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Localization of 3d, 4f and 5f orbitals.
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For 1s, 2p, 3d, 4f , R has no node,
their maxima are thus closer to the
nucleus
3d and 4f orbitals are more
localized.
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Hydrogen Molecule

a b

bonding state σg = a+b√
2

antibonding state σu = a−b√
2

4



Hydrogen molecule: molecular orbital.

-r
0 0 r

0

-r
0 0 r
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a(r) b(r)

σg~(a+b)

σg = a+b√
2 5



Hydrogen molecule: stretched.

-10 -5 0 5 10
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Hydrogen molecule: same orbital for both spins !
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Hydrogen molecule: same orbital for both spins !
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Hydrogen molecule: dissociation limit is bad
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A solution: break symmetry

-10 -5 0 5 10

no more artificial delocalization, no more interaction 10



But

Symmetry breaking. An artificial magnetism is induced.
A static theory, which overestimates localization.

11



Solution 1: localization: lowers interaction
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Solution 2: localization: lowers interaction

-10 -5 0 5 10
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Solution 3: delocalization: lowers kinetic energy

-10 -5 0 5 10
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The exact solution

|Ψ〉 = c1|1 : localized ↑↓〉+ c2|2 : localized ↓↑〉+ c3|3 : delocalized〉

This mixing of configuration correctly describes the system (magnetism, structural properties).

c1 = c2: no ordered magnetism.
c3 increases if distance between atoms lowers.

Localized state increases if U/W > 1.

a b W

15
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Localization in f electrons systems
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[Mac Mahan, et al J. Comp.-Aid. Mater. Des. 5, 131 (1998)]
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Localization in f electrons systems
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Isostructural transition in Cerium

Isostructural transition Vγ−Vα
Vγ

= 15%, ends at a critical point

Electronic configuration 4f1.

α phase: Pauli paramagnetism

⇒ α phase: f e−more delocalized.

γ phase: Curie Paramagnetism

⇒ γ phase: f e− is localized

[Johansson, B. Phil. Mag. 30, 469 (1974)]
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Transition in lanthanides.

We now discuss the equation of states of lan-
thanides as a function of pressure.

At low pressure, compact structures.

Under pressure, more distorted structure

f electrons participate to the
bonding

Figure from [Schiwek, (2002)]
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Localization in f electrons systems

4d element: filling of the 4d band
(Bonding states and antibonding):

4d electrons are delocalized .

Lanthanides: 4f electrons localized ,

negligible overlap between 4f orbitals .

Actinides: intermediate case of
localization.
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PLUTONIUM: A LARGE NUMBER OF PHASES.

Many phases
Some phases with delocalized electrons (low volume) and phases with localized electrons
(large volume).

Pressure Instability. 

Los Alamos Science
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Figure 16. Plutonium Instability with Temperature and Pressure
Plutonium is notoriously unstable under almost any external disturbance. Over a span
of only 600°, it exhibits six different allotropic phases with large accompanying volume
changes before it melts. Pressures on the order of kilobar (100 megapascals) are suffi-
cient to squeeze out the high-volume allotropes (Morgan 1970). Small chemical
additions can stabilize these high-volume phases. 
(Reproduced with permission from The Metallurgical Society.)

From Kevin T. Moore and Gerrit van der Laan Rev. Mod. Phys. 81, 235 (2009)
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THE EXACT HAMILTONIAN

The exact hamiltonien is:

H =
N∑
i=1

[−1

2
∇2

ri + Vext(ri)] +
1

2

∑
i6=j

1

|ri − rj |

It can be exactly rewritten in second quantization as:

H =
∑
i,j

〈i|h|j〉c†i cj +
∑
i,j,k,l

〈ij|v|kl〉c†i c†jckcl

If interactions are purely local (as in lanthanides), one can write a simplified Hamiltonian as:

H =
∑
R,R′

tR,R′c†RcR′

︸ ︷︷ ︸
one electron term : delocalization

+
∑
R

Un̂R↑n̂R↓︸ ︷︷ ︸
interaction term : localization

Now, we have a parameter to describe the Coulomb interaction which is called U .

Competition between delocalization and localization
22



The Hubbard model: Competition between localization and delocalization

H =
∑
R,R′

tR,R′c
†
RcR′︸ ︷︷ ︸

one electron term : delocalization

+
∑
R

Un̂R↑n̂R↓︸ ︷︷ ︸
interaction term : localization

↓

↑

↓

↓

↓

↑

↑

↓

↓

↓

↑

↓

↓

↑↓

Interaction U

↑

↓

↓

U is the energy repulsion of two electrons on the same site.
For large value of the interaction U , electrons are localized
For low value of the interaction U , electrons are delocalized 23



Dynamical Mean Field Theory

The Hubbard model physics can be mimicked by an Anderson model +
Self-consistency

24



Dynamical Mean Field Theory

The Hubbard model physics can be mimicked by an Anderson model +
Self-consistency

≡
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Dynamical Mean Field Theory

The Hubbard model physics can be mimicked by an Anderson model +
Self-consistency

≡

W. Metzner and D. Vollhardt Phys. Rev. Lett. 62 (3) 324 (1989)
A. Georges and G.Kotliar Phys. Rev. B 45 (12) 6479 (1992)

Antoine Georges, Gabriel Kotliar, Werner Krauth, and Marcelo J. Rozenberg Rev. Mod. Phys. 68, 13 (1996) 24



Anderson Hamiltonian in the DMFT

W

H0a

ϵ0

ϵ0 + U

H0b

Vk

H1

HAnderson =
∑

ωka
+
k,σakσ︸ ︷︷ ︸

H0a

+
∑
k,σ

Vk(a
+
k,σcσ + c+σ ak,σ︸ ︷︷ ︸
H1

) + ε0(n↑ + n↓) + Un↑n↓︸ ︷︷ ︸
H0b

(1)

25



Anderson Hamiltonian with Vk = 0: Hubbard bands

The isolated atom limit: Vk = 0

H = Un↑n↑ + ε0(n↑ + n↓) = Un↑n↑ + ε0(n↑ + n↓)

0 electron: |0〉 :E = 0

1 electron: | ↑〉 and | ↓〉: E = ε0

2 electrons: | ↑↓〉: E = 2ε0 + U

U

ε0

0→ 1 1→ 2

ε0 + U 26



Anderson Hamiltonian with U = 0.

The hamiltonian writes:

HAnderson =
∑

ωka
+
k,σakσ +

∑
k,σ

Vk(a+k,σcσ + c+σ ak,σ) + ε0(n↑ + n↓)

H is: 
ε0 V1 ... Vk ... VN
V1 ω1 0 0 0 0
.... 0 ........ 0 0 0
Vk 0 0 ωk 0 0
... 0 0 0 ..... 0
VN 0 0 0 0 ωN


This hamiltonian contains the hybridization of a single level ε0 to other levels. The level with move
and will be broadened by hybridization on other levels.

(ωI −H)G = I (2)

27



Anderson Hamiltonian with U = 0.

H is: 

ε0 V1 ... Vk ... VN
V1 ω1 0 0 0 0
.... 0 ........ 0 0 0
Vk 0 0 ωk 0 0
... 0 0 0 ..... 0
VN 0 0 0 0 ωN


G = (ωI −H)−1 (3)

We can easily inverse this matrix and compute the Green’s function of the
correlated orbital (Using A−1 = Com(A)T /detA to inverse I −H). We obtain:

G(ω) =
1

ω − ε0 −∆(ω)
with ∆(ω) =

∑
k

V 2
k

ω − ωk
(4)

Where ∆(ω) is called the hybridization function. 28



Anderson Hamiltonian with U = 0.

We can now compute the spectral function of this system by computing:

A(ω) = − 1

π
ImGR(ω + iδ) (5)

We need

∆(ω + iδ) =
∑
k

V 2
k

ω − ωk
− iπ

∑
k

|Vk|2δ(ω − ωk) (6)

If ∆ = 0, then the spectral function has a peak at ε0. Using the last two equations,
the peak at ε0 in the spectral function will be shifted by the real part of ∆ and will
be broadened by the imaginary part of ∆. Interestingly, the imaginary part of ∆
recovers the Fermi golden rule (width of the level coupled to the continuum is
π
∑

k |Vk|2δ(ω − ωk)).
29



Anderson Hamiltonian: one orbital for the bath.

2ω1(S = 0)

(S = 0 ,S = 1) ω1 + ϵ0

2ω1 +
2V 2

ω1−ϵ0

ω1 + ϵ0 − 2V 2

ω1−ϵ0

V = 0 V ̸= 0

Figure: Two electrons levels with V = 0 and V small

What is it ?

30



The Anderson model: W→0 limit: (molecule)

2ω1(S = 0)

(S = 0, S = 1) ω1 + ε0

2ω1 + 2V 2

ω1−ε0

ω1 + ε0 − 2V 2

ω1−ε0
V = 0 V 6= 0

Two orbitals l and f coupled with V << (εl − εf )
The f orbital is correlated (U >>)→ double occupancy is forbidden
V = 0⇒ 4 states with one electron in each orbitals: 1 singlet and one triplet
V = 0⇒ one excited state singlet with 2 electrons in l
V 6= 0⇒ coupling between singlets: stabilization↔ Temperature T ∗

V 6= 0⇒ T << T ∗ Spin excitations at low energy.
V 6= 0⇒ T << T ∗ Charge excitation f → l.
V 6= 0⇒T >> T ∗ Singlet and triplet equally populated.
V 6= 0⇒ T << T ∗ Magnetic moment starts to appear.
cf Fulde Electron Correlations in Molecules and Solids
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The Anderson model: general case

W

t
kf

t
kf

t
kf

f
ε +U

ε
f

K
T

E

Γ

<n  −n  >

[cf L. Kouwenhoven et L. Glazman, Physics World Jan 2001 p33]
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The Anderson Hamiltonian (solved by CTQMC)

W

H0a

ε0

ε0 + U

H0b

E Gull, AJ Millis, AI Lichtenstein, AN Rubtsov, M Troyer, P Werner Reviews of Modern Physics 83 (2), 349 (2011)
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The Anderson Hamiltonian (solved by CTQMC)

W

H0a

ε0

ε0 + U

H0b

tk

H1

E Gull, AJ Millis, AI Lichtenstein, AN Rubtsov, M Troyer, P Werner Reviews of Modern Physics 83 (2), 349 (2011)
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The Anderson Hamiltonian (solved by CTQMC)

W

H0a

ε0

ε0 + U

H0b

tk

H1

HAnderson =
∑

ωka
+
k,σakσ︸ ︷︷ ︸

H0a

+
∑
k,σ

tkfa
+
k,σfσ︸ ︷︷ ︸

H1

+
∑
σ

εff
+
σ fσ + Unf↑nf↓︸ ︷︷ ︸

H0b

E Gull, AJ Millis, AI Lichtenstein, AN Rubtsov, M Troyer, P Werner Reviews of Modern Physics 83 (2), 349 (2011)
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The Anderson Hamiltonian (solved by CTQMC)

W

H0a

ε0

ε0 + U

H0b

tk

H1

HAnderson =
∑

ωka
+
k,σakσ︸ ︷︷ ︸

H0a

+
∑
k,σ

tkfa
+
k,σfσ︸ ︷︷ ︸

H1

+
∑
σ

εff
+
σ fσ + Unf↑nf↓︸ ︷︷ ︸

H0b

Continuous Time Quantum Monte Carlo: Expansion as a function of H1
[P. Werner, A. Comanac, L. de medici, M. Troyer and A. J. Millis Phys. Rev. Lett. 97, 076405 (2006)] E Gull, AJ Millis, AI Lichtenstein, AN Rubtsov, M
Troyer, P Werner Reviews of Modern Physics 83 (2), 349 (2011)
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The self consistency condition and the DMFT loop

Using the equation of Motion of the Green’s function (ω −H − Σ)G = 1, the lattice Green’s function
for the Hubbard model is written:

Gk(ω) =
1

ω − εk − Σk(ω)

where the self energy is unknown. The local Green’s function of the lattice is

Gii(ω) =
1

N

∑
k

eik(Ti−Ti)Gk(ω) =
1

N

∑
k

Gk(ω)

34



The self consistency condition and the DMFT loop

Besides, the Green’s function for the Anderson impurity model is

GAnderson(ω) =
1

ω − ε0 −∆(ω)− Σ(ω)

The DMFT idea is to identify the local Green’s function of the Hubbard model with the Green’s
function of Anderson model and the self energy of the Hubbard model to be equal to the self energy
of the Anderson model it is the self-consistency relation of DMFT.

35



The self consistency condition and the DMFT loop

This implies in particular that the local one particle excitations of the Hubbard model will be the
same as the one particle excitations of the Anderson model. This writes:

1

N

∑
k

1

ω − εk − Σ(ω)
=

1

ω − ε0 −∆(ω)− Σ(ω)

This equation enables us to find ∆(ω) as a function of the self energy: ∆ = ∆[Σ] and also
ε0 = 1

N

∑
k εk

1

Besides, the solution of the Anderson model enables us to have the self energy from the value of ε0
and ∆. So this creates a system of two equations that can be solved self-consistently. These two
equations constitute the DMFT self-consistent loop that can be solved by iteration.
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Phase diagram of Hubbard model in DMFT
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Figure: Phase diagram of the Hubbard model in DMFT compared to phase diagram of
Cerium.
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Spectral function of Hubbard model in DMFT
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Calculation of effective interactions with cRPAThe Constrained RPA Method 7.11

Pd

Pr

r

r

d

Pr

Polarisation: P = Pd + Pr

EF

Fig. 3: A schematic picture explaining the meaning of and . While is confined to the
transitions within the subspace, may contain transitions between the and subspaces.

occ unocc

(47)

where are usually chosen to be the Kohn-Sham eigenfunctions and eigenvalues and
is a combined index for the -vector and the spin . For systems without spin-

flipping processes, and evidently have the same spin. has exactly the same form as in
Eq. (47) but with the bands and restricted to the subspace. We note that contains
not only transitions inside the subspace but also transitions between the and subspaces as
illustrated in Fig. 3.
Since does not contain low-energy polarisations that are responsible for metallic screening,
becomes long range. The asymptotic decay of as a function of distance is expected to

behave according to where rather than exponential, as often assumed. This
behaviour is illustrated, e.g., in the case of the BEDT-TTF organic conductors [17].
It may be argued that for narrow-band materials with strong correlations it would not be suffi-
cient to calculate within the RPA. We would like to point out that from a physical point of
view much of the error in the RPA resides in rather than because the former corresponds
to the polarisation of the narrow bands, where we expect vertex corrections to the RPA to be
large, whereas the latter corresponds to polarisation involving more extended states, for which
the RPA is supposed to perform well. Since it is that enters into the calculation of , we
expect that the error in the RPA has much less influence on than one would anticipate
In practice, Eq. (44) is solved by introducing a set of basis functions, and the choice of basis
functions depends on the band-structure method. For band-structure methods based on pseu-
dopotentials, a plane-wave basis set is a natural choice. For band-structure methods based on

ε−1
r =̂

1

1− vPr

Wr = ε−1
r v =

v

1− vPr

U1234(w) = 〈w1w2|Wr(w)|w3w4〉

F Aryasetiawan, M Imada, A Georges, G Kotliar, S Biermann, AI Lichtenstein PRB 2004
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Effective interactions in UO2

model v U
f − f 16.0 3.4
fp− fp 17.1 6.2

Γ Z U X Γ M A

-8

-4

0

4

8

ε
n
k
(e

V
)

0 5 10 15 20

total

5f

Bare interaction for SrVO3 is 19.1 eV, for cerium 24 eV and for UO2 16.1 eV (Amadon et al 2014). It
highlights the large localization of orbitals in lanthanides and the fact that interaction in actinides is
lower.
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DFT+DMFT

Can be formulated using the basis of DFT Kohn Sham function Ψkν and correlated orbitals χTim.

HLDA =
∑
nk

|Ψkν〉εnk〈Ψkν |

Σ =
∑

mm′Ti

|χTim〉Σm,m′(ω)〈χTim′ |

|χTim〉 =
1√
N

∑
k

|χkm〉e−ikTi .

Σ =
∑
mm′k

|χkm〉Σm,m′(ω)〈χkm′ |.

It can be expressed in the Kohn Sham basis directly using the fact that 〈Ψkν |χk′m〉 is zero if k and
k′ are different,

Σnn′(k, ω) =
∑
m,m′

〈Ψkν |χkm〉Σmm′(ω)〈χkm′ |Ψkν′〉
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DFT+DMFT

Σ = ΣDMFT − ΣDC.

(ωI −H − Σ)G = I.

Gnn′(k, ω) = [ωI −H(k)− Σ(k, ω)]−1
∣∣
nn′ ,

The local Green’s function is simply:

Gloc
mm′(ω) =

∑
k

〈χkm|Ψkν〉Gnn′(k, ω)〈Ψkν′ |χkm′〉

This equation is the generalisation of Eq. 7.
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DFT+DMFT

The DMFT self-consistency relation equals the local Green’s function and the
Green’s function of the Anderson model:

Gloc
mm′(ω) = GAnderson

mm′ (ω) (7)

where
GAnderson
mm′ (ω) = [ωI − E0 −∆(ω)− Σ(ω)]−1

∣∣
mm′

(8)

E0 is a diagonal matrix with the levels of correlated orbitals in the (multiorbital)
Anderson model, Σ and ∆ are the self-energy and hybridization matrices in the
correlated orbital basis. E0 and ∆ are obtained from the self-consistency
condition.
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DFT+DMFT

DFT

DMFT Loop

Diagonalize HKS

Kohn-Sham Hamiltonian HKS

Define orbitals and use ϵk

Compute lattice Green’s function

Compute local Green’s function
Compute Weiss field G−1

0 = Σ −Gloc

Impurity Solver (CTQMC)Compute Green’s function
Compute Self-energy

New electronic density
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Spectral functions of cerium
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Theoretical spectral functions compared to photoemission spectra

Amadon et al PRB 2015 45



Spectral functions of Tb
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Relative role of ff and fd hoppings
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Magnetic susceptibility
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Cerium phase transition in DMFT
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Actinides in DMFT
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Electronic origin of the transition ?

Role of SOC and JH ?
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Role of spin-orbit coupling
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Spin-orbit coupling is mandatory !
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Effect of SOC on f levels.

f levels SOC J = 7
2

J = 5
2

As in multibands Hubbard models, degeneracy is reduced, thus correlations are enhanced.
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Hund’s Exchange is important
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Hund’s exchange is important
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Role of JH in δ Plutonium

JH = 7
2

JH = 5
2

JH = 0

n 7
2
' 0.5

n 5
2
' 4.8

JH

JH = 0.45 eV

n 7
2
' 0.2

n 5
2
' 5.0

Hund’s coupling JH increases the polarization of 5
2 orbitals.

why ?
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JH enhances the polarization of J=5/2 orbitals.

J = 7
2

J = 5
2

U 5
2

5
2

E = U 5
2

5
2

λSOC U 5
2

7
2

E = U 5
2

7
2

+ λSOC

U 5
2

7
2
> U 5

2
5
2
⇒ The occupations of 7

2
states is reduced not only by SOC but also by Hund’s

interaction.

For interactions, see also J.-P. Julien, J.-X. Zhu, and R. C. Albers, Phys. Rev. B 77, 195123 (2008)
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Actinides in DMFT

0 2 4 6 8 10 12 14
n

f

-8

-6

-4

-2

0

2
/3

<
l.

s>

Cm

Am I

Am IV

Pu α

Pu δ
U α

Np β

LS coupling

j-j coupling

intermediate

Experiment

LDA

0 2 4 6 8 10 12 14
n

f

-8

-6

-4

-2

0

2
/3

<
l.

s>

Cm

Am I

Am IV

Pu α

Pu δ
U α

Np β

Pu
2
O

3

PuO
2

UO
2

LS coupling

j-j coupling

intermediate

(1)

(2)

(4)

(6)
(5)

(7)

(8)

(9)
(3)

LDA+DMFT

Experiment
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59



Spectral function in Ce2O3
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DFT+DMFT can describe paramagnetic insulators

DFT+U: a configuration
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DFT+DMFT can describe paramagnetic insulators

DFT+U: an instable configuration
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DFT+DMFT can describe paramagnetic insulators

DFT+U: a configuration
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DFT+DMFT can describe paramagnetic insulators

DFT+U: another configuration
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DFT+DMFT can describe paramagnetic insulators

DFT+U: another configuration
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DFT+DMFT can describe paramagnetic insulators

DFT+U: another configuration
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DFT+DMFT can describe paramagnetic insulators

DFT+U: another configuration
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DFT+DMFT can describe paramagnetic insulators

DFT+U: another configuration
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DFT+DMFT can describe paramagnetic insulators

DFT+U: another configuration
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DFT+DMFT can describe paramagnetic insulators

DFT+DMFT: More physical description

DFT+DMFT: Better description of magnetism
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Electronic density in Ce2O3

B. Amadon JPCM (2012) 62



f -electron systems exhibit significant orbital localization for lanthanides and
comparatively lesser localization for actinides.
As a consequence electrons are sensible to electronic interaction and
somewhat less to crystal field in comparison to d elements.
Spin orbit coupling is important for these heavy elements.
Because of the competition of interaction and hybridization, phases
transitions can appear as a function of pressure or temperature.
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