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Hydrogen: From a single atom to many...molecules...
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  M. Bonitz et al., Physics of Plasmas (2024,to appear); arXiv 2405.106238

Temperature-Pressure region (I)



  

Solid hydrogen: static compression



  

Born-Oppenheimer approximation
● Non-relativistic Hamiltonian for ions and electrons

● Born-Oppenheimer approximation (T<<T
F
): 

electronic ground state for fixed ion positions

● Density matrix/ distribution of ions
quantum protons classical protons



  

Sampling quantum protons in the
Born-Oppenheimer approximation (BO):
Coupled-Electron-Ion Monte Carlo

BO Hamiltonian

Sample thermal distribution

via Path-Integral Monte Carlo methods

Needed precise BO energies

via Variational and Projector Monte Carlo

controlled by variational principle

MC sampling of noisy actions/energies

Penalty method

Systematic bias ● Fixed-node error
● Finite size effects



  

Path-Integral Monte Carlo methods

● Based on Trotter’s theorem:

using

Sample by classical (Markov-chain) Monte Carlo (with M finite!) 
perform numerical extrapolation to infinite M



  

● quantum statistics:

Proton antisymmetry frequently neglected at not too high proton density

However: intra-molecule exchange possible, import for phases at low temperatures!

● Nuclear spin determines boson/fermion sign
● ortho/para H

2

● Adiabatic phase needs to be included in BO (usually not done)



  

How to get “good” BO-energies?

Variational principle:

● Upper bound for the BO energy for any trial wave function 
of same symmetry and boundary conditions

● Depends on nuclear (protons/ions) positions R is only 
parametrically (laplacian in H

e
does not act on R)

What to use as “trial wavefunction”?

● Single Slater determinant

optimize orbitals to find lowest energy V Hartree-Fock (no correlations!) 

Idea: use orbitals from DFT to include correlations ?…...??

● (Pair-)Correlated wave functions (“Jastrow” wfn)
U(r): symmetric, pairwise correlation factor

V     How to calculate now the integrals? How to determine orbitals, u
ee

,u
ep

,…? 



  

Variational Monte Carlo
Stochastic optimization

● Rewrite energy expectation value

remember
“local energy” 

Sample probability distribution
by classical (Markov chain) Monte Carlo
for any (given) wave function, e.g.

Unbiased estimate for E
T
 but intrinsically affected by stochastic (random) noise

● Improving (lowering) the bound: parametrize wave function

(many) parameters

optimize  trial energy with respect to parameters using gradient descent

“Learning” rate
Unbiased despite stochastic evaluation of gradient!

Robust optimization possible for a dozen …. million parameters!



  

Stochastic improvement of wfn/energies:
Projector (Diffusion) Monte Carlo

● Project trial wave function in ‘imaginary’ time
always lowers energies:

Exponential convergences to exact ground state energy

● How to project in imaginary time? V see Path-Integral Monte Carlo

● Different names for different numerical implementations:
Ground state path integral, PIGS, Reptation Monte Carlo, ….

● Diffusion Monte Carlo (DMC):
construction random walk to sample distribution corresponding to infinite projection time

Introduce importance sample based on mixed distribution:

DMC algorithm samples

converges to exact (unbiased) ground state energies
observables are in general biased



  

Fermion sign problem
Fixed-node approximation

● Bosons: symmetric ground states
● Fermions: antisymmetric ground states

● Theorem: ground state of any (reasonable) H is bosonic

● How does the sign affect imaginary time projection?

=0 #
(Monte Carlo stochastic error)

Stochastic uncertainty needed to project on fermion ground state:

● Fixed-node solution: sample only restricted space with 

● Fixed node approximation use:

Fixed-node ground state “best” real U: upper bound energies



  



  

Electronic Finite Size Effects
● Simulations can be only done with small systems

● What are the physical length scales involved?
➔ Kinetic energy: estimate via non-interacting electrons, Fermi wave length

Play with boundary conditions to improve kinetic energy convergence, 
use general (twisted) boundary conditions

Average over calculations
with differented twists

(TABC)

Efficiently corrects for single body observables (kinetic energy, Fermi surface...)

➔ Potential energy: screening length (plasmon)



  

MC with Noisy actions/energies:
Penalty method

● Partition function of classical protons:

Problem: BO energies are only know up to a stochastic error

We have the error r is normal distributed

We can still calculate the partition function exactly 

=> stochastic error doesn’t prevent unbiased Monte Carlo calculations!

● Penalty method: extend Metropolis algorithm to noisy (normal distributed) energie differences,
detailed balance is satisfied on average, transition matrix given by



  

Putting all pieces together:
Coupled Electron-Ion Monte Carlo (CEIMC)

● Classical or quantum nuclei at finite temperature

● Born-Oppenheimer energies from VMC

➢ Wave functions: orbitals from DFT (why?) dressed by backflow coordinates
     two and three body Jastrow correlations,
     analytical expressions + global optimizations of few parameters

● Full exploration of phase diagrams is computationally very expensive

➢ Reweighting of trajectories by DMC/Reptation MC BO energies
➢ No structural optimization so far (geometry of simulation cell from DFT)
➢ Benchmark of DFT functional by QMC energies
➢ Machine learning effective potentials learned from QMC energies/forces



  

Molecular liquid to atomic liquid transition (LLPT) 



  

Molecular liquid to atomic liquid transition (LLPT) 



  

Celliers et al., Science 261, 677 (2018)

Comparison with experiment (NIF)



  

How to study electronic excitations?

● Fundamental electronic gap (ideal structure):

Size effects given by
dielectric constant

● Including nuclear quantum/thermal motion

within BO

“quantum average” of gaps over sampled configurations
(different from semiclassical gaps!)



  

Fundamental (charged) and neutral gap
In solid H

2
 (phase I - HCP)

V. Gorelov, M.H., D.M. Ceperley, C. Pierleoni, Phys. Rev. B 109, L241111 (2024)



  

Electronic momentum distribution
and fundamental gap at the LLPT



  

P. Loubeyre, F. Occelli , P. Dumas,
 PRL 129, 035501 (2022)

V. Gorelov, M. Holzmann, D. Ceperley, 
C. Pierleoni, PRL 124, 116401 (2020)

High pressure hydrogen:
Insulator-metal transition

High pressure hydrogen:
Insulator-metal transition

● Characterize insulator:
spectral (optical) properties, gaps,...



  

➔Exploring phase diagram: 

Machine learned effective proton-proton potential

H. Niu, Y. Yang, S. Jensen, M. H., C. Pierleoni, D.M. Ceperley, Phys. Rev. Lett. 130, 076102 (2023)



  

Temperature-Pressure region (II)



  



  

Variance extrapolation: HEG, N=14, comparison with FCIQMC

● r
s
=2: E

0
= -0.0174(1) Ry 

FCIQMC: E
0
=-01745(6)Ry

● R
s
=5:  E

0
= -0.1599(1) Ry 

FCIQMC: E
0
=-0.16005(4)Ry

Shepherd, Booth, Alavi, J. Chem. Phys. 136, 244101 (2012)

Luo, Alavi, arXiv 1712.07524 (2017)



  



  

M.H. R.Clay, M.Morales, N.Tubman, D.Ceperley, C.Pierleoni, PRB 94, 035126 (2016) 



  


