(ĉx x � ĉy y)

Eg
ĉzz(x , y)

(ĉx , ĉy)

A1u

âz x yz(x2
� y2)

x yz(âx � ây)

b̂zz(x2
� y2)

b̂x x + b̂y y

A2u

âzz

z(âx + ây)

b̂z x yz

b̂x y � b̂y x

B1u

âz x yz

x yz(âx + ây)

b̂zz

b̂x x � b̂y y

B2u

âzz(x2
� y2)

z(âx � ây)

b̂z x yz(x2
� y2)

b̂x y + b̂y x

Eu

âz(x , y)

(âx x , ây y)

(âx y, ây x)

b̂z(x , y)

z(b̂x , b̂y)
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irrep pairing function

A1g
ĉz x y(x2

� y2)

z(ĉx y � ĉy x)

A2g
ĉz

z(ĉx x + ĉy y)

B1g
ĉz x y

z(ĉx y + ĉy x)

B2g
ĉz(x2
� y2)

z(ĉx x � ĉy y)

Eg
ĉzz(x , y)

(ĉx , ĉy)

A1u

âz x yz(x2
� y2)

x yz(âx � ây)

b̂zz(x2
� y2)

b̂x x + b̂y y

A2u

âzz

z(âx + ây)

b̂z x yz

b̂x y � b̂y x

B1u

âz x yz

x yz(âx + ây)

b̂zz

b̂x x � b̂y y

B2u

âzz(x2
� y2)

z(âx � ây)

b̂z x yz(x2
� y2)

b̂x y + b̂y x

Eu

âz(x , y)

(âx x , ây y)

(âx y, ây x)

b̂z(x , y)

z(b̂x , b̂y)

Classification of Superconducting States 5.31

irrep pairing function

A1g
ĉz x y(x2

� y2)

z(ĉx y � ĉy x)

A2g
ĉz

z(ĉx x + ĉy y)

B1g
ĉz x y

z(ĉx y + ĉy x)

B2g
ĉz(x2
� y2)

z(ĉx x � ĉy y)

Eg
ĉzz(x , y)

(ĉx , ĉy)

A1u

âz x yz(x2
� y2)

x yz(âx � ây)

b̂zz(x2
� y2)

b̂x x + b̂y y

A2u

âzz

z(âx + ây)

b̂z x yz

b̂x y � b̂y x

B1u

âz x yz

x yz(âx + ây)

b̂zz

b̂x x � b̂y y

B2u

âzz(x2
� y2)

z(âx � ây)

b̂z x yz(x2
� y2)

b̂x y + b̂y x

Eu

âz(x , y)

(âx x , ây y)

(âx y, ây x)

b̂z(x , y)

z(b̂x , b̂y)
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irrep pairing function

A1g
ĉz x y(x2

� y2)

z(ĉx y � ĉy x)

A2g
ĉz

z(ĉx x + ĉy y)

B1g
ĉz x y

z(ĉx y + ĉy x)

B2g
ĉz(x2
� y2)

z(ĉx x � ĉy y)

Eg
ĉzz(x , y)

(ĉx , ĉy)

A1u

âz x yz(x2
� y2)

x yz(âx � ây)

b̂zz(x2
� y2)

b̂x x + b̂y y

A2u

âzz

z(âx + ây)

b̂z x yz

b̂x y � b̂y x

B1u

âz x yz

x yz(âx + ây)

b̂zz

b̂x x � b̂y y

B2u

âzz(x2
� y2)

z(âx � ây)

b̂z x yz(x2
� y2)

b̂x y + b̂y x

Eu

âz(x , y)

(âx x , ây y)

(âx y, ây x)

b̂z(x , y)

z(b̂x , b̂y)
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irrep pairing function

A1g
ĉz x y(x2

� y2)

z(ĉx y � ĉy x)

A2g
ĉz

z(ĉx x + ĉy y)

B1g
ĉz x y

z(ĉx y + ĉy x)

B2g
ĉz(x2
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z(ĉx x � ĉy y)

Eg
ĉzz(x , y)

(ĉx , ĉy)
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âz x yz(x2
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x yz(âx � ây)

b̂zz(x2
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b̂x x + b̂y y

A2u

âzz

z(âx + ây)

b̂z x yz

b̂x y � b̂y x

B1u

âz x yz

x yz(âx + ây)

b̂zz

b̂x x � b̂y y

B2u

âzz(x2
� y2)

z(âx � ây)

b̂z x yz(x2
� y2)

b̂x y + b̂y x

Eu

âz(x , y)

(âx x , ây y)

(âx y, ây x)

b̂z(x , y)

z(b̂x , b̂y)
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10

A1g A1u

A2g A2u

B1g B1u

B2g B2u

Eg(1, 0) Eu(1, 0)

Eg(1, 1) Eu(1, 1)

Eg(1, i) Eu(1, i)

singlet representations
A1g A1u

A2g A2u

B1g B1u

B2g B2u

Eg(1,0) Eu(1,0)

Eg(1,1) Eu(1,1)

Eg(1, i) Eu(1, i)

triplet representations
A1g A1u

A2g A2u

B1g B1u

B2g B2u

Eg(1,0) Eu(1,0)

Eg(1,1) Eu(1,1)

Eg(1, i) Eu(1, i)

with spin-orbit coupling

FIG. 3. (color online) averaged or typical nodes associated to the different irreps of D4h for kz = 0 (blue) and kz = ⇡/2 (red). Each panel
covers the full Brillouin zone from (�⇡,�⇡) to (⇡,⇡) and the representation label is indicated on top. Left: singlet representations;
middle: triplet representations; right: with spin-orbit coupling The normal state Fermi surface is the black dotted line. See text for
details.
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Case of the diagonal mirror : Δν(kx, ky, kz) → Δ′ ν(kx, ky, kz) = 9(σd)νν′ Δν′ (ky, kx, kz)

this index labels basis 
vectors in orbital space

In  representation : B1g Δ′ ν(kx, ky, kz) = − Δν(kx, ky, kz)

or     along the diagonal[9(σd)Δ(kx, kx, kz)]ν = − Δν(kx, kx, kz)

One-orbital case :  and therefore  9 = 1 Δν(kx, kx, kz) = 0

Case of    : 
 could be an eigenvector of  with eigenvalue , such as   

then no condition is imposed on  

Sr2CuO4
Δ 9 −1 âx − ây

Δν(kx, kx, kz)

exchanged
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H0 = ∑
k

Ck [ε(k) + κ(τy sin kx − τx sin ky)] Ck Ck = (ck↑, ck↓)where

cr,σ → c′ r,σ = ∑
σ′ 

Sσσ′ (g)cgr,σ′ 

S(C4) = cos π
4 + iσz sin π

4 = 1
2 (1 + i 0

0 1 − i)
the reflexion  maps  into .    and   σx (kx, ky) (−kx, ky) ⟶ S†τxS = τx S†τyS = − τy

A model with Rashba spin-orbit coupling and  symmetry (square lattice):C4v

Spatial and spin transformations are intertwined :

In particular, for the  rotation : 
π
2

Hence  S(σx) = iτx
ω

ω

  m
irr

or
σ x

ω  m
irr

or
σ x

ω

̂dx → ̂dx
̂dy → − ̂dy
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5.26 David Sénéchal

Table 5: On-site and first-neighbor gap functions for a square lattice with C4v symmetry and

spin-orbit coupling.

Irrep Basis functions

A1 d̂0 , (d̂x sin ky � d̂y sin kx)
A2 d̂x sin kx + d̂y sin ky

B1 d̂0(cos kx � cos ky) , d̂x sin ky + d̂y sin kx

B2 d̂x sin kx � d̂y sin ky

E1 d̂z[sin kx , sin ky]

As for the reflexion �x , it maps (kx , ky) into (�kx , ky) and therefore should have the following
effect:

S†⌧xS = ⌧x S†⌧yS = �⌧y (62)

A solution is to set S(�x) = i⌧x .

The matrices S(g) generated from S(C4) and S(�x) from a spin representation of C4v. Such
representations are not listed in the character table 7. In particular, within such a spin represen-
tation, the fourth power S(C4)4 is �1, not 1.6 The tensor product of this spin representation with
itself yields symmetric and antisymmetric unitary representations, characterized by the d-vector
basis (15), namely:

1. A1, with gap function d̂0 (singlet)
2. A2, with gap function d̂z (triplet).
3. E, with gap function [d̂x , d̂y] (triplet).

(the projection operator technique illustrated in Sect. 3.1 can be applied equally well to this
situation.) The first (A1) is antisymmetric under exchange of the quantum numbers of the two
electrons, the other two (A2 and E) are symmetric. These unitary representations can in turn be
tensored with orbital and spatial representations, provided the overall pairing function is anti-
symmetric. Table 5 lists the simplest gap functions coming from this exercise. In particular,
the usual singlet d-wave function belonging to B1 would generically have a small triplet admix-
ture with the function d̂x sin ky + d̂y sin kx . Would this affect the nodes? In general yes, if the
strength of the Rashba SO coupling  is large enough.

6This is the analog for point groups of the properties of spin rotations in the continuum. In some sense, such
spin representations are the “square roots” of the usual representations: their tensor products with themselves are
unitary representations. They are projective (or ray) representations.

Simplest basis functions compatible with this representation :

Singlet and triplet functions may belong to the same representation

Under  : σx ky → ky , kx → − kx , ̂dx → ̂dx , ̂dy → − ̂dy
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Table 6: Character table of C2v, with a list of the simplest (i.e., lowest degree) basis functions..

e C2 �x �y basis functions
even-even A1 1 1 1 1 1 , z , x2 + y2

odd-odd A2 1 1 �1 �1 Rz , x y
even-odd B1 1 �1 1 �1 x , Ry , xz
odd-even B2 1 �1 �1 1 y , Rx , yz

Table 7: Character table of C4v, with a list of the simplest (i.e., lowest degree) basis functions..

The basis functions of the two-dimensional representation E form a doublet, written here and

elsewhere in this chapter within square brackets [· · · , · · ·]. The last column shows the gap basis

functions derived in Sect. 3.1.

e 2C4 C2 �x ,y �d,d 0 basis functions
A1 1 1 1 1 1 1

A2 1 1 1 �1 �1 Rz , x y(x2
� y2)

B1 1 �1 1 1 �1 x2
� y2

B2 1 �1 1 �1 1 x y
E 2 0 �2 0 0 [Rx ,Ry] , [x , y]

gap functions
A1 1

A2 sin kx sin ky(cos kx � cos ky)
B1 cos kx � cos ky

B2 sin kx sin ky

E [sin kx , sin ky]

Under  : σd ky → kx , kx → ky , ̂dx → − ̂dy , ̂dy → − ̂dx

Under  : C4 ky → − kx , kx → ky , ̂dx → ̂dy , ̂dy → − ̂dx



Conclusions

• Group theory allows a classification of pairing functions 

• Tools : projection operators and character tables ! 

• Weak coupling : the Bloch basis is more natural 

• Intermediate to strong coupling : the orbital basis is more natural 

• Multi-orbital case : nodes are not set by symmetry alone

30



Thank you! 

Questions ?


