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Real Materials: Reference Systems
Materials Reference

¢~ Reference system is important: Archimedes
2= ,Give me the place to stand, and | shall move the earth.”
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Summary for Fermions {é;,é/} = é;
Gl =100 &]0)=0
S0 =11y & (1) =0

1

Pauli principle
¢ieiln) = n;n)

@2:(5+) - 0.

1 [

Fermionic coherent states |c)
Ci ey = ¢ilc)

Left-eigenbasis has only annihilation operator - bounded from the bottom:

¢; [0) = 0]0)



Grassmann numbers c

F. A. Berezin: Method of Second Quantization (Academic Press , New York, 1966)

Eigenvalues of coheren states C;C; — —CiG
2
c; = 0
Exact representation I
F c) = e~ Xl o)

Proof for one fermionic states
Cle) = (1 —ec™)[0) = ¢(|0) — c|1)) = —cc|1) = ¢|0) = c|c)

Left coherent state (c| : (] ot — (e| ¢

(el = (o] e et

general function of two Grassmann variables

f(c*,¢) = foo + fioc® + forc + fuc’c



Grassmann calculus

: : (%z-
Formal definition of derivative . 0ij
Cj
a PR
Due to anti-commutation rule: (9—626162 — A

Example:  f(c",¢) = foo + fioc™ + forc+ fuic'c

0 0 0 0 0

e %f(c ) = O+ (for — fuc®) = —fu = " e Her

Formal definition of integration over Grassmann variables

/...dc S %

/ldc:O /cdc:l



Resolution of unity operator

Overlap of any two coherent fermionic states <C’C> — @Zi Ci Ci

Proof for single particle
(cle) = ((0] = (1] ") (|0) —¢[1)) = L+ e ="

Unity operator

/dc*/dc e T o) (e = 1 = //dc*dc ’Z’S’

Proof for single particle

//dc*dc e~ c) <c|://dc*dc(l—c*c)(|0>—c|1>)(<0|—<1|c*):

~ [ [ dede (o) 0+ 1) (1) = 3 ) ] = 1




Trace Formula

Matrix elements of normally ordered operators
<C*‘ [:](é+76) ‘C> — H(C*,C) <C*‘C> _ H(C*,C) ezic;-"ci

Trace of fermionic operators in normal order

Tr(@) = Z n\O\n Z//dcdcec (n| ><C|O\n>

n=0,1 n=0,1
= //dc*dcecc e //dcdcec* —c|Ole)
n=0,1

,Minus" fermionic sign due to commutations:

(nlc) {cln) = (=c|n) (n|c)

Mapping: (A+ éz) — (C;Fa Ci)



Partition function

Grand-canonical quantum ensemble H = H ,uN

N-slices Trotter decomposition [0O,B)
Tn =NAT =nf/N(n=1,...N)

Insert N-times the resolution of unity:

Z = Trle ] //dcdcec* e P c)

— /Hf:ledcndcn = 2n CnCn (en|e” ATH|(:N 1) (en— 1|e

— /HN dc dcn Zn:l[C:L(Cn_cn—l)/AT_FH(C;kan—l)]

In continuum limit (N — «)
_ / D [e*, ] e~ K et e+ He (7))

Antiperiodic boundary condition c(B) = —c(0),

—BH —ATH)N

N—oo

|CN_2> <Cl| B_ATH |C()>

N B
ATZ... — / dr...
n=1 0

Cn — Cp—1
At
nY-tdcide, ~ D]c* (]

— O



Gaussian path integral

Non-interacting "quadratic” fermionic action

N

Zo [J*v J] — /D [C*C] e~ Zi,j:lC;Mijcj—FZiV:l(c;kJri‘J;Ci) — det [M] - SN TE (M5,

N N
: . SN KM e 1 *
H'nt fOF pI’OOf (& Zi,j:l i Mije; — ﬁ ( Z ¢ Mm‘Cj)

i,j=1

Exercise for N=1 and 2: /D "] e~ciMuer — /D ("] (—ctMiicr) = Myy = det M

/D [C*C] e—ci‘Mucl—ci‘Mlgcl—CEMglcl—c§M2262

1
5 / D [C*C] (_CTMHCI — CTMlQCl — C§M2101 — C;M2202)2 = M11M22 — M12M21 = det M

Shift of Grassmann variable: & Me — ¢ J — Jfc = (=T MY)YM(c—M"J)—JTM'J

correlation functions for a non- interaction action (Wick-theorem)

oty = L%l
“alo T Zy §JF 0,
* ok 1 54Z0 [J*7 J] —1 —1 —1 —1
<Cicjckcl >0 = Zo 5J@*5J]*5JZ5JI<: ‘JZO - Mil Mjk: o Mik: Mjl

‘J:O — Mz';l




Path Integral for Everything

Euclidean action

12 1234

Shot notation: Z = Z/dT...



One- and Two-particle Green Functions
One-particle Green function 1 + 2
Gio = —(c1Cy)g = ——/Dc clcicye
Two-particle Green function (generalized susceptibilities)
X1234 = (€1C2C3Cy) g /D [, ] creac5C) e ®

Vertex function:

X234 = G14Gas — G13Gos + Y G11Gay Tiyzw GysGu

1727374/

XL JHL




Baym-Kadanoff-Luttinger-Ward functional

Source term S[J] =S+ Z ¢; Jijc;
Partition function and Free-energy:

Z[J] = e—F[J] — /D[(:*,(:] e_S[J]

Legendre transforming from J to G:

F[G] = F[J] - Tx(JG) Gro =

Decomposition into the single particle part and correlated part

FIG]=TrInG — Tr (XG) + @|G]

oG] = )

1




Problems with BKLW-functional

Physical and unphysical regimes of self-consistent many-body perturbation theory
K. Van Houcke, E. Kozik, R. Rossi, Y. Deng, F. Werner, arXiv:2102.04508

G 1= Ggl — <—= Y = Ypold[G] = Z Ebold

Toy model - Hubbard atom: H= —p > ns+Unsn, se{t |}
Partition function, Action and Grteen Function in Grassmann integral over s and Ps
/ (Hdgpsws) o= S[Bs.ps] Exact results for 4 > 0 with rescaling 9= GV/|U|, o =3%/V|U|
Thoals) = an(~1)"g""""

(—1)"1(2n - 2)!
nl(n —1)!

S[Bss 5] = =1 Y Psips + Uror@ oy |» Thold(9) = Z o™ (g
S

! S TR I I
GZ_? /(E[d@sdgps> € [ps:ps] Ps Ps

Exact self-energy and propagator

Uexact(QO) = —90 (+) —1 4+ 1 — 492
90 |» o\ (g) =
Jexact <.90) - D) 2g

l—l—go

g0 := /U] Go = /U] /.

a/n:

Physical branch (+) |U| < p?

Unphysical branch (-) U] > p?



Emergent Magnetic Moment

B
Slatt:‘f(; dT{_ Z 170-[51160'0'( —0; + ) — 8 ]ij-/

Correlated electrons

o0 lattice model
b Y Unm s 5 DAV 0
i,o0’ 1],

Criterium of Local Moment formation:

. 828100 [ps]

— [XS]— _JlOC
apf— apf—/ T’

2.0

1.5 1

~
1.0 f
05 |
Rotated local frame g, = [ C0Si/2) ~ —e7¥sin(6;r/2)
T e Sin(QiT/Z) COS(Q[T/z) 0.0

Effective bosonic action in the adiabatic limit

21 25 |

M|

N,

M

no magnetic
moment

C<O0

magnetic moment —e—
AFM boundary —e—

local
/ magnetic

moment

C>0

-t—*‘**'—.(

Heisenberg
Slater

7 8

U

s
—‘—f drdt’ anfffﬁp +f dr ) AiM;.  Kinetic term (spin precession)

ij:ss’ i

_ _f drdt Z{Pn){% "5, + M, oM, } longitudinal (Higgs) fluctuations

9 10 11

12

E. Stepanov et al, PRB 105, 155151 (2022)



D FT fu nCt|Ona‘ on(l) = Gudn =< e, >s

M. Valiev, G. W. Fernando, Phys. Rev. B 54, 7765 (1996); R. Fukuda et al, Prog. Theor. Phys. 92, 833 (1994)

Hamiltonian with "A-scaled” interaction part H=T+\U
DFT-functional Pl = FUN = J (1)n (1) A
Inversion method (R. Fukuda): TN = Jo [n] + Ay [n] + \2s [n] +
F[LA = Ry [J]+ AE [J] 4+ N Fy [J]
I'[n, A\l = Iy [n] + AL [n] + ATy [n] +
S NL = YN [Z N Ty [n ] SN (1)n (1)
Formal exact expression: I [n] = F; [Jo] +25§3k[‘]0 —J;(1)n(1 +Z ‘mikmq (ZLF" (bt [J]Jkl( 1) Ji, (m)
o ml e 0o (1) 6o (m)
DFT (effective single particle) related with zero-order term: Iy[n| = Fy[Jo] — Jo (1) n (1) n(l) = (EZ [é)]'
Kohn-Sham potential: Vics = Vgt + Vi + V. <cmmmp ]

FDFT [n] = TO [n] + ‘/ext [n] + VH [n] + ch [TL]

Tl + Vil = Y [ dr 61057 + Vi) = o n(r) = ¢p(x)d(x)

Viln] = ;/drn(r)U(r—r')n(r')

Vln] = —% / den(r¥)Ufr = (' x) + 3 I

LDA  Viln] = /drn(r)sm(n(r)) With €zc from VMC-calculation of D. M. Ceperley and B. J. Alder
Phys. Rev. Lett. 45, 566 (1980) — Reference System with fixed n



Why DFT-LDA works?

e Errors in the approximation of exchange and correlation cancel

ndlre<r)
riar
| ——

e LDA does fulfill the sum rule for the exchange-correlation hole

[(lr’n.,.,.(r. r'—r)=-1

n..(r,r') = n(r')[g(r,r') — 1] = exchange-correlation hole density:;

g(r.r') = pair correlation function averaged over coupling constant.

e The exchange-correlation energy depends only on the angle-averaged exchange-

correlation hole which 1s well described in LDA.

\

2E o] = [ "(rl-’r”i"':, | L dvdr’ = [ n(r)dr [ iz (r. R)AR/R,

Vsl B dt) = /n,,.(r._ r+ R)dQp/4m.

R. O. Jones and O. Gunnarsson, Rev. Mod. Phys. 61, 689 (1989)
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How to find “optimal”-functional?

Dual Fermions: Basic

Start from Find the optimal Expand around

Correlated Lattice Reference System DMFT solution
Bath hybridization



Dual Fermion scheme
General Lattice Action ;- /p[c*,c] exp (=51 ("))

s
Srlc*, ] = — Z Crvo (IV+H1—1K) Oy + Z/ dr U ng 4mir,
—Jo

kvo

Reference system: Local Action with hybridization A,

SA [Cja Ci] — Z CZ/U (iV+,LL—Au)CiV0 + Z UnZ/Tniy¢

v,o

Lattice-Impurity connection:

Z Salct, ¢l Z Clyer (Ay—tk) Ckuo

kvo

A. Rubtsoy, et al, PRB 77, 033101 (20038)



Dual Transformation

Gaussian path-integral
GCT 512 c2 __ det AV/D [d*, d] e—dfjl_;dg—dfcl—cfdl
With Ay, = (A, —t)

Z dkyo' Qk,/ dkl/O‘ =+ Z v

kvo

Diagrammatic: J12 = —<Clc;>A

—1 —1 * 1 * Jk
- GOV ((tk_Ay) — gy) V[d ,d] = Z 2’71234 d1d2d4d3

1234

new Action:

L 0 * %k
Y1234 =— X1234 — X1234 X1234 — <C1020304>A

d, and y, . , from DMFT impurity solver



Dual Fermion Action: Detalls

Lattice - dual action Z£ = /D[c ¢, d*,d)exp( — S[c*, ¢,d",d]) Zg = det A
S C , C, d* Z SA + Z dkua _tk dkua
k,v,o

SZA[CmCiadiad] SA Czacz + Z ivo Civo +C;<1/0' diva)

For each site (i) integrate-out orlglnal c-Fermions:

/DC C exp( SA[ Cz,Cz,d*d]) — eXp( Zdu/a gl/ ivo V;[djdz]>

1
Dual potential: V'[d*,d]| = 1 2%234 dydydyds +...
1234

_ 0
Y1234 = X1234 — X1234

1 0 _
—Salc* =
X1234 = <0102C§CZ>A = 7 /D[C*, c] clcgcgcz e~ Salem el X1234 = 914923 = 913924

g2 = —(c165)A = /Dc cleicse —Sale*d



Dual and Lattice Green’s Functions

Two equivalent forms for partition function:

6F[J J,L* L] _ Zd /D[C*C, d*d] G_S[C c,d*,d|+J{c1+ciJo+Lidi+d5 Lo

GF[L*7L] _ Zd /D[d*, d] e—sd[d*7fd—|—L>{d1‘|‘d§L2 Z’;d _ Z/é
Hubbard-Stratanovich transformation:

+ ln/D[c*, c| exp <—S[c*, c] + Jicr + 5o + LI(A—t)12c0 + cT(A—t)lng)

O°F
0Lo0 L7

Relation between Green functions:

G12:_

Go = —(A—t)12 + (A—1)11Gro (A—1) g

T-matrix like relations via dual self-energy

Gy, = ((g,, + Eku)_l — ANky)l



Super-perturbation

Standard perturbation
theory:

2
Develop inU 4 4
+
Reference System:
exact solvable model
e

oy, a4
— oo




1-st order diagram for dual self-energy

= Z 7?234(”» V', 0) G (V')

v'.3,4

Density (d) and Magnetic (m) Vertices:

d
Naa (Vs w) = Ygaa (0, V', w) £ Az (0,1, w)

Connected 2-particle GF:

/

oo o * * o o o o
’71234(717 T2, T3, 74) — = <Cloc2aCSU’C4a'>A + J12934 — 914932500’



Two site test
U=2, e0=0 1,=0.5 O - & Ref.

Energy



2-nd order diagram for dual self-energy

cqg =—1/4and ¢,, = —3/4

=(2)ij a,i ~ij ~ji ~ij a,j
252) (v) = ZZ Z CaVi3as(V, V', w) G (v + w) Gy (V' + w) G (V) 760 (Vs v, w)

v'w 3-8 a=d,m

Lattice Self-Energy: Eky — EB + Ell{y

B ~ (-1
Non-Local DF-correction: l/w = g, - (gy + Eky)

Lattice Green Function:

Gy, = ((91/ + Z11<u)_1 — Avku) -



Plaquette DF- perturbatlon

e 2t 4p 2t

2t 2% 4

€ tK% pL=t tKY Ao = o = 4p 25t £ 2?

. tK= ¢ tKY pL— 9% dp 2 ¢
ST pLt Kt & tKO-

tKt0 pL*tt tK%t ¢ ) Mapping
<“—>
Kif{fl _ 1_|_ei(mkm+nk:y)
LIT - 1 _i_ei(mkw—i—nky) +€imkm +einky

G, (t,7)

[m(n)] = =(1),0,+(1)

0.25- |

] ﬂ DFZW ED4x4 ]
_0.20

U=8 =

t=1 <0.15

T_t/5 24 QMC10x10 1
Q 0.10 SR




Condition for A and relation with DMFT

Gd:_GDMFT_g

. . N
To determine A, we require ()
that Hartree correction in dual variables vanishes. 4 =0
If no higher diagrams are taken into account, one obtains DMFT: !j’

Gyg=g¢ ég = Gpurr — ¢ Gpmrr = (9v+Av_tk)_l

1 s
k

Higher-order diagrams give corrections
to the DMFT self-energy, and already
the leading-order correction is nonlocal.




Dinamical Mean Field Theory

Lattice DMFT

000
QOO +=3
000

Self-consistent condition:

T

DMFT minimize “distance”: ’tk —A, |



Quantum Impurity Solver

7 = /D[C*,c}e_smp,

Sy = Z/m/w% A=), el

[,J=0
N8
‘|‘Z/ dTUTL[)T<T>n]’¢<T>,
=17V

What is a best scheme?
Quantum Monte Carlo !




CT-QMC: random walks in fermionic-det space

decrease

Step k-1

k D'
w| D*

Z=... Zk—l + Zk+ Zk+1+

QI

Acceptance ratio

Distribution

O

0 0O

©)

©)

@)
O

o
?OOooooooo

T
0

2
Maximum at ,BUN
A. Rubtsov and A.L., JETP Lett. 80, 67 (2004)

T
20

40 60

INCcrease

Step k+1

‘W‘ Dk+1
k+1 D"

E. Gull, et al Rev. Mod. Phys. 83, 349 (2011)



From Atom to Solid
Atomic physics (U) Bands effects (LDA)

A

N(E)

i E | LDA+DMFT




General Projection formalism for LDA+DMFT

P. Blgchl, PRB 50, 17953 (1994)
. . ~ = — . —1
Ge (i) = > (Lm|Gn) |(iw 4+ p) 1 — Hgg(k) — AZ(zw)]nn, (G, /| L, 1)

—
k nn'

A, (w) = > (Gn|Lm) AZ,,,(w) (L |G s

mm/

G. Trimarchi, et al. JPCM 20,135227 (2008)
B. Amadon, et al. PRB 77, 205112 (2008)



DFT+ DMFT: Curie Temperature

<+ calculations with Full Uy, from cRPA

= Fe (bcc) " Ni (fcc)

- Denéity—d
~e Kanamori |
-o- Full Ullld

25

2 =

15}

1 =

05 TS P=143K

0

0 1,000 2,000 3,000

« A.Hausoel, M. Karolak, E. Sasioglu, A. L., K. Held, A. Katanin, A.Toschi and G. Sangiovanni



DFT+ DMFT: Curie Temperature

a iron
25+

z 2|

| I

« 1.5

=2 L

I I

c 1 _ 5%\

lexperiment:
0-5 13 "= 1043k
0 L N
0 1000 2000
T(K)
0.7 F ni ‘

b nickel den5|ty denS|ty
0.6 1 - Kanamori
0.5 - full UleI

e 0.4 r
0.3 r
0.2t

| experiment:
0-1 T. = 633K
0 L L .

A. Hausoel et al Nat. Comm. 8, 16062 (2017)
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Spectral Function for Fe and Ni
paramagnetic DFT+DMFT

Iron Nickel

T
i
[\

1.5

—

spectral intensity (arbitrary units)

A. Hausoel, M. Karolak, E. Sasioglu, A. L., K. Held, A. Katanin, A.Toschi and G. Sangiovanni
Nat. Comm. 8, 16062 (2017)



Magnetic fluctuations and Hund coupling

E. Stepanov, Y. Nomura, A.L,, and S. Biermann, PRL 127, 207205 (2021)

D-TRILEX

3D-3-orbital t,,-model (C, = cosk, )

H = - thlT ZUChn+Umm)
_ J Cilr ]lO' i T4
l_{a/’B} ijlo 2 il
1 =vyz
< t1(K) = € + 2t,(Cy + Cp) + 21:Cy + 41,CoCp

2 =zx,and 3 = xy
a) XiY(gz,qy); J =02 b) XiY(4z,qy); J = 0.65
T I 0.285 T \ I I I I I 0.38
" i ofP B

Spin susceptibility I |1 oo2rs | | gjj

(yz-component) 0L L oz ofF - | 033

| 032
- 0265 031

0260 ] 030

1

- & o02s5 - - . 028
-




Super-perturbation: DF-QMC

« Controllable perturbative solution of doped Hubbard model for HTSC
» Developed DF expansion around DOMC for N=1, t'=0

Reference System
t U

Mott-Slater insulator U=8t Correlated metal

DOMC - no sign problem DF-superperturbation



DOS for Reference System

020 |||||| - 75 - 1T - T v T * 1
DQMC10x10 H=—(l,
U=8t Slater




Super-DF-QMC 2x2 test DQMC-Hirsch

DF=Lines DF-pert:

QMC=Points

U=5.56
=64

Gi3 ¢=1,1)
Gy (

1 o A~ ,
Yo ~ Er{[}r (c165¢5¢h) 151G 1= (i,/¢,0)

(C103€3CY) 15} = (C1C2) (s} (C3C) {5} — (C1C4) fs} (C3C5) (s



Super-DF-QMC 2x2 compare with exact QMC

0=12% DF=Lines
QMC=Points
Gy
U=b5.56
B=5
L=64
Gi3 ¢=1,1)



DFQ for 8x8: Spectral Function

T=t/5
t'/t=-0.3
U=6

u=-1.3

p=5



Conclusions

Local correlations well described with the
CT-QMC impurity solver: basis for DFT+DMFT

Multiorbital D-TRILEX is most efficient scheme
for non-local correlation in realistic systems

DF-theory can be combined with Lattice DQMC
to describe strongly correlated materials
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