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Comeback of phonon-mediated superconductivity
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Electron-phonon Hamiltonian
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Electron-phonon vertex

Fundamental Hamiltonian of electrons and ions (nucleus + core electrons)

H:Te+ Vee+T/+ Vii"'He—i

Te and T;: kinetic energies of electrons and ions

Vee: Coulomb interaction among electrons

Vii: interaction energy among ions

He_j: interaction between electrons and ions

& Approximate decoupling of dynamics possible due to very different masses of electron and ions

® |dea goes back to: M. Born and W. Heisenberg: Ann. d. Phys. 74, 1 (1926)
& Correct expansion: M. Born and R. Oppenheimer: Ann. d. Phys, 84, 457 (1927)
® Application to solids: G.V. Chester and A. Houghton: Proc. Phys. Soc. 73, 609 (1959)
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Electron-phonon vertex: Born-Oppenheimer expansion

Task: solve
HV(r,R) = EV(r,R)

Expansion of ionic coordinates: R, = R? + KU

Small parameter: k=(m/M)'/* <0.1  (except H and He)

Lowest order: adiabatic or Born-Oppenheimer approximation

V(r,R) = x(R)¥(r; R)
— decoupling

[Te + Vee + Hefi(B)]wn([; B) En(B)¢n(E B)
[Ti + Vi(R) + En(R)]x(R) = &x(R)

Electronic wavefunction depends parametrically on R
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Electron-phonon vertex

1st order beyond the adiabatic approximation: (n|ogV|n)

or V: change of potential felt by the electrons under an atom displacement R = Ry + u.
Bare vertex: SrV =u-VVOog,

Screened vertex: SRV =u-e'VVOg, e~ ': inverse dielectric matrix

Solid: displacement u oc b+ b’ — phonon creation/annihilation
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Frohlich Hamiltonian

Minimal Hamiltonian (Fréhlich 1952)

H = He+ Hop+ He_pn
He = Z €kv CEVUQ(I/O'
kvo
1
th = ZUJq/‘ (bl;jbq/ + > . ’
~ 2 qj k+qvVv
He*Ph = Z Zgl?lJrqv’,kucliquu’ackl’U (bCII + biq/>
kvv'o qf

kv

® H,: band electrons (noninteracting)
® Hpp: harmonic phonons

® H,_pn: lowest-order electron-phonon interaction
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Normal-state effects
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Many-body perturbation: Self-energies

Dyson equations and self-energies
G(k,iwn)™" = Go(k,iwn)™" — Z(k, iwn)
D(q,ivm)™" = Do(q,ivm)~" — (g, ivm)

Quasiparticle picture

Spectral function Alk,e) = —ImG(k,iw, — €+ id)
1

= -m—
e—ex — X(k,€)

Small
® QP-energy shift: € = e, + ReX(k, &)
® Linewidth (o< 1/7): T, = —2ImX(k, &)
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Electron self-energy
k-k o,—m,

ko, ko, kw,
Zep(ka iwn = Z ng/ kGO k ’Wn’)(gk/ ) DO(CIa fwp — iwn)
q kl

Performing Matsubara frequency summmation

Z‘ k/k‘ [ wq +f(€k1) +b((.<Jq)+1 —f(Ek/)

Y ep(k,iwn) =
p iwp + Wq — €k’ lwp — Wq — €/

q k',q

Straightforward analytic continuation: iw, — € + ié
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Electron self-energy

’
Mo, ) =~ 5 I 2 [de — e +e0q)(bli) + Mlex)
9k ,q

(e — enr — wq) (bleq) + 1= flex))]
Collect all g-dependent parts
1
ImXep(k, €) = —WZ N Z 94 2 / dwd(w — wq) X
k/ q q
X [5(6 — e +w)(b(w) + fex)) + d(e — e — w)(b(w) + 1 — fex))
Introduce

PFE(e,w) = Zéw qu\gk,k\5e—ek/:tw)

12/53 R. Heid: Electron-Phonon Coupling Correl24, Jilich, September 2024



KIT

Electron self-energy

ImXep(k,€) = —m /0°° dw{oﬁF,f(e,w)[b(w) + f(w+ €)] + ?F, (e,w)[b(w) + f(w — e)]}

Scattering processes \ \ v 7
/4 "+": phonon emission

€
' k "—": phonon absorption

Quasielastic approximation:

1
2 ~ A A~ _
PFt ~ o’F ~ Q2Fk(e,w) = ﬁq ;5(&1 — Wq) ; |gl?’,k|25(€ — e )
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Electron self-energy
lllustration: Einstein model (T — 0) IMXep(k, €) = —TA(€)[2 — O(Q2 — €) — O(Q2 + €)]
Real part via Kramers-Kronig relation ReXep(k,€) = 1 [ de "mz:”(:,e)

Q —Imyx
! —ReX

Energy

- X(e)

o :
€
Momentum

Dispersion kinks
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Electron self-energy
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Experimental self-energy from Cu(110) surface band

& continuous phonon spectrum
® broadened step in X ¢,

APRES data after Jiang et al., PRB 89, 085404 (2014)
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Electron self-energy

Coupling constant

Ak

(Ek’ w)

2
F
:Z/dwa k

Experimental access

16/53

Ak =

(1) Slope of ReX ¢, at Er

_ OReXg(k,€)
Oe

€ = ex + ReX(k, &)

w

€=0,T=0

— Velocity: Ve = ve/(1 4+ Ag,)

— Mass enhancement: m; = mi(1 + Ax)
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depends on electronic state!

-Re Z(E)

Momentum
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Electron self-energy A“(IT

Karlsruhe Institute of Technology
(2) T-dependence of linewidth

i) == /Ooo dw{asz(Ekaw)[Zb(w) + f(w + &) + flw — Ek)]}

~ 2 T for T >> wpn

Cu(111) surface state

ARPES data after McDougall et al., PRB 51, 13891 (1995)
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Migdal’s theorem

Higher-order self energy diagrams

self-energy correction of inner line

M vertex correction

Migdal (1958):

Vertex corrections are smaller by a factor wp/er ~ 0.1
compared to self-energy corrections (for those parts of Green
function most influenced by phonons)
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Migdal’s theorem

1 2 3 2 1

Phase space argument

® |arge contributions for small energy
differences €12 = €1 — €5 and ep3

® momentum conservation forces large €4

1
2
3
1 . .
® one intermediate momentum must be small
2 4
3

— reduced phase space
— suppression « wp/er

Good approximation:
a take only self-energy diagrams: Gy — G in inner lines
® but: this lead to small corrections only (Holstein, Migdal)

=> original diagram sufficient
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Migdal’s theorem

1 2 3 2 1

Phase space argument

® |arge contributions for small energy
differences €12 = €1 — €5 and ep3

1
2
@3
® momentum conservation forces large €4
1 ® one intermediate momentum must be small
2 ! — reduced phase space
L — suppression « wp/er

Theorem fails for

@ Very small Fermi surface (both momenta are small)
Example: doped semiconductors

® Quasi-1D metals ("nesting")
@ Small electronic bandwidth (wp = €f)
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Phonon self-energy: Linewidth
ImIT(®w) = Im G
Yo = ~2mMg(u) = 275 3 Il qulf(e) = lewsa)ldla + (et — isa)]
k

Simplifications (wq < electronic scale)
f(ex) — f(exrq) = f'(ex)(ek — exrq) = —F (ex)wq

T — 0: f'(ex) — —d(ex) and drop wq in d-function

:
a7 2mq - D 108 i Po(6)3 ()
k

Formula often used in context of superconductivity (Allen, PRB 6, 2577 (1972))
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Phonon self-energy: Linewidth (2)

® ~4 measurable quantity (e.g., via inelastic neutron or x-ray scattering)
® but need to separate from other contributions: anharmonicity, defects

Example: YNi,B.C

170
% 160 (e) A, mode < ®
§, o R il - E 10 + + +A19 mode
= 150 E /m
3 .
g 110 = .’
g A, _mode St A mode -
O 1 ; u P ¢ "J|]
@ 100 o L4 o
9o L : : 0teo—————
0.0 0.5 1.0 0.0 0.5 1.0
(0,0, 1) (rlu.) (0,0,1) (rlu.)

Weber et al., PRL 109, 057001 (2012)
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Phonon-mediated superconductivity
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Effective electron-electron interaction
Hamiltonian: H = Hy + nH,
Canonical transformation: H' = e "SHe"S
,,72
S H = HelH, 8]+ L[, 8], 8]+ O(r)
2
= Ho+n(Hh + [Ho, S) + 1 [Hr, S| + ([, 1, S] + O(7°)
Condition to eliminate linear term: H; + [Hy, S] =0

= H = Hy+ Hei + O(1°)
n?
Het = ?[HM S]
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Effective electron-electron interaction

Application to Fréhlich Hamiltonian (single band, single phonon branch)

]
H = Hot =Y adar gwq (bgbq + 2)
Hi = > Gcabhiqb (bq + bT_q)
a
Ansatz: S= Z gk7qci+qck (Xk,qbq + }’k,qu_q)
ka

Evaluating the commutators

[He7 S] = Z gk,q(6k+q - 6k)C|1L+qu (Xk,qbq + yk}qbiq)
ka

[Hon, S] = Z gk,inJquk (_Xk,qwqbq + yk,qw—qu—q)
kq
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Effective electron-electron interaction
Combining (wq = w_q)

Hi + [Ho, Sl = 3 kg gk-,qclhqck {(1 + (€k+q — €k — Wq)Xkq) by
_|_

(1 + (k+q — €k + Wq)Yk,q)bT—q}
vanishes for
Xq = (k — keq +wq) | and  Yiq = (k — €krq — wq) -

Effective interaction: Hait = %2[H1, 9]

Recall Hy = Z gk,qc,iJrqck (bq + bT_q)
kq
S = Z Ok.q c,'quq( (xkyqbq + }/k,qbiq)

kq
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Effective electron-electron interaction

Effective interaction: Ha;t = %2[H1, 9]

Hy = Z gk7qc|1-+qck (bq + biq)
kq
s = Z gk_chiﬂck (xmbq + yk,qbf_q)

kq

[Hy, S] — [Aa, Bb] with A, B oc c'cand a, b oc xb + yb'

Use [Aa, Bb] = AB|a, b] + [A, Blab — [A, B][a, b]
® [A, B][a, b] — one-electron term, actually vanishes

u [A, B]ab — electron-two phonon interaction
® AB[a, b]  cfecfc — effective el.-el. interaction

27/53 R. Heid: Electron-Phonon Coupling

KIT

Karlsruhe Institute of Technology

Correl24, Jilich, September 2024



KIT

Effective electron-electron interaction
3rd term
Ui I ol
Her = ) Z Qk,qgk’,—q(}’k’,—q - Xk’,—q)ck+quCk’—qu'
Kkk/q
= nZ Z Veff(ka klv Q)CI+quCl/,qu/

kk’q

with
Wq

Vir (K, K, q) = .
et ( ) = Gk.adk',—q (e — ek—q)? — W2
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Effective electron-electron interaction

Cooper pairs: electrons with opposite momenta (k' = —k)
Wq

(Ek — €k+q)2 — wg

Veff(k, _k7 q) = |gk,q|2
® attractive (< 0) for |ex — €xqq| < wWq

® repulsive (> 0) for |ex — extq| > wq

= phonon-mediated interaction is always attractive for small energy differences
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Strong-coupling theory: Nambu formalism

Superconducting state
® Macroscopic quantum state, coherent superposition of electron pairs

& Cooper pairs (singlet): (k T, —k J)
@ Anomalous Green functions (Gor'’kov 1958) (vanish in normal state)

F(k,7) = —(Trckp(T)o—iy (0))  F*(k,7) = —(T-cl, (7)c:(0))

PN i NN i
it it

Perturbation F =——= 0 + +

Nambu (1960): clever way to organize diagrammatic expansion
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Nambu formalism

Two-component operators

C
(&) e o)
Green function
G(k,7) = —(T,V(r)W}(0))
TCkT(T)ClI(O (T G (1) 0y (0)) )
—(Trcl ()i (0))  —(Trch (7)eky(0))

(A6 o TL) )
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Nambu formalism

Fourier transform

N N - G(k, iwp) F(k, iwp)
Gk, fwn) = Z/ﬁ dre Gk, 7) = ( F*(k, —iwn) —G(—k, —iwp)

Rewriting Fréhlich Hamiltonian

1 0
He = ZGkCIUCkJ — Zek\v,tzsll!k T3 = ( 0 —1 )
ko k

Hooon = 3° 3 0Flroior (ba+bLg) = D g8 WhroWi (bg + b1,
ko q kg

assuming g,‘Z,k = gq_k_k, (time-reversal symmetry)
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Nambu formalism
Dyson equation — self-energy G (k, iwn) = Gy ' (k, iwn) — Z(k, iwn)

Nice feature
® same diagrammatic expansion
® propagators, vertices 2 x 2 matrices: gy, — 97, Ts

Bare Green function

. Go(k7 'Wn) 0
Gk, iwp) = < OI _Go(—k,—iw,,))

- ( er 70@()71 (iwn —if)ek)*1 )

= (jwnTy — 6l<13)_1
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Strong-coupling theory: Eliashberg approach

Extension of Migdal's theory to superconducting state k-k o,—o,

Self-energy in Nambu formalism

S
7

ko, kKo, kw,

L(kiwn) = ==Y = > GinTaG(K , iwn ) TG4 D(q it — itwn)
General form of X

X (k, iwn) = iwa[1 — Z(k, iwn)]Tg + X(K, iwn)T5 + P(K, iwn)Ty + P(K, iwn)Ts

(100 (0 1 (0 =i (10
o=\ o1 )>m= 1 0) 27 i o )'B7 o —1

34/53 R. Heid: Electron-Phonon Coupling Correl24, Jilich, September 2024



KIT

Eliashberg theory

Using Dyson equation

G (kyiwn) = Gy'(k,iwn) — Z(k,iwn)
= (iwnTg — €xT3) — X(k, iwp)
= iwnZ(k, iwn)Ty — (ex + X(K, iwn))Ts — ®(k, iwn)Ty — P(K, iwn)T,

For self-energy we need G

G(k,iwp) = [iwnZ(K,iwn)To + (ek + x(K, iwn)) T4
+P(k, iwn) Ty + 6("7 iwn)Iz] /D

with Y
D:=detG " = (iwpZ)? — (ex + x)? — P2 — &
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Eliashberg theory

Plug into expression for > and separate T7-components

iwn Z(K' iwn)

. , 1 . :
iwn(1 — Z (K, iwn)) = -3 Z Z|gk,k\ D(q, iwy — iwp) —r =2 )
’.q

D(K', iwp)
x(k,iws) = _B Z ﬁq Z |gl((”k‘2D(q7 fwn — iwn)%
n K ,q
O(k; iwn) = % Z Niq kZ; |90l°D(q, v — iwn)%
Bl = 53 S IehalDla o —ien) i)
n "\q

Eliashberg equations
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Eliashberg theory

Quasiparticles: solutions of
D(k, iwy, — €+1i6) =0
or

D(k,e+i6) = (eZ)? — (ex + x)F — 92— & =0

—2
(ek+x)> 9+
= Ek = \/ 72 + 72
® Z: QP renormalization factor
@ y: energy shift
® ®,®: gap function B
®(k, iwp) — iP(k, iwp)

Ak, iwy) =
(k; fwn) Z(k, icon)
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Strong-coupling theory: Isotropic gap equation

Simplifications (1)
® ¢ = 0: gauge choice (homogeneous superconductor)
@ y = 0: particle-hole symmetry
® [gnore changes in phonon propagator:

. . 2w
D(q, Il/m) — Do(q, Il/m) = /dwé(w wQ)m

. 1 1 g 12c —2w DK, iwy)
®(k,iwp) = 3 /dw Ne ; ; 197,176 (w — wq) ; (W — wn)2 + w2 D(K, iwy)

Simplifications (2)

® Take momenta k,k’ on Fermi surface only
@ Take Fermi-surface averages of Z and ¢, e.g.

®(iwn) = Z wiP(k, iwn) Wi = O(ex)
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Isotropic gap equation

, 1 Wp!
w 1-Z7 Iw = — T — /\ Wn — Wy ) —F/—m—————
n( ( ”)) B ; ( n n ) w%/ i A(iwn/)z

Aliwn)Z(iwp) = W;ZA(wnwn/)\/o%

Gap function: Aliwn) = P(iwn)/Z(iwn)
Eliashberg function: 0®F(w) = N(0) 3" |97 kP Wicwi 8 (w — wq)
Kernel: fd 2wa’ 'jr(:jz)

@ encodes phonon-mediated pairing interaction

® solely depends on a?F(w) — normal-state property
® positive — always attractive

a frequency dependence — retardation
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Isotropic gap equation
1 wpy
wn(1 — Z(iw = —7m— Nwn — wp )= (we)]O(we — |wi|) —e—
(1 = Z(in) 5 2 Men =) (0l lee — e )=y
. . A(/'Wn/)
Aliwny)Z(iw = MNMwp — wp)— 1" (we)]O(we — Wy |) ————
(en)2 i) = 5 37 N =) ()] Olee o )~
Gap function: Aliwn) = P(iwn)/Z(iwn)
Eliashberg function: 0®F(w) = N(0) 3" |97 kP Wicwie 8 (w — wq)
K I /\ d 2wa? F(w)
erne = M Coulomb effects
@ encodes phonon-mediated pairing interaction @ Scaling down (Morel and Anderson, 1962)
® solely depends on a?F(w) — normal-state property y
® positive — always attractive i (we) = 1+ ptIn(eo/we)

a frequency dependence — retardation ® Reduction of T,
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Isotropic gap equation: relation to normal-state quantities

Eliashberg function
1 1
QPF(w) = sz O |9R[P0(ex)d (e )3(w — w)
N(O) K ki

State-dependent spectral function

1
a*Fi(ew) = 7D 0w —we) ) 1gf [Fo(e — ex)
q q k/

1 5(61()
2 2
= “F = — Fx(e=0
a®F(w) N 2 N(O)a «(€ ,w)
Phonon linewidth 1
Yq ~ 27TOJqﬁk Z ‘gg/7k‘25(€k)5(ek’)
Kk
1 1 v,
2F — — 2950w —
- aF(w) 27N(0) Nq%:wq (&= wq)
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Isotropic gap equation

Kernel

Nvm) = /deF(w)

(Vm)z + w2

Maximum at v, = 0: coupling constant

2
Azg/dwm
w

State-dependent coupling constant

Phonon coupling-constant
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Isotropic gap equation: Transition temperature 7.

@ |argest T with non-trivial solution
® depends on input o®F and y*: normal state properties

Approximate solution valid for A < 2 and p* < 0.15

(McMillan 1968, Allen and Dynes 1975) o
1.04(1 A 25 EXACT SOLUTION -
Tc:wlogex — a+y) | T S
1.2 A — (14 0.62)) s
3
l\9 A5
2 10
Wieg = €XP [/ dw |og(w)W(w):| W(w) = g @ F(U.)) FIRST LOWER BOUND
A w 05
Asymptotic behavior: no intrinsic upper bound . s 5 r

Tooxe(p")VA<w?> c(u*)~0.15...0.2

Allen and Dynes, PRB 12, 905 (1975)
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Density functional theory approach
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Density functional perturbation theory: Basics

Single-particle (Kohn-Sham) equations

{ —- V2t Veff(r)}wi(r) = €ihi(r)

Effective potential
Veff[n] = Vext 1+ Vscr[n] = Vext 1+ VH[n] + VXC[”]

ith
"’ WO = S ()l = 3
H ~ 6n(r) xe ~én(r)
Density
n(r) = Z fili(r))? f;: occupation numbers

Exc|[n]: exchange-correlation; approximated (LDA, GGA, ...)
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Density functional perturbation theory: Linear response

Perturbation dver:  dv(r) = 35, 4 /L‘?Vi’" P;(r)
Linear density response

on(r)

D A7 (059i(r) + 607 (r)e()]

i

S 2L vl () = [ ol et

i#j

with charge susceptibility — xo(r,¥) = Z uiz)f(r)wj(r)wf(r')zbi(r’)

€ — €
i
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Density functional perturbation theory: Linear response

Variation of effective potential v.«[n] = vex + vu[n] + vxc[n]
Vet () = GVext(r) + O Vser(F) = Vee(F) + / a®r'I(r, ¥ )on(r)

with kernel
5vH(r) 5VXc(r) 2 §2EXC

XY= o) * nte) vl damon(e)

Dielectric screening
0N = Xo0Vetr; Vet = OVext + 10N = dVett = OVext + IX00 Verr
= OV = [1 — /XO]_15Vext = 6_16Ve><t and dn= X0€_16Ve><t
e(r,r'): (static) dielectric matrix
a historically first route persued (Pick et al.1970, Resta 1985)
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DFPT: Modern formulation

Simple case: non-metal, gap between conduction and valence states

Starting from

) = 30 L v ()

i#
= 23— (elover V) (D)Ye(r)

€y — €¢

Rewriting

on(r) =23 () A(r)

with definition

€y — €c

8, =3 — ey (cldvelv)
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DFPT: Modern formulation

How to calculate  |A,) = >, ——|c){c|dVes|v) ?

C e, —e€c

Not directly, but use a linear equation!
(H=e)lAy) = = le){cldvei|v) = —Pedver|v) = (Py — 1)6ver|v)
c
® P,(P,) projection onto valence (conduction) space

® gdvantage: final form contains only valence space quantities

"Sternheimer" - equation
atomic physics: Sternheimer, 1954, Phys. Rev. 951, 96 (1954)
solid state: Baroni et al., PRL 59, 1861 (1987); Zein, Sov. Phys. Solid State 26, 1825 (1984)

Iterative solution: — dn and d Ve
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Electron-phonon vertex from DFPT
i k+qVv’
Bare vertex g,((i):"y,,ky = (k + q'[0Y Vex [kv) /'/
kv
i k+qV’
a /1 sqj q
Screened vertex Ierqu k= (K4 av'[0Y ver k)
easily accessible in DFPT kv

Relationship to bare vertex:  Veff = O Vext + /00 Vet

= w4 DO

® screening via static Kohn-Sham (non-interacting) susceptibility xo
@ electron-electron interaction represented by / = Iy + Ixc — includes exchange-correlation
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Example 1: Phonon renormalization

YNi.B,C

energy (meV)/ FWHM (% of frequency)

Weber et al., PRL 109, 057001

(a) TOF experiment
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(b) DFPT
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(2012), PRB 89, 104503 (2014)
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Example 2: Superconductivity of SrPt;P
() ° 55E I F JETT I:
a’® o 8 S L

o o e B = | < W
/e ¥ iLP ? - -
‘@ ‘ ’ S 20 -§’—— _ 3
‘Pt(ll) fE: ok y>< ] ]
E N~ — —
Tc =8.4K 10k — ;
° . B e
Zoceo et al., PRB 92, 220504 (2015) o brio~0.1 P FoFf”
r A X M z r z0 010 1 2
PDOS

@ Predicts soft-mode (Pt(1)) with strong coupling, confirmed by IXS measurements
@ Contributes 80% to total A ~ 2
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Summary

a Effect of electron-phonon interaction on quasiparticle renormalization

@ Normal state: renormalized electronic dispersion and electron or phonon linewidths provide information
about coupling strength, which is experimentally accessible

@ Discussions of Migdal’s theorem and its limitations

@ Eliashberg theory and isotropic gap equations establish link between electron-phonon coupling and
superconducting properties

@ DFT approach: provides insight into the microscopic form of coupling based on realistic atomic and
electronic structures

Current challenges: extend Eliashberg framework to
® anharmonicity
® materials with small electronic energy scales
@ strongly correlated systems
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