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    1.Introduction 

Dilute 
magnetic moments 
in a metal: Kondo Effect 

Example: 
dilute  
Fe-impurities in Ag 

Dense, ordered lattice 
of magnetic moments in  
Heavy Fermion Materials 
like CeAl3   
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J.L. Smith and P.S. Riseborough, J. Mag. Mat. 47–48, 1985

Sharp Drop of 
resisitivity ρ 
when coherent  
Heavy 
Fermions form

Kondo Enhanced 
resisitivity  

Resistivity Minumum 

Kondo enhanced resistivity

Saturation of resistivity ρ 
at Low T: Fermi Liquid



1. Introduction 
2. Formation of magnetic moments 
3. Kondo effect: screening of magnetic moments 
4. RKKY coupling between magnetic moments 
5. Spin competition:

a) the Doniach diagram
b) Kondo lattice
c) Kondo-RKKY-Renormalization Group

6. Spin competition in presence of a spectral (pseudo) gap 
a) Band insulator, semiconductor
b) Pseudo gap semimetal (Graphene, Topological Insulator,...) 

7. Spin competition in the presence of disorder 
a) Distribution of Kondo temperature and RKKY couplings
b) Anderson localization - local spectral gaps
c) Multifractality - local pseudo gaps
d) Doniach diagram of disordered systems 

8. Conclusions and open problems



     T=0K Quantum Phase Diagram 
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Wconcentration  
of localized 
magnetic moments

exchange coupling 
between local moment 
and conduction 
electron spins

Disorder  
Strength



    2. Formation of magnetic moments in Metals 

magnetic nonmagnetic

Thus, the condition for formation of magnetic moments, is that the level remains singly  occupied b), 
requiring  

<latexit sha1_base64="Ggz65iqUaH3VE/pihJ50ps5lENY=">AAAB/3icbVBNS8NAEN34WetXVPDiZbEIglASkepJil48VjBtoQ1ls5m2SzebsLsplNiDf8WLB0W8+je8+W/ctjlo64OBt+/NsDMvSDhT2nG+raXlldW19cJGcXNre2fX3tuvqziVFDwa81g2A6KAMwGeZppDM5FAooBDIxjcTvzGEKRisXjQowT8iPQE6zJKtJE69mF7SCQkinHzysIxPsMevnY6dskpO1PgReLmpIRy1Dr2VzuMaRqB0JQTpVquk2g/I1IzymFcbKcKEkIHpActQwWJQPnZdP8xPjFKiLuxNCU0nqq/JzISKTWKAtMZEd1X895E/M9rpbp75WdMJKkGQWcfdVOOdYwnYeCQSaCajwwhVDKzK6Z9IgnVJrKiCcGdP3mR1M/LbqVcub8oVW/yOAroCB2jU+SiS1RFd6iGPETRI3pGr+jNerJerHfrY9a6ZOUzB+gPrM8frA+VOg==</latexit>

"d + U > 0
<latexit sha1_base64="vtXByFLYUe3KS2f+nw5L1rT/KbY=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclUSkunBRdOOygn1AG8pkctMOnUzCzKQQQv0VNy4UceuHuPNvnLZZaOuBC2fOuZe59/gJZ0o7zre1tr6xubVd2inv7u0fHNpHx20Vp5JCi8Y8ll2fKOBMQEszzaGbSCCRz6Hjj+9mfmcCUrFYPOosAS8iQ8FCRok20sCu9CdEQqIYN688mOIb7AzsqlNz5sCrxC1IFRVoDuyvfhDTNAKhKSdK9Vwn0V5OpGaUw7TcTxUkhI7JEHqGChKB8vL58lN8ZpQAh7E0JTSeq78nchIplUW+6YyIHqllbyb+5/VSHV57ORNJqkHQxUdhyrGO8SwJHDAJVPPMEEIlM7tiOiKSUG3yKpsQ3OWTV0n7oubWa/WHy2rjtoijhE7QKTpHLrpCDXSPmqiFKMrQM3pFb9aT9WK9Wx+L1jWrmKmgP7A+fwAxU5R6</latexit>

"d < 0
<latexit sha1_base64="Lmk8g2L4uNa8xR8L6R1tJEbSX+s=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRvFgSkepJil48VjBtoQ1ls5m0SzebsLsplFDwr3jxoIhXf4c3/43bj4O2Phh4vDfDzLwg5Uxpx/m2Ciura+sbxc3S1vbO7p69f9BQSSYpeDThiWwFRAFnAjzNNIdWKoHEAYdmMLib+M0hSMUS8ahHKfgx6QkWMUq0kbr2kYdv8HlnSCSkinEj5eEYd+2yU3GmwMvEnZMymqPetb86YUKzGISmnCjVdp1U+zmRmlEO41InU5ASOiA9aBsqSAzKz6fnj/GpUUIcJdKU0Hiq/p7ISazUKA5MZ0x0Xy16E/E/r53p6NrPmUgzDYLOFkUZxzrBkyxwyCRQzUeGECqZuRXTPpGEapNYyYTgLr68TBoXFbdaqT5clmu38ziK6BidoDPkoitUQ/eojjxEUY6e0St6s56sF+vd+pi1Fqz5zCH6A+vzBynMlQI=</latexit>

U > �"dand  or 

P. W. Anderson, Phys. Rev. 124, 41 (1961). 
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n̂d� = d+� d�

Notation:  an electron in the d-level is removed, created by the Fermion operators  

A localized (d- or f-) level with energy       can a) remain unoccupied,  b) be filled with one electron  
of either spin                   or doubly occupied with 2 electrons of opposite spin (Pauli Principle),              
costing repulsion energy U >0.  
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The number of electrons of spin                  in the d-level is obtained with the number operator  
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nonmagnetic

a) b) c)

relative to the Fermi Energy EF=0



   Fermi Sea 

P. W. Anderson, Phys. Rev. 124, 41 (1961). 

✓
p2

2m
+ V (r)

◆
 n(r) = En n(r)
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n̂n� = c+n�cn�

Fermi Sea:  Conduction band states filled up to Fermi energy EF  
with single Electron energy       ,  given by solution of Schrödinger equation      
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with potential             due to impurities, material imperfections, Hartree potential and confinement.       
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V (r)

Notation:  an electron is removed, created  in state n by the Fermion operators 

The number of electrons of spin                      in that state  is obtained with the number operator  

We assume, if not stated otherwise  



    Coupling to the Fermi Sea 
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P. W. Anderson, Phys. Rev. 124, 41 (1961). 

Thus, the Hamiltonian of electrons in the  conduction band and the d-(or f-) level is given by      

<latexit sha1_base64="Xw91DKeLAl5z3giaHNJpQW7Wk8s=">AAAB/HicbZDLSsNAFIYn9Vbrrdqlm8EiiIuSiFQ3QtGNywr2Am0Mk8mkHTqZhJkTIYT6Km5cKOLWB3Hn2zi9LLT1h4GP/5zDOfP7ieAabPvbKqysrq1vFDdLW9s7u3vl/YO2jlNFWYvGIlZdn2gmuGQt4CBYN1GMRL5gHX90M6l3HpnSPJb3kCXMjchA8pBTAsbyyhXw8gDLMb7ChiQOxg+nXrlq1+yp8DI4c6iiuZpe+asfxDSNmAQqiNY9x07AzYkCTgUbl/qpZgmhIzJgPYOSREy7+fT4MT42ToDDWJknAU/d3xM5ibTOIt90RgSGerE2Mf+r9VIIL92cyyQFJulsUZgKDDGeJIEDrhgFkRkgVHFzK6ZDoggFk1fJhOAsfnkZ2mc1p16r351XG9fzOIroEB2hE+SgC9RAt6iJWoiiDD2jV/RmPVkv1rv1MWstWPOZCvoj6/MHWvGT8w==</latexit>

tdn = t⇤nd

The d-levels hybridize with the conduction band states with matrix elements   

    which are matrix elements of the impurity  Atomic potential  <latexit sha1_base64="nppoKCQgeHOw6rDfk0dCmY1uoQg="></latexit>
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�⇤d(r), n(r)   are the wave functions amplitudes of the d-level and the conduction band  
   state, respectively, at position r  



    Kondo Hamiltonian 

J. R. Schrieffer and P. Wolff, Physical Review 149, 491 (1966). 
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Projecting out the high energy, nonmagnetic states (unoccupied and doubly occupied d-level),     
 -the  so called   Schrieffer-Wolff transformation- one gets the Kondo Hamiltionian 

and the  matrix elements of the exchange coupling  are  found to be 
where 
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S is the spin S=1/2- operator of the localized magnetic moment,  with
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S± = Sx ± ıSy

Spin Flip Zeeman-splitting



    Symmetric Kondo Hamiltonian 

J. R. Schrieffer and P. Wolff, Physical Review 149, 491 (1966). 
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J = 4t2/U > 0
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✏d = �U/2  the Kondo Hamiltonian simplifies to  

 with exchange coupling  antiferromagnetic 

 where we defined the 
conduction band spin density operator 



    Kondo effect:
 screening of magnetic moments 

by conduction electron spins



    Corrections to the Exchange Coupling in  
Perturbation Theory
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 corrections to the exchange coupling  matrix elements        between states at Fermi energy n, l :  
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Jnl

due to electron excitations caused by J via intermediate state m,   
if not occupied 

and due to hole excitations via intermediate state m,   
if occupied 
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with Fermi distribution function 

a)

b)

yielding corrections to the exchange coupling matrix elements:

J. Kondo, Prog. Theor. Phys 32, 37 (1964) 



    Kondo Minimum of Resistivity
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Corrections to  exchange coupling matrix elements

may become  large at low temperature, and even diverge in the zero temperature limit. 
→Scattering rate 1/τ from magnetic impurity becomes larger at lower temperature.

ρ

T
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⇢ ⇠ 1

⌧
⇠ J̃2 = J2(1 + 2JN0 lnD/T )2

resistivity
Kondo enhanced resistivity,
scattering from magnetic impurities 
increases

Kondo minimum

scattering from phonons and
electrons decays 

J. Kondo, Prog. Theor. Phys 32, 37 (1964) 

N0 = number of states 
  per energy and spin
D= band width



    Kondo Temperature
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Corrections to  exchange coupling matrix elements

Kondo temperature = Temperature when correction is as large as bare exchange  coupling 
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J. Kondo, Prog. Theor. Phys 32, 37 (1964) 

Y. Nagaoka, Phys. Rev. 138, 1112 (1965). 

 H. Suhl, Phys. Rev. A 138, 515 (1965). 

Nagaoka-Suhl (1-loop) equation  for the Kondo temperature 
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of a magnetic moment at position r
         



   Alternative Way to derive Kondo Effect:
Poor Man’s Scaling

Integrating successively high energy excited states at energy scale Λ above and below 
 Fermi energy yields  renormalized coupling            governed by RG equation  
 

Integration over energy scale Λ from band width to Kondo temperature 
=Temperature when correction is as large as bare exchange  coupling
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same as Nagaoka-Suhl (1-loop) equation with number of states per energy and spin defined by 
         

with Vol. = volume of the material, and N the number of states
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  Kondo Temperature in clean Metal

In a metal without impurities, the number of states is the same everywhere, and
assuming that it weakly depends on energy we can substitute 
 

Thus, the Nagaoka-Suhl (1-loop) equation becomes 

where c=0.57 by performing the integral more accurately
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tanh(x) ! sign(x) for |x| > 1
Approximating  

we can perform the integral and get  
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    Beyond Perturbation theory
Perturbation theory breaks down at Kondo temperature 
Instead:
• Wilson numerical renormalization group (numerical) [1,2]
• exact Bethe-Ansatz  (analytical) [3,4]

ρ

T

resistivity

Kondo minimum

1. K. G. Wilson, Rev. Mod. Phys. 47, 773 (1975). 

2. H. R. Krishna-murthy, J. W. Wilkins, and K. G. Wilson, Phys. Rev. B 21, 1003 (1980); ibid. 21, 1044 (1980). 

3. A. M. Tsvelick and P. B. Wiegmann, Adv. Phys. 32, 453 (1983). 

4. N. Andrei, K. Furuya, and J. H. Lowenstein, Rev. Mod. Phys. 55, 331 (1983). 

5. P. Nozières, J. de Phys. C, 37, 1 (1976). 

6.

Kondo
renormalized
Fermi liquid [5]

→   At low T a new state is formed, where magnetic moemnts  screened. 
Mass of conduction electron renormalized. Reformation of Fermi liquid [5].
Scattering rate from magnetic impurities converges to unitary limit.
Contribution of magnetic moments to resistivity, magnetic susceptibility, etc. 
universal functions of T/TK  and H/TK  (H= magnetic field)

magnetic susceptibilityχ

TTK TK

~1/T Curie

Pauli susceptibility
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    Kondo Screening
Thus, at temperatures T below the Kondo temperature TK
the magnetic impurity becomes screened by a cloud of  conduction electron spins.

 H. Suhl, Phys. Rev. A 138, 515 (1965). 

P. Nozières, J. de Phys. C, 37, 1 (1976). 

kBTK N(E)     Kondo Peak

    Kondo Cloud

Conduction Electron Scattering from magnetic impurity leads to enhanced 
density of states at  Fermi energy, the Kondo Peak of width kBTK



    RKKY coupling between magnetic moments 
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    Anderson model for M Magnetic Moments

Summation j over M localized levels at different positions

Consider M localized level sites at different  positions  rj

  Performing the Schrieffer-Wolff transformation one gets the Kondo Hamiltionian
 of M magnetic moments  immersed into a Fermi sea:
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  with exchange couplings 
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Jj = 4t2j/Uj > 0

 

 For  
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✏dj = �Uj/2 for all j= 1,...,M we get the Symmetric Kondo Model of M magneti moments:  
 

  with 
 



    RKKY coupling between magnetic moments 
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  Let us calculate the correction to the thermodynamic potential  at finite temperature T
 

  with the partition function of the system without magnetic momnents   
 
  with 
 
  with the exchange coupling to magnetic moments as the correction 
 



    RKKY coupling between magnetic moments 

  Expansion of the thermodynamic potential to 2nd order  in HJ yields  
 

  where 
 

  Using Wick’s theorem to decouple the expectation value and   
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  and we assumed that the conduction electron spins are not in a polarized state
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  one can write the correction in terms of a Heisenberg  Hamiltonian of coupled spins 
 

  where the coupling is the RKKY-coupling, given by  
 

  with 
 



    RKKY coupling between magnetic moments 
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  F.e. in a clean metal,  inserting plain wave states  
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 n(ri) ⇠ exp(ikri)
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rij = |ri � rj |  One finds at large distances  
 

  where  
 

  where  d is the dimension and  
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c2 = 1/⇡, c3 = 1/(2⇡)

D. N. Aristov, Phys. Rev. B 55, 8064-8066 (1997).

  Spin resolved STM
of  Magnetic Adatoms on
Metal Surface.
Lines: analytical Eq. (1) in 
d=1,2,3 dimensions
 

  (1)  
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Va
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 F. Meier, L. Zhou, J. Wiebe and R. Wiesendanger, Science 320, 82 (2008). 



Spin competition

a) the Doniach diagram
b) Kondo lattice
c) Kondo-RKKY-Renormalization Group



Competition between 
Kondo effect and RKKY
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  For  a clean metal,  inserting plain wave states,  let us compare
the Kondo temperature  TK  with the typical RKKY-coupling at a distance R, 
where   
 

  =1  

  =0.5  
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nM = R�d

is the density  of magnetic moments:
 

 Thus, above  a critical  exchange coupling             
 the Kondo screening by the conduction electrons wins over the RKKY-coupling.
We note that                  increases with the density of magnetic moments 
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Critical Coupling: 
Dependence on Density 

of Magnetic Moments
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exact solution 
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2
c = T 0

K = cD exp(� 1

2N0Jc
)

(available in closed form in terms of the Lambert-W special function)
 

with  
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Doniach diagram:

Doniach  argued that the critical exchange coupling              marks a quantum phase transition,
where the ordering temperature Tc of the spin coupled phase and the temperature at which 
Kondo screening sets in TK  suppressed:
 

S. Doniach, Physica B+C 91 231(1977). 

However, the Doniach argument does not yield a theory for the suppresion  of Tc,  and TK
nor does it yield information on the quantum state in which the system settles  for  given J. 
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Let’s  consider very strong coupling J >>D.
 Then, each  of the M=N localized spin grabs one conduction electron spin forming a 
localized singlet
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For M=N,  ground state is product state of singlets

of energy
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E0i = �(3/2)J

Transfer of 1 electron from  site i to j, 
leaves  site i unoccupied, site j doubly occupied. 
that costs  energy ΔEq = 2 3/2 J = 3J
Thus, the system is an insulator = Kondo Insulator, where all electrons are 
localized

2= doubly occupied states 1=singly occupied states

P. Coleman, in Band/Volume 5
Many-Body Physics: From Kondo to Hubbard
Inhaltsverzeichnis
Lecture Notes of the Autumn School on Correlated Electrons 2015 Pavarini, Eva; Koch, Erik; Coleman, Piers (Eds.) 2015
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a generalised Kondolattice Hamiltonian with degeneracy NK ≫1,the Coqblin- Schrieffer Hamiltonian 
was solved, performing a 1/NK -expansion. In mean field approximation the Energy dispersion is

At intermediate coupling 
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Jc < J < D . and dense lattice of  magnetic moments, N=M
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V 2 = DTK/4

The Kondo lattice for 

Heavy Fermions !
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Jc < J < D

setting  
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✏̃d = D/2

Flat band→ heavy mass→  
B. Coqblin and J. R. Schrieffer, Phys. Rev. 185, 847 (1969).. 
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En

with mean field parameter  

D eigenenergies for J=0 



Dense, ordered lattice 
of magnetic moments in  
Heavy Fermion Materials 
like CeAl3   

J.L. Smith and P.S. Riseborough, J. Mag. Mat. 47–48, 1985

Sharp Drop of 
resisitivity ρ 
when coherent  
Heavy 
Fermions form

Kondo Enhanced 
resisitivity  

Heavy Fermions:

Low temperature Fermi liquid 
of heavy Fermions 
with heavy mass upto m=1000 me 



Kondo-RKKY-Renormalization Group

Recall:  Kondo temperature has been derived by calculating renomalization of exchange coupling
<latexit sha1_base64="0hNlwIucbjoStkJmbLIqOkKDFBA="></latexit>

dJ̃

d ln⇤
= �J̃2(N(r, ✏F + ⇤) +N(r, ✏F � ⇤))

But: this does not take into account RKKY Coupling! 

Including the RKKY coupling we rather get 

J. Kroha, Interplay of Kondo effect and RKKY interaction, in

The Physics of Correlated Insulators, Metals, and Superconductors Modeling and Simulation, 

Eds. E. Pavarini, Erik Koch, R. Scalettar, and R. M. Martin (eds.), Vol. 7 (Verlag des Forschungszentrum Jülich, 2017). 

A. Nejati, K. Ballmann, and J. Kroha, Phys. Rev. Lett. 118, 117204 (2017). 
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How can we derive TK (J)
with RKKY-coupling?

 TK (J)



Kondo-RKKY-Renormalization Group

TK (J)

Solution: 
•      RKKY Coupling indeed  reduces Kondo temperature: 

•Critical  coupling Jc same as with Doniach Argument
•But: Kondo temperature finite at Jc before  it jumps to zero
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K = TK(Jc) = e�1T 0
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  Spin competition in presence of a spectral 
(pseudo) gap 

a) Band insulator, semiconductor
b) Pseudo gap semimetal



Kondo Effect in a
 Band insulator or semiconductor
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N(r, E) ⇡ N(EF) = N0with

In Insulator, undoped semiconductor: 
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TK = 0 ?

But: assumption 
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N(r, E) ⇡ N(EF) = N0
is wrong when there is a spectral gap!

N(E) Kondo temperature in metal:



  Kondo Effect in a
 Band insulator or semiconductor

Rather derive Kondo temperature from Nagaoka-Suhl equation: 
<latexit sha1_base64="1dXsazyzrmYk75s3hnY26yocxrE="></latexit>
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◆

keeping the energy dependence of N(E), one finds  a finite 
Kondo temperature TK only for sufficiently strong J>Jc 

N(E)
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Jc =
1

2N0

1

ln(D/�)
.

where Jc  decreases with increasing energy gap Δ:

where we asuumed density of states constant N0
in both bands, separated by energy gap Δ



  Kondo Effect  in a
 Band insulator, semiconductor

TK = 0 for  J<Jc sharp increase of 
TK for  J>Jc 
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  Kondo Effect in Materials with Pseudogap 
 like Graphene, Topological Insulator

N(E)
<latexit sha1_base64="5eQuXIUrW9bYAR5U44PlbAcER5Y=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0WogjUpUt0IRa24KhXsA9oaJtNJO3TyYGYilDT/4MZfceNCEbdu3Pk3Ttss1HrgwuGce7n3HjtgVEjD+NJSc/MLi0vp5czK6tr6hr65VRd+yDGpYZ/5vGkjQRj1SE1SyUgz4AS5NiMNe3Ax9hv3hAvqe7dyGJCOi3oedShGUkmWflDJlfchPIMVy4Bw1HY4wlH5EJatqzi6PCrEcHQXtW0iUWzpWSNvTABniZmQLEhQtfTPdtfHoUs8iRkSomUagexEiEuKGYkz7VCQAOEB6pGWoh5yiehEk59iuKeULnR8rsqTcKL+nIiQK8TQtVWni2Rf/PXG4n9eK5TOaSeiXhBK4uHpIidkUPpwHBDsUk6wZENFEOZU3QpxH6lYpIoxo0Iw/748S+qFvFnMF2+Os6XzJI402AG7IAdMcAJK4BpUQQ1g8ACewAt41R61Z+1Ne5+2prRkZhv8gvbxDVKqm2c=</latexit>

N(E) = N0|
E � EF

D/2
|�

<latexit sha1_base64="3vFE8vig6g1xDFUR295l/ZYL/Mk=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0Wom5IUqW6EogvFhVSwrdDEMJlO2qGTSZiZCCXkF9z4K25cKOLWnTv/xmnahbYeuHDmnHuZe48fMyqVZX0bhYXFpeWV4mppbX1jc8vc3mnLKBGYtHDEInHnI0kY5aSlqGLkLhYEhT4jHX94PvY7D0RIGvFbNYqJG6I+pwHFSGnJMysQXnn4Pm1eZBXHJwodQngKnUAgnObvLK3Ba8/KPLNsVa0ccJ7YU1IGUzQ988vpRTgJCVeYISm7thUrN0VCUcxIVnISSWKEh6hPuppyFBLppvlFGTzQSg8GkdDFFczV3xMpCqUchb7uDJEayFlvLP7ndRMVnLgp5XGiCMeTj4KEQRXBcTywRwXBio00QVhQvSvEA6TTUDrEkg7Bnj15nrRrVbterd8clRtn0ziKYA/sgwqwwTFogEvQBC2AwSN4Bq/gzXgyXox342PSWjCmM7vgD4zPH0X/m3Q=</latexit>

JPG
c (�) =

�

2N0

<latexit sha1_base64="StBAcr9OU3+rBVgIzVDrro4H3fE=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquSPUiFEXxJBXsh7RLyaZpG5pklyQrlKW/wosHRbz6c7z5b0zbPWjrg4HHezPMzAsizrRx3W8ns7S8srqWXc9tbG5t7+R39+o6jBWhNRLyUDUDrClnktYMM5w2I0WxCDhtBMOrid94okqzUD6YUUR9gfuS9RjBxkqPd8Xrzs0xunA7+YJbcqdAi8RLSQFSVDv5r3Y3JLGg0hCOtW55bmT8BCvDCKfjXDvWNMJkiPu0ZanEgmo/mR48RkdW6aJeqGxJg6bq74kEC61HIrCdApuBnvcm4n9eKza9cz9hMooNlWS2qBdzZEI0+R51maLE8JElmChmb0VkgBUmxmaUsyF48y8vkvpJySuXyvenhcplGkcWDuAQiuDBGVTgFqpQAwICnuEV3hzlvDjvzsesNeOkM/vwB87nD43ojvU=</latexit>

N(EF ) = 0

<latexit sha1_base64="1dXsazyzrmYk75s3hnY26yocxrE="></latexit>

1 = J

Z D

0
dEN(E, r)

1

E � EF
tanh

✓
E � EF

2TK(r)

◆

For example in Graphene and Topological Insulator: β=1

Consider a Material with  a Pseudogap at the Fermi Energy: 

Thus, 

Insertion in  Nagaoka-Suhl equation: 

keeping the energy dependence of N(E), one finds  a finite 
Kondo temperature TK only for sufficiently strong J>JcPG

with



  Kondo Effect in Materials with Pseudogap 
 like Graphene, Topological Insulator

N(E)
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Consider a Material with  a Pseudogap at the Fermi Energy: 

Finite Kondo temperature TK  for sufficiently strong J>JcPG

given by 



N(E)
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Consider a Material with  a Pseudogap at the Fermi Energy: 

RKKY-Coupling
in Materials with Pseudogap
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JRKKY(R) =
g(R)

Rd+�

RKKY-coupling becomes at long distance

Example:  Graphene d=2,  β=1
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gAB(R) = J23(1� cos(�K ·R� 2✓R)).

 M. Sherafati and S. Satpathy, Phys. Rev. B 83, 165425 (2011). 

H.Y. Lee, E. R. Mucciolo, G. Bouzerar, S. Kettemann, Phys. Rev. B 86, 205427 (2012). 
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  Spin competition in
 Graphene, Topological Insulator

 Kondo RG with RKKY Coupling: 

• increase of critical coupling
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k = ln(
p
2 + 1)with

y1 = dimensionless RKKY coupling for pseudogap power  β=1

Stronger suppression of TK ,  Jump to zero at critical coupling. 
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  Emergence of Heavy Fermions from              
a massless Fermi Sea

E(k)

ky

kx
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as opposed to Kondo lattice
coupled to massive Fermi sea:  

H. Y. Lee, S. Kettemann, Phys. Rev. B 91, 205109 (2015) 



  Spin competition in the presence of disorder
 

a) Distribution of Kondo temperature and RKKY 
couplings

b) Anderson localization - local spectral gaps
c) Multifractality - local pseudo gaps
d) Doniach diagram of disordered systems 



Schrödinger Equation with random potential V(r)

Metal

extended state

yields spatially distributed Wave function Intensity  

42
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f.e. assuming a white noise, uncorrelated potential 

with elastic scattering rate  
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    Kondo Temperature
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J. Kondo, Prog. Theor. Phys 32, 37 (1964) 

Y. Nagaoka, Phys. Rev. 138, 1112 (1965). 

 H. Suhl, Phys. Rev. A 138, 515 (1965). 

Nagaoka-Suhl (1-loop) equation  for the Kondo temperature 
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spatial distribution of
 Wave function Intensity  distribution of

 Kondo temperature 
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Distribution of Kondo temperature: Width

<latexit sha1_base64="KXC3fvGP2QFCEU1KWFtyMMeHNow="></latexit>

�TK ⇡ T (0)
K

8
>>>>><

>>>>>:

c3
(EF ⌧)

p
�


ln

✓
1

⌧ T (0)
K

◆�
in d = 3,

1p
3⇡EF ⌧�


ln

✓
1

⌧ T (0)
K

◆�3/2
in d = 2,

2
q

⇡
p
3

k2
FA�

(⌧T (0)
K )�1/4 in quasi 1�D wire of crosssection A,

In a disordered metal, the Kondo temperature is different at every 
position, depending on the local intensities. 
  It is thereby distributed with finite width 
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with time reversal symmetry 

broken time reversal symmetry (due to magnetic field)
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Distribution of Kondo temperature
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F.e. for 2D Anderson tight binding model  on square lattice 
with uncorrelated  disorder potential 

with box distribution of width W:  
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H. Y. Lee, S. Kettemann, Phys. Rev. B 89, 165109 (2014). 



 Distribution of RKKY couplings

distribution of absolute value of the RKKY coupling at T=0K for 2D Anderson tight binding model

Dashed lines: lognormal distribution with fitted parameters

at fixed distance at fixed disorder
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  Doniach diagram of disordered systems
Extending the Doniach argument to disordered systems
derive the
 distribution of the ratio of both energy scales,

Sharp cutoff! allows to find distance R
so that 
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so that  Kondo wins at  all sites i

Repeating it for different J, and R,
we can draw a phase diagram 
density of magnetic moments nM versus J.

CM= Phase with Coupled Moments
PM= paramagnetic moments
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 Anderson localization - local spectral gaps

Disorder can localize Eigenfunctions, the so called Anderson localization

Then, the spectrum is discrete, with a local level spacing 
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where              is the localization length
of an Eigenfunction at energy E
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 Anderson localization - local spectral gaps
quench Kondo screening

Disorder can localize Eigenfunctions, the so called Anderson localization

Thus the Kondo impurity sees a local gap
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2nd order transition:
diverging localization 
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  Multifractality - local pseudo gaps
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Competition between Kondo Effect and RKKY Coupling
at the Anderson-Metal-Insulator Transition 

 still an open problem... 
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 Conclusions
• Quantum Phas transition between LR Ordered and Heavy Fermion State
    due to RKKY-Kondo Competition
• RG for Kondo with RKKY-Coupling
• Kondo temperature jumps at transition

• Critical coupling increases with m.m. density as 
• Disorder in dilute system prevents LR order
• Quantum Spin Glass phase emerges
• Paramagnetic Phase of T=0K free moments in very dilute system  
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• Coherence transition
   to low temperature 
   Fermi Liquid with
   heavy quasiparticles 
   in Kondo lattice system
   with low resistivity

•  Kondo Fermi liquid 
with enhanced resistivity

     



  Open problems

?

?

?

Is the LR order transition due to 
• ordering of emerging local moments?
• spin-density wave transition?
• inhomogenoeous coexcistence of ordered 
   magnetic moments and Kondo screening?

• FInite Temperature Phase transitions?
• Classical Spin Glass?
• (Quantum) Spin Liquid?
• critical spin liquid?
• Griffiths phase?

• Crossover?
• Transition?

?
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