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This is NOT the Meissner effect
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same final state
VERY different 
process

this was discovered in 1933:

this is the Meissner effect
process
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The Meissner effect seems to violate the laws of classical physics
(1) Law of inertia
(2) Faraday’s law 

EF

(3) Law of momentum conservation
(4) Laws of thermodynamics
How do superconductors manage to do this???

Easy, it’s quantum mechanics at play



Meissner effect puzzle
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How does the current
overcome the Faraday
field EF (counter-emf)
that wants to stop it?

ε =
!
EF"∫ ⋅
!
dℓ = −

∂
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!
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!
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B
View from the top

EF

I

EF

How is the momentum of the supercurrent compensated?



body
rotation

Faraday 
field

How is the momentum of the electrons and body generated?
Faraday field pushes in the wrong direction

Faraday 
force on ions

Faraday force 
on electrons

‘Meissner force’

Meissner effect puzzle: momentum conservation
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Hc

where are KI and PI 
in the final state ?

KI

PI

h

(H) (H)

Tc(H)

KI=kinetic energy of I
=
=

ns (mevs
2 / 2)× (2πRλLh)

(H 2 / 8π )× (2πRλLh)

PI=momentum of I
= mevk

k
∑ =

mec
2e

(hR)H

R

Question:

raise temperature



KI??
PI??

A simple answer (1911 to 1933):
As the system becomes normal, resistivity becomes non-zero. I decays 
by collision processes with phonons and/or impurities, its kinetic
energy (KI) is dissipated as Joule heat Q, its momentum (PI) is 
transmitted in the collisions to the body as a whole, body starts to 
rotate.
Simple answer is WRONG.

Joule heat was measured to high accuracy, it is zero

KI

PI

Discovery of the Meissner effect (1933) suggested Joule heat is zero

Q=KI

PI

For a cylinder of R=1cm, h=5cm,
H~500 G, lL=500A:  
I~ 2,000 Amps
PI ~ 1 mg moving at 1 mm/s
KI ~ 2.7 erg



Keesom (1934-1938)



Keesom (1934)

how does the supercurrent get ‘annihilated’ without Joule heat?



body
rotation

Faraday 
field

How is the momentum of the electrons and body generated?
Faraday field pushes in the wrong direction

Faraday 
force on ions

Faraday force 
on electrons

‘Meissner force’

Meissner effect puzzle: momentum conservation

The answer is in textbooks
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Meissner effect puzzle

body
rotation

Faraday 
field

How is the momentum of the electrons and body generated?
Faraday field pushes in the wrong direction

Faraday 
force on ions

Faraday force 
on electrons

‘Meissner force’

The answer is in textbooks
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www.mpia-hd.mpg.de/homes/fendt/Lehre/Lecture_OUT/lect_jets4.pdf



Alfven’s theorem: in  a perfectly conducting fluid, the magnetic field 
is frozen into the fluid and moves along with it



equation of motion for 
perfectly conducting fluid

  

€ 

! w = 0 ==>
! 
∇ ×
! v = − e

mec
! 
H    is London equation

Initially
  

€ 

! w (" r ,t = 0) =
e

mec
! 
H (" r ,t = 0) =

! w 0 ≠ 0   

€ 

! w has to evolve from
to 0  

€ 

! w 0

Taking the curl on both sides, and defining
generalized vorticity:   

€ 

! w (" r ,t) =
! 
∇ ×
! v + e

mec
! 
H 

In cylindrical coordinates  

€ 

! w (" r ,t) = w(r,t)ˆ z 

==> need radial velocity vr for w to change with time

∂w
∂t

= −
1
r
∂
∂r

(rwvr )

eq. of 
motion 
for w

∂
!w
∂t

=
!
∇× ( !w× !v)

d!v
dt

=
e

me

!
E +

e
mec
!v ×
!

H −

!
∇P
ρ

d!v
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=
∂
!v
∂t

+ (!v ⋅
!
∇)!v =

∂
!v
∂t

+
!
∇(v2

2
)− !v × (

!
∇×
!v) =

e
me

!
E +

e
mec
!v ×
!

H −

!
∇P
ρ

Faraday’s law

!
∇×
!
E = −(1 / c)∂

!
H /∂t

∂
!w
∂t

= −
!
∇⋅ (w!v)  continuity equation for generalized vorticity w has to flow 

out radially



Alfven’s theorem: in  a perfectly conducting fluid, the magnetic field 
is frozen into the fluid and moves along with it

Why haven’t plasma physicists explained
the Meissner effect to solid state physicists
long ago?
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The ‘fluid’ flowing out has to carry zero charge and zero mass

The ‘fluid’ flowing out is electrons + holes
Holes flowing out = mass flowing 
in

Alfven’s theorem: in  a perfectly conducting fluid, the magnetic field 
is frozen into the fluid and moves along with it

Why haven’t plasma physicists explained
the Meissner effect to solid state physicists
long ago?

IN
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1988

* Key to the cuprates is O=

* Key to Fe-As compounds is As3-
Negatively  charged anions

Hole conduction necessary* Key to MgB2 is B-

* Superconductivity is driven by lowering of kinetic energy

Models:

* Correlated hopping model
* Dynamic Hubbard models

References: http://physics.ucsd.edu/~jorge/hole.html
Collaborators: Frank Marsiglio; S. Tang, X. Q. Hong, H.Q. Lin

Experimental support: * Tc versus hole concentration
* Tunneling asymmetry (theory 1989, exp. 1995-2012)
* Optical sum rule violation (theory 1992, exp. 1999-2012)

* Explains dynamics of the Meissner effect- BCS can’t
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holes
electrons



(1932)

A band that has only a few electrons behaves, in every respect, like a 
band where there is only room left for a few electrons, with the 
difference, that the empty places have to be assigned an opposite  – i.e.  
positive – charge. Since the conductivity is independent of the sign of 
the charge, the difference will not be apparent in the conductivity.  

The conductivity in metals with a small number of holes can then
in every respect be described as the conductivity in metals with a 
small number of positive conduction electrons. From this follows
directly the anomalous Hall effect for such metals.

1931



Electron-hole symmetry in solids
(Ashcroft and Mermin book)

electrons

eFeF

holes
eFeF

holes

RH=Hall coefficient

RH<0

RH>0



The simple physics that explains the Meissner effect:
1) Electrons flow radially outward  

(generate Meissner current)   

€ 

! 
F B =

e
c
! v ×
! 
B 

Lorentz force

body
rotation



The simple physics that explains the Meissner effect:
1) Electrons flow radially outward  

(generate Meissner current)
2) Backflow of normal electrons

transfers momentum to the body

body
rotation

  

€ 

! 
F B =

e
c
! v ×
! 
B 

Lorentz force

The transition is reversible



Le

Normal electron backflow
get deflected by Lorentz force
transfer azimuthal momentum to ions
angular momentum is conserved
Meissner current is not cancelled

has to happen
without Joule heat

ion

Li

FL = q
!v
c
×
!
B

body
rotation



Explanation

Le

Normal hole outflow
Lorentz force canceled by Faraday force

transfer azimuthal momentum to ions
without collisions!

holes move radially out

EF

hole has to happen
without Joule heat

ion

Li

!
FE

!
FL

FL = q
!v
c
×
!
B

body
rotation



What is the difference between electrons and holes?
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Ey 
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FE 
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FE FH

FAmp= Eyno net transverse force on 
electrons
no other force on ions

no net transverse force on 
holes

FAmp= Ey

there is another force on ions

!
FH = q

!v
c
×
!
H

!
FE = q

!
E

Hall effect



What is the difference between electrons and holes?

FAmp= Ey
FAmp= Ey

no net transverse force on 
electrons
no other force on ions there is another force on ions
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Flatt
Fon-latt

no net transverse force on 
electrons?

electrons transfer momentum to
the body without dissipation!

!
FH = q

!v
c
×
!
H

!
FE = q

!
E

Hall effect



Explanation

Le

Normal antibonding electron backflow
move radially in

without collisions!
transfer azimuthal momentum to ions

angular momentum is conserved
!
FEEF

hole
ion !

Fon−latt

Li

!
FL

!
FE

!
FL

FL = q
!v
c
×
!
B

!
Flatt

body
rotation



What is the difference between electrons and holes?

FAmp= Ey
FAmp= Ey

no net transverse force on 
electrons
no other force on ions there is another force on ions
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Flatt
Fon-latt

no net transverse force on 
electrons?

electrons transfer momentum to
the body without dissipation!
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FH = q
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×
!
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!
FE = q

!
E

m*<0



vk =
1
!
∂εk

∂k

εk

vk

!
Flatt

!
FON−latt

0

0

k

Semiclassical dynamics

d
dt
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!
Fext +

!
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d
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=
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!
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!
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!
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∂2εk

∂k∂k
−1)×

!
Fext

!
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!
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1
"2
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∂k∂k
)×
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free
el

d
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(!
"
k ) =

"
Fext = e

"
E +

e
c
"v ×
"

H

==> electrons near the top of the band exert a large force ON the
lattice ==> transfer momentum to the lattice

= force exerted by lattice on electron
!
Flatt
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Negative Hall coefficient=electron carriers
Positive Hall coefficient=hole carriers

, : superconductors; 

: non-superconductors

: magnetic



1932

1962



holes

(1948)(1979)

R. Feynman, Rev.Mod.Phys.29, 205 (1957)



eF

eF

electrons

holes m*<0

m*>0

(2) Orbital expands when it is doubly-occupied

(1) Effective mass is negative near the top of the band

leads to pairing driven by lowering of kinetic energy - no phonons 

necessary to explain how momentum is conserved in Meissner effect

Hall coefficient > 0 ==> 
superconductivity. WHY?

Why hole carriers give rise to superconductivity
and electron carriers do not
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H+

H

H-

simple

not
simple
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| 0 >

Orbital expansion upon double-occupancy



dressed

undressed

Single holes have trouble moving

Single electrons don't 

single hole

single electron
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∑ |↓>m anm
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simple

not
simple
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| 0 >

Orbital expansion upon double-occupancy



t0 >  t1   >  t2electrons

t0

t1

t2

t0

t1

t2
holes

t2=tS2

t1=tS   

t0=t,

heavy

light

lighter

Dt=t1-t2
drives pairing
of holes

S =  

dressed

undressed

Single holes have trouble moving

Single electrons don't 

single hole

single electron



ekin=-zt1

ekin=-zt2

t0 >  t1   >  t2electrons

t0

t1

t2

t0

t1

t2
holes

t2=tS2

t1=tS   

t0=t,

heavy

light

lighter

Dt=t1-t2
drives pairing
of holes

S =  

kinetic energy 
is lowered 

[t2 +Δt(ni ,−σ + n j ,−σ )](ciσ
+ c jσ + h.c.)



Generalized Hubbard model

€ 

H = − tij[ciσ
+

ijσ
∑ c jσ + h.c.] + (ij |1/r | kl)ciσ

+∑ c jσ '
+ clσ 'ckσ

€ 

Δt ≡ (ii |1/r | ij) = |ϕ i∫ (r) |2 e2

| r − r' |
ϕ i(r')ϕ j (r') correlated hopping

+
-i
j

+
i j

+
is

< 0

> 0

attractive for holes

repulsive for electrons

* Dt breaks electron hole symmetry
* Dt lowers the kinetic energy of hole pairs

€ 

ni,−σ ciσ
+ c jσ

€ 

H = − tij[ciσ
+

ijσ
∑ c jσ + h.c.] + U ni↑

i
∑ ni↓ + V ni

< ij>
∑ n j

€ 

+ Δt (ni,−σ
< ij>
∑ + n j,−σ )(ciσ

+ c jσ + h.c.)+Δt (ni ,−σ
<ij>
∑ + n j ,−σ )(ciσ

+ c jσ + h.c.)

k -k
k' -k'Dt



spectral function for hole creation

Dynamic Hubbard models
1) Hubbard model + auxiliary boson degree of freedom

€ 

Hi =
pi

2

2M
+

1
2

Kqi
2 + (U +αqi)ni↑ni↓

(i) Harmonic oscillator:

(ii) Spin 1/2 degree of freedom

€ 

Hi =ω0σ x
i + gω0σ z

i + [U − 2gω0σ z
i ]ni↑ni↓

€ 

H = − tij
ij
∑ ciσ

+ c jσ + Hi
i
∑

spectral function for electron creation

dressed hole

undressed electron

q.p.



V01 =V



€ 

Vkk' =U −
2Δt
t (εk + εk')

Is repulsive/attractive for ek<0 (electrons) / ek>0 (holes) 
k -k

k' -k'

Superconductivity from
repulsive interactions
(‘pseudopotential effect’)

€ 

Δ k = − Vkk'
k'
∑ Δ k'

(1−2f(εk'))
2εk'

(hole representation)



k = K / D
u =U / D
w =W / D



k = K / D
u =U / D
w =W / D



Torrance et al
1988

m*/ m
Ando et al,
2001 , 2003



current is larger for negatively biased sample

(1989)

tip

1998

1998

N-I-S

tip



high kinetic energy
kinetic energy lowering

Microscopic physics: Dynamic Hubbard model

r

PRL 87, 206402 (2001) 
PRB 87, 184506 (2013)

K =
!2

2mer
2

* pairing and superconductivity
Leads to, when a band is almost full:

* negative charge expulsion from interior to surface
€ 

Heff ≅ − [th + Δt( ˜ n i,−σ + ˜ n j ,−σ )][ ˜ c iσ
+

ijσ
∑ ˜ c jσ + h.c.] + U ˜ n i↑

i
∑ ˜ n i↓

Effective low energy Hamiltonian: 
Hubbard model with correlated hopping

wavefunction expansion

driven by
kinetic energy
lowering



Negative charge expulsion in dynamic Hubbard model

t(nh)=th+nhDt

PRB 87, 184506 
(2013)

hole
occup

distance from center pot. energy

kin. energy

iterations

electrons
move out



Negative charge expulsion in dynamic Hubbard model PRB 87, 184506 
(2013)

r

almost full band èmany electrons, high kin.energy
negative ions è a lot of negative charge
è system expels electrons

band

macroscopic charge
inhomogeneity
An outward-pointing electric 
field exists in the interior of 
superconductors at zero 
temperature 

E

electrons
move out



(1935)

`rigidity’ against electric perturbations

r=charge density j=electric potential

(1935)

(1936)



Derivation of conventional London equation:

€ 

J = nev (n=density, v=speed,  J=current)

€ 

∂J
∂t

=
ne2

m
E==>

€ 

m dv
dt

= eE free acceleration of electrons

€ 

∂
∂t
∇ × J =

ne2

m
∇ × E = −

ne2

mc
∂B
∂t

==>

€ 

∂J
∂t

=
ne2

m
E

J = −
ne2

mc
A

!
∇⋅
!
A = 0

===>

Integrate, ignore integration constant, gives London eq. 

∇×B =
4π
c

J, with ∇× J = −
ne2

mc
B ∇2B =

1
λL

2 B =
4πne2

mc2 B

===>Note: ∂J
∂t

= −
ne2

mc
∂A
∂t

E = −∇φ −
1
c
∂A
∂t

∂J
∂t

=
ne2

m
(E +∇φ),



1)

€ 

ρ(r,t) − ρ0 = −
1

4πλL
2 [φ(r,t) −φ0(r)]

€ 

φ0(r) = d3∫ r' ρ0

| r − r' |
==>

€ 

∂ρ
∂t

= −
1

4πλL
2
∂φ
∂t

, continuity equation:

€ 

∇ ⋅ J +
∂ρ
∂t

= 0 ==>

€ 

∇ ⋅ J = −
c

4πλL
2 ∇ ⋅ A  

integrate in time, 1 integration constant r0 , ...

New London-like equations for superconductors (JEH, PRB69, 214515(2004))

2)

€ 

∇ ⋅ A +
1
c
∂φ
∂t

= 0   ;    (Lorenz gauge)€ 

J = −
ne2

mc
A = −

c
4πλL

2 A      ;     1
λL

2 ≡
4πne2

mc 2

r0



;

€ 

∇2φ(r) = 0 outside supercond.

+assume f(r) and its normal derivative are 
continuous at surface 

Electrostatics:

€ 

∇2φ(r) = −4πρ(r)

€ 

∇2φ0(r) = −4πρ0

€ 

∇2(φ(r) −φ0(r)) =
1
λL

2 (φ(r) −φ0(r))

€ 

∇2(ρ(r) − ρ0) =
1
λL

2 (ρ(r) − ρ0)

  

€ 

∇2(
! 
E −
! 
E 0) =

1
λL

2 (
! 
E −
! 
E 0)

No electric field outside sphere

lL

€ 

ρ(r) = ρ0(1− R3

3λL
2

sinh(r /λL )
R /λL cosh(R /λL ) − sinh(R /λL )

)

Solution for sphere of radius R:

  

€ 

! 
E (r) = 4

3
πρ0[1−

R3

r3
r /λL cosh(r /λL ) − sinh(r /λL )

R /λL cosh(R /λL ) − sinh(R /λL )
]! r 

r0

(JEH, PRB69, 214515(2004))



normal statesuperconducting state

Elliptical shape

Electric field

€ 

∇2φ(r) = 0
€ 

∇2(φ(r) −φ0(r)) =
1
λL

2 (φ(r) −φ0(r))

inside

€ 

∇2φ0(r) = −4πρ0

outside

test experimentally by measuring electric fields in the 
neighborhood of superconducting small particles



;

€ 

∇2φ(r) = 0

Electrostatics:

€ 

∇2φ(r) = −4πρ(r)

€ 

∇2φ0(r) = −4πρ0

€ 

∇2(φ(r) −φ0(r)) =
1
λL

2 (φ(r) −φ0(r))

€ 

∇2(ρ(r) − ρ0) =
1
λL

2 (ρ(r) − ρ0)

  

€ 

∇2(
! 
E −
! 
E 0) =

1
λL

2 (
! 
E −
! 
E 0)

Experiment to test it

electric screening length is lL

Physica C 508, 21 (2015)

<lL

http://www.sciencedirect.com/science/article/pii/S0921453414003414


lL

I

vs

R

B cylinder
BCS / London :

€ 

A = λLB

€ 

< p >= 0

€ 

==> vs =
e

mec
A

€ 

vs =
1

me

(p − e
c

A)

€ 

==> vs =
eλL

mec
B

Electron moving radially out: Lorentz force deflects e-

  

€ 

! 
F = e

c
! v ×
! 
B +
! 
F r = me

d! v 
dt

vf
F

B
v

r

  

€ 

d
dt

(! r × ! v ) = −
e

2mec
(! r ⋅ ! v )

! 
B = − e

2mec
d
dt

(r2)
! 
B 

€ 

=> vφ = −
er

2mec
B r=2lL

€ 

==> vφ =
eλL

mec
B

Dynamics of the Meissner effect



€ 

= −
nse

2

4mec
2 < (2λL )2 >

Diamagnetic
susceptibility

2lLorbit expansion: kF
-1

r=2lL orbits

€ 

χLarmor = −
nse

2

4mec
2 < r2 >

B
r

Normal state:

€ 

χLandau = −
1
3

µB
2 g(εF )

€ 

= −
nse

2

4mec
2 < (kF

−1)2 >

Superconducting state:

€ 

χLondon = −
1

4π

r=kF
-1 orbits

phase
coherent



orbit expansion 2lL
N S



orbit expansion 2lL
N S

€ 

L = (mevsR)ns(2πRλLh)
angular momentum of supercurrent:

€ 

L = (mevs2λL )ns(πR2h)

€ 

=

lL

I

R



W. Pickett (1989 RMP)

S.Tang, J.H. (1989)

undoped dopedF.Marsiglio, J.H. (1991)

High Tc cuprates

F.M.,J.H.,  Phys.Rev.B43, 424 (1991)

holes

electrons

Cu++ O=

pp



Electron-doped cuprates

=hole

Physica C243,
319 (1995)

(JEH 1989)

hole



Electron-doped cuprates have hole carriers





Isotope effect: Tc~M-a

Allen 1988

Li under
pressure

Schaeffer et al 
2015

H. Keller et al 2008

cuprates

Khasanov et al 2010
pnictides

Skoskiewicz et al 
1974
PdH: aH=-0.3

Stucky, et al 2016 
SrTiO3

18O
16O

T (K)

(e)

(f)



magnet

magnet



Summary
* The Meissner effect is the most fundamental property of supercond.
* Expulsion of magnetic field requires radial flow of charge
* Only hole carriers can transfer momentum to body without dissipation

* Hole carriers pair through kinetic energy lowering, electrons don’t

* The spin-orbit interaction is essential to understand superconductivity

* Superfluid electrons have orbital angular momentum   

€ 

L = ! /2

* The electron-phonon interaction is irrelevant to superconductivity

* A lot remains to be understood!

* Superconductors are like “giant atoms”

* It is impossible for BCS theory to explain the Meissner effect!

* Superconductors have macroscopic zero-point motion



The Dirac superconductor


