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Outline



Electron-phonon Hamiltonian
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Fundamental Hamiltonian of electrons and ions (nucleus + core electrons)

H = Te + Vee + Ti + Vii + He−i

Te and Ti : kinetic energies of electrons and ions

Vee: Coulomb interaction among electrons

Vii : interaction energy among ions

He−i : interaction between electrons and ions

Approximate decoupling of dynamics possible due to very different masses of electron and ions
Idea goes back to: M. Born and W. Heisenberg: Ann. d. Phys. 74, 1 (1926)
Correct expansion: M. Born and R. Oppenheimer: Ann. d. Phys, 84, 457 (1927)
Application to solids: G.V. Chester and A. Houghton: Proc. Phys. Soc. 73, 609 (1959)
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Electron-phonon vertex



Task: solve
HΨ(r,R) = EΨ(r,R)

Expansion of ionic coordinates: Ri = R0
i + κui

Small parameter: κ=(m/M)1/4 ≤ 0.1 (except H and He)

Lowest order: adiabatic or Born-Oppenheimer approximation

Ψ(r,R) = χ(R)ψ(r;R)

→ decoupling

[Te + Vee + He−i(R)]ψn(r;R) = En(R)ψn(r;R)

[Ti + Vii(R) + En(R)]χ(R) = Eχ(R)

Electronic wavefunction depends parametrically on R
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Electron-phonon vertex: Born-Oppenheimer expansion



1st order beyond the adiabatic approximation: ⟨n|δRV |n′⟩

δRV : change of potential felt by the electrons under an atom displacement R = R0 + u.

Bare vertex: δRV = u · ∇V 0|R0

Screened vertex: δRV = u · ϵ−1∇V 0|R0 ϵ−1: inverse dielectric matrix

Solid: displacement u ∝ b + b† → phonon creation/annihilation

7/53 R. Heid: Electron-Phonon Coupling Correl24, Jülich, September 2024

Electron-phonon vertex



Minimal Hamiltonian (Fröhlich 1952)

H = He + Hph + He−ph

He =
∑
kνσ

ϵkνc†
kνσckνσ

Hph =
∑

qj

ωqj

(
b†

qjbqj +
1
2

)
He−ph =

∑
kνν′σ

∑
qj

gqj
k+qν′,kνc†

k+qν′σckνσ

(
bqj + b†

−qj

)
He: band electrons (noninteracting)

Hph: harmonic phonons

He−ph: lowest-order electron-phonon interaction

qj

kν

k+q ν’
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Fröhlich Hamiltonian



Normal-state effects
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Dyson equations and self-energies

G(k , iωn)
−1 = G0(k , iωn)

−1 − Σ(k , iωn) electrons

D(q, iνm)
−1 = D0(q, iνm)

−1 − Π(q, iνm) phonons

Quasiparticle picture

Spectral function A(k , ϵ) = −ImG(k , iωn → ϵ+ iδ)

= −Im
1

ϵ− ϵk − Σ(k , ϵ)

Small Σ

QP-energy shift: ϵk = ϵk + ReΣ(k , ϵk)

Linewidth (∝ 1/τ ): Γk = −2ImΣ(k , ϵk) Energy
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Many-body perturbation: Self-energies



ω k’ω

n’

kωn n

ω  − ω

n’

n

k

k’  k

Σep(k , iωn) = − 1
β

∑
n′

1
Nq

∑
k′,q

gq
k′,k G0(k ′, iωn′)(gq

k′,k)
∗D0(q, iωn′ − iωn)

Performing Matsubara frequency summmation

Σep(k , iωn) =
1

Nq

∑
k′,q

|gq
k′,k |

2
[ b(ωq) + f (ϵk′)

iωn + ωq − ϵk′
+

b(ωq) + 1 − f (ϵk′)

iωn − ωq − ϵk′

]
Straightforward analytic continuation: iωn → ϵ+ iδ
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Electron self-energy



ImΣep(k , ϵ) = −π 1
Nq

∑
k′,q

|gq
k′,k |

2
[
δ(ϵ− ϵk′ + ωq)(b(ωq) + f (ϵk′))

+δ(ϵ− ϵk′ − ωq)(b(ωq) + 1 − f (ϵk′))
]

Collect all q-dependent parts

ImΣep(k , ϵ) = −π
∑

k′

1
Nq

∑
q

|gq
k′,k |

2
∫

dωδ(ω − ωq)×

×
[
δ(ϵ− ϵk′ + ω)(b(ω) + f (ϵk′)) + δ(ϵ− ϵk′ − ω)(b(ω) + 1 − f (ϵk′))

]
Introduce

α2F±
k (ϵ, ω) =

1
Nq

∑
q

δ(ω − ωq)
∑

k′

|gq
k′,k |

2δ(ϵ− ϵk′ ± ω)
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Electron self-energy



ImΣep(k , ϵ) = −π
∫ ∞

0
dω
{
α2F+

k (ϵ, ω)[b(ω) + f (ω + ϵ)] + α2F−
k (ϵ, ω)[b(ω) + f (ω − ϵ)]

}
Scattering processes

k

ν’ν

k+q

εF

"+": phonon emission

"–": phonon absorption

Quasielastic approximation:

α2F+ ≈ α2F− ≈ α2Fk(ϵ, ω) =
1

Nq

∑
q

δ(ω − ωq)
∑

k′

|gq
k′,k |

2δ(ϵ− ϵk′��HH±ω )
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Electron self-energy



Illustration: Einstein model (T → 0) ImΣep(k , ϵ) → −πA(ϵ)[2 −Θ(Ω− ϵ)−Θ(Ω + ϵ)]

Real part via Kramers-Kronig relation ReΣep(k , ϵ) = 1
π

∫
dϵ′ ImΣep(k,ϵ

′)
ϵ−ϵ′

0

ε

0

- 
Σ

(ε
)

Im Σ
Re Σ

Ω

k
F

Momentum 

Ω

ε
F

E
n
er

g
y

Dispersion kinks
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Electron self-energy



Experimental self-energy from Cu(110) surface band

continuous phonon spectrum

broadened step in Σep

APRES data after Jiang et al., PRB 89, 085404 (2014)
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Electron self-energy



Coupling constant

λk = 2
∫

dω
α2Fk(ϵk , ω)

ω
depends on electronic state!

Experimental access

(1) Slope of ReΣep at EF

λk = −∂ReΣep(k , ϵ)
∂ϵ

∣∣∣∣
ϵ=0,T=0

ϵk = ϵk + ReΣ(k , ϵk)

→ Velocity: vF = vF/(1 + λkF )
→ Mass enhancement: m∗

k = mk(1 + λk)

0
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Electron self-energy



(2) T -dependence of linewidth

Γk(T ) = π

∫ ∞

0
dω
{
α2Fk(ϵk , ω)[2b(ω) + f (ω + ϵk) + f (ω − ϵk)]

}
≈ 2πλk T for T ≫ ωph

Cu(111) surface state

ARPES data after McDougall et al., PRB 51, 13891 (1995)
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Electron self-energy



Higher-order self energy diagrams

31 2 12

self-energy correction of inner line

1 2 3 4 1
vertex correction

Migdal (1958):
Vertex corrections are smaller by a factor ωD/ϵF ≈ 0.1
compared to self-energy corrections (for those parts of Green
function most influenced by phonons)
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Migdal’s theorem



31 2 12

1

3

2

1 2 3 4 1

2

3

4

1

Phase space argument

large contributions for small energy
differences ϵ12 = ϵ1 − ϵ2 and ϵ23

momentum conservation forces large ϵ14

one intermediate momentum must be small
→ reduced phase space
→ suppression ∝ ωD/ϵF

Good approximation:

take only self-energy diagrams: G0 → G in inner lines

but: this lead to small corrections only (Holstein, Migdal)

⇒ original diagram sufficient
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Migdal’s theorem



31 2 12

1

3

2

1 2 3 4 1

2

3

4

1

Phase space argument

large contributions for small energy
differences ϵ12 = ϵ1 − ϵ2 and ϵ23

momentum conservation forces large ϵ14

one intermediate momentum must be small
→ reduced phase space
→ suppression ∝ ωD/ϵF

Theorem fails for

Very small Fermi surface (both momenta are small)
Example: doped semiconductors

Quasi-1D metals ("nesting")

Small electronic bandwidth (ωD ≈ ϵF )
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Migdal’s theorem



Π(ω)Im = Im ω

γq = −2ImΠq(ωq) = 2π
1

Nk

∑
k

|gq
k+q,k|

2[f (ϵk)− f (ϵk+q)]δ[ωq + (ϵk − ϵk+q)]

Simplifications (ωq ≪ electronic scale)

f (ϵk)− f (ϵk+q) ≈ f ′(ϵk)(ϵk − ϵk+q) → −f ′(ϵk)ωq

T → 0: f ′(ϵk) → −δ(ϵk) and drop ωq in δ-function

γq ≈ 2πωq
1

Nk

∑
k

|gq
k+q,k|

2δ(ϵk)δ(ϵk+q)

Formula often used in context of superconductivity (Allen, PRB 6, 2577 (1972))
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Phonon self-energy: Linewidth



γq measurable quantity (e.g., via inelastic neutron or x-ray scattering)

but need to separate from other contributions: anharmonicity, defects

Example: YNi2B2C

Weber et al., PRL 109, 057001 (2012)
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Phonon self-energy: Linewidth (2)



Phonon-mediated superconductivity
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Hamiltonian: H = H0 + ηH1

Canonical transformation: H ′ = e−ηSHeηS

⇒ H ′ = H + η[H,S] +
η2

2
[[H,S],S] + O(η3)

= H0 + η(H1 + [H0,S]) + η2[H1,S] +
η2

2
[[H0,S],S] + O(η3)

Condition to eliminate linear term: H1 + [H0,S] = 0

⇒ H ′ = H0 + Heff + O(η3)

Heff =
η2

2
[H1,S]
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Effective electron-electron interaction



Application to Fröhlich Hamiltonian (single band, single phonon branch)

H0 = He + Hph =
∑

k

ϵkc†
kck +

∑
q

ωq

(
b†

qbq +
1
2

)
H1 =

∑
kq

gk,qc†
k+qck

(
bq + b†

−q

)
Ansatz: S =

∑
kq

gk,qc†
k+qck

(
xk,qbq + yk,qb†

−q

)
Evaluating the commutators

[He,S] =
∑
kq

gk,q(ϵk+q − ϵk)c
†
k+qck

(
xk,qbq + yk,qb†

−q

)
[Hph,S] =

∑
kq

gk,qc†
k+qck

(
−xk,qωqbq + yk,qω−qb†

−q

)
25/53 R. Heid: Electron-Phonon Coupling Correl24, Jülich, September 2024

Effective electron-electron interaction



Combining (ωq = ω−q)

H1 + [H0,S] =
∑

kq gk,qc†
k+qck

{(
1 + (ϵk+q − ϵk − ωq)xk,q

)
bq

+
(
1 + (ϵk+q − ϵk + ωq)yk,q

)
b†
−q

}
vanishes for

xk,q = (ϵk − ϵk+q + ωq)
−1 and yk,q = (ϵk − ϵk+q − ωq)

−1 .

Effective interaction: Heff =
η2

2 [H1,S]

Recall H1 =
∑
kq

gk,qc†
k+qck

(
bq + b†

−q

)
S =

∑
kq

gk,qc†
k+qck

(
xk,qbq + yk,qb†

−q

)
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Effective electron-electron interaction



Effective interaction: Heff =
η2

2 [H1,S]

H1 =
∑
kq

gk,qc†
k+qck

(
bq + b†

−q

)
S =

∑
kq

gk,qc†
k+qck

(
xk,qbq + yk,qb†

−q

)
[H1,S] → [Aa,Bb] with A,B ∝ c†c and a, b ∝ xb + yb†

Use [Aa,Bb] = AB[a, b] + [A,B]ab − [A,B][a, b]

[A,B][a, b] → one-electron term, actually vanishes

[A,B]ab → electron-two phonon interaction

AB[a, b] ∝ c†cc†c → effective el.-el. interaction
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Effective electron-electron interaction



3rd term

Heff =
η2

2

∑
kk′q

gk,qgk′,−q(yk′,−q − xk′,−q)c
†
k+qckc†

k′−qck′

= η2
∑
kk′q

Veff(k, k′,q)c†
k+qckc†

k′−qck′

with
Veff(k, k′,q) = gk,qgk′,−q

ωq

(ϵk′ − ϵk′−q)2 − ω2
q

kk’

q
k’−q k+q
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Effective electron-electron interaction



Cooper pairs: electrons with opposite momenta (k′ = −k)

Veff(k,−k,q) = |gk,q|2
ωq

(ϵk − ϵk+q)2 − ω2
q

attractive (< 0) for |ϵk − ϵk+q| < ωq

repulsive (> 0) for |ϵk − ϵk+q| > ωq

⇒ phonon-mediated interaction is always attractive for small energy differences
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Effective electron-electron interaction



Superconducting state

Macroscopic quantum state, coherent superposition of electron pairs

Cooper pairs (singlet): (k ↑, −k ↓)

Anomalous Green functions (Gor’kov 1958) (vanish in normal state)

F(k , τ) = −⟨Tτck↑(τ)c−k↓(0)⟩ F∗(k , τ) = −⟨Tτc†
−k↓(τ)c

†
k↑(0)⟩

Perturbation

+

+0

+

+=

=G =

F =

...

...

Nambu (1960): clever way to organize diagrammatic expansion
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Strong-coupling theory: Nambu formalism



Two-component operators

Ψk =

(
ck↑

c†
−k↓

)
Ψ†

k =
(

c†
k↑ , c−k↓

)
Green function

G(k , τ) = −⟨TτΨk(τ)Ψ
†
k(0)⟩

=

(
−⟨Tτck↑(τ)c

†
k↑(0)⟩ −⟨Tτck↑(τ)c−k↓(0)⟩

−⟨Tτc†
−k↓(τ)c

†
k↑(0)⟩ −⟨Tτc†

−k↓(τ)c−k↓(0)⟩

)

=

(
G(k , τ) F(k , τ)
F∗(k , τ) −G(−k ,−τ)

)
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Nambu formalism



Fourier transform

G(k , iωn) =
1
2

∫ β

−β

dτeiωnτG(k , τ) =
(

G(k , iωn) F(k , iωn)
F∗(k ,−iωn) −G(−k ,−iωn)

)
Rewriting Fröhlich Hamiltonian

He =
∑
kσ

ϵk c†
kσckσ →

∑
k

ϵkΨ
†
kτ 3Ψk τ 3 =

(
1 0
0 −1

)

He−ph =
∑
kσ

∑
q

gq
k′k c†

k′σckσ

(
bq + b†

−q

)
→
∑

kq

gq
k′kΨ

†
k′τ 3Ψk

(
bq + b†

−q

)
assuming gq

k′k = gq
−k−k′ (time-reversal symmetry)
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Nambu formalism



Dyson equation → self-energy G−1(k , iωn) = G−1
0 (k , iωn)− Σ(k , iωn)

Nice feature

same diagrammatic expansion

propagators, vertices 2 × 2 matrices: gq
k′k → gq

k′kτ 3

Bare Green function

G0(k , iωn) =

(
G0(k , iωn) 0

0 −G0(−k ,−iωn)

)
=

(
(iωn − ϵk)

−1 0
0 (iωn + ϵk)

−1

)
= (iωnτ 0 − ϵkτ 3)

−1
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Nambu formalism



Extension of Migdal’s theory to superconducting state

Self-energy in Nambu formalism

ω k’ω

n’

kωn n

ω  − ω

n’

n

k

k’  k

Σ(k , iωn) = − 1
β

∑
n′

1
Nq

∑
k′,q

gq
k′kτ 3G(k ′, iωn′)τ 3g−q

kk′ D(q, iωn′ − iωn)

General form of Σ

Σ(k , iωn) = iωn[1 − Z (k , iωn)]τ 0 + χ(k , iωn)τ 3 +Φ(k , iωn)τ 1 +Φ(k , iωn)τ 2

τ 0 =

(
1 0
0 1

)
, τ 1 =

(
0 1
1 0

)
, τ 2 =

(
0 −i
i 0

)
, τ 3 =

(
1 0
0 −1

)
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Strong-coupling theory: Eliashberg approach



Using Dyson equation

G−1(k , iωn) = G−1
0 (k , iωn)− Σ(k , iωn)

= (iωnτ 0 − ϵkτ 3)− Σ(k , iωn)

= iωnZ (k , iωn)τ 0 − (ϵk + χ(k , iωn))τ 3 − Φ(k , iωn)τ 1 − Φ(k , iωn)τ 2

For self-energy we need G

G(k , iωn) = [iωnZ (k , iωn)τ 0 + (ϵk + χ(k , iωn))τ 3

+Φ(k , iωn)τ 1 +Φ(k , iωn)τ 2

]
/D

with
D := detG−1 = (iωnZ )2 − (ϵk + χ)2 − Φ2 − Φ

2
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Eliashberg theory



Plug into expression for Σ and separate τ -components

iωn(1 − Z(k , iωn)) = − 1
β

∑
n′

1
Nq

∑
k′,q

|gq
k′k |

2D(q, iωn′ − iωn)
iωn′Z(k

′, iωn′)

D(k ′, iωn′)

χ(k , iωn) = − 1
β

∑
n′

1
Nq

∑
k′,q

|gq
k′k |

2D(q, iωn′ − iωn)
ϵk′ + χ(k ′, iωn′)

D(k ′, iωn′)

Φ(k , iωn) =
1
β

∑
n′

1
Nq

∑
k′,q

|gq
k′k |

2D(q, iωn′ − iωn)
Φ(k ′, iωn′)

D(k ′, iωn′)

Φ(k , iωn) =
1
β

∑
n′

1
Nq

∑
k′,q

|gq
k′k |

2D(q, iωn′ − iωn)
Φ(k ′, iωn′)

D(k ′, iωn′)

Eliashberg equations
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Eliashberg theory



Quasiparticles: solutions of
D(k , iωn → ϵ+ iδ) = 0

or
D(k , ϵ+ iδ) = (ϵZ )2 − (ϵk + χ)2 − Φ2 − Φ

2
= 0

⇒ Ek =

√
(ϵk + χ)2

Z 2 +
Φ2 +Φ

2

Z 2

Z : QP renormalization factor

χ: energy shift

Φ,Φ: gap function

∆(k , iωn) =
Φ(k , iωn)− iΦ(k , iωn)

Z (k , iωn)
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Eliashberg theory



Simplifications (1)
Φ = 0: gauge choice (homogeneous superconductor)
χ = 0: particle-hole symmetry
Ignore changes in phonon propagator:

D(q, iνm) → D0(q, iνm) =

∫
dωδ(ω − ωq)

2ω
(iνm)2 − ω2

Φ(k , iωn) ≈ 1
β

∫
dω

1
Nk

∑
k′

∑
q

|gq
k′k |

2δ(ω − ωq)
∑

n′

−2ω
(ωn′ − ωn)2 + ω2

Φ(k ′, iωn′)

D(k ′, iωn′)

Simplifications (2)

Take momenta k ,k ′ on Fermi surface only
Take Fermi-surface averages of Z and Φ, e.g.

Φ(iωn) =
1

Nk

∑
k

wkΦ(k , iωn) wk =
δ(ϵk)

N(0)
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Strong-coupling theory: Isotropic gap equation



ωn(1 − Z (iωn)) = −π 1
β

∑
n′

Λ(ωn − ωn′)
ωn′√

ω2
n′ +∆(iωn′)2

∆(iωn)Z (iωn) = π
1
β

∑
n′

Λ(ωn − ωn′)
∆(iωn′)√

ω2
n′ +∆(iωn′)2

Gap function: ∆(iωn) = Φ(iωn)/Z (iωn)

Eliashberg function: α2F(ω) = N(0)
∑

kk′ |gq
k′k |2wk wk′δ(ω − ωq)

Kernel: Λ(νm) =
∫

dω 2ωα2F(ω)
(νm)2+ω2

encodes phonon-mediated pairing interaction

solely depends on α2F(ω) → normal-state property

positive → always attractive

frequency dependence → retardation
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Isotropic gap equation



ωn(1 − Z (iωn)) = −π 1
β

∑
n′

[Λ(ωn − ωn′)−µ∗(ωc)]Θ(ωc − |ωn′ |) ωn′√
ω2

n′ +∆(iωn′)2

∆(iωn)Z (iωn) = π
1
β

∑
n′

[Λ(ωn − ωn′)−µ∗(ωc)]Θ(ωc − |ωn′ |) ∆(iωn′)√
ω2

n′ +∆(iωn′)2

Gap function: ∆(iωn) = Φ(iωn)/Z (iωn)

Eliashberg function: α2F(ω) = N(0)
∑

kk′ |gq
k′k |2wk wk′δ(ω − ωq)

Kernel: Λ(νm) =
∫

dω 2ωα2F(ω)
(νm)2+ω2

encodes phonon-mediated pairing interaction

solely depends on α2F(ω) → normal-state property

positive → always attractive

frequency dependence → retardation

Coulomb effects

Scaling down (Morel and Anderson, 1962)

µ∗(ωc) =
µ

1 + µ ln(ϵ0/ωc)

Reduction of Tc

40/53 R. Heid: Electron-Phonon Coupling Correl24, Jülich, September 2024

Isotropic gap equation



Eliashberg function

α2F(ω) =
1

N(0)
1

N2
k

∑
kk′

|gq
k′k |

2δ(ϵk)δ(ϵk′)δ(ω − ωq)

State-dependent spectral function

α2Fk(ϵ, ω) =
1

Nq

∑
q

δ(ω − ωq)
∑

k′

|gq
k′,k |

2δ(ϵ− ϵk′)

⇒ α2F(ω) =
1

Nk

∑
k

δ(ϵk)

N(0)
α2Fk(ϵ = 0, ω)

Phonon linewidth
γq ≈ 2πωq

1
Nk

∑
kk′

|gq
k′,k |

2δ(ϵk)δ(ϵk′)

⇒ α2F(ω) =
1

2πN(0)
1

Nq

∑
q

γq

ωq
δ(ω − ωq)
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Isotropic gap equation: relation to normal-state quantities



Kernel

Λ(νm) =

∫
dω

2ωα2F(ω)
(νm)2 + ω2

Maximum at νm = 0: coupling constant

λ = 2
∫

dω
α2F(ω)
ω

State-dependent coupling constant

λ =
1

Nk

∑
k

δ(ϵk)

N(0)
λk

Phonon coupling-constant

λ =
1

Nq

∑
q

1
πN(0)

γq

ω2
q
=:

1
Nq

∑
q

λq
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Isotropic gap equation



largest T with non-trivial solution

depends on input α2F and µ∗: normal state properties

Approximate solution valid for λ < 2 and µ∗ < 0.15
(McMillan 1968, Allen and Dynes 1975)

Tc =
ωlog

1.2
exp

[
− 1.04(1 + λ)

λ− µ∗(1 + 0.62λ)

]

ωlog = exp

[∫
dω log(ω)W (ω)

]
W (ω) =

2
λ

α2F(ω)
ω

Asymptotic behavior: no intrinsic upper bound

Tc ∝ c(µ∗)
√
λ < ω2 > c(µ∗) ≈ 0.15...0.2 Allen and Dynes, PRB 12, 905 (1975)
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Isotropic gap equation: Transition temperature Tc



Density functional theory approach
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Single-particle (Kohn-Sham) equations{
−∇2 + veff(r)

}
ψi(r) = ϵiψi(r)

Effective potential
veff[n] = vext + vscr[n] = vext + vH [n] + vXC [n]

with

vH(r)[n] =
δEH

δn(r)
vXC(r)[n] =

δEXC

δn(r)

Density
n(r) =

∑
i

fi |ψi(r)|2 fi : occupation numbers

EXC [n]: exchange-correlation; approximated (LDA, GGA, ...)
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Density functional perturbation theory: Basics



Perturbation δveff: δψi(r) =
∑

j (̸=i)
⟨j|δveff|i⟩
ϵi−ϵj

ψj(r)

Linear density response

δn(r) =
∑

i

fi [ψ∗
i (r)δψi(r) + δψ∗

i (r)ψi(r)]

=
∑
i ̸=j

fi − fj
ϵi − ϵj

⟨j|δveff|i⟩ψ∗
i (r)ψj(r) =

∫
d3r ′χ0(r, r′)δveff(r′)

with charge susceptibility χ0(r, r′) =
∑
i ̸=j

fi − fj
ϵi − ϵj

ψ∗
i (r)ψj(r)ψ∗

j (r
′)ψi(r′)
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Density functional perturbation theory: Linear response



Variation of effective potential veff[n] = vext + vH [n] + vXC [n]

δveff(r) = δvext(r) + δvscr(r) = δvext(r) +
∫

d3r ′I(r, r′)δn(r′)

with kernel

I(r, r′) ≡ δvH(r)
δn(r′)

+
δvXC(r)
δn(r′)

=
2

|r − r′|
+

δ2EXC

δn(r)δn(r′)

Dielectric screening

δn = χ0δveff , δveff = δvext + Iδn ⇒ δveff = δvext + Iχ0δveff

⇒ δveff = [1 − Iχ0]
−1δvext = ϵ−1δvext and δn = χ0ϵ

−1δvext

ϵ(r, r′): (static) dielectric matrix

historically first route persued (Pick et al.1970, Resta 1985)

47/53 R. Heid: Electron-Phonon Coupling Correl24, Jülich, September 2024

Density functional perturbation theory: Linear response



Simple case: non-metal, gap between conduction and valence states

Starting from

δn(r) =
∑
i ̸=j

fi − fj
ϵi − ϵj

⟨j|δveff|i⟩ψ∗
i (r)ψj(r)

⇒ 2
∑

cv

1
ϵv − ϵc

⟨c|δveff|v⟩ψ∗
v (r)ψc(r)

Rewriting
δn(r) = 2

∑
v

ψ∗
v (r)∆v(r)

with definition

|∆v⟩ =
∑

c

1
ϵv − ϵc

|c⟩⟨c|δveff|v⟩
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DFPT: Modern formulation



How to calculate |∆v⟩ =
∑

c
1

ϵv−ϵc
|c⟩⟨c|δveff|v⟩ ?

Not directly, but use a linear equation!

(H − ϵv)|∆v⟩ = −
∑

c

|c⟩⟨c|δveff|v⟩ = −Pcδveff|v⟩ = (Pv − 1)δveff|v⟩

Pv(Pc) projection onto valence (conduction) space

advantage: final form contains only valence space quantities

"Sternheimer" - equation
atomic physics: Sternheimer, 1954, Phys. Rev. 951, 96 (1954)

solid state: Baroni et al., PRL 59, 1861 (1987); Zein, Sov. Phys. Solid State 26, 1825 (1984)

Iterative solution: → δn and δveff
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DFPT: Modern formulation



Bare vertex g(0)qj
k+qν′,kν = ⟨k + qν′|δqjvext|kν⟩

qj

kν

k+q ν’

Screened vertex gqj
k+qν′,kν = ⟨k + qν′|δqjveff|kν⟩

qj

kν

k+q ν’

easily accessible in DFPT

Relationship to bare vertex: δveff = δvext + Iχ0δveff

++ + ...= χ
I

0

screening via static Kohn-Sham (non-interacting) susceptibility χ0

electron-electron interaction represented by I = IH + IXC → includes exchange-correlation
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Electron-phonon vertex from DFPT



YNi2B2C

Weber et al., PRL 109, 057001 (2012), PRB 89, 104503 (2014)
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Example 1: Phonon renormalization



TC = 8.4 K

Zocco et al., PRB 92, 220504 (2015)

Predicts soft-mode (Pt(1)) with strong coupling, confirmed by IXS measurements

Contributes 80% to total λ ≈ 2
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Example 2: Superconductivity of SrPt3P



Effect of electron-phonon interaction on quasiparticle renormalization

Normal state: renormalized electronic dispersion and electron or phonon linewidths provide information
about coupling strength, which is experimentally accessible

Discussions of Migdal’s theorem and its limitations

Eliashberg theory and isotropic gap equations establish link between electron-phonon coupling and
superconducting properties

DFT approach: provides insight into the microscopic form of coupling based on realistic atomic and
electronic structures

Current challenges: extend Eliashberg framework to
anharmonicity

materials with small electronic energy scales

strongly correlated systems
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Summary
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