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analytic continuation

• why analytic continuation?


• analytic properties of G(!)


• preparing data and discretization


• least-squares


• MaxEnt


• average spectrum
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why analytic continuation?

expectation values
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sample trace using Monte Carlo (sign problem)

correlation functions

complex time evolution: phase problem

could be avoided in imaginary time
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analytic continuation

complex time: ζ = t − i!
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calculate CAB(!) := ⟨A(−i!)B⟩ for ! ∈ [0, β] by Monte Carlo

well defined for ! ∈ [0, β]
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how to go back to real axis?

QMC gives only function values CAB(!) := ⟨A(−i!)B⟩ for ! ∈ [0, β]

need functional form for analytic continuation

CAB(⌧) =
1

Z

X

n,m

e(⌧��)En e�⌧Emhn|A|mihm|B|ni
<latexit sha1_base64="huM6rwOdKLrjvkGnV+OheVrLyII="></latexit><latexit sha1_base64="huM6rwOdKLrjvkGnV+OheVrLyII="></latexit><latexit sha1_base64="huM6rwOdKLrjvkGnV+OheVrLyII="></latexit><latexit sha1_base64="huM6rwOdKLrjvkGnV+OheVrLyII="></latexit>

involves all eigenvalues & matrix elements…

more compact: spectral function
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solve for spectral function 
then we can analytically continue back to real axis
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Fredholm equation of 1st kind

diverging integral kernel for ω→−∞

modify kernel
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meaning of modified spectral function
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contains retarded/advanced Green function:
GR±AB (t) = ⇥( t)G±AB(t)

GA±AB (t) = �⇥(�t)G
±
AB(t)

<latexit sha1_base64="IJ8xONvYrln+hLp/x4lJ79EygJo="></latexit><latexit sha1_base64="IJ8xONvYrln+hLp/x4lJ79EygJo="></latexit><latexit sha1_base64="IJ8xONvYrln+hLp/x4lJ79EygJo="></latexit><latexit sha1_base64="IJ8xONvYrln+hLp/x4lJ79EygJo="></latexit>

⟨A(t)B⟩ can be analytically continued to stripe below real axis, ⟨BA(t)⟩ above

define Matsubara Green function
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Fredholm equation for Matsubara GF
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non-negative



properties of G(!)



where is the information in GM(!) ?
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linear combination of decaying exponentials

information on spectral features at large |ω| concentrated at 0 and β
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Euler polynomials and moments

fermionic kernel is generating function of Euler polynomials
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nth moment

to determine moments from Matsubara GF 
we need dual functions of Euler polynomials
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moments and derivative discontinuities
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discontinuities also describe algebraic decay of FT on Matsubara freq.



preparing data  
and discretization



preparing QMC data

Fredholm equation

g(y) =
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QMC data: discrete (mesh or expansion coeff.)
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statistically independent samples

C =
1

K(K � 1)

KX

k=1

(gk � ḡ)(gk � ḡ)†

=
1

K(K � 1)
X

k

gkg
†
k �

1

K � 1 ḡḡ
†
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p(ḡ,C| gexact) =
1

(2⇡)M/2 detC
e�(ḡ�gexact)

†C�1(ḡ�gexact)/2
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g(y)! g =

0
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g1
g2
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gM

1
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blocking of correlated data

sequence of MC data m1, …, mK m̄ =
1

K

X

k

mk
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�2(m̄) =
1

K(K � 1)

X
(mk � m̄)2
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underestimates variance 
when data correlated

renormalization step

removes correlations

approaches normal distr.

m̂k̂ :=
m2k̂�1 +m2k̂

2

K̂ := K/2
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matrix representation

discretize also model function f (x) ! f =

0

BBB@

f1
f2
...
fN

1

CCCA
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g(y) =

Z
K(y , x) f (x) dx
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matrix equation g = Kf

g(ym) =
X

n

K(ym, xn)wn f (xn)
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gm =
X

n

h m|K|'ni fn
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or

absorb covariance in kernel matrix

factorize C-1 = T†T

p(ḡ,C|f) / e�(ḡ�Kf)†C�1(ḡ�Kf)/2 ! p(ḡ,1|f) / e�
1
2
||g̃�K̃f ||2
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g̃ := T ḡ

K̃ := TK
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solving g = Kf



want probability of f given data ḡ and C

Bayesian inversion

probability for measuring ḡ with covariance C when true model is f

p(g̃|f) / e�
1
2
||g̃�K̃f ||2
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p(f | g̃) =
p(g̃| f) p(f)

p(g̃)
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Bayes’ theorem: p(B| A) p(A) = p(A, B) = p(A| B) p(B)

posterior ∝ likelihood × prior

maximize posterior probability

assume p(f) = const. (uninformative prior)


maximum likelihood estimator

minimize "2


least-squares fit



singular value decomposition

K̃ = U D̂ V̂ †
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K̃ =
X

i

|ui idi hvi |
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singular value decomposition of M×N kernel matrix

full SVD (for N > M )

reduced SVD (drop zero modes)

eigenvalue decomposition: H =
P
i |viei hvi |
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K̃ = U D
V †
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d1 ≥ d2 ≥ … ≥ dmin(M,N) ≥ 0 
small singular value di

small contribution to result



least-squares fit

least squares solution

minimize �2(f) = ||g̃ � K̃f ||2
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perfect fit ("2=0) if dM>0

problem solved!

|g̃i � K̃|fi = |g̃i �
X

i

|ui i di hvi |fi

=
X

i

|ui i
⇣
hui |g̃i � di hvi |fi

⌘
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|fLSi =
X

i

hui |g̃i
di

|vi i
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fLS = V̂ D̂�1U †g̃
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modes with di=0 do not contribute to "2 — can be chosen at will [ill-posed]



least-squares fit

�2 ⇡ 9 · 10�14



why ill-conditioned? 

limit contribution of these modes by imposing non-negativity: A(ω) ≥ 0

modes with small singular value

• responsible for noise in model

• hardly represented in data

oscillate rapidly

⇒ necessary to resolve


sharp features

Z
K(y , x) vi(x) dx = di ui(y)

decay of modes slower for 
larger cutoff!

gapped system should be 

g̃ = g̃exact + g̃noise ) |fLSi = |fexacti+
X

i

hui |g̃noisei
di

|vi i
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non-negative least-squares

p(f | g̃) =
p(g̃| f) p(f)

p(g̃)
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prior: p(f) =

⇢
const. for f � 0
0 otherwise
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constrained minimization:

Karush-Kuhn-Tucker conditions 

naive algorithm: check all partitions; better: Appendix 2

fn > 0 and
@�2(f)

@fn
= 0
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fn = 0 and
@�2(f)

@fn
� 0
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true extremum boundary

now modes with di=0 are well defined! [well posed]

help di>0 modes to move as close to optimum as possible


without violating constraint



non-negative least-squares fit

�2 ⇡ 4 · 10�14



Picard plot

problem with LS/NNLS: overfitting noise in data

Picard condition:

modes with small singular value contribute little

otherwise data contains little information about f

|hui |g̃i| . di
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noise in data



regularization

avoid fitting noise in data 

Tikhonov regularization fT(↵) =
MX

i=1

di
d2i + ↵

2
hui |g̃i
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regularization parameter α scales with noise in data

discrepancy

principle

non-neg

Tikhonov



regularization methods

Tikhonov: minimize ||K̃f � g̃||2+↵2||f ||2
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use smarter regularizers?

suppress modes based on first derivative

⇒ prior

N�1X

n=1

|fn�fn+1|2 = hf |

0

BBBBBBBBB@

1 �1 0 0 · · · 0 0 0 0
�1 2 �1 0 0 0 0 0
0 �1 2 �1 0 0 0 0
...

...
0 0 0 0 �1 2 �1 0
0 0 0 0 0 �1 2 �1
0 0 0 0 · · · 0 0 �1 1

1

CCCCCCCCCA

|fi
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would also affect stable modes with large di

Tikhonov is more adaptive: suppresses highly oscillating modes with small di 

reasonable modification: 

default model (result in absence of data f ∝ ρ )

||f ||2 )
X

n

f 2
n /⇢

2
n
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maximum entropy



maximum entropy

min
f

⇣
||g̃ � K̃f ||2 � ↵H(f ;⇢)

⌘
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entropy: non-linear regularizer

H(f ;⇢) = �
X

n

✓
fn ln

fn

⇢n
� fn + ⇢n

◆
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default model ρ and non-negativity

(linearization about default model gives Tikhonov)

how to choose regularization parameter?

• discrepancy principle: historic MaxEnt

• most probable value: classic MaxEnt

• average value: Bryan’s MaxEnt



Bryan’s method

determine regularization parameter from Bayes’ theorem

p(B| A) p(A) = p(A, B) = p(A| B) p(B)

p(f |⇢,↵) / e+↵H(f ;⇢)
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MaxEnt prior:

probability for regularizer:

f(↵) : min
f

⇣
�

2(f)� ↵H(f ;⇢)
⌘
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fBryan =

Z 1

0
d↵f(↵) p(↵ |g̃, ⇢)
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functional integral replaced by Gaussian approximation…

p(↵ |g̃,⇢) =

Z Y

n

dfnp
fn
p(f ,↵ |g̃,⇢)
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average spectrum



unbiased

noise 
regularizes

1991

fASM /
Z

f (x)�0

Df f (x) e��
2[f ]/2
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The average spectrum method makes fewer assumptions and is 
conceptually simpler than any of the maximum likelihood methods; 
the only disadvantage is that the path integral may be somewhat 
more time-consuming to compute.



Stochastic method for analytic continuation of quantum Monte Carlo data

Anders W. Sandvik
Department of Physics, University of Illinois at Urbana-Champaign, 1110 West Green Street, Urbana, Illinois 61801

~Received 28 October 1997!

A method for analytic continuation of quantum Monte Carlo data is presented. The spectrum A(v) is
parametrized as a sum of d functions, the weights Ai of which are sampled according to a distribution p(A)
;exp(2x2/Q). It is argued that the calculated entropy S provides a criterion for determining the Q corre-
sponding to the ‘‘best’’ averaged spectrum. The appearance of spurious structure is signaled by a sharp drop in
^S(Q)&, which in test cases is preceded by a local maximum. Results for the dynamic spin structure factor of
a 16-site Heisenberg chain obtained at this maximum are in better agreement with exact results than ‘‘classic’’
maximum-entropy results. @S0163-1829~98!02717-9#

The analytic continuation of imaginary-time quantum
Monte Carlo ~QMC! data to real frequency is a challenging
problem, for which the best solution is not known. The re-
cently developed maximum-entropy ~Max-Ent! method1 has
proved to be very useful in many cases, but is founded on a
hypothesis for which only heuristic arguments have been
given. The inclusion of an entropy term in the optimization
of the spectrum leads to a bias towards spectra with large
entropy. This bias is controlled using arguments of Bayesian
logic, with the goal of obtaining the most probable spectrum
given the QMC data. In particular, the Max-Ent method
should produce results free from structure due to the statis-
tical errors ~‘‘spurious structure’’!. However, it is likely that
the bias also leads to distortions beyond simple broadening,
and may reduce some of the ‘‘real’’ structure present in the
data.
Here an alternative method is presented which is based on

the assumption that all spectra that fit the QMC data equally
well, in the x2 sense, are equally probable candidates for the
result sought. In the absence of a nonbiased criterion favor-
ing certain types of spectra, it is proposed that all spectra
~which are typically not smooth! corresponding to the same
x2 values should be averaged over. One then obtains a fam-
ily of smooth averaged spectra as a function of x2. It is
argued that the entropy versus x2 calculated for these spectra
signals the appearance of spurious structure, and provides a
natural criterion for determining the best spectrum.
The spectral function A(v) for some operator Ô is given

in terms of the eigenstates un& of the Hamiltonian Ĥ and the
corresponding energies En by

A~v!5
1
p(

m ,n
e2bEnu^muÔun&u2d~v2@Em2En# !, ~1!

where b is the inverse temperature. The corresponding
imaginary-time correlation function that can be calculated in
QMC simulations is

G~t!5^Ô~t!Ô~0 !& , ~2!

where Ô(t)5etĤÔe2tĤ.

For the numerical analytic continuation of G(t), the spec-
trum A(v) is parametrized as a sum of N d functions on a
fixed frequency grid v1 , . . . ,vN :

A~v!5(
i51

N

Aid~v2v i!. ~3!

The imaginary-time function G(t) corresponding to a
bosonic A(v) ~which is the case considered here! is related
to the spectrum according to

G~t!5E
0

`

dvA~v!K~v ,t!5(
i51

N

AiK~v i ,t!, ~4!

where the kernel is given by

K~v ,t!5@e2tv1e2~b2t!v#/p . ~5!

The corresponding correlation function calculated using the
QMC method is denoted G (t), and is available for a discrete
set of times $t i%. The statistical error of G (t i) is denoted s i .
The deviation of G(t) from the QMC data for a given set of
weights $A1 , . . . ,AN% is quantified by

x25(
i

@G~t i!2G ~t i!#
2/s i

2 . ~6!

In some cases it may be necessary to use the full covariance
matrix in Eq. ~6!, instead of just its diagonal elements.1 How-
ever, in the test case considered below, Eq. ~6! is adequate
~no significant differences are seen in Max-Ent results ob-
tained with and without the off-diagonal elements!.
Analytic continuation based on minimizing x2 was at-

tempted by Schüttler and Scalapino, who also noted that the
positive definiteness of A(v) greatly helps in obtaining rea-
sonable results.2 However, a straightforward x2 minimiza-
tion works well only if a small N is used in Eq. ~3!, and can
then of course only roughly indicate the distribution of spec-
tral weight. For larger N , there are typically many spectra
with different appearances which have very similar x2 val-
ues, and those representing the closest fits likely contain
structure strongly affected by the statistical errors of the
QMC data. Attempts have been made to include a term en-
forcing smoothness, thereby eliminating spurious peaks.3

PHYSICAL REVIEW B 1 MAY 1998-IVOLUME 57, NUMBER 17

570163-1829/98/57~17!/10287~4!/$15.00 10 287 © 1998 The American Physical Society

In order to accurately determine Q*, it is necessary to
carry out long simulations. If the annealing is performed too
quickly ~too few steps per Q value!, the calculated entropy
curve exhibits a broader maximum than what is seen in Fig.
1. The left side of the peak is quite stable with respect to the
annealing rate, but the location of the rapid drop is shifted
towards higher ln(1/Q). Apparently, the simulation easily
gets ‘‘trapped’’ at the local entropy maximum. Hence, in
cases where the maximum is broad and its exact position is
hard to determine, it may for practical purposes be better to
estimate Q* as a point slightly to the left of the peak center
~which within error bars could be the actual maximum!. Fig-
ure 2 ~and more detailed studies of the dependence on Q)
also shows that the change in the spectrum before the en-
tropy peak is much less dramatic than right after, where
sharp peaks rapidly emerge. A strategy of slightly underesti-
mating ln(1/Q*) also conforms with the general notion that
too little structure is better than too much.
Next, results for both q5p/2 and q5p/4 are compared

with spectra obtained using the ‘‘classic’’ Max-Ent method1
~with a flat default!. The point Q* used for the stochastic
method was determined as discussed above, as a point
slightly before the center of the last local entropy maximum,
where a clear increase with ln(1/Q) has ceased @e.g., for the
case q5p/2 discussed above, ln(1/Q)510.6 was used#. Fig-
ure 3 shows the results, along with histograms representing
the exact spectra. The new method clearly reproduces the
exact spectra better than the Max-Ent method, although the
Max-Ent results do also represent reasonable broadened av-
erages.
It should be stressed that although the entropy is used in

the method proposed here, the underlying philosophy differs
fundamentally from standard Max-Ent methods, where the
inclusion of the entropy in the optimization explicitly affects
the shape of the spectrum. In the stochastic method, a family
of spectra is obtained based only on the QMC data, and the
entropy is used only to single out one spectrum. Hence, any
structure in the spectrum obtained is due solely to the QMC
data.
The method has here been demonstrated only for a rela-

tively simple test case. Results obtained for other models and
dynamic quantities indicate that the behavior of the entropy
vs Q found here is typical for spectra with one broad con-
tinuous ~on some reasonable frequency scale! structure with
a single maximum. Good continued spectra are then obtained
using Q5Q*, and for Q,Q* two sharp peaks typically
start to emerge. In cases where the actual spectrum has two
peaks, there is also a sharp entropy drop as the global x2

minimum is approached. However, the entropy maximum

associated with the appearance of the two peaks then occurs
at quite high x2 values ~if the data is sufficiently good! and is
then clearly not the preferred point for sampling. For QMC
data of very high accuracy one would presumably have a
final entropy maximum before the sharp drop associated with
the emergence of additional peaks, and one could then again
use this to determine the optimum Q for sampling. In typical
cases the data may, however, be compatible with just two d
functions, and then it is difficult to determine a Q* ~this is
then also an indication that the data are not of sufficient
accuracy for a reliable analytic continuation!. Clearly more
work is needed to clarify the general behavior of the entropy
before the method can be applied to more complicated spec-
tra than the single-maximum case considered here. A prob-
lem for practical use of the method is that the sampling
needed for an accurate determination of Q* as well as the
averaging needed to obtain a final result are quite time con-
suming. The good agreement with the exact results obtained
here should motivate further work along these lines.
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Analytical continuation of spectral data from imaginary time axis to real frequency axis
using statistical sampling
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We present a method for performing analytical continuation of spectral data from imaginary time to real
frequencies based on a statistical sampling method. Compared with the maximum entropy method !MEM", an
advantage is that no default model needs to be introduced. For the problems studied here, the statistical
sampling method gives comparable or slightly better results than MEM using quite accurate default models.
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I. INTRODUCTION

The analytical continuation of data for spectral functions
from imaginary times ! to real frequencies " remains an
important and challenging problem due to the ill-posed na-
ture of the problem. For many problems with strongly corre-
lated electrons, the only methods free of uncontrolled ap-
proximations are quantum Monte Carlo !QMC" methods.
Since QMC methods provide results for spectral functions on
the imaginary time axis, the issue of how to analytically
continue the data to the real frequency axis is crucial. The
QMC data have statistical noise, which in combination with
the ill-posed nature of the problem makes the analytical con-
tinuation very difficult. The Bayesian theory, together with a
maximum entropy method !MEM", has been shown to be
very efficient for this purpose.1,2

If the spectral function has structures on a very small
energy scale, however, MEM loses these structures, in par-
ticular, if the temperature T is high. For instance, this is
important for the so-called dynamical localization.3 This
shows up in the optical conductivity #!"" for large T as a
downturn for very small " and as a peak at somewhat larger
". This kind of behavior has been reported for, e.g.,
SrRuO3,3 the high-Tc cuprate La2−xSrxCuO4,4 and
$-BEDT-TTF.5 This downturn happens on a very small en-
ergy scale, of the order of T. While the magnitude is rather
small for SrRuO3 and La2−xSrxCuO4, the data reported for
$-BEDT-TTF suggest a reduction of #!0" by a factor of
50–100 and a corresponding increase of the dc resistivity.5 It
is therefore of great interest to study this effect further. As
shown below, however, MEM cannot properly resolve struc-
tures on such a small energy scale. In this paper, we therefore
study an alternative approach based on statistical sampling of
the optical conductivity.

In a QMC calculation, the current-current correlation
function J!!" is calculated. This is related to #!"" via !set-
ting %=kB=1"

J!!" = #
−&

&

d"K!!,""#!"" = #
0

&

d"K̃!!,""#!"" , !1"

where

K!!,"" =
1
'

"e−!"

1 − e−(" , !2"

(=1/T , K̃!! ,""=K!! ,""+K!! ,−"" is a bosonic kernel, and
we have used that #!""=#!−"". Similar expressions also
apply to, e.g., the electron and phonon spectral functions but
with different kernels. There is a sum rule,

#
−&

&

#!""d" = '#
0

(

J!!"d! , !3"

relating #!"" and J!!".
The function K̃!( /2 ,"" is a weight function centered

around "=0 with the width 0.69!2'T". If #!"" has no struc-
ture on this energy scale, we have that #!0"=(2J!( /2" /',
providing a very simple way of estimating the dc resistivity.
We can improve this estimate somewhat by noticing that
2K̃!( /2 ,""−0.5K̃!( /4 ,"" is a function centered around "
=0 with the width 0.59!2'T" so that

#!0" $
(2

'
%2J&(

2
' −

1
2

J&(

4
'( , !4"

if #!"" has no structure on the energy scale )'T. This is too
large an energy scale to address the dc resistivity for systems
with dynamical localization for the cases discussed above.
Somewhat narrower functions can be formed by making
more complicated linear combinations K!! ,"" for many dif-
ferent ! values but little is gained. MEM is expected to be
more efficient at revealing features on a small energy scale,
but these examples, nevertheless, indicate limitations due to
the ill-posed nature of the problem, in particular, for large T.

To test different methods of analytical continuation, we
start out from a model of #!"" on the real frequency axis.
Using Eq. !1", the corresponding J!!" can easily be calcu-
lated, since this is a well-behaved and stable transformation.
We then add random noise to this calculated J!!",

J)!!i" = J!!i"!1 + r),i" , !5"

where r),i has a Gaussian distribution with the width #0. This
simulates the data that may be obtained from a QMC calcu-
lation. These data are then analytically continued back to the
real axis, using methods of interest. Since we know the exact
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The calculations clearly show a downturn for !=80, al-
though the depth is underestimated. Increasing ! to !=120
improves the accuracy substantially. Using !=40, however,
the downturn is entirely missed, and the calculated spectrum
just shows some average of the true spectrum over an energy
range of about 0.1. In all cases, however, the calculations
describe the spectrum for "# 0.1 quite accurately.

As a comparison, we show results using MEM in Figs. 3
and 4. In Fig. 3, we have used as a default model a Lorent-
zian, which is quite close to the true spectrum, except that
the downturn is missing. The default model fulfills the sum
rule. Using this quite accurate default model, MEM de-
scribes the downturn with a similar accuracy as the statistical
sampling method, while it is somewhat less accurate for
"# 0.1. In Fig. 4, we used as default model a constant for
!"!$ 1.4 and zero elsewhere, with the constant chosen so
that the sum rule is fulfilled. The description of the downturn
is comparable to the results for the Lorentzian default model,
while the results for "# 0.1 are substantially worse.

It is also interesting to study the case when %" "# has no
downturn, to check whether this is correctly described. Re-
sults are shown in Fig. 5. The exact spectrum is identical to
the spectra in Figs. 1–4, except that the downturn is sup-
pressed. The MEM calculations have been performed with
the same default models as before: a Lorentzian model which
is quite close to the exact result and a constant. The figure
illustrates that both the statistical sampling method and
MEM with the accurate default model reproduce the exact
%" "# very well and, in particular, correctly predict that there
is no downturn. Using a constant as default model and MEM
leads to a substantially worse result, although there is no
downturn in this case either. The use of the simple estimate
in Eq. "4# works well in this case, while it cannot describe
the downturn in Fig. 2 as well as MEM or statistical sam-
pling.

IV. CONCLUSIONS

We have presented a statistical sampling method, where
the optical conductivity %" "# is averaged using the probabil-
ity in Eq. "7# as a weight function. Comparing with the maxi-
mum entropy method "MEM# , an advantage is that there is
no need to provide a default model, which influences the
MEM results if the method is close to its limit of applicabil-
ity. For the problems considered here, the statistical sampling
method gives comparable or slightly better results than
MEM using default models close to the exact result. The
price we have to pay is that the method is many orders of
magnitude slower than MEM. With present day computers
this is not a serious drawback, in particular, since the time
spent for the analytical continuation is typically small com-
pared with the time needed for the QMC calculation of the
J" &# data.

We considered a model of %" "# for '-BEDT-TTF. We
find that for the large T for which this %" "# was measured,
neither the MEM method nor the sampling method can de-
tect the strong downturn which was reported experimentally.
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We present an algorithm for the analytic continuation of imaginary-time quantum Monte Carlo data which
is strictly based on principles of Bayesian statistical inference. Within this framework we are able to obtain an
explicit expression for the calculation of a weighted average over possible energy spectra, which can be
evaluated by standard Monte Carlo simulations, yielding as by-product also the distribution function as func-
tion of the regularization parameter. Our algorithm thus avoids the usual ad hoc assumptions introduced in
similar algorithms to fix the regularization parameter. We apply the algorithm to imaginary-time quantum
Monte Carlo data and compare the resulting energy spectra with those from a standard maximum-entropy
calculation.
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I. INTRODUCTION

Quantum Monte Carlo !QMC" simulations are a powerful
computational tool to calculate properties of interacting
quantum many-particle systems, such as spin models or
strongly correlated electron systems. Of particular interest in
those systems are dynamical correlation functions such as
single-particle spectra or susceptibilities, respectively, dy-
namical structure factors. However, QMC presently provides
data only on the imaginary-time axis, and the necessary ana-
lytic continuation of these data has proven to be difficult.

The standard tool to solve this problem is the maximum-
entropy method !MEM" #1$. It uses arguments of Bayesian
logic #2,3$ to obtain the most probable energy spectrum. In
order to solve this optimization problem efficiently, the
maximum entropy method approximates all occurring prob-
ability distributions to be of a Gaussian shape.

In the past efforts were made to provide an alternative to
this approach #4–6$. It was proposed to perform a Monte
Carlo average over a wide range of spectra instead of select-
ing a single spectrum. So far, the method lacked a rigorous
rule to eliminate a regularization parameter inherent in the
algorithm. Although this approach has been interpreted in
terms of Bayesian inference #6$, none of the authors utilized
Bayesian logic to eliminate the regularization parameter.

We show that this stochastic approach can also be under-
stood in terms of Bayesian statistical inference. We derive
a strict criterion to eliminate the free parameter, which is
completely based on Bayesian logic. It uses Monte Carlo
techniques to both calculate the average spectrum and to
eliminate the regularization parameter. It treats all probabili-
ties exactly and hereby avoids the approximations made in
the maximum entropy method. We apply the algorithm to
imaginary-frequency quantum Monte Carlo data and com-
pare the resulting spectra with results from maximum en-
tropy calculations.

II. PROBLEM OF ANALYTIC CONTINUATION

For a finite temperature T quantum Monte Carlo simula-
tions can provide accurate estimates Ḡn for either imaginary-
time correlation function G!#" at a finite set of N imaginary-
time points #n or, alternatively, for imaginary-frequency
correlation functions G!i$n" at a finite set of N Matsu-
bara frequencies $n. The frequencies are defined as $n
= !2n+1"% /& for fermions and as $n=2n% /& for bosons
with &=1 /kBT.

Because of the stochastic nature of Monte Carlo algo-
rithms each of the Ḡn possesses a known statistical error.
Moreover, the data for the different time or frequency points
are usually highly correlated. Therefore the input to the ana-
lytic continuation procedure consists of the Monte Carlo es-
timates Ḡi and their covariance matrix

Cnm = GnGm − ḠnḠm. !1"

In principle the spectral function A!$"=− 1
% Im G!$+ i0+" can

be extracted from these data by inverting

G!#n" =% d$ Kn!$"A!$" !2"

with

Kn!$" = K!#n,$" ª −
e−$#

1 ' e−$& !3"

for time-dependent data or

Kn!$" = K!i$n,$" ª '
1

i$n − $
!4"

for frequency-dependent data, where the upper sign holds for
fermions and the lower one for bosons. The spectral function
is normalized to*fuchs@theorie.physik.uni-goettingen.de
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cally less regularized spectrum, although for the high-quality
Monte Carlo data used here the results differ only slightly.
Note that this observation adds additional confidence to the
method and this type of analytical continuation in general
because it proves that in the limit of infinitely precise data,
all methods give the same result.

A comparison of the Wang-Landau criterion and the !2

!N rule using artificially constructed input data based on a
sharply peaked spectrum with a hard gap shows a significant
improvement due to the new method; while at the same time
the stochastic analytical inference in both cases seems to be
more accurate in approximating the singular structure than
the classical maximum entropy. As to when simple rules such
as !2!N or the choice "=1 may or may not present a good
way to fix the regularization parameter depends sensitively
on the model, the quality of the data, and structures occur-

ring in the spectral function. However, we can expect the
stochastic analytical continuation to result in spectra which
are in general closer to the exact one, with the Wang-Landau
approach typically giving the most accurate image.

One apparent drawback of the method is the necessity to
perform simulations for a broad range of values for ", inde-
pendent of whether one chooses the Wang-Landau approach
or !2!N, respectively, "=1 "23# to fix ". Although this can
be performed efficiently with parallel tempering techniques,
the required computer resources for one single spectrum can
sum up to about 20 processor hours and are hence orders of
magnitude larger than for standard MEM approaches. Espe-
cially for QMC data at higher temperatures, more computer
time may be needed for the analytic continuation than for the
simulation of the Monte Carlo data itself. As the resulting
spectra tend to be less regularized one has to ponder the gain
in details in the structures against the significant increase in
computer time.
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FIG. 7. $Color online% Results for a square-root-shaped spec-
trum. Only positive frequencies are shown since the spectrum is
symmetric around zero. This symmetry was enforced for all simu-
lations. The SAI including the Wang-Landau criterion for the deter-
mination of " is the most successful in resolving the sharply peaked
input spectrum. Note that the choice "=1 gives the same result as
!2!N.
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sampling

discretize

Gibbs sampling: sample component fn → fn’ ∈ [0,∞) keeping all others fixed

�2(f ; f 0n) = || g̃ � K̃f + K̃nfn| {z }
=:g̃n

�K̃nf 0n ||2 = K̃†nK̃n| {z }
1/�2

✓
f 0n �

K̃†ng̃n

K̃†nK̃n| {z }
=µ

◆2

sample truncated Gaussian, quite slow since σ very narrow

fASM(g̃; x) /
Z

f (x)�0
Df f (x) e�

1
2
�2[f ]

!
NY

n=1

Z 1

0
dfn e

� 1
2
||g̃�K̃f ||2 f
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sampling

sample truncated Gaussian, still quite slow since σ very narrow

better to sample along principal axes of #2

f2

f1



modes sampling

unitary transformations to singular modes

non-negativity constraint fn ≥ 0

h := Ũ†g̃

e := Ṽ Tf
�2(f ) = ||Ũ†g̃ � S̃Ṽ Tf ||2 =

MX

i=1

(hi � si ei)2

f 0 = f+(e 0i�ei)Vi � 0 ) max

⇢
fn
Vni

���� Vni < 0
�
 ei�e 0i  min

⇢
fn
Vni

���� Vni > 0
�

NY

n=1

Z 1

0
dfn e

� 1
2
||g̃�K̃f ||2 f !

NY

i=1

Z

f�0
dei e

� (si ei�hi )
2

2 ei

optimal sampling, except when fn becomes small (e.g. in tail)



blocked modes sampling

introduce hierarchy of grid partitionings in blocks

and sample modes on blocks

modes sampling

components samping

in each update choose random level in hierarchy

and sample modes on blocks



efficiency: small cutoff

step size: �i = ||f (i) � f (i�1||/||f (i)||



efficiency: large cutoff

step size: �i = ||f (i) � f (i�1||/||f (i)||



test cases

Analytical continuation of imaginary axis data for optical conductivity
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We compare different methods for performing analytical continuation of spectral data from the imaginary
time or frequency axis to the real frequency axis for the optical conductivity !!"". We compare the maximum
entropy !MaxEnt", singular value decomposition !SVD", sampling, and Padé methods for analytical continu-
ation. We also study two direct methods for obtaining !!0". For the MaxEnt approach we focus on a recent
modification. The data are split up in batches, a separate MaxEnt calculation is done for each batch and the
results are averaged. For the problems studied here, we find that typically the SVD, sampling, and modified
MaxEnt methods give comparable accuracy while the Padé approximation is usually less reliable.

DOI: 10.1103/PhysRevB.82.165125 PACS number!s": 72.15.Eb, 02.70.Ss

I. INTRODUCTION

For strongly correlated systems analytical methods usu-
ally involve uncontrolled approximations. Therefore stochas-
tical methods such as quantum Monte Carlo !QMC",1 quan-
tum cluster methods,2 or continuous time methods3 are often
used. Apart from statistical errors, such methods can produce
quite accurate results but the results are obtained on the
imaginary axis. A major problem is then the analytically con-
tinuing of the results to the real axis, which is an ill-posed
problem. Small changes in the data on the imaginary axis can
lead to large changes on the real axis. Since the imaginary
axis data contain statistical noise, the analytical continuation
is very difficult.

There are different ways of regularizing this ill-posed
problem. One method combines the Bayesian theory with the
maximum entropy !MaxEnt" approach, which has been
found to be an efficient method for analytical continuation.4,5

Other regularizations are used in the singular value decom-
position !SVD" !Ref. 6 and 7" or stochastic regularization8

methods. An alternative is provided by making a Padé ap-
proximation to the data as a function of imaginary frequency
and then analytically continue the Padé expression to real
frequencies.9,10 A rather different approach is to use sampling
methods, where a large number of spectra are added,
weighted by the probability that they correspond to the
imaginary axis data. Such methods have been proposed for
T=0 !Ref. 11" and finite T.12 Finally, there are simple ap-
proximate methods for obtaining the optical conductivity at
zero frequency, !!"=0", directly from imaginary time or
frequency data.

Two-particle correlation functions, such as the dynamical
spin or charge correlation functions or the optical conductiv-
ity, provide important information about a variety of proper-
ties of the system. These two-particle functions are much
more difficult to calculate in QMC-type frameworks than the
one-particle Green’s function,13 and therefore much of the
interest has focused on the electron Green’s function. Here
we therefore instead treat a two-particle function, the optical
conductivity. While we here focus on transformation of
QMC data from imaginary space to real space, we note that
there are also QMC methods giving results directly for real
frequencies.14

In this paper we compare the Padé, SVD, sampling, and
MaxEnt methods for obtaining the optical conductivity from
imaginary axis data. We define a frequency-dependent opti-
cal conductivity, !!"", where " is a real frequency. This we
refer to as the “exact” result. This !!"" can easily be trans-
formed to the imaginary axis since this is a well-behaved
transformation that can be performed with a high accuracy.
We add statistical noise to the data, which then simulate the
output of a QMC calculation. The data are then transformed
back to the real axis, using the various methods for analytical
continuation. If the methods work well, we should essen-
tially recover the starting !!"", the exact result. This way we
can judge the accuracy of the different methods. It is impor-
tant to compare with a known exact result since analytical
continuation methods can give spurious structures due to
noise in the data. If a certain method A gives more structures
than another method B, it is hard to judge whether these
additional structures are real and method A is better or they
are due to noise and method B is better. This problem is
avoided if exact results are known. Here we construct the
exact !!"" using results for the two-dimensional !2D" Hub-
bard model as a guide for the general shape.

We find that the SVD, sampling, and MaxEnt methods
tend to give comparable accuracy while the Padé approxima-
tion often gives worse results. In particular, the Padé ap-
proximation often overestimates !!0". One of the direct
methods for estimating !!0" #based on Eq. !6" in Sec. II$
underestimates !!0", in particular, for a narrow Drude peak
while the other #extrapolating Eq. !5" in Sec. II to #=0$
typically gives better results.

In Sec. II we present some general results for the optical
conductivity. The different methods for analytical continua-
tion are presented in Sec. III and the results are show in Sec.
IV.

II. OPTICAL CONDUCTIVITY AND CURRENT-CURRENT
CORRELATION FUNCTION

The optical conductivity !!"" is obtained from the
current-current correlation function

PHYSICAL REVIEW B 82, 165125 !2010"
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average spectrum



improve cut-off: ωmax =  8



improve cut-off: ωmax = 16



improve cut-off: ωmax = 32



remove cutoff

variable transform
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grid dependence !?
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default model

average spectral without data (except normalization)

grid density acts as default model



consider different grids

sample component fn ≥ 0 uniformly on grid interval n 

inconsistent with choice of different grids

example: coarsening of grid interval I = I1 ∪ I2

for uniform pn(f)=1 we get pI(f)=f

f = f1 + f2 ) pI(f ) =

Z f

0
df1 p1(f1) p2(f � f1)

Z

f (x)�0
Df e�
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Gamma distribution
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functional measure

sampling uniformly on a grid implies a certain functional measure

sampling on grid with k-fold resolution: reweight with

reweighting for grids of different density

separate grid from default model

p̃(f1, f2, . . . , fN)

p(f1, f2, . . . , fN)
=

Y

n
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check reweighing…



simulating different grids



how to choose grid?

default model: least informative function that reproduces lowest moment

estimate width of model from NNLS

ω ≥ 0:

otherwise:

µ =

Z
f (!) d! �2 =

Z
(! � µ)2f (!) d!

grid: make numerical error in evaluating kernel smaller than noise in data

⇢(!) =
1

µ
e�!/µ

⇢(!) =
1p

2⇡ �
e�(!�µ)2/2�2



fit histogram: reliable results

result for N>8 independent of N: 
default model consistent with data

too few points: 

bad numerics



fit histogram: unreliable results

too few points: 

bad numerics

result for N>8 shift with N: 
default model not consistent with data



test case



summary

analytic continuation
⌦
A(t)B(0)

↵
=
1

Z
Tr e��H eiHtA e�iHt B
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where is information?
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why ill conditioned?

LS/NNLS & Picard condition
regularization


Tikhonov/MaxEnt
average spectrumZ

f (x)�0
(sum-rule)

Df e�
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