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Standard Model: Elementary Particles

en.wikipedia.org/wiki/Standard_Model



when P2 = Id ⇒ eiɸ = ±1 (Ψ (anti)symmetric under permutation)

antisymmetric: Ψ(x1, x2→x1) = 0 (Pauli principle)

indistinguishability and statistics

N-particle systems described by wave-function with

N particle degrees of freedom (tensor space):


Ψ(x1, ..., xN)

introduces labeling of particles


indistinguishable particles: no observable exists to distinguish them

in particular no observable can depend on labeling of particles


 probability density is an observable

consider permutations P of particle labels

P (x1, x2) =  (x2, x1) with | (x1, x2)|2 = | (x2, x1)|2

 P (x1, x2) = e
i� (x1, x2)



spin-statistics connection

bosons   (integer spin): symmetric wave-function

fermions (half-integer spin): anti-symmetric wave-function

Feynman Lectures III, 4-1:

Why is it that particles with half-integral spin are Fermi particles whose amplitudes add 
with the minus sign, whereas particles with integral spin are Bose particles whose 
amplitudes add with the positive sign? We apologize for the fact that we cannot give 
you an elementary explanation. An explanation has been worked out by Pauli from 
complicated arbuments of quantum field theory and relativity. He has shown that the 
two must necessarily go together, but we have not been able to find a way of 
reproducing his arguments on an elementary level. It appears to be one of the few 
places in physics where there is a rule which can be stated very simply, but for which 
no one has found a simple and easy explanation. The explanation is deep down in 
relativistic quantum mechanics. This probably means that we do not have a complete 
understanding of the fundamental principle involved. For the moment, you will just have 
to take it as one of the rules of the world.



indistinguishable particles

notion of elementary particle change over time/length/energy-scale

https://community.emc.com/people/ble/blog/2011/11

https://community.emc.com/people/ble/blog/2011/11
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We discuss recent developments in our understanding of matter,
broadly construed, and their implications for contemporary re-
search in fundamental physics.

The Theory of Everything is a term for the ultimate theory of
the universe—a set of equations capable of describing all

phenomena that have been observed, or that will ever be
observed (1). It is the modern incarnation of the reductionist
ideal of the ancient Greeks, an approach to the natural world that
has been fabulously successful in bettering the lot of mankind
and continues in many people’s minds to be the central paradigm
of physics. A special case of this idea, and also a beautiful
instance of it, is the equation of conventional nonrelativistic
quantum mechanics, which describes the everyday world of
human beings—air, water, rocks, fire, people, and so forth. The
details of this equation are less important than the fact that it can
be written down simply and is completely specified by a handful
of known quantities: the charge and mass of the electron, the
charges and masses of the atomic nuclei, and Planck’s constant.
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The symbols Z% and M% are the atomic number and mass of the
%th nucleus, R% is the location of this nucleus, e and m are the
electron charge and mass, rj is the location of the jth electron, and
! is Planck’s constant.

Less immediate things in the universe, such as the planet
Jupiter, nuclear fission, the sun, or isotopic abundances of
elements in space are not described by this equation, because
important elements such as gravity and nuclear interactions are
missing. But except for light, which is easily included, and
possibly gravity, these missing parts are irrelevant to people-
scale phenomena. Eqs. 1 and 2 are, for all practical purposes, the
Theory of Everything for our everyday world.

However, it is obvious glancing through this list that the
Theory of Everything is not even remotely a theory of every
thing (2). We know this equation is correct because it has been
solved accurately for small numbers of particles (isolated atoms
and small molecules) and found to agree in minute detail with
experiment (3–5). However, it cannot be solved accurately when
the number of particles exceeds about 10. No computer existing,
or that will ever exist, can break this barrier because it is a
catastrophe of dimension. If the amount of computer memory
required to represent the quantum wavefunction of one particle
is N then the amount required to represent the wavefunction of
k particles is Nk. It is possible to perform approximate calcula-
tions for larger systems, and it is through such calculations that

we have learned why atoms have the size they do, why chemical
bonds have the length and strength they do, why solid matter has
the elastic properties it does, why some things are transparent
while others reflect or absorb light (6). With a little more
experimental input for guidance it is even possible to predict
atomic conformations of small molecules, simple chemical re-
action rates, structural phase transitions, ferromagnetism, and
sometimes even superconducting transition temperatures (7).
But the schemes for approximating are not first-principles
deductions but are rather art keyed to experiment, and thus tend
to be the least reliable precisely when reliability is most needed,
i.e., when experimental information is scarce, the physical be-
havior has no precedent, and the key questions have not yet been
identified. There are many notorious failures of alleged ab initio
computation methods, including the phase diagram of liquid 3He
and the entire phenomenonology of high-temperature super-
conductors (8–10). Predicting protein functionality or the be-
havior of the human brain from these equations is patently
absurd. So the triumph of the reductionism of the Greeks is a
pyrrhic victory: We have succeeded in reducing all of ordinary
physical behavior to a simple, correct Theory of Everything only
to discover that it has revealed exactly nothing about many things
of great importance.

In light of this fact it strikes a thinking person as odd that the
parameters e, !, and m appearing in these equations may be
measured accurately in laboratory experiments involving large
numbers of particles. The electron charge, for example, may be
accurately measured by passing current through an electrochem-
ical cell, plating out metal atoms, and measuring the mass
deposited, the separation of the atoms in the crystal being known
from x-ray diffraction (11). Simple electrical measurements
performed on superconducting rings determine to high accuracy
the quantity the quantum of magnetic f lux hc#2e (11). A version
of this phenomenon also is seen in superfluid helium, where
coupling to electromagnetism is irrelevant (12). Four-point
conductance measurements on semiconductors in the quantum
Hall regime accurately determine the quantity e2#h (13). The
magnetic field generated by a superconductor that is mechani-
cally rotated measures e#mc (14, 15). These things are clearly
true, yet they cannot be deduced by direct calculation from the
Theory of Everything, for exact results cannot be predicted by
approximate calculations. This point is still not understood by
many professional physicists, who find it easier to believe that a
deductive link exists and has only to be discovered than to face
the truth that there is no link. But it is true nonetheless.
Experiments of this kind work because there are higher orga-
nizing principles in nature that make them work. The Josephson
quantum is exact because of the principle of continuous sym-
metry breaking (16). The quantum Hall effect is exact because
of localization (17). Neither of these things can be deduced from
microscopics, and both are transcendent, in that they would
continue to be true and to lead to exact results even if the Theory
of Everything were changed. Thus the existence of these effects
is profoundly important, for it shows us that for at least some
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Theory of Almost Everything

given Hamiltonian

solve eigenvalue problem

electrons indistinguishable

3N-dimensional pde

no observable M(x1,… ,xN) can distinguish them

i.e. M symmetric under exchange of coordinates

how possible?

eigenfunction needs to be antisymmetrized

N! terms

still eigenfunction?
<latexit sha1_base64="No3y7Eb1n4ROiBHMSbmsv2UlVvo="></latexit>

A (x1, . . . , xN) :=
1

N!

X

P

(�1)P 
�
xp(1), . . . , xp(N)

�



antisymmetrization

N! terms — hard problem in general

easy O(N3) for product wavefunctions

Slater determinants

<latexit sha1_base64="No3y7Eb1n4ROiBHMSbmsv2UlVvo="></latexit>

A (x1, . . . , xN) :=
1

N!

X

P

(�1)P 
�
xp(1), . . . , xp(N)

�

<latexit sha1_base64="BoX8qzYA2jWElxopuNVHGzi9Svs="></latexit>

p
N!A'↵1(x1) · · ·'↵N (xN)=

1p
N!

���������

'↵1(x1) '↵2(x1) · · · '↵N (x1)
'↵1(x2) '↵2(x2) · · · '↵N (x2)
...

...
. . .

...
'↵1(xN) '↵2(xN) · · · '↵N (xN)

���������



basis of Slater determinants

complete set of single-electron orbitals

expand N-electron function in 1st variable

and repeat to obtain expansion in product states

antisymmetric: states with ni=nj vanish, ni↔︎nj only differ by sign

basis of Slater determinants

<latexit sha1_base64="lEvC+f9iYxPvmFRbNmPgRWG3fbc="></latexit>X

n

'n(x 0)'n(x) = �(x
0�x)



second quantization: motivation

Dirac formalism

separate coordinates from states

<latexit sha1_base64="Oxm4W4mUF3Ms4MSHkmgAfVKBKFw="></latexit>

'(x) = hx |'i

<latexit sha1_base64="IHJqCA2QAVAsmBVEOAI9qHx8WMM="></latexit>Z
dx 'n(x)M(x)'m(x) =

Z
dx h'n|xiM(x)hx |'mi =: h'n|M̂|'mi

absorb coordinates in operators

coordinate-free formalism

labeling of coordinates of identical particles is artificial

get rid of coordinates?



second quantization: coordinates

vacuum state 

and


set of operators operators 

defined by:

|0⟩

Ψ̂(x)

<latexit sha1_base64="gbdeZhjXmRZdInVJNeWhikjTl5c="></latexit>

 ̂(x)|0i = 0
�
 ̂(x),  ̂(x 0)

 
= 0 =

�
 ̂ †(x),  ̂ †(x 0)

 

h0|0i = 1
�
 ̂(x),  ̂ †(x 0)

 
= �(x�x 0)

anticommutator: {A, B} := AB + BA



second quantization: states

<latexit sha1_base64="1sT8bRbiXX3Sp+1zs+WDmjnaQjs="></latexit>

c†↵ :=

Z
dx '↵(x)  ̂

†(x)creation operator

<latexit sha1_base64="gX2v2mJ5zTmMbLUkNeVykb1NJA4="></latexit>�
 ̂(x), c†↵

 
=

Z
dx 0 '↵(x

0)
�
 ̂(x),  ̂ †(x 0)

 
= '↵(x)

c↵|0i = 0
�
c↵, c�

 
= 0 =

�
c†↵, c

†
�

 

h0|0i = 1
�
c↵, c

†
�

 
= h↵|�i

<latexit sha1_base64="FIUbVxyLJ/GB01u9KkZRQB5QLnE="></latexit>�
c↵, c

†
�

 
=

Z
dx 0 '↵(x 0)

�
 ̂(x 0), c†�

 
=

Z
dx 0 '↵(x 0)'�(x

0) = h↵|�i



orbital basis transforms

creation operators transform as the orbitals they represent
<latexit sha1_base64="15dOJU/uBisUjotCsUHGC8PG4Nk=">AAAElXicdVJNb9QwEE3KAu3y1cKBAxeLColDVWURKgipqBIIwYkisW2leokmtpN1649gOy1VNn+DK/wt/g1OsluabLGUZPzem/G8eJJccOui6E+4cmNw89bt1bXhnbv37j9Y33h4YHVhCBsTLbQ5SsAywRUbO+4EO8oNA5kIdpicvqv5wzNmLNfqq7vI2URCpnjKCTgPxRvhGprhhDmIOTagMsHQLhrPMIh8+g8behDbQsYnC/ </latexit>

|�i i = U|↵i i =
X

j

|�j ih↵j |↵i i =
X

µ

|↵µi h↵µ|U|↵i i| {z }
=:Uµi

 c†�i =
X

µ

c†↵µ Uµi

write transformation matrix 
<latexit sha1_base64="aSMRIrlcrn1BcMca3g0wnSzBIxM="></latexit>

c†�i = e
c†Mc c†↵µ e

�c†Mc
<latexit sha1_base64="c3geIXt7MElTNe0v7y3yhMVoHAY="></latexit>

c�i = e
�c†M†c c↵µ e

c†M†c

when M anti-hermitian (U unitary) annihilators transform like creators

<latexit sha1_base64="WtusxNh13IodoQeRB7K2jG+NFbk="></latexit>

U = eM

operators transform like vectors?



second quantization: Slater determinants

�↵1↵2...↵N (x1, x2, . . . , xN) =
1p
N!

⌦
0
��  ̂(x1) ̂(x2) . . .  ̂(xN) c†↵N . . . c

†
↵2c

†
↵1

�� 0
↵

proof by induction

N=1:

N=2:
⌦
0
��  ̂(x1) ̂(x2) c†↵2c

†
↵1

�� 0
↵

=
⌦
0
��  ̂(x1)

�
'↵2(x2)� c†↵2  ̂(x2)

�
c†↵1

�� 0
↵

=
⌦
0
��  ̂(x1)c†↵1

�� 0
↵
'↵2(x2)�

⌦
0
��  ̂(x1)c†↵2  ̂(x2)c

†
↵1

�� 0
↵

= '↵1(x1)'↵2(x2)� '↵2(x1)'↵1(x2)

<latexit sha1_base64="HalGivAFxgCvxXIY4DNwqVqU5Ec="></latexit>⌦
0
��  ̂(x1) c†↵1

�� 0
↵
=

⌦
0
�� { ̂(x1), c†↵1}� c

†
↵1  ̂(x1)

�� 0
↵
= '↵1(x1)



second quantization: Slater determinants

general N: commute Ψ(xN) to the right

Laplace expansion in terms of N−1 dim determinants wrt last line of

=

���������

'↵1(x1) '↵2(x1) · · · '↵N (x1)
'↵1(x2) '↵2(x2) · · · '↵N (x2)
...

...
. . .

...
'↵1(xN) '↵2(xN) · · · '↵N (xN)

���������



second quantization: Dirac notation

separate coordinates from orbitals

analogous to Dirac notation

product states                    are many-body generalization of Dirac states

evaluate matrix elements …



second quantization: expectation values

expectation value of operator wrt N-electron Slater determinants

only valid for N-electron states!

|0ih0| = 1 on 0-electron space



result independent of N

second quantization: zero-body operator

using

only(!) when operating on N-electron state

zero-body operator M(x1,…xN) = 1 independent of particle coordinates

second quantized form for operating on N-electron states:

overlap of Slater determinants

<latexit sha1_base64="N9AOJ5D6Q8IP6CV7MI/NiiYWV5g="></latexit>

M̂0 =
1

N!

Z
dx1dx2 · · · xN  ̂ †(xN) · · ·  ̂ †(x2) ̂ †(x1)  ̂(x1) ̂(x2) · · ·  ̂(xN)

=
1

N!

Z
dx2 · · · xN  ̂ †(xN) · · ·  ̂ †(x2) N̂  ̂(x2) · · ·  ̂(xN)

=
1

N!

Z
dx2 · · · xN  ̂ †(xN) · · ·  ̂ †(x2) 1  ̂(x2) · · ·  ̂(xN)

...

=
1

N!
1 · 2 · · · N = 1

<latexit sha1_base64="iYOybkGkFKemFXKj/KWLJMQL1pE="></latexit>

N̂ :=

Z
dx  ̂ †(x) ̂(x) with

⇥
N̂, c†↵

⇤
= c†↵

<latexit sha1_base64="bVB9sUKyFaTxejgghlGJ6rYQoM0="></latexit>

 N̂c†↵ = c†↵
�
N̂+1

�
 N̂c↵ = c↵

�
N̂�1

�



second quantization: one-body operators

result independent of N

expand in complete orthonormal set of orbitals

one-body operator

transforms as 1-body operator

<latexit sha1_base64="lpnduRklRBkRWCckJBFulElcyxY="></latexit>

M(x1, . . . , xN) =
P
j M1(xj)

<latexit sha1_base64="bF8cWg0/aBjr/78+lunGLm2BLvE="></latexit>

M̂1 =
1

N!

Z
dx1 · · · dxN  ̂ †(xN) · · ·  ̂ †(x1)

X

j

M1(xj)  ̂(x1) · · ·  ̂(xN)

=
1

N!

X

j

Z
dxj  ̂

†(xj)M1(xj) (N�1)!  ̂(xj)

=
1

N

X

j

Z
dxj  ̂

†(xj)M1(xj)  ̂(xj)

=

Z
dx  ̂ †(x) M1(x)  ̂(x)

<latexit sha1_base64="wT5mFOxETsr4OIw9WhE50aYF4ls="></latexit>

M̂1 =
X

n,m

Z
dx '↵n(x)M(x)'↵m(x) c

†
↵nc↵m =

X

n,m

h↵n|M1|↵mi c†↵nc↵m



second quantization: two-body operators
two-body operator

result independent of N
expand in complete orthonormal set of orbitals

<latexit sha1_base64="i278u8sqAd1hFDooFGMcOxuVnPs="></latexit>

M(x1, . . . , xN) =
P
i<j M2(xi , xj)

<latexit sha1_base64="APb3btjmJi0O6DRI4xAE4Ce/yiw="></latexit>

M̂2 =
1

N!

Z
dx1 · · · dxN  ̂ †(xN) · · ·  ̂ †(x1)

X

i<j

M2(xi , xj)  ̂(x1) · · ·  ̂(xN)

=
1

N!

X

i<j

Z
dxidxj  ̂

†(xj) ̂
†(xi)M2(xi , xj) (N�2)!  ̂(xi) ̂(xj)

=
1

N(N�1)
X

i<j

Z
dxidxj  ̂

†(xj) ̂
†(xi)M2(xi , xj)  ̂(xi) ̂(xj)

=
1

2

Z
dx dx 0  ̂ †(x 0)  ̂ †(x) M2(x, x

0)  ̂(x)  ̂(x 0)

<latexit sha1_base64="ouuU8m+0MhRALk4erEgNXFRJckM="></latexit>

M̂2 =
1

2

X

n,n0,m,m0

Z
dxdx 0 '↵n0 (x

0)'↵n(x)M2(x, x
0)'↵m(x)'↵m0 (x

0) c†↵n0 c
†
↵nc↵mc↵m0

=
1

2

X

n,n0,m,m0

h↵n↵n0 |M2|↵m↵m0i c†↵n0 c
†
↵nc↵mc↵m0



2-body matrix

4-index tensor
no contribution for 


n=n’ or m=m’

sign-change for

n↔︎n’ or m↔︎m’

collect terms with same operator content

two-body matrix

of dim Norb(Norb−1)/2

together with Norb2 hopping terms

completely specifies Hamiltonian

no

self-interaction

exchange

terms



variational principle and Schrödinger equation

energy expectation value

variation

variational equation:

equivalent to eigenvalue equation



variational principle

expand |Ψ⟩ ≠ 0 in eigenfunctions

variational principle for excited states

assume eigenvalues sorted E0 ≤ E1 ≤ … 

in practice only useful when orthogonality to (unknown) states

ensured, e.g., by symmetry



expand in Slater basis

rewrite 

choose (orthonormal) orbital basis { 𝜑k | k } and corresponding

basis of Slater determinants { 𝜙k1,…,kN | k1 < … < kN }

expand Schrödinger equation in Slater basis

matrix eigenvalue problem



variational principle

restrict to finite Slater basis

solve with LAPACK

variational principle: 

art: systematically increase basis to achieve convergence

nesting of eigenvalues

consider problem with basis size L as exact problem


variational principle for —H:                                                             .

<latexit sha1_base64="p3GFfRNzOKr0M9gAdfaj6AyoY6Q="></latexit>

construct | ̃i =
nX

i=0

ci | ̃i i 6= 0 with h i | ̃i = 0 for i=0, . . . , n�1

 Ẽn � E[ ̃] � En



many-body problem

dimension of Hilbert space

ways of putting N electrons in K orbitals: K (K−1) (K−2)⋅⋅⋅(K−(N−1)) = K!/(K−N)!

order in which electrons are put does not matter: N!

dimH(N)K =
K!

N!(K � N)!
=

✓
K

N

◆
M N↑ N↓ dimension of Hilbert space
2 1 1 4
4 2 2 36
6 3 3 400
8 4 4 4 900

10 5 5 63 504
12 6 6 853 776
14 7 7 11 778 624
16 8 8 165 636 900
18 9 9 2 363 904 400
20 10 10 34 134 779 536
22 11 11 497 634 306 624
24 12 12 7 312 459 672 336

use symmetry to reduce dimension

e.g., spin conserved

>>> def binom(K,N):
...   if N==0:
...     return 1
...   else:
...     return (K-N+1)*binom(K,N-1)/N
... 
>>> binom(24,12)**2
7312459672336
>>> binom(24,12)**2*8/2**30
54482



non-interacting electrons

Ĥ =
X

n,m

Hnm c
†
ncm

choose orbitals that diagonalize single-electron matrix H

Ĥ =
X

n,m

"n�n,m c
†
ncm =

X

n

"n c
†
ncn

N-electron eigenstates |�ni = c†nN · · · c
†
n1 |0i

X

n

"nc
†
ncn c

†
nN · · · c

†
n1 |0i =

 
NX

i=1

"ni

!

c†nN · · · c
†
n1 |0i

apply to single Slater determinant: linear combination of single-excitations



Hartree-Fock

variational principle on manifold of Slater determinants

unitary transformations among Slater determinants

EHF = min�
h�|Ĥ|�i
h�|�i

Û(�) = e i�M̂ with M̂ =
X

↵,�

M↵� c
†
↵c� hermitian

energy expectation value

E(�) = h�|e i�M̂ Ĥ e�i�M̂ |�i = h�|Ĥ|�i+ i�h�|[Ĥ, M̂]|�i+
(i�)2

2
h�|

⇥
[Ĥ, M̂], M̂

⇤
|�i+ · · ·

variational equation

h�HF|[Ĥ, M̂]|�HFi = 0



unitary transformations on Slater manifold

Û(�) = e i�M̂ with M̂ =
X

↵,�

M↵� c
†
↵c� hermitian

[c†↵c�, c
†
� ] = c

†
↵{c�, c†�}� {c†↵, c†�}c� = c

†
↵ ��,�

d

d�

����
�=0

e i�M̂ c†� e
�i�M̂ = e i�M̂ i [M̂, c†↵] e

�i�M̂
���
�=0

= i
X

↵

c†↵M↵�

d2

d�2

����
�=0

e i�M̂ c†� e
�i�M̂ =

d

d�

����
�=0

e i�M̂

 

i
X

↵0

c†↵0M↵0�

!

e�i�M̂ = i2
X

↵

c†↵
X

↵0

M↵↵0M↵0�

| {z }
(M2)↵�

...

dn

d�n

����
�=0

e i�M̂ c†� e
�i�M̂ = in

X

↵

c†↵ (M
n)↵�

e i�M̂ c†↵N · · · c
†
↵1 |0i = e

i�M̂c†↵Ne
�i�M̂

| {z }
P
�(e

i�M)↵N� c�

e i�M̂ · · · e�i�M̂e i�M̂c†↵1e
�i�M̂ e i�M̂ |0i| {z }

=|0i
<latexit sha1_base64="VnS1D5ZRakq5LsFjfpNKtV8GE58="></latexit>



HF variational condition

orthonormal basis |�HFi = c†N · · · c
†
1
|0i

h�HF|[Ĥ, M̂]|�HFi = 0  h�HF|[Ĥ, c†ncm + c†mcn]|�HFi = 0 8 n � m

c†ncm|�HFi =
⇢
�n,m|�HFi if n, m 2 {1, . . . , N}
0 if m /2 {1, . . . , N}

simplifies variational condition to (Brillouin theorem)

h�HF|c†mcnĤ|�HFi = 0 8 m 2 {1, . . . , N}, n /2 {1, . . . , N}

applying Hamiltonian does not generate singly excited determinants 



analogy to non-interacting problem

Ĥ =
X

n,m

c
†
n Tnm cm +

X

n>n0,m>m0

c
†
nc
†
n0

�
Unn0,mm0 � Unn0,m0m

�
cm0cm

Brillouin condition

same condition as for non-interacting Hamiltonian Fnm (Fock-matrix)

✓
Tnm +

X

m0N

�
Unm0,mm0 � Unm0,m0m

�

| {z }
=:Fnm

◆
c†ncm|�HFi = 0 8n > N � m

depends on ΦHF ⇒ self-consistent problem

"HFm =

 

Tmm +
X

m0N

�
Umm0,mm0 � Umm0,m0m

�
| {z }

=:�mm0

!

=

 

Tmm +
X

m0N
�mm0

!



quasi-particle picture

total energy

h�HF|Ĥ|�HFi =
X

mN

 

Tmm +
X

m0<m

�mm0

!

=
X

mN

 

Tmm +
1

2

X

m0N
�mm0

!

=
X

mN

 

"
HF

m �
1

2

X

m0N
�mm0

!

remove electron from eigenstate of Fmn (Koopmans’ theorem)

h�HF|c†a Ĥ ca |�HFi � h�HF|Ĥ|�HFi = �

 

Taa +
1

2

X

m0N
�am0

!

�
1

2

X

m 6=aN
�ma = �"HFa

electron-hole excitation (b > N ≥ a)

"
HF

a!b = h�HFa!b|Ĥ|�HFa!bi � h�HF|Ĥ|�HFi = "HFb � "HFa � �ab

electron-hole attraction

�ab =
1

2
(�ab + �ba) =

1

2

⌧
'a'b � 'b'a

����
1

r � r 0

����'a'b � 'b'a
�
> 0





homogeneous electron gas

|�HFi =
Y

|k|<kF

c†k�|0i

Slater determinant of plane waves

density of electrons of spin σ

{ ̂ †�(r), ck,�} =
Z
dr 0
e�ik·r

(2⇡)3/2
{ ̂ †�(r),  ̂�(r 0)} =

e�ik·r

(2⇡)3/2

Ĥ =
X

�

Z
dk
|k2|
2
c
†
k,�ck,� +

1

2(2⇡)3

X

�,�0

Z
dk

Z
dk 0

Z 0
dq
4⇡

|q|2 c
†
k�q,�c

†
k 0+q,�0ck 0,�0ck,�

no single-excitations (Brillouin condition)

n�(r) = h�HF| ̂ †�(r) ̂�(r)|�HFi =
Z

|k |<kF
dk

����
e ik·r

(2⇡)3/2

����
2

=
k3F
6⇡2



dispersion & DOS

quasiparticle energies

"HFk,� =
|k |2

2
�
1

4⇡2

Z

|k 0|<kF
dk 0

1

|k � k 0|2 =
k2

2
�
kF
⇡

✓
1 +
k2F � k2

2kF k
ln

����
kF + k

kF � k

����

◆

DHF� (") = 4⇡k
2

 
d"HFk,�
dk

!�1
= 4⇡k2

✓
k �
kF
⇡k

✓
1�
k2F + k

2

2kF k
ln

����
kF + k

kF � k

����

◆◆�1
quasiparticle density-of-states
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exchange hole

diagonal of two-body density matrix

one-body density matrix for like spins

h�kF | ̂
†
�0(r

0) ̂ †�(r) ̂�(r) ̂�0(r
0)|�kF i = det

 
� (1)�� (r , r) � (1)��0 (r , r

0)

� (1)�0�(r
0, r) � (1)�0�0(r

0, r 0)

!

���(r , r
0) =

Z

|k |<kF
dk
e�ik ·(r�r

0)

(2⇡)3
= 3n�

sin x � x cos x
x3

exchange hole

gx(r, 0)� 1 =
h�kF | ̂

†
�0(r

0) ̂ †�(r) ̂�(r) ̂�0(r
0)|�kF i � n�(r)n�(r 0)

n�(r)n�(r 0)

= �9
✓
sin kF r � kF r cos kF r

(kF r)3

◆2



exchange hole
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exchange energy

correction to Hartree energy due to antisymmetry

Ex =
1

2

Z
dr n�

Z
dr 0n�

gx(r, r 0)� 1
|r � r 0| =

1

2

Z
dr n�

| {z }
=N

Z
d r̃ n�

gx(r̃ , 0)� 1
r̃

exchange energy per electron of spin σ

"�x =
4⇡n�
2

Z 1

0
dr r2

g(r, 0)� 1
r

= �
9 · 4⇡n�
2k2F

Z 1

0
dx
(sin x � x cos x)2

x5| {z }
=1/4

= �
3kF
4⇡



HF state as vacuum

|�HFi =
Y

|k|<kF

c†k�|0i

c†k�|�kF i = 0 for |k | < kF
ck�|�kF i = 0 otherwise.

HF ground state acts as vacuum state for transformed operators

note: vacuum state no longer invariant under basis transformations!
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c̃k�|�HFi = 0
�
c̃k�, c̃k 0�0

 
= 0 =

�
c̃†k�, c̃

†
k 0�0

 

h�HF|�HFi = 1
�
c̃k�, c̃

†
k 0�0

 
= �(k�k 0) ��,�0
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�
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(
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BCS theory

BCS Hamiltonian

ĤBCS =
X

k�

"k c
†
k�ck� �

X

kk 0

Gkk 0 c
†
k"c
†
�k#c�k 0#ck 0"

Bogoliubov-Valatin operators mix creators & annihilators

bk" = ukck" � vkc
†
�k#

bk# = ukck# + vkc
†
�k"

canonical anticommutation relations

fulfilled for |uk|2 + |vk|2 = 1

corresponding vacuum state?
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{bk�, bk 0�0} = 0 = {b
†
k�, b

†
k 0�0} and {bk�, b

†
k 0�0} = �(k�k

0) ��,�0



BCS state

|BCSi /
Y

k�

bk�|0i

obvious candidate (product state in Fock-space)

need only consider groups of operators with fixed ±k

b�k"bk#bk"b�k#|0i = vk(uk + vk c
†
�k"c

†
k#) vk(uk + vk c

†
k"c
†
�k#) |0i

normalizable?

(normalized) vacuum

|BCSi =
Y

k

1

vk
bk�|0i =

Y

k

(uk + vk c
†
k"c
†
�k#) |0i

contributions in all sectors with even number of electrons
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electronic properties

momentum distribution

BCS wave function has amplitude in all even-N Hilbert spaces 

pairing density 

<latexit sha1_base64="uWlvgDX/jlEW7Yh0LMjy7DBllGk="></latexit>

ck" = ukbk" + vkb
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minimize energy expectation value

energy expectation value
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hBCS|Ĥ�µN̂|BCSi =
X

k�

("k�µ) |vk |2 �
X

k,k 0

Gkk 0 v kukvk 0uk 0

for attractive interaction energy minimized for phase coherent Cooper pairs:

optimize phase
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gap equation

momentum distribution
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writing |uk | = sin⇥k and |vk | = cos⇥k

variational equations
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gap equations
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quasi electrons

(unrelaxed) quasi-electron state |k "i =
1

uk
c†k"|BCSi = b

†
k"|BCSi

quasi-particle energy
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summary

(anti)symmetrization is hard

Slater determinants to the rescue

1p
N!

���������

'↵1(x1) '↵2(x1) · · · '↵N (x1)
'↵1(x2) '↵2(x2) · · · '↵N (x2)
...

...
. . .

...
'↵1(xN) '↵2(xN) · · · '↵N (xN)

���������

second quantization:

separate coordinates


from state

c↵|0i = 0
�
c↵, c�

 
= 0 =

�
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†
�

 

h0|0i = 1
�
c↵, c

†
�

 
= h↵|�i

indistinguishable electrons

extends to Fock space
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Ĥ =
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|�HFi =
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|BCSi /
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�k#

bk# = ukck# + vkc
†
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