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Magnetism is Quantum Mechanical

QUANTUM MECHANICS
THE KEY TO UNDERSTANDING MAGNETISM
Nobel Lecture, 8 December, 1977

J . H .  V A N  V L E C K
Harvard University, Cambridge, Massachusetts, USA

The existence of magnetic materials has been known almost since prehistoric
times, but only in the 20th century has it been understood how and why the
magnetic susceptibility is influenced by chemical composition or crystallo-
graphic structure. In the 19th century the pioneer work of Oersted, Ampere,
Faraday and Joseph Henry revealed the intimate connection between electric-
ity and magnetism. Maxwell’s classical field equations paved the way for the
wireless telegraph and the radio. At the turn of the present century Zeeman
and Lorentz received the second Nobel Prize in physics for respectively
observing and explaining in terms of classical theory the so-called normal
Zeeman effect. The other outstanding early attempt to understand magnetism
at the atomic level was provided by the semi-empirical theories of Langevin
and Weiss. To account for paramagnetism, Langevin (1) in 1905 assumed in
a purely ad hoc fashion that an atomic or molecular magnet carried a per-
manent moment  , whose spatial distribution was determined by the Boltz-
mann factor. It seems today almost incredible that this elegantly simple idea
had not occurred earlier to some other physicist inasmuch as Boltzmann had
developed his celebrated statistics over a quarter of a century earlier. With
the Langevin model, the average magnetization resulting from N elementary
magnetic dipoles of strength   in a field H is given by the expression

(1)

At ordinary temperatures and field strengths, the argument x of the Langevin

function can be treated as small compared with unity. Then L(x) = :x, and

Eq. (1) becomes

perature, a relation observed experimentally for oxygen ten years earlier by
Pierre Curie (2) and hence termed Curie’s law.

To explain diamagnetism, Langevin took into account the Larmor preces-
sion of the electrons about the magnetic field, and the resulting formula for
the diamagnetic susceptibility is

Bohr − van Leeuwen theorem 
in a classical system in thermal equilibrium  

a magnetic field will not induce a magnetic moment 

Lorentz force perpendicular to velocity ⇒ does not change kinetic energy 
Boltzmann statistics occupies states according to energy



magnetic moments

complex wave function: current density
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orbital magnetic moment

electron spin

atomic moments of the order of  µB
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magnetic interaction

dipole-dipole interaction

�E =
⌅µ1 · ⌅µ2 � 3(R̂ · ⌅µ1)(R̂ · ⌅µ2)
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interaction energy of two dipoles µB two Bohr radii a0 apart:
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1372 8
Hartree ⇡ 0.09meV

expect magnetic ordering below temperatures of about 1 K

what about magnetite (Fe3O4) 
with Tc ≈ 840 K ?
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Weiss Bezirke (magnetic domains)

dipole-dipole interaction



exchange mechanisms

coupling of magnetic moments 
results from the interplay of 

the Pauli principle  
with Coulomb repulsion  
and electron hopping

not a fundamental but an effective interaction: model/mechanism



Models and Mechanisms

The art of model-building is the exclusion of real but irrelevant parts 
of the problem, and entails hazards for the builder and the reader. 
The builder may leave out something genuinely relevant; the 
reader, armed with too sophisticated an experimental probe or too 
accurate a computation, may take literally a schematized model 
whose main aim is to be a demonstration of possibility. 

P.W. Anderson 
Local Moments and Localized States 

Nobel Lecture 1977



Coulomb Exchange

Coulomb repulsion between electrons
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consider two electrons in orthogonal orbitals φa and φb 
Slater determinant of spin-orbitals:
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Coulomb exchange: same spin

when electrons have same spin: σ = σ’
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Coulomb exchange: opposite spin

when electrons have opposite spin: σ = -σ’

diagonal matrix-elements

off-diagonal matrix-elements
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Coulomb exchange

HU =

0
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eigenstates

singlet:   Δεsinglet = Uab + Jab

triplet:   Δεtriplet = Uab − Jab
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Coulomb exchange

Jab > 0

singlet

triplet

2Jab

orthogonal orbitals φa and φb:

first of Hund’s rules: ground-state has maximum spin

 0
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 0  2  4  6  8  10
number of electrons

S
L
J

d-shell
more electrons 
more complicated 
Coulomb matrix 

 
Multiplets in 
Transition Metal Ions
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Self-consistent iterations

Converge total energy to 4  digits

Full SCF  SCF Step   ■

Exchange-correlation method

Ceperley-Alder Vosko-Wilk-Nusair

Generate report

Sorting   Shell n    Ascend

Report digits   4    Generate

Units

Distance unit Bohr radius   Energy unit Hartree

Wave function plots

Energy and R rho*r*r

Zeff

s p d f

F(0) = 0.866516

F(2) = 0.395016

F(4) = 0.244581

F(6) = 
 SO = 0.002364

Number of e-  = 6

Multiplet

Crystal structure

Octahedral

q0 = 1     r0 = 10.0

Mode Q1: 
Mode Q2: 
Mode Q3: 

# q r θ(*π)φ(*π)
1 1 10 0.5 0
2 1 10 0.5 1
3 1 10 0.5 0.5
4 1 10 0.5 1.5
5 1 10 0 0
6 1 10 1 0

Add charge   Delete charge   Setup   Spectrum

Orbital in crystal

d6

I(2) = 0.001496

I(4) = 0.000055

I(6) = 

Field strength

Field strengths I(k) as functions of α

I(2): function(a, I2) {return a*I2;}

I(4): function(a, I4) {return a*I4;}

I(6): function(a, I6) {return a*I6;}

αmin = 0  αmax = 10  Δα = 1  Half

Tanabe-Sugano Diagram

26

Fe2+
Iron
55.845

[Ar] 4s0 3d6

Default
Configuration:

Realistic

Self-consistent field computation

Multiplet calculation

Crystal field effect

Author: Qian Zhang and Erik Koch

Article: Thesis

          

iter = 14, converge = 0.0268
iter = 15, converge = 0.0128
iter = 16, converge = 0.0061
iter = 17, converge = 0.0030
iter = 18, converge = 0.0014
iter = 19, converge = 0.0007
iter = 20, converge = 0.0003
iter = 21, converge = 0.0002
iter = 22, converge = 0.0001
Solution converged to 4 digits!

Calculations of atomic multiplets across the periodic table
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atomic multiplets
Q. Zhang: 
Calculations of Atomic Multiplets  
across the Periodic Table  
MSc thesis, RWTH Aachen 2014 
www.cond-mat.de/sims/multiplet
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Fe
27

Co
28

Ni
29

Cu
30

Zn
31

Ga
32

Ge
33

As
34

Se
35

Br
36

Kr

37

Rb
38

Sr
39

Y
40

Zr
41

Nb
42

Mo
43

Tc
44

Ru
45

Rh
46

Pd
47

Ag
48

Cd
49

In
50

Sn
51

Sb
52

Te
53

I
54

Xe

55

Cs
56

Ba

57

La
58

Ce
59

Pr
60

Nd
61

Pm
62

Sm
63

Eu
64

Gd
65

Tb
66

Dy
67

Ho
68

Er
69

Tm
70

Yb

71

Lu
72

Hf
73

Ta
74

W
75

Re
76

Os
77

Ir
78

Pt
79

Au
80

Hg
81

Tl
82

Pb
83

Bi
84

Po
85

At
86

Rn

87

Fr
88

Ra

89

Ac
90

Th
91

Pa
92

U
93

Np
94

Pu
95

Am
96

Cm
97

Bk
98

Cf
99

Es
100

Fm
101

Md
102

No

103

Lr
104

Rf
105

Db
106

Sg
107

Bh
108

Hs
109

Mt
110

Ds
111

Rg
112

Cn
113

Nh
114

Fl
115

Mc
116

Lv
117

Ts
118

Og

Visualize    3d    d_3zz-1

Self-consistent iterations

Converge total energy to 4  digits

Full SCF  SCF Step   ■

Exchange-correlation method

Ceperley-Alder Vosko-Wilk-Nusair

Generate report

Sorting   Shell n    Ascend

Report digits   4    Generate

Units

Distance unit Bohr radius   Energy unit Hartree

Wave function plots

Energy and R rho*r*r

Zeff

s p d f

F(0) = 0.866516

F(2) = 0.395016

F(4) = 0.244581

F(6) = 
 SO = 0.002364

Number of e-  = 6

Multiplet

Crystal structure

Octahedral

q0 = 1     r0 = 10.0

Mode Q1: 
Mode Q2: 
Mode Q3: 

# q r θ(*π)φ(*π)
1 1 10 0.5 0
2 1 10 0.5 1
3 1 10 0.5 0.5
4 1 10 0.5 1.5
5 1 10 0 0
6 1 10 1 0

Add charge   Delete charge   Setup   Spectrum

Orbital in crystal

d6

I(2) = 0.001496

I(4) = 0.000055

I(6) = 

Field strength

Field strengths I(k) as functions of α

I(2): function(a, I2) {return a*I2;}

I(4): function(a, I4) {return a*I4;}

I(6): function(a, I6) {return a*I6;}

αmin = 0  αmax = 10  Δα = 1  Half

Tanabe-Sugano Diagram

26

Fe2+
Iron
55.845

[Ar] 4s0 3d6

Default
Configuration:

Realistic

Self-consistent field computation

Multiplet calculation

Crystal field effect

Author: Qian Zhang and Erik Koch

Article: Thesis

          

iter = 14, converge = 0.0268
iter = 15, converge = 0.0128
iter = 16, converge = 0.0061
iter = 17, converge = 0.0030
iter = 18, converge = 0.0014
iter = 19, converge = 0.0007
iter = 20, converge = 0.0003
iter = 21, converge = 0.0002
iter = 22, converge = 0.0001
Solution converged to 4 digits!

Calculations of atomic multiplets across the periodic table

∙
∙

∙ ∙ ∙ ∙

D5

E = [ ] + [ ] + [ ]F (0) 15 F (2) − 5
7 F (4) − 5

7

|2, 2, 2, 2⟩

|2, 2, 2, 1⟩

|2, 2, 2, 0⟩

|2, 2, 2, −1⟩

|2, 2, 2, −2⟩
|2, 1, 2, 2⟩

|2, 1, 2, 1⟩

|2, 1, 2, 0⟩

|2, 1, 2, −1⟩

|2, 1, 2, −2⟩
|2, 0, 2, 2⟩

|2, 0, 2, 1⟩

|2, 0, 2, 0⟩

|2, 0, 2, −1⟩

|2, 0, 2, −2⟩
|2, −1, 2, 2⟩

|2, −1, 2, 1⟩

|2, −1, 2, 0⟩

|2, −1, 2, −1⟩

|2, −1, 2, −2⟩
|2, −2, 2, 2⟩

|2, −2, 2, 1⟩

|2, −2, 2, 0⟩

|2, −2, 2, −1⟩

|2, −2, 2, −2⟩

= |0⟩c†
2↓c†

−2↑c†
−1↑c†

0↑c†
1↑c†

2↑

= ( − + − ) |0⟩1
4‾√

c†
1↓c†

2↓c†
−2↑c†

−1↑c†
0↑c†

2↑ c†
0↓c†

2↓c†
−2↑c†

−1↑c†
1↑c†

2↑ c†
−1↓c†

2↓c†
−2↑c†

0↑c†
1↑c†

2↑ c†
−2↓c†

2↓c†
−1↑c†

0↑c†
1↑c†

2↑

= ( − + + − + ) |0⟩1
6‾√

c†
0↓c†

1↓c†
2↓c†

−2↑c†
−1↑c†

2↑ c†
−1↓c†

1↓c†
2↓c†

−2↑c†
0↑c†

2↑ c†
−2↓c†

1↓c†
2↓c†

−1↑c†
0↑c†

2↑ c†
−1↓c†

0↓c†
2↓c†

−2↑c†
1↑c†

2↑ c†
−2↓

= ( − + − ) |0⟩1
4‾√

c†
−1↓c†

0↓c†
1↓c†

2↓c†
−2↑c†

2↑ c†
−2↓c†

0↓c†
1↓c†

2↓c†
−1↑c†

2↑ c†
−2↓c†

−1↓c†
1↓c†

2↓c†
0↑c†

2↑ c†
−2↓c†

−1↓c†
0↓c†

2↓c†
1↑c†

2↑

= |0⟩c†
−2↓c†

−1↓c†
0↓c†

1↓c†
2↓c†

2↑

= |0⟩c†
1↓c†

−2↑c†
−1↑c†

0↑c†
1↑c†

2↑

= ( − + − ) |0⟩1
4‾√

c†
1↓c†

2↓c†
−2↑c†

−1↑c†
0↑c†

1↑ c†
0↓c†

1↓c†
−2↑c†

−1↑c†
1↑c†

2↑ c†
−1↓c†

1↓c†
−2↑c†

0↑c†
1↑c†

2↑ c†
−2↓c†

1↓c†
−1↑c†

0↑c†
1↑c†

2↑

= ( − + + − + ) |0⟩1
6‾√

c†
0↓c†

1↓c†
2↓c†

−2↑c†
−1↑c†

1↑ c†
−1↓c†

1↓c†
2↓c†

−2↑c†
0↑c†

1↑ c†
−2↓c†

1↓c†
2↓c†

−1↑c†
0↑c†

1↑ c†
−1↓c†

0↓c†
1↓c†

−2↑c†
1↑c†

2↑ c†
−2↓

= ( − + − ) |0⟩1
4‾√

c†
−1↓c†

0↓c†
1↓c†

2↓c†
−2↑c†

1↑ c†
−2↓c†

0↓c†
1↓c†

2↓c†
−1↑c†

1↑ c†
−2↓c†

−1↓c†
1↓c†

2↓c†
0↑c†

1↑ c†
−2↓c†

−1↓c†
0↓c†

1↓c†
1↑c†

2↑

= |0⟩c†
−2↓c†

−1↓c†
0↓c†

1↓c†
2↓c†

1↑

= |0⟩c†
0↓c†

−2↑c†
−1↑c†

0↑c†
1↑c†

2↑

= ( − + − ) |0⟩1
4‾√

c†
0↓c†

2↓c†
−2↑c†

−1↑c†
0↑c†

1↑ c†
0↓c†

1↓c†
−2↑c†

−1↑c†
0↑c†

2↑ c†
−1↓c†

0↓c†
−2↑c†

0↑c†
1↑c†

2↑ c†
−2↓c†

0↓c†
−1↑c†

0↑c†
1↑c†

2↑

= ( − + + − + ) |0⟩1
6‾√

c†
0↓c†

1↓c†
2↓c†

−2↑c†
−1↑c†

0↑ c†
−1↓c†

0↓c†
2↓c†

−2↑c†
0↑c†

1↑ c†
−2↓c†

0↓c†
2↓c†

−1↑c†
0↑c†

1↑ c†
−1↓c†

0↓c†
1↓c†

−2↑c†
0↑c†

2↑ c†
−2↓

= ( − + − ) |0⟩1
4‾√

c†
−1↓c†

0↓c†
1↓c†

2↓c†
−2↑c†

0↑ c†
−2↓c†

0↓c†
1↓c†

2↓c†
−1↑c†

0↑ c†
−2↓c†

−1↓c†
0↓c†

2↓c†
0↑c†

1↑ c†
−2↓c†

−1↓c†
0↓c†

1↓c†
0↑c†

2↑

= |0⟩c†
−2↓c†

−1↓c†
0↓c†

1↓c†
2↓c†

0↑

= |0⟩c†
−1↓c†

−2↑c†
−1↑c†

0↑c†
1↑c†

2↑

= ( − + − ) |0⟩1
4‾√

c†
−1↓c†

2↓c†
−2↑c†

−1↑c†
0↑c†

1↑ c†
−1↓c†

1↓c†
−2↑c†

−1↑c†
0↑c†

2↑ c†
−1↓c†

0↓c†
−2↑c†

−1↑c†
1↑c†

2↑ c†
−2↓c†

−1↓c†
−1↑c†

0↑c†
1↑c†

2↑

= ( − + + − + ) |0⟩1
6‾√

c†
−1↓c†

1↓c†
2↓c†

−2↑c†
−1↑c†

0↑ c†
−1↓c†

0↓c†
2↓c†

−2↑c†
−1↑c†

1↑ c†
−2↓c†

−1↓c†
2↓c†

−1↑c†
0↑c†

1↑ c†
−1↓c†

0↓c†
1↓c†

−2↑c†
−1↑c†

2↑

= ( − + − ) |0⟩1
4‾√

c†
−1↓c†

0↓c†
1↓c†

2↓c†
−2↑c†

−1↑ c†
−2↓c†

−1↓c†
1↓c†

2↓c†
−1↑c†

0↑ c†
−2↓c†

−1↓c†
0↓c†

2↓c†
−1↑c†

1↑ c†
−2↓c†

−1↓c†
0↓c†

1↓c†
−1↑c†

2↑

= |0⟩c†
−2↓c†

−1↓c†
0↓c†

1↓c†
2↓c†

−1↑

= |0⟩c†
−2↓c†

−2↑c†
−1↑c†

0↑c†
1↑c†

2↑

= ( − + − ) |0⟩1
4‾√

c†
−2↓c†

2↓c†
−2↑c†

−1↑c†
0↑c†

1↑ c†
−2↓c†

1↓c†
−2↑c†

−1↑c†
0↑c†

2↑ c†
−2↓c†

0↓c†
−2↑c†

−1↑c†
1↑c†

2↑ c†
−2↓c†

−1↓c†
−2↑c†

0↑c†
1↑c†

2↑

= ( − + + − + ) |0⟩1
6‾√

c†
−2↓c†

1↓c†
2↓c†

−2↑c†
−1↑c†

0↑ c†
−2↓c†

0↓c†
2↓c†

−2↑c†
−1↑c†

1↑ c†
−2↓c†

−1↓c†
2↓c†

−2↑c†
0↑c†

1↑ c†
−2↓c†

0↓c†
1↓c†

−2↑c†
−1↑c†

2↑

= ( − + − ) |0⟩1
4‾√

c†
−2↓c†

0↓c†
1↓c†

2↓c†
−2↑c†

−1↑ c†
−2↓c†

−1↓c†
1↓c†

2↓c†
−2↑c†

0↑ c†
−2↓c†

−1↓c†
0↓c†

2↓c†
−2↑c†

1↑ c†
−2↓c†

−1↓c†
0↓c†

1↓c†
−2↑c†

2↑

= |0⟩c†
−2↓c†

−1↓c†
0↓c†

1↓c†
2↓c†

−2↑

H3

G3

F3
2×

D3

P3
2×

I1

G1
2×

F1

D1
2×

S1
2×

http://www.cond-mat.de/sims/multiplet


kinetic exchange

Coulomb exchange: Coulomb matrix for anti-symmetric wave functions 

kinetic exchange: only diagonal U, interplay of Pauli principle and hopping

toy model — two sites with a single orbital 
hopping between orbitals: t 
two electrons in same orbital: U

one electron Hamiltonian (tight-binding)

H =

✓
0 �t
�t 0

◆
| ⇥ , · ⇤
| · , ⇥ ⇤

eigenstates

�± =
1⇥
2

✓
�1 ± �2

◆
⇥± = �t

φ1 φ2

-t



direct exchange: same spin

two electrons of same spin: basis states |� , � ⇤ , |⇥ , ⇥ ⇤

Hamiltonian: no hopping, no Coulomb matrix element (Pauli principle)

H =

✓
0 0
0 0

◆
|� , � ⇤
|⇥ , ⇥ ⇤

εtriplet = 0



direct exchange: opposite spin

two electrons of opposite spin: basis states

|� , ⇥ ⇤ , |⇥ , � ⇤ (covalent states) |�⇥ , · ⇤ , | · , �⇥⇤ (ionic states)

Hamiltonian

H =

0

BB@

0 0 �t �t
0 0 +t +t
�t +t U 0
�t +t 0 U

1

CCA

|⇥ , ⇤ ⌅
|⇤ , ⇥ ⌅
|⇥⇤ , · ⌅
| · , ⇥⇤⌅

hopping -t: keep track of Fermi sign!

|⇤ , ⌅ ⇧ �t�⇥ |⇤⌅ , · ⇧ |⌅ , ⇤ ⇧ �(�t)�⇥ |⇤⌅ , · ⇧



direct exchange: opposite spin

⇥± =
U

2
±
⇧
U2 + 16 t2

2
, �± =

⇣
|⇥ , ⇤ ⌅ � |⇤ , ⇥ ⌅ � �±2t

⇥
|⇥⇤ , · ⌅+ | · , ⇥⇤⌅

⇤⌘

q
2 + ⇥2±/(2t

2)

⇥cov = 0 , �cov =
1⇧
2

✓
|⇥ , ⇤ ⌅+ |⇤ , ⇥ ⌅

◆

⇥ion = U , �ion =
1⇧
2

✓
|⇥⇤ , · ⌅ � | · , ⇥⇤⌅

◆

eigenstates

-2

 0

 2

 4

 6

 8

 10

 0  1  2  3  4  5  6  7  8

! 
/ 

t

U / t

ionic

covalent

ε+

ε−

limit U→ ∞ (or t→0):

(εtriplet)

<latexit sha1_base64="GayZl8fOVkKa0cCKEBiBMonAgvA="></latexit>

"+ ! U + 4t2/U

"� ! �4t2/U



downfolding

H =

�
H00 T01
T10 H11

⇥

G(�) = (��H)�1 =
�
��H00 �T01
�T10 ��H11

⇥�1

G00(�) =
�
��

⇤
H00 + T01(��H11)�1T10

⌅⇥�1

He� ⇥ H00 + T01(�0 �H11)�1T10

partition Hilbert space

inverse of 2×2 block-matrix

resolvent

downfolded Hamiltonian

good approximation: narrow energy range and/or small coupling



inversion by partitioning

2×2 matrix

invert block-2×2 matrix

M =

✓
a b
c d

◆
M�1 =

1

ad � bc

✓
d �b
�c a

◆

solve

M =

✓
A B
C D

◆
M�1 =

✓
Ã B̃
C̃ D̃

◆ ✓
A B
C D

◆ ✓
Ã B̃
C̃ D̃

◆
=

✓
1 0
0 1

◆

AÃ+ BC̃ = 1 = (A� BD�1C)Ã

CÃ+DC̃ = 0  C̃ = �D�1CÃ

 Ã =
�
A� BD�1C

��1



direct exchange: effective Hamiltonian

systematic treatment of limit U→ ∞ (or t→0): downfolding

H =

0

BB@

0 0 �t �t
0 0 +t +t
�t +t U 0
�t +t 0 U

1

CCA

He�(�) =

✓
�t �t
+t +t

◆✓
�� U 0
0 �� U

◆�1✓�t +t
�t +t

◆
⇡ �
2t2

U

✓
1 �1
�1 1

◆
downfolding eliminates ionic states (actually change of basis)

diagonalize Heff

⇥t = 0 �t =
1⇧
2

⇣
|⇥ , ⇤ ⌅+ |⇤ , ⇥ ⌅

⌘

⇥s = �
4t2

U
�s =

1⇧
2

⇣
|⇥ , ⇤ ⌅ � |⇤ , ⇥ ⌅

⌘
triplet

singlet



direct exchange: effective spin-coupling

singlet

triplet

|2Jdirect |

J > 0   AF coupling

effective spin-Hamiltonian

Heisenberg J

He� = �
2t2

U

✓
1 �1
�1 1

◆
|⇥ , ⇤ ⌅
|⇤ , ⇥ ⌅

= +
2t2

U

✓
2Sz1S

z
2 �
1

2
+
⇣
S+1 S

�
2 + S

�
1 S
+
2

⌘◆
=
4t2

U

✓
�S1 · �S2 �

1

4

◆

2Jdirect = "triplet � "singlet = 4t2/U



second quantization: formalism

vacuum state |0⟩ 
and 

set of operators cα related to single-electron states φα(x) 
defined by:

c↵|0i = 0
�
c↵, c�

 
= 0 =

�
c†↵, c

†
�

 

h0|0i = 1
�
c↵, c

†
�

 
= h↵|�i

creators/annihilators operate in Fock space 
transform like orbitals!

 ̂(x) =
X

n

'↵n(x) c↵n

1p
N!

⌦
0
��  ̂(x1) ̂(x2) . . .  ̂(xN) c†↵N . . . c

†
↵2c

†
↵1

�� 0
↵

field operators

Slater determinant

www.cond.mat.de/events/correl21/manuscripts/koch.pdf

http://www.cond.mat.de/events/correl13/manuscripts/koch.pdf


Hartree-Fock

ansatz: Slater determinant

|�(⇥�, ⇥⇥)� =
⇣
sin(⇥⇥) c

†
1⇥ + cos(⇥⇥) c

†
2⇥

⌘ ⇣
sin(⇥�) c

†
1� + cos(⇥�) c

†
2�

⌘ ��� 0
E

energy expectation value

minimize wrt θ↑ and θ↓ 

HF orbitals respect symmetry of model: restricted Hartree-Fock (RHF) 
here: θ↑ = θ↓ = π/4 

HF allowed to break symmetry: unrestricted Hartree-Fock (UHF) 
here: θ↓ = π/2 − θ↑

E(�", �#) = �2t (sin �" sin �# + cos �" cos �#) (cos �" sin �# + sin �" cos �#)
+U

�
sin2 �" sin

2 �# + cos
2 �" cos

2 �#
�



Hartree-Fock

energy expectation value for θ↓ = π/2 − θ↑

-2

-1.5

-1

-0.5

 0

 0.5

 1

0 �/4 �/2

E H
F(
�)

 / 
t

�

U=2t



Hartree-Fock

-2

-1.5

-1

-0.5

 0

 0  1  2  3  4  5  6  7  8

E 
/ t

U / t

exact
RHF
UHF

ERHF = �2t + U/2

EUHF =

⇢
ERHF for U  2t
�2t2/U for U � 2t

Eexact =
U

2
(1�

p
1 + 16t2/U2) ⇠ �4t2/U



direct kinetic exchange

direct exchange

singlet triplet

virtual hopping -t2/U × 2

-t

U



superexchange

H =
X

�

✓
�d

X

i

ni� + �p np� � tpd
X

i

⇣
c†i�cp� + c

†
p�ci�

⌘◆
+ Ud

X

i

ni�ni⇥

εpεd

tpd
Ud

TMOs: negligible direct hopping 
between d-orbitals 

instead hopping via oxygen 

symmetry: 
only one oxygen-p 
involved in hopping



H =
X

�

✓
�d

X

i

ni� + �p np� � tpd
X

i

⇣
c†i�cp� + c

†
p�ci�

⌘◆
+ Ud

X

i

ni�ni⇥

H =

0

@
0 tpd tpd
tpd Ud + �pd 0
tpd 0 Ud + �pd

1

A
c†2�c

†
p⇥c
†
p�c
†
1�|0�

c†2�c
†
p�c
†
1⇥c
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oxygen-p full, two d-electrons of same spin

superexchange: same spin

superexchange
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superexchange: opposite spin
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superexchange: opposite spin

singlet-triplet splitting: J =
4t4pd

(Ud + �pd)2
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ferromagnetic superexchange

εpεd

tpxd

tpyd

tpd

Ud

tpd
Jxy

py
px

180° superexchange 90° superexchange

hopping only via oxygen-p pointing 
in direction connecting d-orbitals

no hopping connecting d-orbitals 
but Coulomb exchange on oxygen

double exchange



ferro superexchange: same spin
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hopping p-electrons have same spin 
Hund’s rule coupling Jxy on p



ferro superexchange: opposite spin
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(as for same spin) 



double exchange

double exchange involves both, full Coulomb matrix and hopping

mixed-valence compound: non-integer filling of d-orbital 
d-electrons can hop even when U is large

simple model: two sites with two orbitals each

1b

1a

2b

2a

-tbb

-taa

Jab



double exchange
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b-electron hops against background of half-filled a-orbitals
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double exchange

tbb
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ground state �0 = �Jab � tbb
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hopping electron aligns a-electrons ferromagnetically 
(teleports local triplet into triplet of a-electrons)



double exchange

tbb

Jab

Sz=3/2 Sz=1/2 Sz=−1/2 Sz=−3/2



orbital ordering

same model, but now one electron per orbital
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effective interaction between orbitals: orbital singlet/triplet
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orbital ordering: opposite spins
1 2

3 4

5 6

7 8
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orbital-ordering: opposite spin
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spin-exchange orbital-exchange

simultaneous coupling of spins and orbital occupations 
spin- and orbital-exchange tend to have opposite sign
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summary

superexchange

direct exchange
HU =

0

BB@

Uab � Jab 0 0 0
0 Uab �Jab 0
0 �Jab Uab 0
0 0 0 Uab � Jab

1
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Coulomb exchange: 
ferro (Hund’s rule)

kinetic exchange: 
anti-ferro



summary

double exchange: often ferro
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tpxd

tpyd
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orbital-ordering
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summary

Coulomb exchange: off-diagonal Coulomb matrix-elements; 
ferromagnetic coupling (Hund’s rule) 
kinetic exchange: only diagonal Coulomb matrix-elements & hopping 

direct exchange: anti-ferromagnetic spins: virtual hopping -4t2/U 
superexchange: hopping via O-p orbitals 
tends to be anti-ferromagnetic (180° superexchange) 
but 90° superexchange is ferromagnetic 

double exchange: hopping electrons align spins ferromagnetically 
orbital ordering: exchange interaction between orbital occupations

exchange mechanisms 
dominant magnetic interaction in materials 

not a fundamental but an effective interaction: model/mechanism


