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• 1981 PZSIC (Perdew & Zunger, PRB 23 
5048 (1981). 
• 1984: Localization equations
• 2011: Road Less Followed 
• 2014: Restoration of unitary 

invariance
• 2023: This chapter

• FLOSIC Post-2014  Methods

• Drivers from molecular magnetism
• Complex orbitals within FLOSIC?
• Anions in solutions? OK!
• Do solutions always exist? (Yes!)
• Applications to f-electrons.

Linnett, Koessel, Lewis, …



Electronic and Spin Structure: DFT vs SIC-DFT



Beryllium Atom within Hartree’s Approximation

Energy is not invariant to unitary transformations



Can we use atoms, abundant on earth to:
• Decrease or removed the need for rare-earth 

magnetisim?
• Build Qubit arrays that are stable at room 

temperature?

Achieved by forcing electrons onto  Fe-based Ferrocene



Motivation: Quantum Magnets: For Computing and In Nature (2001-2007)

Water Splitting Complex

Quantum computing in molecular magnets
M.N. Leuenberger and D. Loss, Nature 410, 

789-793 (2001)
University of Basel,Switzerland (1982 citations)

Shor and Grover demonstrated that a 
quantum computer can outperform any 
classical computer in factoring numbers and in 
searching a database by exploiting the 
parallelism of quantum mechanics...Here we 
propose an implementation of Grover's 
algorithm that uses molecular magnets , which 
are solid-state systems with a large spin; their 
spin eigenstates make them natural candidates 
for single-particle systems.  We show 
theoretically that molecular magnets can be 
used to build dense and efficient memory 
devices based on the Grover algorithm…one 
single crystal can serve as a storage unit of a 
dynamic random access memory device….Our 
proposal should be feasible using molecular 
magnets Fe8 and Mn12.

Mn12 

Photosystem II



How and when did traditional quantum mechanics shift to 
density-functional theory?

The Achilles’ heel of density-functional theory is in 
predicting electronic charge rearrangements.



A quick quantum trip from wavefunctions to densities

Hydrogen Atom – One electron and one proton

Energy = -13.6 Z2/n2 = 0.5/n2 (atomic units)                         (Pauli 1926)

Free Electron Gas: Many electrons and positrons in box of volume V

Energy = k2/2  (atomic units)
Fill Fermi Sphere up to kF

Kinetic Energy = aV-2/3N5/3   Exchange Energy = -bV-1/3N4/3         (Fermi 1926)

Hohenberg-Kohn-Sham 1964-1965 
Energy depends on density

Note that N, the number of electrons, is the integral of the density over a box
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Wigner (1934)

At low densities electrons in a positive background should form 
an insulating Brillioun Zone 

But what is the mechanism?

Certainly the Fermi-Model of the Free-Electron Gas does not 
predict that

Is it because of exchange?
Is it because of something called “correlation”?



ψk =
1
V
eik.r Consider and Evenly Spaced Cubic Grid

An = (nx,ny,nz )(π / qf )

Fi (r) =
ψk (ai )ψk (r)k∑
ρ(ai )

This gives Wannier Functions (1937) of the form:

w(r − An) =Πx
[sinqf (x − Anx)]

qf (x − Anx)
2qf

2q
f

2q
f

Cubic Brillioun 
Zone

Question: Is it because of wave-particle duality that the 
original Wannier functions are Spherical Bessel Functions?

Wannier (1937):  An insulator would fill a CUBE not a SPHERE
Wannier liked atomic-like orbitals…as did Lowdin



Pauling, Pople and Lennard Jones Thought Tetrahedral 
Orbitals were more physical

ψ2s =
e−r/2

32π
2− r( )

ψ2 px =
e−r/2

32π
x

ψ2 py =
e−r/2

32π
y

ψ2 pz =
e−r/2

32π
z

This gives s-p hybrids of the form:
ϕ2sp = [ψ2s ±ψ2 py ±ψ2 py ±ψ2 pz ] / 2



SUMMARY

In the early years of quantum mechanics there was 
plenty of philosophizing about the use of localized 

vs delocalized descriptions of electronic states.

Question: How do we find how the energy 
depends on the density?

Answer: We ask Professor John Perdew



Which Theoretical Approximation is Qualitatively Different than all 
Others?

• Hartree-Fock approximation for quantum mechanical treatment of atoms and 
molecules.

• Multiconfiguration Self Consistent Field Approximation for quantum 
mechanical treatment of molecules.

• Nonrelativistic approximation to Schroedinger’s equation for the electron in a 
hydrogen atom

• DFT approximation for quantum-mechanics of electrons in molecules and 
materials.

• Newton’s equations for the classical treatment of planetary motion



Last two paragraphs (page 6685): Fully nonlocal 

alternatives to GGA’s such as self interaction corrections[39] 

or weighted-density approximations, [34,87,96] are 

considerably harder to implement especially for large 

systems. These fully nonlocal approximations have better 

asymptotic behavior of the atomic potential…In principle 

neither  LSD or PW-GGA-II can describe the long-range 

part of the exchange-correlation hole.



“Massively Parallel”: Pederson, Porezag, Kortus & Patton, Phys. Stat. Solidi B 217, 197 (2000).

• Solve Schroedinger’s equation as a function 
of spin orientation and total spin
• Ferromagnetic?
• Antiferromagnetic?
• Most often Ferrimagnetic.

• Calculate Heisenberg Hamiltionian to obtain 
spin excitations.

• Determine changes in energy vs spin 
ordering, spin-orbit, and axes of quantization.

H Yis = lYis

rs(r)=Si |Yis|2

Ansatz:  Yis = Ss’  Ys’(r) |s’ (q,f)>

Early use of gaussians:  Lafon and Lin, PR 152, 579 1966)

Variational Mesh: 
Pederson & Jackson,  

PRB 41 (1990) 

Methodology: HY=EY (DFT+NRLMOL+SIC)  …  FLOSIC



Introducing
Fermi-Lowdin 

Orbitals for

 parameter free 

Self Interaction 
Correction

V15 --  Why are spin excitations too big?

Mn12– MAE of neutral excellent but magnetism of 
anion depends localization of excess electron.

Fe4 – Systematic investigation of electron transport 
requires correct electrode/island electronegativities.

Successes within PBE-GGA for Molecular 
Magnets & challenges for SIC

Unitary Invariant

Size Extensive

A molecular magnet as a nano-laboratory?

NRLMOL



SELF-INTERACTION ERROR

What can we learn about DFT by Studying Delocalized 
Electrons and localization/delocalization transitions  in 

Clusters?



Variational Formulation of SIC-LSD (1984)

• Localized Orbitals { f } Define Self-Interaction Correction
• Delocalized/Canonical Orbitals { y } are Kohn-Sham Orbitals
• Eigenstates of Lagrange Multiplier Matrix { lij } define unitary 

transformation (M) between localized and KS orbital.
• Koopmans-Like Theorem for Eigenvalues.

Pederson, Heaton, Lin, JCP 80, 1972 (1984),  JCP 82, 2688 (1984), JCP 82, 
2688 (1985), JCP 84, Pederson and Lin JCP 88, 1807 (1988)



Five Problems with the Same Solution

Pederson, Ruzskinszky and Perdew, JCP 140 121103 (2014)



How do we make an NxN unitary transformation depend on spin 
density?

A Fermi Orbital is normalized and captures all the density at its position 
and determines the exact exchange energy.

Lowdin-Orthogonalize. The Unitary Transformation between localized and 
Canonical Orbitals depends explicitly on density matrix!

Luken 
1984

MR Pederson thanks Richard Heaton for 
Mentioning this Possibility in August 1986



The Fermi Exchange Hole Provides the Exchange Energy 
Density per Electron for each Spin

Ex = ρ(a)∫ d3a d3r
ψα (r)ψα (a)ψβ (r)ψβ (a)αβ∑
ρ(a) ρ(a) | r − a |∫

In other terminology, this kernal  is often written as nx(r,r’) 



1981 1964

ρ(r) = 2 |ϕi (r) |
i∑

2
= 2 |ψα (r) |

α
∑

2
    (4)

Original Self-Interaction Correction Was Not Unitarily Invariant 

Improves HOMO level 
alignments relative to 

experiment



Systematic Improvement 
for p-bonded systems

1981 1964

ρ(r) = 2 |ϕi (r) |
i∑

2
= 2 |ψα (r) |

α
∑

2
    (4)

Original Self-Interaction Correction Was Not Unitarily Invariant 

Improves HOMO level 
alignments relative to 

experiment



Optimizing the Electronic Geometry / Reciprocal Lattice

Works well IF an initial geometry can be guessed …. Is it possible always?



sp3 Hybrids: A subclass of Fermi-Lowdin Orbital Sets

ψ2s =
e−r/2

32π
2− r( )

ψ2 px =
e−r/2

32π
x

ψ2 py =
e−r/2

32π
y

ψ2 pz =
e−r/2

32π
z

Find Tetrahedron with Vertices such that:
ψ2s =ψ2 px =ψ2 py =ψ2 pz

| x |=| y |=| z |= 2− r

This gives s-p hybrids of the form:
ϕ2sp = [ψ2s ±ψ2 py ±ψ2 py ±ψ2 pz ] / 2

Fi (r) =
ψα (ai )ψα (r)α∑
ρ(ai )



Edminston-Ruedenberg, Boys, McWeeny, SIC-LSD Orbitals 
are Subclasses of Fermi-Lowdin Orbital Sets for Molecular 

Systems (Example: N2)

This gives three doubly occupied banana bonds:

ϕn =
1
3

[ψ2σg − 3{cos(2nπ
3

)ψ2π x + sin(2nπ
3

)ψ2π y}]

n = −1, 0,+1
and two doubly occupied lone-pair orbitals :

ϕ2sa/2sb =
1
2

[ψ3σg ±ψ2σu ]

Fi (r) =
ψα (ai )ψα (r)α∑
ρ(ai )

ER: Maximize Self Coulomb Repulsion
Boys/McWeeny/Vanderbilit: Minimize <r2>

SIC-LSD: Minimize SIC Energy (Pederson/Kluepfel)
Lowdin Orbitals:  Agrees with atom-centered FO
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ψk =
1
V
eik.r Consider and Evenly Spaced Cubic Grid

An = (nx,ny,nz )(π / qf )

Fi (r) =
ψk (ai )ψk (r)k∑
ρ(ai )

This gives Wannier Functions (1937) of the form:

w(r − An) =Πx
[sinqf (x − Anx)]

qf (x − Anx)

2qf

2q
f

2q
f

Cubic Brillioun 
Zone

The square of the “Fermi Orbital” is the  Fermi Exchange Hole, 
integrated over all space is the exchange energy of a single 

determinant.

Fermi 
Orbital



Applications of SIC to the Uniform Electron Gas

Real Space

• Put electrons into finite box
• Choose some set of plane wave 

states.  
• All sets lead to uniform density.
• Extrapolate to infinite number of 

electrons.

Curvature and slope at 
1/L=0 depends on:

• Number of electrons
• Fermi surface shape.
• Level of correlation.
• Orbitals used for SIC

1/L  or  1/rs 
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Fermi Sphere

Insulating BZ

Low Density Phase?

Minimum: rs~5
(33 electrons)

V= LxLxL



Rather than start at Z=1 and work our way up, lets 
start with Oganesson (Z=118) and work downward.

• Kao et al [JCP  247 164107 (2017)] showed that 
the FOD-radius is predicted reasonably well by 
choosing a radius,  that maximizes the value of 
the orbital amplitude.

• It we know which M spherical-harmonics for a 
given principal quantum number are present we 
can find M points that maximize the value of the 
determinant of spherical harmonics. M=N2 for 
rare-gases (N=principal quantum number)

• For a closed shell, such as Rn or Og, this means 
we find the 16 points that maximize the value of 
the Slater Determinant on a sphere of unit 
radius.

Universal and 
permutable spdf 

hybrids?



J. Chem. Phys. 158, 084101 (2023); https://doi.org/10.1063/5.0135089 158, 084101

A solution exists if a HF Slater 
Determinant is non-zero somewhere!

• An N-electron solution provides at 
least one solution for the N-1, N-2, 
N-3,…,1 electron problem.

• An N-electron solution may spawn 
up to 2N-1 solutions for systems 
with fewer electrons.

• Should the FLOSIC FODs be 
instead defined by points in 3N-
dimensional space that maximizes 
the KS SD?

• Faster?
• Less over-bound?
• Less noded?



Table of Starting Points for Closed Shell Noble Gas Atoms Z=2 to 118

From N-electron calculation:

• Remove “HOMO FOD”
• Remove matching KS-Orbital

• Perform (N-1)-electron calculation.



Fermi-Lowdin Orbitals in Rare-Gas Atoms and their Reciprocal 
Lattice

SP3  Hybrids

SP3D5  Hybrids

SP3D5F7 Hybrids

Each Set of Orbitals is Defined by Reciprical Polyhedra



Self-interaction Correction 
for Solvated Anions

M.R. Pederson, Kushantha K. P. Withanage, Yoh Yamamoto, Priyanka B. Shukla,
Alexander I. Johnson, Zahra Hooshmand Gharehbagh, Karl Johnson,

Rajendra R. Zope, Tunna Baruah, Juan E. Peralta, Der-you Kao, and  Koblar A. Jackson.

To appear in J. Chem Physics
Accepted 20 September 2023



Tri-anion+117(H2O): FLOSIC

Blue= FLOSIC
Red=  DFT

• FLOSIC predicts bound HOMOs for isolated 
Trianion  and Trianion+117(H2O).

• HOMO of  Trianion+117(H2O) is lower than 
LUMO of water

Ø No charge transfer from Trianion 
to water   

Pederson et al., To be submitted (2023)
Homo (solid) and LUMO (dotted)

Achieving DFT-efficiency 
requires rewriting codes

Factor of 125 increase 
in efficiency due to 
sparsity of FLOSIC 
formulation.



Oxygen 1s x-ray core-level spectra to determine charge of 
trianion

Distance of Water Droplet Center





In absence of gap or spin-
orbit, FLOSIC always finds 

real localized orbitals.

We must not throw out 
unitary invariance.

Complex Local Orbitals 
in PZ-Zunger with 

Localization Equations 
can’t be worse so it must 

be better!

Effect of Complex Optimal Orbitals on Atomization 
Energies with the Perdew-Zunger Self-Interaction 
Correction to DFT, S. Lehtola, E.O. Jonsson and H. 
Jonsson, J. Chem. Theory Computer 12 4296-4306 
(2016) [Plus much earlier]

Communication: Self-interaction 
correction with unitary invariance in 
density functional theory,  M.R. Pederson, 
A. Ruzsinszky and J. P. Perdew, J. Chem. 
Phys. 140, 121103 (2014).

Complex ? 



SIC and FLOSIC: Can/Must/Should energy-minimizing local 
orbitals be complex? 

Pederson, Heaton Lin, JCP 1984:   For N2, at equilibrium, complex pu-
orbitals provide exchange-correlation energy density with full cylindrical 
symmetry.
Kluepfel, Kluepfel, Jonsson PRB 84 050501R (2011): Complex orbitals are 
important in all systems for energy minimization.
Complex Fermi–Löwdin orbital self interaction correction, K. Withanage, K.A. 
Jackson, M.R. Pederson, Communication, J. Chem. Phys. 156 221103 
(2022).

• cFLOs in atoms are more spherical.
• cFLOs in dimers, with PW91, do not 

necessarily choose cylindrical symmetry.

• cFLOs are NOT primary cause for spin-
symmetry breaking in stretched bond 
limits. Other mechanism needed.

• Self-exchange correlation drives choice 
of cFLOs.



Are broken symmetry methods allowed/needed for Ozone? 
DFA: Yes/No                       FLOSIC: Yes/Yes

Singlet-Triplet Splitting (PBE-GGA)

EXPT (Arnold)  1.18 eV
GGA-PBE:   1.10 eV 

Goddard Biradical 0.93 eV     
FLOSIC BiRadical 0.70 eV
CASSCF (Tsuneda) 0.90 eV

Xantheas and Miliordos 
(CASSCF 2014)

18 percent bi-radical 

Hooshmand and Pederson 
(FOD-CI 2022) 

34 percent bi-radical 

Hooshmand



Two degenerate determinants needed to exactly represent 
H2 molecule at infinite separation.  BUT INFINITE 

CHOICES!

NB: Ordering important! Pair terms represent antisymmetic SDs!

See early discussion by Gunnarsson, Harris, Jones (1977)
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FLOSIC at Five: Challenges, Simplifications and Complexities
 Mark  R. Pederson  

Sunlight 
and Water

Oxygen 
Hydrogen 

Magnetically Ordered Water 
Oxidation Site (Mn3O4)

Molecular 
Qubit?

Spin 
Forbidden?

Photon carries 
angular 

momentum

Oxygen carries 
spin angular 
momentum

Pondering Photocatalytic Water Oxidation 





FLOSIC FOR UNDERSTAND WATER SPLITTING

Room for exactly four extra electrons? And stability.





• Single Point FLOSIC – Now only 10 time slower than GGA
• Constraint for Single-Point FLOSIC needed.



Magnetic Reorientation Energy of Mn12-Acetate vs
Electron addition and proton removal2

low for resonant tunneling of magnetization experiments.
However, it was later realized that the very weak hy-
drogen bonding between the acetic acid molecules of
crystallization, and the coordinating water molecules
broke the quasi-cylindrical symmetry and that similar
topologically-induced tunnel-splitting quenching could
indeed be observed in the Mn12-Acetate molecular mag-
net [16, 30]. The experimental observation, confirmed
computationally [12], that the weak hydrogen-bonding
interactions between the molecule and the ”space-filling
spectators” would indeed perturb the magnetic spec-
troscopy suggests that stronger changes in hydrogenic
positions and bonding associated with water decompo-
sition should significantly perturb the single-spin Hamil-
tonians and provide a sensitive means for deducing de-
composition of water. More recent examples have shown
that the many-spin magnetic signatures of metal-organic
frameworks are sensitive to the type of physisorbed gas
molecules inside the voids [40] due adsorbate-induced
stretching of the metal-ligand bonds.

Here we investigate the use of magnetic spectra for sit-
uations involving bond breaking. Through computation,
we show that magnetic signatures of a specific molecule,
known to exist in several oxidation states [23, 35–38, 41],
but believed to decompose in the tetra-anionic state[38],
provide a unique means for determining whether a
hydrogen-production reaction is more likely to proceed
in the neutral state or, due to a potential decomposi-
tion mechanism, to be accelerated by the addition of
a fourth electron. In view of the fact that thermionic
emission in multiply charged negative anions is known to
be delayed by detachment barriers [43], we suggest that
similar quantum mechanics could allow for structural,
rather than electronic, decomposition of the tetra-anionic
molecule selected for consideration here.

The single molecular magnet Mn12-Acetate [41, 42],
Mn12O12(COOH)16(H2O)4, has been selected as a com-
putational model for understanding how water decom-
positon in the presence of transition-metal ions a↵ects
the magnetic spectra. As a concise overview, it is in-
structive to rewrite its chemical formula in terms of well-
accepted charge states of the parent compound according
to [Mn4+4 O2�

4 ]+8[Mn3+8 O2�
8 (COOH)�16(H2O)4)]�8. The

well established electronic structure [2, 20, 23] shows
four nearly degenerate HOMO levels associated with the
four formate-coordinated crown Mn (3d) and four nearly
degenerate LUMO levels on the four water-coordinated
crown Mn (also 3d). Fig. 1a displays the parent molecule.
The molecule has three sets of four inequivalent Mn
cations. There are two sets of crown Mn each of which
have four unpaired 3d electrons. Fig. 1b shows the
local coordination about the water-terminated Mn ion.
schematic drawing of a model pathway that allows dehy-
drogenation of the water molecules followed by the for-
mation of molecular hydrogen. We have selected Mn12-
Acetate for several reasons. First, the magnetic signature
of the ground state is well characterized both theoreti-
cally [2–6] and experimentally [24–26, 38] and therefore

FIG. 1: Top: Parent Mn12-Acetate molecule. Active water
molecules are illustrated with a the oxygen atom colored blue.
Bottom:Local bonding configuration around the active Mn
site that is coordinated by three formate anions, two bridging
oxygen dianions and the potentially decomposable H2O unit.
When a hydrogen on the coordinating water is removed, the
Mn-O bond transitions from the longest MnO to the short-
est MnO bond which causes the local easy magnetic axis to
change from out of plane to in plane.

the magnetic signatures (i.e. anisotropy, local and total
magnetic moments etc.) will vary as any reaction pro-
ceeds. Second, the molecule itself is very similar to the
reaction center that is found in photosystem II [44–50]
and metal organic framesworks [51, 52].

The paper is organized as follows. In Section II we
discuss the methodology used for these calculations. In
addition to a general discussion on aspects related to the
electronic structure calculation within standard density
functional approximations, additional detail is given on
the inclusion of self-interaction corrections, accounting
for energetics associated with spin degrees of freedom.
In Section III we discuss the electronic and magnetic
structure for the Mn12-Acetate molecule (terminated by
4 waters) and the Mn12-Acetate molecule that is instead
terminated by 4 hydroxyl groups. We show that the ex-
perimentally observable magnetic anisotropy is extremely

Mn12O12(COOH)16(H2O)4
=Mc(H2O)0

4 cubane Mn4+ S=3/2

4 passive crown   Mn3+ S=4

Magnetism strongly depends on 
charge and proton positions

4 active crown Mn Mn3+ S=4 Mn3+ S=4 Mn4+ S=3/2Mn2+ S=5/2

electronic configuration [Ar]3d5 [Ar]3d4 [Ar]3d4 [Ar]3d3

magnetic anisotropy energy 27K 35K55K 10K

Mc(OH)-4Mc(H2O)-4 Mc(OH)0Mc(H2O)0# of electrons >> =

2H2 4e-4e-

17


