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• Magnetism occurs in natural minerals like magnetite — already discovered in ancient times, used, e.g., in China
• Classically, magnetism is not possible — Bohr-van Leeuwen theorem!

Z ∝ ∫ d3Np∫ d3Nr e−βH(pi − qi
c A(ri), ri) ⟶ ∫ d3Np′￼∫ d3Nr e−βH(p′￼i, ri)

 Partition function independent of B, hence also all thermodynamic observables do not respond to B:
No magnetization possible!

 Magnetization in materials must be due to quantum effects. Quantum magnetism? Cooperative effect!

⟹

⇒



Part I: General Overview
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Many-Body Systems?
➟ Interactions 

No interactions: With interactions:

➠ Interactions lead to interesting physics.

Ideal gas
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Synthesized Materials: Cuprates

Quantum Wires, Low Dimensions Ultracold Gases (Optical Lattices)

Quantum Magnetism in Natural Minerals

Quantum Many-Body Systems: 
in Nature and in the Lab

Goal: Identify 
new states of matter

Introduction to Frustrated Magnetism 
C. Lacroix, P. Mendels, F. Mila, Springer (2011)

Quantum Physics in One Dimension, 
T. Giamarchi, Clarendon Press  (2004)

Correlated Electrons in high-temperature superconductors 
E. Dagotto, Rev. Mod. Phys. (1994)

Many-body physics with ultracold gases 
I. Bloch, J. Dalibard & W. Zwerger, Rev. Mod. Phys.  (2008)
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Quantum Many-Body Systems:  
Superposition & Entanglement

I) Superposition of states is also a possible state

II) Entanglement: spin-1/2 particles (e.g., electrons) 

“classical”, “product state”

2 particles: 4 possible states                                                

“entangled”: not a product state

Einstein: 
«spooky action at a distance»

EPR 
‘paradox’

Alice Bob
Source of
entangled 
particles
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Quantum Many-Body Systems:  
Correlations

Correlated states: 

“mean-field” picture of independent particles breaks down

➠ Expectation values of observables for particles 1 and 2 correlate with each other
a) because of entanglement

b) because of mutual interactions.

Small numerical values: need accurate methods



Quantum Many-Body Systems:  
Quantum Statistics

Exchange statistics: 

Behavior at low 
temperatures:

At T=0:

Quantum fluctuations drive 
“quantum phase transitions“.

[M. Vojta, Rep. Prog. Phys. (2003)]

Bose-Einstein
Condensate
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Quantum States of Matter: 
Spontaneous Breaking of Symmetries

Continuous phase transitions:

M

F

M

F

M

F

no “order”
(symmetry preserved)

finite 
“order parameter”:  
broken symmetry 

(Landau)

How to investigate this? 
Which quantities to 
compute?

   expectation values:
   local order parameters, 
   correlation functions, …
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“Topological order“: beyond Landau paradigm

Unconventional States: 
Topological Phases

Nobel Prize 
2016

No local order parameter, instead: 

• topological invariants (integer numbers)
           protection against local noise: quantum computing
 

• metallic surface states 
           dissipationless transport 

Examples: integer and fractional quantum Hall effect

Phase transitions: 
jumps in transverse conductivity

Magnetic field [T]

ρxy

How to investigate this? 
Which quantities to 
compute?

   topological invariants,
   energy gaps, 
   entanglement properties,
   …
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F. Krausz & M. Ivanov, RMP (2009)

“Light-induced  
superconductivity”

Photo-excitation of  
Mott insulators Photovoltaic effects

S. Wall et al., Nature Physics (2010) D. Fausti et al., Science (2011) E. Manousakis PRB (2010)

Many-Body Systems Out-Of-Equilibrium: 
Highly Excited Materials

How to investigate this? 
Which quantities to 
compute?

Formation of transient 
order?    
Creation of 
quasiparticles?



Part II: Basic Properties of Quantum Magnets



one single spin-1/2 object: two states, ↑ or ↓, and superpositions  — Qubits!ψ⟩ = α ↑ ⟩ + β ↓ ⟩, α2 + β2 = 1

J

JJ

ferromagnetic antiferromagnetic
?

Frustration!

1, 2, 3:
Adding spins

J<0:                  ferromagneticJ>0:                  antiferromagnetic
J

J S1 · S2
Four eigenstates: |s⌅ =

1⌃
2

(| ⇥⇤⌅ � | ⇤⇥⌅)

|t1⌅ = | ⇥⇥⌅

|t0⌅ =
1⌃
2

(| ⇥⇤⌅+ | ⇤⇥⌅)

|t�1⌅ = | ⇤⇤⌅

no classical analog! 

singlet state, energy ES = −
3
4

J

triplet states, energy  (3x degenerate)ET =
1
4

J}
New configurations!

Highly degenerate
Ground state



Quantum magnetic materials: networks of many spins, realize collective quantum phenomena, e.g.

TlCuCl3 (S = ½ ladder): 
Bose-Einstein-Condensation of Magnons

SrCu2(BO3)2 (S = ½ Shastry-Sutherland lattice):
Fractional magnetization plateaux, magnetic superstructures (supersolid?)

Sr2IrO4 (square lattice iridate material): 
Spin-nematic state?

Herbertsmithite ZnCu3(OH)6Cl2 (S = ½ kagome lattice): 
Algebraic spin liquid? More exotic state?

‘Standard model’: Heisenberg exchange on different geometries

Real materials: further effects, like spin-orbit coupling

Quantum Magnets as realization of strongly correlated systems:
Examples
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t U

Heisenberg exchange: 2nd order perturbation theory for U ≫ t

Quantum Many-Body Systems:  
Typical Lattice Models

Hubbard model (1D):

Often anisotropy in one direction, XXZ model:

ℋ = J⊥ ∑
⟨i,j⟩

(Sx
i Sx

j + Sy
i Sy

j ) + Δ∑
⟨i,j⟩

Sz
i Sz

j
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Basic properties: 
Magnetisation Curves

In general, obtain  via:  
  Legendre transform (if  is a good quantum number): 

 

(Or directly as expectation value  if  is not a good quantum number)

M(B)
Sz

total = ∑
j

Sz
j

M(B) = ⟨Sz
total⟩ [E0(Sz

total,B=0)−B⋅Sz
total]=min

M(B) = ∑
j

⟨Sz
j ⟩(B) Sz

total

Dimer in magnetic field: ℋ = JS1 ⋅ S2 − B(Sz
1 + Sz

2)

Energies of the singlet:                 ES(B) = −
3
4

J

Energies of the triplets:                Et1(B) =
1
4

J − B , Et0 =
1
4

J , Et−1
=

1
4

J + B-2
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Part III: First example — dimer system in a magnetic field
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A highly frustrated quantum magnet:  
SrCu2(BO3)2

•Network of orthogonal dimers in a plane: 
  2D Shastry-Sutherland lattice

•Series of fractional magnetization plateaux, e.g., at 1/8, 1/4, and 1/3 (+ further)

•Exotic states (e.g. spin-supersolid) in the vicinity or on the plateaux?

•Theoretical treatment of the full 2D system very challenging

[H. Kageyama et al., PRL 82, 3168 (1999),
K. Kodama et al., Science 298, 395 (2002)]
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A highly frustrated quantum magnet:  
SrCu2(BO3)2

[H. Kageyama et al., PRL 82, 3168 (1999),
K. Kodama et al., Science 298, 395 (2002)]

S1 = S2 = 1/2 ) S1 + S2 =

⇢
0
1

J 0 ⌧ J

Fluctuations between dimers a and b:

singlet dimer is always an eigenstate

Ground state is a product state of singlets on the dimers 
➟ this remains true as long as no phase transition is happening (no closing of a gap)

: singletJ > 0

: singletJ > 0
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Shastry-Sutherland Lattice: 
From 1D to 2D

• Full 2D system too difficult ➙ take a stripe 
• simplest stripe: ‘orthogonal dimer chain’ [Schulenburg & Richter, PRB 65, 054420 (2002)] 

infinite series of plateaux between M = 1/4 and 1/2 
• 2 orthogonal dimer chains with transverse PBC: peculiar system, ‘Shastry-Sutherland tube’ 
• crossover to 2D system: increase number of orthogonal dimer chains

Heisenberg model 
on orthogonal dimer 
network:
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Quasi-1D version of the Shastry-Sutherland lattice: 
“2-leg Shastry-tubes”

J’/J = 0.3 (“perturbative regime”)

J’/J = 0.66 (“intermediate regime”)

➠ Qualitative change of elementary building blocks: single triplons ➞ multi-triplon bound states

➥ Magnetization plateau of bound states of triplons

 [S.R. Manmana, J.-D. Picon, K.P. Schmidt, and F. Mila, 
EPL 94, 67004 (2011)]

Magnetization curve: Compute ground state energies at different values of Sz
total 

Do a Legendre-transform
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• Excited states by injecting triplons, but fluctuations much more pronounced 
• Periodic patterns of triplons: magnetization plateaux? 
• At boundaries: emerging 1D structures? 

Quasi-2D version of the Shastry-Sutherland lattice: 
“4-leg Shastry-tubes”
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E/N = -0.319238530384945

E/N = -0.319179928025625

Difference in E/N: only 6e-5 !!!  
[S. White on Kagome: difference between VBC and spin-liquid ≈ 1e-3]

Quasi-2D Shastry-Sutherland lattice: 
DMRG on the 1/8 plateau
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J’/J = 0.63:iPEPS (2D, thermod. limit)

Approaching the 2D Shastry-Sutherland lattice: 
magnetization curve & comparison to experiments 

[Y.H. Matsuda, N. Abe, S. Takeyama, H. Kageyama, P. Corboz, A. Honecker, S.R. Manmana, G.R. Foltin, K.P. Schmidt, and F. Mila, 
PRL 111, 137204 (2013)]

2D system: 



Part IV: Even more unconventional States of Matter
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One-Dimensional Systems: 
Luttinger Liquids 

Fermi liquid: 
quasi-free quasiparticles

Interaction & geometry don’t allow for ‘quasi-free’ motion: 
collective excitations! 

Spin- and charge degrees of freedom feel different influence:  
Spin-Charge-Separation!

[C. Blumenstein et al., Nat. Phys. (2011)]

Experiments:

[T. Giamarchi, Quantum Physics in one dimension]
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Dimerized

critical +
quadrupolar

Haldane

−π/4

Haldane

Uimin−Lai−Sutherland point

0.41 Lifshitz point

0, Heisenberg point
0.32, AKLT point (VBS)
0.38 quartic dispersion

Takhtajan−Babujian point

π/4

π/2

−3/4 π

−π/2

ferromagnetic

The bilinear-biquadratic S=1 Heisenberg chain: 
Ground state phase diagram at B=0 

How do we obtain such a phase diagram?
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‚Magnetic’ long range order in spin systems: spontaneous breaking of the SU(2) symmetry  

 S=1/2: breaking of SU(2) signifies finite magnetization 

 S>1/2: alternative mechanism to break SU(2) without finite magnetizations  

➡ Note that, e.g.,                       while                at the same time�Sz
i ⇥ = 0⇥

�
S+

i

⇥2⇤ �= 0

“fluctuations around specific direction” 
- looks like donuts...

Not “pointing” in specific direction: spin nematic state 
(see, e.g., K. Penc, lecture notes ICTP Trieste)

➟ Quadrupolar order parameter:

Consider the full operator space (S=1): products of local spin operators ➙ 9 possible elements 
• 1 element: length of the spin, 
• 3 elements: antisymmetric terms:  
• 5 elements: symmetric traceless tensor operator 

1/3S(S + 1)��⇥

1/2 (S�S⇥ � S⇥S�) = S⇤

Q�⇥ = 1/2 (S�S⇥ + S⇥S�)� 1/3S(S + 1)��,⇥

(Quasi-)Long-Range-Order 
in Spin Systems



Salvatore R. Manmana

Spin chains: 
How to characterise the phases?

2 components: 
longitudinal: parity breaking 

transverse: ~ transv. spin

spin correlations longitudinal: magnetic qlro 
transverse: quasi-condens. of magnons

3 components: 
longitudinal:   
transverse:  

pairing:  
 quasi-condens. of pairs of magnons

ΔSz = 0
ΔSz = 1
ΔSz = 2

→

quadrupolar correlations:

vector chirality 

parity breaking, vector chiral order:

One spatial dimension: no “true” long-range order, but algebraic decay of correlation functions possible

➡ Phases characterized by “dominant” (slowest decaying) correlation functions.

➡Here we compare:
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S=1 Bilinear-Biquadratic Heisenberg Chain in Magnetic Fields: 
Correlation Functions
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Θ = 0: Θ=π/3:
M=0: 
exponential decay 

quadrupolar correlations dominant

M=1/3: 
transverse spin, quadrupolar and 
chiral correlations, same exponent 

quadrupolar correlations (weakly),                              
no vector chiral order

M=2/3: 
transverse spin, quadrupolar and 
chiral correlations, same exponent

  No vector chiral order 
  below the kink: Luttinger-liquid phase with spin-nematic quasi-long-range order 

[S.R. Manmana, A.M. Läuchli, F.H.L. Essler, and F. Mila, PRB 83, 184433 (2011)]
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MANMANA, LÄUCHLI, ESSLER, AND MILA PHYSICAL REVIEW B 83, 184433 (2011)
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FIG. 1. (Color online) (a) DMRG results for systems with L = 60 lattice sites for the magnetization of the BLBQ S = 1 chain as a
function of (H,θ ). The various colors indicate the different phases of the system. (b) Phase diagram obtained from the DMRG results for the
magnetization, the correlation functions defined in Eqs. (3)–(5) and (10), and for the central charge c as a function of (H,θ ), and (c) as a
function of (M,θ ). The black line in the magnetized dimer phase indicates a crossover line at which the exponents of C

long
S and CQ,2 are both

equal to 1; see Sec. III C 4 (the dashed lines are linear extrapolations to the boundary of the phase and serve as a guide to the eye). The green
dashed line below the kink transition indicates a crossover line between two different two-channel LL phases, one of them being a spin-nematic
LL. Note that, as discussed in Sec. III D 2, this line is not exactly at θ = π/4 but seems to wind around this value.

the bilinear-biquadratic (BLBQ) chain. Second, we address
the possibility to realize unconventional QLRO by explicitly
computing the spin-nematic correlation functions in real space.
Third, we consider in detail the phase transitions at finite
field and study their critical behavior. Fourth, we address the
possibility to realize vector-chiral LRO as identified previously
in frustrated S = 1/2 chains in a magnetic field, which has
been proposed for the BLBQ chain in a magnetic field.34

We will demonstrate that the magnetic field leads to the
realization of five different Luttinger liquid (LL) phases, and
that these magnetic phases are connected to each other by
either continuous phase transitions or crossovers. Our findings
are summarized in Fig. 1, which shows our DMRG results for
the magnetization as a function of (H,θ ) and the main result of
this paper, which is the complete phase diagram of the BLBQ
chain in a magnetic field.

The paper is organized as follows. In Sec. II we introduce
the observables relevant for the description of the various LL
phases. In Sec. III we present the complete phase diagram
as a function of (H,θ ) by discussing our results for the
magnetization (Sec. III A), for the central charge (Sec. III B),
for the correlation functions in the single-component LL
phases (Sec. III C), and for the correlation functions in the
two-component LL phases (Sec. III D). Concerning the single-
component LL phases, we demonstrate in Sec. III C 3 that a
ferroquadrupolar LL phase is realized, and we discuss the
extension of the magnetized Haldane phase in Sec. III C 5.
In Sec. III D 1 we demonstrate the absence of vector-chiral
order in the two-component LL phases, and in Sec. III D 2
we show that one of them is a spin-nematic LL. In Sec. IV
we discuss in detail the transition from the magnetized dimer
phase to the magnetized Haldane phase, which we identify to
be an Ising transition with central charge c = 1 + 1/2 = 3/2.
This scenario is further corroborated by a field-theoretical
treatment in the vicinity of the TB point discussed in Sec. V.
We summarize our findings and conclude in Sec. VI. Finally,
we provide in Appendixes A and B a more detailed discussion

of the BA solutions of the model at the TB and the ULS point
at finite magnetic fields, respectively.

II. OBSERVABLES AND CORRELATION FUNCTIONS

A. Magnetization

The properties of the model have been identified by
calculating with DMRG a number of characteristic quantities.
The first one is the magnetization defined by

M = 1
L

∑

i

〈
Sz

i

〉
, (2)

which has been determined as a function of θ and applied
magnetic field H [Fig. 1(a)].

B. Spin-correlation functions

The second source of information comes from the be-
havior of correlation functions characterizing magnetic, spin-
nematic, and vector-chiral (quasi-)long-range order. We inves-
tigate possible algebraic decay of these correlation functions
and compare the numerical values of the exponents with each
other, the exponent with the smallest absolute value giving the
dominant correlation function. This is of particular interest for
the characterization of the gapless LL phases at finite field.

The first type of QLRO is identified by the correlation
functions of the local spins,

C
long
S (i,j ) =

〈
Sz

i S
z
j

〉
−

〈
Sz

i

〉〈
Sz

j

〉
, (3)

C trans
S (i,j ) = ⟨S−

i S+
j ⟩. (4)

In one dimension, an algebraic decay of C
long
S (i,j ) indicates

magnetic QLRO along the field, while a power-law behavior of
C trans

S (i,j ) can be interpreted as magnetic QLRO perpendicular
to the field or as a quasicondensate of magnons.

184433-2

The bilinear-biquadratic S=1 Heisenberg chain: 
Phase Diagram at Finite Magnetic Fields 

[S.R. Manmana, A.M. Läuchli, F.H.L. Essler, and F. Mila, PRB 83, 184433 (2011)]
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S=1 Bilinear-Biquadratic Heisenberg Chains: 
The AKLT State

Sketch of the AKLT state:

• „Topological“ phase (symmetry protected topological state, SPT)

• Exact ground state of 

• No local order parameter, but string order parameter
• Fractional excitations: effective S=1/2 at the edges

ℋ = ∑
j

[Sj ⋅ Sj+1 +
1
3 (Sj ⋅ Sj+1)

2]
Nobel Prize 
2016 for
Topol. Phases
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More unconventional states: 
Symmetry Protected Topological Phases

➠ new kind of order at T=0 

➠ SPT phases possess a symmetry and a finite energy gap. 

➠ SPT states are short-range entangled states with a symmetry.

➠ defining properties:
(a) distinct SPT states with a given symmetry cannot smoothly deform into each other without phase transition, 
if the deformation preserves the symmetry.

(b) however, they all can smoothly deform into the same trivial product state without phase transition, if we 
break the symmetry during deformation.

Possible characterization (X.-G. Wen):

Note: “Real” Topological Phases ➠ “long-range entanglement” (Wen) 

http://en.wikipedia.org/w/index.php?title=Short-range_entanglement&action=edit&redlink=1
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Simple System with two SPT Phases:
2-leg ladder with anisotropic interactions
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“Entanglement Splitting” test for 2-fold degeneracy:

test topological 
properties!

F. Pollmann, A. Turner, E. Berg, and M. Oshikawa, PRB 81, 064439 (2010)

Characterize topological phases via “entanglement spectrum”:

A B

 λj: eigenvalues reduced density matrix,
give entanglement spectrum

•staggered magnetization along the legs:

•Spin gaps:
singlet gap:

triplet gap:
2nd triplet gap:

Simple System with two SPT Phases:
2-leg ladder with anisotropic interactions
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Symmetry of the ladder:                       (D2 = {E,Rx,Ry,Rz};    σ: rung exchange)
➠ 8 distinct SPT phases: from projective representations, characterized via ‘active operators’

With

[Z.-X. Liu, Z.-B. Yang, Y.-J. Han, W. Yi, and X.-G. Wen, 
PRB (2012)]

Simple System with two SPT Phases:
2-leg ladder with anisotropic interactions
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Ground-state degeneracy:

t0 phase:                                     tz phase: 

S1x+S2x:	                                      S1x+S2x: 
E_0 = -188.25372468551              E_0 = -188.24727291579 
E_1 = -188.24741526006              E_1 = -188.24727272182 

S1x-S2x:                                          S1x-S2x: 
E_0 = -188.24728807477             E_0 = -188.25372545779 
E_1 = -188.2472878754               E_1 = -188.24741603227

Nearest neighbor interactions:
(DMRG with up to 400 rungs)

[S.R. Manmana et al., PRB (rapid comm.) 87, 081106(R) (2013)]

t0 tz

Simple System with two SPT Phases:
2-leg ladder with anisotropic interactions



Highly frustrated system: only corner sharing triangles!

Unconventional properties:

‣ Exponential number of singlet excitations above                                                                                                                             
the ground state

‣ Candidate for algebraic spin liquid state

Realization in nature?

Wikipedia:
kago: bamboo basket
me: “eyes” (holes)
[I. Syôzi, Prog. Theor. Phys. 6, 306 (1951).]

[see, e.g., G. Misguich & C. Lhuillier, cond-mat/0310405]

The kagome antiferromagnet



s=1/2 kagome material: 
Herbertsmithite ZnCu3(OH)6Cl2

Good realization of the s=1/2 Heisenberg system on the kagome geometry, 
but: 

5-10% non-magnetic impurities

significant Dzyaloshinskii-Moriya interactions

Model:



Heisenberg exchange interaction: J ⇤S1 · ⇤S2 Origin due to the “hopping” of the electrons, 
obtained in 2nd order perturbation theory 

Spin-Orbit Coupling: ⇥ � ⌅L · ⌅S �� 1

Effective magnetic Hamiltonian from 2nd order perturbation theory when including this interaction:

Ĥe� = J � ⌃S1 · ⌃S2 + ⌃D ·
�

⌃S1 ⇥ ⌃S2

⇥
+ ⌃S1 · � · ⌃S2 + . . .

 DM term antisymmetric under exchange of spins, while Heisenberg term symmetric
 Typically: D ∼ 1 - 10% of J
 Standard references:

I. Dzyaloshinsky, J. Phys. Chem. Solids 4, 241-255 (1958).

                     T. Moriya, Phys. Rev. Lett. 4, 228 (1960); Phys. Rev. 120, 91 (1960)..

J � � �0 | ⇤D| � � |�| � �2

Real materials:
Dzyaloshinsky-Moriya interactions



Moriya’s rules: D orthogonal to the dimer. 

Symmetries of the Dimer with DM in a magnetic field: 

Permutation 1 <-> 2 + Sx -> -Sx. Consequence:


[S. Miyahara et al., PRB 75, 184402 (2007)]

Staggered magnetization:


Uniform magnetization: 
Not parallel to H! 

Ĥ12 = J ⇧S1 · ⇧S2 + ⇧D ·
�

⇧S1 ⇤ ⇧S2

⇥
� ⇧H ·

�
⇧S1 + ⇧S2

⇥

ms :=
1
2
⌅⇧S1 � ⇧S2⇧ ⇤ ⇧D ⇥ ⇧H

mu :=
1
2
⇤⇧S1 + ⇧S2⌅ ⇥

�
⇧D � ⇧H

⇥
� ⇧D

⇥Sx
1 ⇤ = �⇥Sx

2 ⇤
⇥Sy

1 ⇤ = ⇥Sy
2 ⇤

⇥Sz
1 ⇤ = ⇥Sz

2 ⇤

The simplest system:
S=1/2 dimer with DM interaction



Characterise the phases?
              Correlation Matrix

Example:                   (for finite systems), but                               can be finite!               
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Figure 5 shows the full eigenvalue spectrum of C for
clusters with N=14, 17, 20, 23, and 26. The results for B
=0 and B=J /20 are indistinguishable. An essential feature of
Fig. 5 is that, as D /J is increased in the region beyond 0.06,
the maximum eigenvalue on each of the clusters becomes
proportional to N, and thus very much larger than the re-
maining eigenvalues; we caution that the actual value of this
crossover cannot be inferred from the data of Fig. 5, where it
is evident that the curves are still some way from the ther-
modynamic limit, and address this point below. As described
in Appendix B, this means that the system has developed
long-ranged in-plane magnetic correlations in the regime of
large D /J. For small D /J, all the eigenvalues depend only
weakly on D /J and are closely spaced in magnitude, which
is a sign of short-range correlations dictated not by D but by
J.

The finite-size scaling of the dominant eigenvalue !m,
normalized by N, is given in Fig. 6. The extrapolated values
of this quantity represent the square of the average magnetic

moment in the thermodynamic limit, where the spins reach
approximately 80% of their full moment as D /J!".39 For
all values D /J#0.1, it is clear that the finite-size corrections
scale as 1 /!N, as expected for a state of broken U"1#
symmetry.40 This scaling procedure represents the appropri-
ate means of deducing the existence of long-ranged magnetic
order, by continuing the curves of Fig. 5 to the infinite-
system limit. However, this powerful method shows no indi-
cation of such order in the regime 0.06$D /J$0.1, specify-
ing that the transition to the semiclassical state should be
taken as D /J$0.1.

The magnetization profile corresponding to the dominant
eigenmode vm also contains important information, which is
shown in Fig. 7 for the four representative values of D /J and
represented by two-dimensional arrows whose components
are the real and imaginary parts of vm. At D /J$0.06, there
is no dominant mode as is the case at large D, but the stron-
gest mode shown in Fig. 7"a# corresponds nevertheless to the
pattern of strong spin correlations around the impurity %Fig.
2"a#&: the correlations in this mode are confined to the strong
bonds next to the impurity, where the spins are almost anti-
parallel. The strength of these local correlations is governed
by J, which is the reason why !m remains essentially D in-
dependent, for D /J$0.06 in Fig. 5. We emphasize again that
the profile shown in Fig. 7"a# does not represent the actual
magnetization response—this is shown in Fig. 2"a#—but
rather the dominant fluctuation mode.

The situation changes dramatically at D /J%0.1 %Figs.
7"c# and 7"d#&, where the system develops long-ranged order
with the majority of spins participating in the Q=0 semiclas-
sical 120° state. The data show clearly that the crossover
from the dimerlike regime at small D /J to the ordered phase

10
−2

10
−1

10
0

0

0.05

0.1

0.15

0.2

0.25

D/J

λ i/N

20

N=14

23
26

17

FIG. 5. "Color online# Eigenvalues !i of the correlation matrix
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B=J /20 and &=30°, but the results for B=0 are identical.
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FIG. 6. "Color online# Scaling with system size of the largest
eigenvalue !m "divided by N# of the correlation matrix. The solid
lines correspond to the expected 1 /!N scaling of the leading cor-
rections to the thermodynamic limit in the 120° ordered phase.
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FIG. 7. "Color online# Magnetization profile for the 26-site
kagome cluster in zero field, corresponding to the eigenvector vm of
C with the largest eigenvalue !m. The in-plane moments are given
by the real and imaginary parts of vm. Note that this mode is unique
up to a global U"1# rotation which is related to the arbitrary phase
of vm.
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Figure 5 shows the full eigenvalue spectrum of C for
clusters with N=14, 17, 20, 23, and 26. The results for B
=0 and B=J /20 are indistinguishable. An essential feature of
Fig. 5 is that, as D /J is increased in the region beyond 0.06,
the maximum eigenvalue on each of the clusters becomes
proportional to N, and thus very much larger than the re-
maining eigenvalues; we caution that the actual value of this
crossover cannot be inferred from the data of Fig. 5, where it
is evident that the curves are still some way from the ther-
modynamic limit, and address this point below. As described
in Appendix B, this means that the system has developed
long-ranged in-plane magnetic correlations in the regime of
large D /J. For small D /J, all the eigenvalues depend only
weakly on D /J and are closely spaced in magnitude, which
is a sign of short-range correlations dictated not by D but by
J.

The finite-size scaling of the dominant eigenvalue !m,
normalized by N, is given in Fig. 6. The extrapolated values
of this quantity represent the square of the average magnetic

moment in the thermodynamic limit, where the spins reach
approximately 80% of their full moment as D /J!".39 For
all values D /J#0.1, it is clear that the finite-size corrections
scale as 1 /!N, as expected for a state of broken U"1#
symmetry.40 This scaling procedure represents the appropri-
ate means of deducing the existence of long-ranged magnetic
order, by continuing the curves of Fig. 5 to the infinite-
system limit. However, this powerful method shows no indi-
cation of such order in the regime 0.06$D /J$0.1, specify-
ing that the transition to the semiclassical state should be
taken as D /J$0.1.

The magnetization profile corresponding to the dominant
eigenmode vm also contains important information, which is
shown in Fig. 7 for the four representative values of D /J and
represented by two-dimensional arrows whose components
are the real and imaginary parts of vm. At D /J$0.06, there
is no dominant mode as is the case at large D, but the stron-
gest mode shown in Fig. 7"a# corresponds nevertheless to the
pattern of strong spin correlations around the impurity %Fig.
2"a#&: the correlations in this mode are confined to the strong
bonds next to the impurity, where the spins are almost anti-
parallel. The strength of these local correlations is governed
by J, which is the reason why !m remains essentially D in-
dependent, for D /J$0.06 in Fig. 5. We emphasize again that
the profile shown in Fig. 7"a# does not represent the actual
magnetization response—this is shown in Fig. 2"a#—but
rather the dominant fluctuation mode.

The situation changes dramatically at D /J%0.1 %Figs.
7"c# and 7"d#&, where the system develops long-ranged order
with the majority of spins participating in the Q=0 semiclas-
sical 120° state. The data show clearly that the crossover
from the dimerlike regime at small D /J to the ordered phase
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FIG. 7. "Color online# Magnetization profile for the 26-site
kagome cluster in zero field, corresponding to the eigenvector vm of
C with the largest eigenvalue !m. The in-plane moments are given
by the real and imaginary parts of vm. Note that this mode is unique
up to a global U"1# rotation which is related to the arbitrary phase
of vm.
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Fig. 4: Correlation matrix analysis of the local magnetizations for the AFM Heisenberg model
on a kagome lattice with DM interactions. Left: scaling of the largest eigenvalue of Cij with
system size. Right: Magnetization profile obtained from the eigenvector of Cij belonging to
the largest eigenvalue for different values of the DM interaction. The red arrows indicate the
in-plane moments, given by the real and imaginary part of the entries of the eigenvector, re-
spectively; the blue lines are the local bond strengths, which are computed separately (Figure
taken from [74]).

Let’s consider a concrete example and choose Oj = S+

j = Sx + iSy, which addresses the
question for finite in-plane magnetization. We see immediately, that (if Sz
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number)
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the eigenvalues are therefore strictly positive. How does this relate to the order parameters?
Let’s apply the cluster decomposition theorem, then:
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However, the last equality can only be true if there is only one eigenvalue �⌫ = �max, which
is not vanishing. On the other hand, we see that hS+

j i =
p
�max. For finite systems, these
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Figure 5 shows the full eigenvalue spectrum of C for
clusters with N=14, 17, 20, 23, and 26. The results for B
=0 and B=J /20 are indistinguishable. An essential feature of
Fig. 5 is that, as D /J is increased in the region beyond 0.06,
the maximum eigenvalue on each of the clusters becomes
proportional to N, and thus very much larger than the re-
maining eigenvalues; we caution that the actual value of this
crossover cannot be inferred from the data of Fig. 5, where it
is evident that the curves are still some way from the ther-
modynamic limit, and address this point below. As described
in Appendix B, this means that the system has developed
long-ranged in-plane magnetic correlations in the regime of
large D /J. For small D /J, all the eigenvalues depend only
weakly on D /J and are closely spaced in magnitude, which
is a sign of short-range correlations dictated not by D but by
J.

The finite-size scaling of the dominant eigenvalue !m,
normalized by N, is given in Fig. 6. The extrapolated values
of this quantity represent the square of the average magnetic

moment in the thermodynamic limit, where the spins reach
approximately 80% of their full moment as D /J!".39 For
all values D /J#0.1, it is clear that the finite-size corrections
scale as 1 /!N, as expected for a state of broken U"1#
symmetry.40 This scaling procedure represents the appropri-
ate means of deducing the existence of long-ranged magnetic
order, by continuing the curves of Fig. 5 to the infinite-
system limit. However, this powerful method shows no indi-
cation of such order in the regime 0.06$D /J$0.1, specify-
ing that the transition to the semiclassical state should be
taken as D /J$0.1.

The magnetization profile corresponding to the dominant
eigenmode vm also contains important information, which is
shown in Fig. 7 for the four representative values of D /J and
represented by two-dimensional arrows whose components
are the real and imaginary parts of vm. At D /J$0.06, there
is no dominant mode as is the case at large D, but the stron-
gest mode shown in Fig. 7"a# corresponds nevertheless to the
pattern of strong spin correlations around the impurity %Fig.
2"a#&: the correlations in this mode are confined to the strong
bonds next to the impurity, where the spins are almost anti-
parallel. The strength of these local correlations is governed
by J, which is the reason why !m remains essentially D in-
dependent, for D /J$0.06 in Fig. 5. We emphasize again that
the profile shown in Fig. 7"a# does not represent the actual
magnetization response—this is shown in Fig. 2"a#—but
rather the dominant fluctuation mode.

The situation changes dramatically at D /J%0.1 %Figs.
7"c# and 7"d#&, where the system develops long-ranged order
with the majority of spins participating in the Q=0 semiclas-
sical 120° state. The data show clearly that the crossover
from the dimerlike regime at small D /J to the ordered phase
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FIG. 6. "Color online# Scaling with system size of the largest
eigenvalue !m "divided by N# of the correlation matrix. The solid
lines correspond to the expected 1 /!N scaling of the leading cor-
rections to the thermodynamic limit in the 120° ordered phase.
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FIG. 7. "Color online# Magnetization profile for the 26-site
kagome cluster in zero field, corresponding to the eigenvector vm of
C with the largest eigenvalue !m. The in-plane moments are given
by the real and imaginary parts of vm. Note that this mode is unique
up to a global U"1# rotation which is related to the arbitrary phase
of vm.
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Figure 5 shows the full eigenvalue spectrum of C for
clusters with N=14, 17, 20, 23, and 26. The results for B
=0 and B=J /20 are indistinguishable. An essential feature of
Fig. 5 is that, as D /J is increased in the region beyond 0.06,
the maximum eigenvalue on each of the clusters becomes
proportional to N, and thus very much larger than the re-
maining eigenvalues; we caution that the actual value of this
crossover cannot be inferred from the data of Fig. 5, where it
is evident that the curves are still some way from the ther-
modynamic limit, and address this point below. As described
in Appendix B, this means that the system has developed
long-ranged in-plane magnetic correlations in the regime of
large D /J. For small D /J, all the eigenvalues depend only
weakly on D /J and are closely spaced in magnitude, which
is a sign of short-range correlations dictated not by D but by
J.

The finite-size scaling of the dominant eigenvalue !m,
normalized by N, is given in Fig. 6. The extrapolated values
of this quantity represent the square of the average magnetic

moment in the thermodynamic limit, where the spins reach
approximately 80% of their full moment as D /J!".39 For
all values D /J#0.1, it is clear that the finite-size corrections
scale as 1 /!N, as expected for a state of broken U"1#
symmetry.40 This scaling procedure represents the appropri-
ate means of deducing the existence of long-ranged magnetic
order, by continuing the curves of Fig. 5 to the infinite-
system limit. However, this powerful method shows no indi-
cation of such order in the regime 0.06$D /J$0.1, specify-
ing that the transition to the semiclassical state should be
taken as D /J$0.1.

The magnetization profile corresponding to the dominant
eigenmode vm also contains important information, which is
shown in Fig. 7 for the four representative values of D /J and
represented by two-dimensional arrows whose components
are the real and imaginary parts of vm. At D /J$0.06, there
is no dominant mode as is the case at large D, but the stron-
gest mode shown in Fig. 7"a# corresponds nevertheless to the
pattern of strong spin correlations around the impurity %Fig.
2"a#&: the correlations in this mode are confined to the strong
bonds next to the impurity, where the spins are almost anti-
parallel. The strength of these local correlations is governed
by J, which is the reason why !m remains essentially D in-
dependent, for D /J$0.06 in Fig. 5. We emphasize again that
the profile shown in Fig. 7"a# does not represent the actual
magnetization response—this is shown in Fig. 2"a#—but
rather the dominant fluctuation mode.

The situation changes dramatically at D /J%0.1 %Figs.
7"c# and 7"d#&, where the system develops long-ranged order
with the majority of spins participating in the Q=0 semiclas-
sical 120° state. The data show clearly that the crossover
from the dimerlike regime at small D /J to the ordered phase
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lines correspond to the expected 1 /!N scaling of the leading cor-
rections to the thermodynamic limit in the 120° ordered phase.

(a) D/J=0.05 (b) D/J=0.1

(c) D/J=0.3 (d) D/J=3

FIG. 7. "Color online# Magnetization profile for the 26-site
kagome cluster in zero field, corresponding to the eigenvector vm of
C with the largest eigenvalue !m. The in-plane moments are given
by the real and imaginary parts of vm. Note that this mode is unique
up to a global U"1# rotation which is related to the arbitrary phase
of vm.
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Fig. 4: Correlation matrix analysis of the local magnetizations for the AFM Heisenberg model
on a kagome lattice with DM interactions. Left: scaling of the largest eigenvalue of Cij with
system size. Right: Magnetization profile obtained from the eigenvector of Cij belonging to
the largest eigenvalue for different values of the DM interaction. The red arrows indicate the
in-plane moments, given by the real and imaginary part of the entries of the eigenvector, re-
spectively; the blue lines are the local bond strengths, which are computed separately (Figure
taken from [74]).

Let’s consider a concrete example and choose Oj = S+

j = Sx + iSy, which addresses the
question for finite in-plane magnetization. We see immediately, that (if Sz
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number)
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finite value even for small lattice sizes. Diagonalizing the hermitian matrix Cij for such a finite
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the eigenvalues are therefore strictly positive. How does this relate to the order parameters?
Let’s apply the cluster decomposition theorem, then:
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However, the last equality can only be true if there is only one eigenvalue �⌫ = �max, which
is not vanishing. On the other hand, we see that hS+

j i =
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�max. For finite systems, these

Order parameter: only in the thermodynamic limit!

5.16 Salvatore R. Manmana

Let’s consider a concrete example for quantum magnets and go back to the Heisenberg AFM.
The Hamiltonian has SU(2) symmetry, which is broken down in the AFM state to U(1). Inequiv-
alent broken-symmetry states correspond to AFM configurations with the sublattice magnetiza-
tion pointing in different directions – all possibilities together constitute the points on the surface
of a sphere, S2, as discussed above, and which coincides with the quotient SU(2)/U(1)' S2.
We now choose the pointer along the z-direction. Hence, the symmetry generators Sx and Sy

are broken, but not Sz. How to introduce an interpolating field? We expect for the AFM state
the spins to alternately point in the up- and down-direction, respectively, so that it is natural to
introduce the staggered magnetization Na

i = (±1)iSa
i , with i the position on the lattice, and

a = x, y, z. Can we use Na
i as interpolating field? Let’s consider the breaking of rotations gen-

erated by Sx. We see after a short calculation, that
P

ij[S
x
i , N

y
j ] = i

P
i N

z
i . Similarly, choosing

Sy and Nx
j , also leads to

P
ij[S

y
i , N

x
j ] = i

P
i N

z
i . Hence, it seems plausible that the choice

O = N z =
P

i N
z
i gives a suitable order parameter operator. Its expectation value then is the

expectation value for the staggered magnetization, which can be measured in experiments (e.g.,
by measuring spin structure factors) – and which also would be the natural choice for an AFM
state, since there we expect the spins to alternate, as in the classical Néel state. Note, however,
that the classical Néel state is not an eigenstate of the AFM Heisenberg model, but, in the ther-
modynamic limit, if SSB takes place, the expectation value of the staggered magnetization is
finite, like in a Néel state. This brings us to the following considerations:
In general, [H,O] 6= 0, which would imply that the symmetry broken states are not eigenstates
of H, contradicting our above statement. In particular, for numerical methods, which treat finite
system sizes, this implies that the expectation value h 0 |O| 0i = 0 for all system sizes, so the
question arises, how to investigate for the order characterized by O, a topic we will return to
later. The solution to this puzzle lies in the necessity of taking the thermodynamic limit N ! 1
and V ! 1, with N/V = const. It turns out that in this limit h[H,O]i = 0, and the symmetry-
broken states become orthogonal to one another in this limit, as well as degenerate with the
symmetric exact eigenstates of H. If in this limit, the symmetry-broken states are eigenstates
of H. The thermodynamic limit is, hence, always different to any finite volume (irrespective
of its size), and makes it a singular limit. Care needs to be taken, when computing quantities
in this limit. Often, in order to have some finite expectation value, one applies a small field9

h, which induces the order one wants to investigate, but which one needs to ‘remove’ again.
Hence, when studying observables in the thermodynamic limit, two limits need to be taken, and
since the thermodynamic limit is singular, the order cannot be exchanged. Hence, the order
parameter can be obtained as

hOi = lim
h!0

lim
N!1

h 0(h,N) |O| 0(h,N)i ,

with | 0(h,N)i being the ground state for a system with N spins and when applying a small
field h.
From these considerations, two questions are imminent: i) how to compute order parameters nu-
merically, if one treates finite systems? ii) which order parameters can we realize in a quantum

9What exactly this field is depends on the situation.
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quadrupolar order then live on the bonds rather than on the sites, and hence this type of order is
also called ‘bond-nematic order’.
The number of possible order parameters is determined by the extend, to which one can apply
the ladder operators S± without getting zero. For the SU(2) case, we see that for S = 1,
similar to the S = 1/2 case, we have T k>2

q = 0, so the local magnetization and the quadrupolar
order exhaust the possibilities to construct local order parameters related to the spin degrees of
freedom. However, for S > 1, again further order parameters can be realized, named multipolar
states of degree k  2S, and the order parameters are rank-k tensor operators.
Since the so-constructed local order parameters rely on symmetry considerations, one can ask
for possible relations between them. Indeed, one finds for the SU(2) S = 1 case

hSi2 + hQi2 = 4

3
,

and that any state |S, Szi is an eigenstate of Q2 for any spin S,

Q
2 |S, Szi = 4

3
S(S + 1)

✓
S(S + 1) � 3

4

◆
|S, Szi

and hence �
Q

2 + S
2
�
|S, Szi = 4

3
S2(S + 1)2 |S, Szi .

2.1.2 How to identify long-range order

As mentioned before, the order parameter is finite only in the thermodynamic limit. The ques-
tion arises, how to compute it in practical calculations, which often imply finite size systems.
To do so, one can investigate the behavior of two-point correlation functions,
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Typically, one encounters the following behavior:
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with l the correlation length. In the presence of long-range order (LRO), the spatial average of
the local order parameter will be finite: assuming locality10, the correlation function in Eq. (13)
factorizes, and hence C(x, x0) approaches a constant, finite value when increasing the distance
|x�x0| ! 1. This corresponds to a divergent correlation length l, since the values of the order
parameter at two points in space are correlated to each other for arbitrary separations between
them. What is interesting is that, while the order parameter O(x) = hO(x)i for a finite system is
exactly zero, the two-point functions can show a finite value for finite, large enough separations!
This opens the door to investigate LRO by working on finite systems by making sure that one

10This is also referred to as the cluster decomposition theorem, according to which measurements of observables
‘distant enough’ from each other should be independent of each other.
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Figure 5 shows the full eigenvalue spectrum of C for
clusters with N=14, 17, 20, 23, and 26. The results for B
=0 and B=J /20 are indistinguishable. An essential feature of
Fig. 5 is that, as D /J is increased in the region beyond 0.06,
the maximum eigenvalue on each of the clusters becomes
proportional to N, and thus very much larger than the re-
maining eigenvalues; we caution that the actual value of this
crossover cannot be inferred from the data of Fig. 5, where it
is evident that the curves are still some way from the ther-
modynamic limit, and address this point below. As described
in Appendix B, this means that the system has developed
long-ranged in-plane magnetic correlations in the regime of
large D /J. For small D /J, all the eigenvalues depend only
weakly on D /J and are closely spaced in magnitude, which
is a sign of short-range correlations dictated not by D but by
J.

The finite-size scaling of the dominant eigenvalue !m,
normalized by N, is given in Fig. 6. The extrapolated values
of this quantity represent the square of the average magnetic

moment in the thermodynamic limit, where the spins reach
approximately 80% of their full moment as D /J!".39 For
all values D /J#0.1, it is clear that the finite-size corrections
scale as 1 /!N, as expected for a state of broken U"1#
symmetry.40 This scaling procedure represents the appropri-
ate means of deducing the existence of long-ranged magnetic
order, by continuing the curves of Fig. 5 to the infinite-
system limit. However, this powerful method shows no indi-
cation of such order in the regime 0.06$D /J$0.1, specify-
ing that the transition to the semiclassical state should be
taken as D /J$0.1.

The magnetization profile corresponding to the dominant
eigenmode vm also contains important information, which is
shown in Fig. 7 for the four representative values of D /J and
represented by two-dimensional arrows whose components
are the real and imaginary parts of vm. At D /J$0.06, there
is no dominant mode as is the case at large D, but the stron-
gest mode shown in Fig. 7"a# corresponds nevertheless to the
pattern of strong spin correlations around the impurity %Fig.
2"a#&: the correlations in this mode are confined to the strong
bonds next to the impurity, where the spins are almost anti-
parallel. The strength of these local correlations is governed
by J, which is the reason why !m remains essentially D in-
dependent, for D /J$0.06 in Fig. 5. We emphasize again that
the profile shown in Fig. 7"a# does not represent the actual
magnetization response—this is shown in Fig. 2"a#—but
rather the dominant fluctuation mode.

The situation changes dramatically at D /J%0.1 %Figs.
7"c# and 7"d#&, where the system develops long-ranged order
with the majority of spins participating in the Q=0 semiclas-
sical 120° state. The data show clearly that the crossover
from the dimerlike regime at small D /J to the ordered phase
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FIG. 5. "Color online# Eigenvalues !i of the correlation matrix
"divided by N# as a function of D /J for N=14 "circles#, 17 "down
triangles#, 20 "squares#, 23 "up triangles#, and 26 "diamonds#. Here
B=J /20 and &=30°, but the results for B=0 are identical.

0 0.05 0.1 0.15 0.2 0.25 0.3
0

0.05

0.1

0.15

0.2

0.25

0.3

N−1/2

λ m
/N

D/J

0.02
0.05

0.07

0.1

0.2
0.3

1

0.08

0.5

2
3
∞

FIG. 6. "Color online# Scaling with system size of the largest
eigenvalue !m "divided by N# of the correlation matrix. The solid
lines correspond to the expected 1 /!N scaling of the leading cor-
rections to the thermodynamic limit in the 120° ordered phase.
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(c) D/J=0.3 (d) D/J=3

FIG. 7. "Color online# Magnetization profile for the 26-site
kagome cluster in zero field, corresponding to the eigenvector vm of
C with the largest eigenvalue !m. The in-plane moments are given
by the real and imaginary parts of vm. Note that this mode is unique
up to a global U"1# rotation which is related to the arbitrary phase
of vm.
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Figure 5 shows the full eigenvalue spectrum of C for
clusters with N=14, 17, 20, 23, and 26. The results for B
=0 and B=J /20 are indistinguishable. An essential feature of
Fig. 5 is that, as D /J is increased in the region beyond 0.06,
the maximum eigenvalue on each of the clusters becomes
proportional to N, and thus very much larger than the re-
maining eigenvalues; we caution that the actual value of this
crossover cannot be inferred from the data of Fig. 5, where it
is evident that the curves are still some way from the ther-
modynamic limit, and address this point below. As described
in Appendix B, this means that the system has developed
long-ranged in-plane magnetic correlations in the regime of
large D /J. For small D /J, all the eigenvalues depend only
weakly on D /J and are closely spaced in magnitude, which
is a sign of short-range correlations dictated not by D but by
J.

The finite-size scaling of the dominant eigenvalue !m,
normalized by N, is given in Fig. 6. The extrapolated values
of this quantity represent the square of the average magnetic

moment in the thermodynamic limit, where the spins reach
approximately 80% of their full moment as D /J!".39 For
all values D /J#0.1, it is clear that the finite-size corrections
scale as 1 /!N, as expected for a state of broken U"1#
symmetry.40 This scaling procedure represents the appropri-
ate means of deducing the existence of long-ranged magnetic
order, by continuing the curves of Fig. 5 to the infinite-
system limit. However, this powerful method shows no indi-
cation of such order in the regime 0.06$D /J$0.1, specify-
ing that the transition to the semiclassical state should be
taken as D /J$0.1.

The magnetization profile corresponding to the dominant
eigenmode vm also contains important information, which is
shown in Fig. 7 for the four representative values of D /J and
represented by two-dimensional arrows whose components
are the real and imaginary parts of vm. At D /J$0.06, there
is no dominant mode as is the case at large D, but the stron-
gest mode shown in Fig. 7"a# corresponds nevertheless to the
pattern of strong spin correlations around the impurity %Fig.
2"a#&: the correlations in this mode are confined to the strong
bonds next to the impurity, where the spins are almost anti-
parallel. The strength of these local correlations is governed
by J, which is the reason why !m remains essentially D in-
dependent, for D /J$0.06 in Fig. 5. We emphasize again that
the profile shown in Fig. 7"a# does not represent the actual
magnetization response—this is shown in Fig. 2"a#—but
rather the dominant fluctuation mode.

The situation changes dramatically at D /J%0.1 %Figs.
7"c# and 7"d#&, where the system develops long-ranged order
with the majority of spins participating in the Q=0 semiclas-
sical 120° state. The data show clearly that the crossover
from the dimerlike regime at small D /J to the ordered phase
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FIG. 7. "Color online# Magnetization profile for the 26-site
kagome cluster in zero field, corresponding to the eigenvector vm of
C with the largest eigenvalue !m. The in-plane moments are given
by the real and imaginary parts of vm. Note that this mode is unique
up to a global U"1# rotation which is related to the arbitrary phase
of vm.
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Fig. 4: Correlation matrix analysis of the local magnetizations for the AFM Heisenberg model
on a kagome lattice with DM interactions. Left: scaling of the largest eigenvalue of Cij with
system size. Right: Magnetization profile obtained from the eigenvector of Cij belonging to
the largest eigenvalue for different values of the DM interaction. The red arrows indicate the
in-plane moments, given by the real and imaginary part of the entries of the eigenvector, re-
spectively; the blue lines are the local bond strengths, which are computed separately (Figure
taken from [74]).

Let’s consider a concrete example and choose Oj = S+

j = Sx + iSy, which addresses the
question for finite in-plane magnetization. We see immediately, that (if Sz

total is a good quantum
number)
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can take a
finite value even for small lattice sizes. Diagonalizing the hermitian matrix Cij for such a finite
system, we obtain real eigenvalues �⌫ and eigenvectors v⌫ , and we can rewrite

Cij =
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Introducing operators ⌘⌫ =
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i , we obtain

v
†
⌫Cijv =

⌦
 
��⌘†⌫⌘⌫

�� 
↵
= �⌫ � 0 ,

the eigenvalues are therefore strictly positive. How does this relate to the order parameters?
Let’s apply the cluster decomposition theorem, then:
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However, the last equality can only be true if there is only one eigenvalue �⌫ = �max, which
is not vanishing. On the other hand, we see that hS+

j i =
p
�max. For finite systems, these

Eigenvalues, eigenvectors: 
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relations are not exact, but in the limit of infinite system size, there has to be asymptotically one
dominant eigenvalue �L, so that for large systems of size L one can approximate

lim
|i�j|!1

Cij ⇡ �LvL,iv
⇤
L,j .

Since the eigenvectors v⌫ are normalized, their coefficients scale ⇠ 1p
L

. Hence, in order to have
a finite value in the thermodynamic limit, the dominant eigenvalue has to scale �L ⇠ L, giving
a condition on the largest eigenvalue of Cij , which can be tested numerically.
Fig. 4 shows an example for the kagome lattice in the presence of DM interactions and of a
non-magnetic impurity (see Fig. 2), for which this analysis was performed. For this system it
is very difficult to treat large system sizes due to the lack of symmetries. Nevertheless, using
this analysis, it is possible to gain information on the possible LRO realized in the thermody-
namic limit, which illustrates that this approach to computing LRO is suitable also for difficult
situations.

2.2 Symmetry protected topological phases in quantum magnets: the AKLT
state

As we have seen, states of matter are usually characterized by the Landau paradigm, in which
a continuous phase transition and the associated phases are obtained by the SSB of one (or
more) symmetries of the Hamiltonian and the emergence of a local order parameter [85]. This
paradigm has been the framework for understanding phases of matter and phase transitions,
until in the 1980s experiments discovered the integer [86] and later the fractional quantum Hall
effect [87, 88]. These systems possess transitions between states with different conductivities,
which apparently are not associated to any SSB. Subsequently, and also motivated by the dis-
covery of high-temperature superconductivity [2], a new type of ’order’ was proposed whose
phenomenology is not due to the finiteness of some local order parameter, but in which the
phases are characterized by global characteristics, like the degeneracy of the ground state or en-
tanglement of the system. This type of order has been coined topological order [89,90,33] since
the behavior is captured by topological field theories [91]. The main characteristics of topologi-
cally ordered phases are the presence of degenerate ground states, of gapless edge states, and the
characterization in terms of topological invariants which are integer numbers capturing ’topo-
logical’ properties of the system and which vary in the different phases. One characteristic of
topological phases is that they do not change under continuous deformations of the system (i.e.,
the topological invariant does not change unless one hits a critical point at which the system
experiences singular behavior) and are, hence, protected against local perturbations like, e.g.,
noise. This makes these states very interesting for quantum computation in which one of the
biggest challenges is to protect the entanglement between qubits from decoherence effects due
to local noise induced by the environment. This approach is coined topological quantum com-
putation and is described in the review article [33]. A lot of research is, therefore, devoted to
uncovering such topological phases in quantum magnets.
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Quantum Magnetism 5.21

Figure 5 shows the full eigenvalue spectrum of C for
clusters with N=14, 17, 20, 23, and 26. The results for B
=0 and B=J /20 are indistinguishable. An essential feature of
Fig. 5 is that, as D /J is increased in the region beyond 0.06,
the maximum eigenvalue on each of the clusters becomes
proportional to N, and thus very much larger than the re-
maining eigenvalues; we caution that the actual value of this
crossover cannot be inferred from the data of Fig. 5, where it
is evident that the curves are still some way from the ther-
modynamic limit, and address this point below. As described
in Appendix B, this means that the system has developed
long-ranged in-plane magnetic correlations in the regime of
large D /J. For small D /J, all the eigenvalues depend only
weakly on D /J and are closely spaced in magnitude, which
is a sign of short-range correlations dictated not by D but by
J.

The finite-size scaling of the dominant eigenvalue !m,
normalized by N, is given in Fig. 6. The extrapolated values
of this quantity represent the square of the average magnetic

moment in the thermodynamic limit, where the spins reach
approximately 80% of their full moment as D /J!".39 For
all values D /J#0.1, it is clear that the finite-size corrections
scale as 1 /!N, as expected for a state of broken U"1#
symmetry.40 This scaling procedure represents the appropri-
ate means of deducing the existence of long-ranged magnetic
order, by continuing the curves of Fig. 5 to the infinite-
system limit. However, this powerful method shows no indi-
cation of such order in the regime 0.06$D /J$0.1, specify-
ing that the transition to the semiclassical state should be
taken as D /J$0.1.

The magnetization profile corresponding to the dominant
eigenmode vm also contains important information, which is
shown in Fig. 7 for the four representative values of D /J and
represented by two-dimensional arrows whose components
are the real and imaginary parts of vm. At D /J$0.06, there
is no dominant mode as is the case at large D, but the stron-
gest mode shown in Fig. 7"a# corresponds nevertheless to the
pattern of strong spin correlations around the impurity %Fig.
2"a#&: the correlations in this mode are confined to the strong
bonds next to the impurity, where the spins are almost anti-
parallel. The strength of these local correlations is governed
by J, which is the reason why !m remains essentially D in-
dependent, for D /J$0.06 in Fig. 5. We emphasize again that
the profile shown in Fig. 7"a# does not represent the actual
magnetization response—this is shown in Fig. 2"a#—but
rather the dominant fluctuation mode.

The situation changes dramatically at D /J%0.1 %Figs.
7"c# and 7"d#&, where the system develops long-ranged order
with the majority of spins participating in the Q=0 semiclas-
sical 120° state. The data show clearly that the crossover
from the dimerlike regime at small D /J to the ordered phase
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FIG. 6. "Color online# Scaling with system size of the largest
eigenvalue !m "divided by N# of the correlation matrix. The solid
lines correspond to the expected 1 /!N scaling of the leading cor-
rections to the thermodynamic limit in the 120° ordered phase.
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FIG. 7. "Color online# Magnetization profile for the 26-site
kagome cluster in zero field, corresponding to the eigenvector vm of
C with the largest eigenvalue !m. The in-plane moments are given
by the real and imaginary parts of vm. Note that this mode is unique
up to a global U"1# rotation which is related to the arbitrary phase
of vm.
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Figure 5 shows the full eigenvalue spectrum of C for
clusters with N=14, 17, 20, 23, and 26. The results for B
=0 and B=J /20 are indistinguishable. An essential feature of
Fig. 5 is that, as D /J is increased in the region beyond 0.06,
the maximum eigenvalue on each of the clusters becomes
proportional to N, and thus very much larger than the re-
maining eigenvalues; we caution that the actual value of this
crossover cannot be inferred from the data of Fig. 5, where it
is evident that the curves are still some way from the ther-
modynamic limit, and address this point below. As described
in Appendix B, this means that the system has developed
long-ranged in-plane magnetic correlations in the regime of
large D /J. For small D /J, all the eigenvalues depend only
weakly on D /J and are closely spaced in magnitude, which
is a sign of short-range correlations dictated not by D but by
J.

The finite-size scaling of the dominant eigenvalue !m,
normalized by N, is given in Fig. 6. The extrapolated values
of this quantity represent the square of the average magnetic

moment in the thermodynamic limit, where the spins reach
approximately 80% of their full moment as D /J!".39 For
all values D /J#0.1, it is clear that the finite-size corrections
scale as 1 /!N, as expected for a state of broken U"1#
symmetry.40 This scaling procedure represents the appropri-
ate means of deducing the existence of long-ranged magnetic
order, by continuing the curves of Fig. 5 to the infinite-
system limit. However, this powerful method shows no indi-
cation of such order in the regime 0.06$D /J$0.1, specify-
ing that the transition to the semiclassical state should be
taken as D /J$0.1.

The magnetization profile corresponding to the dominant
eigenmode vm also contains important information, which is
shown in Fig. 7 for the four representative values of D /J and
represented by two-dimensional arrows whose components
are the real and imaginary parts of vm. At D /J$0.06, there
is no dominant mode as is the case at large D, but the stron-
gest mode shown in Fig. 7"a# corresponds nevertheless to the
pattern of strong spin correlations around the impurity %Fig.
2"a#&: the correlations in this mode are confined to the strong
bonds next to the impurity, where the spins are almost anti-
parallel. The strength of these local correlations is governed
by J, which is the reason why !m remains essentially D in-
dependent, for D /J$0.06 in Fig. 5. We emphasize again that
the profile shown in Fig. 7"a# does not represent the actual
magnetization response—this is shown in Fig. 2"a#—but
rather the dominant fluctuation mode.

The situation changes dramatically at D /J%0.1 %Figs.
7"c# and 7"d#&, where the system develops long-ranged order
with the majority of spins participating in the Q=0 semiclas-
sical 120° state. The data show clearly that the crossover
from the dimerlike regime at small D /J to the ordered phase
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kagome cluster in zero field, corresponding to the eigenvector vm of
C with the largest eigenvalue !m. The in-plane moments are given
by the real and imaginary parts of vm. Note that this mode is unique
up to a global U"1# rotation which is related to the arbitrary phase
of vm.
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Fig. 4: Correlation matrix analysis of the local magnetizations for the AFM Heisenberg model
on a kagome lattice with DM interactions. Left: scaling of the largest eigenvalue of Cij with
system size. Right: Magnetization profile obtained from the eigenvector of Cij belonging to
the largest eigenvalue for different values of the DM interaction. The red arrows indicate the
in-plane moments, given by the real and imaginary part of the entries of the eigenvector, re-
spectively; the blue lines are the local bond strengths, which are computed separately (Figure
taken from [74]).

Let’s consider a concrete example and choose Oj = S+

j = Sx + iSy, which addresses the
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finite value even for small lattice sizes. Diagonalizing the hermitian matrix Cij for such a finite
system, we obtain real eigenvalues �⌫ and eigenvectors v⌫ , and we can rewrite

Cij =
X

⌫

v⌫

*
 

�����

 
X

i
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+

i

! 
X

i
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�⌫
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†
⌫ .

Introducing operators ⌘⌫ =
P

i v⌫,iS
�
i , we obtain

v
†
⌫Cijv =

⌦
 
��⌘†⌫⌘⌫

�� 
↵
= �⌫ � 0 ,

the eigenvalues are therefore strictly positive. How does this relate to the order parameters?
Let’s apply the cluster decomposition theorem, then:

lim
|i�j|!1

Cij = lim
|i�j|!1

X

⌫

v⌫,i

*
 

�����
X

k

v⇤⌫,kS
+

k

����� 
+

| {z }
p
�⌫

⇤

*
 

�����
X

l

v⌫,lS
�
l

����� 
+

| {z }
p
�⌫

v†⌫,j = lim
|i�j|!1

hS+

i ihS�
j i .

However, the last equality can only be true if there is only one eigenvalue �⌫ = �max, which
is not vanishing. On the other hand, we see that hS+

j i =
p
�max. For finite systems, these

⇒
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 Ordered phase for D/J > 0.1, non-ordered phase for D/J < 0.1  

Eigenvalues in dependence of D: Finite size extrapolation of λm:

Dominant eigenstate analogous to condensate wave function in superfluids - natural orbital

Value of local magnetizations given by  

Ci,j := ��0|s+
i s�j |�0⇥

Correlation matrix:

�s+
j ⇥ = �sx

j ⇥ + i�sy
j ⇥ =
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Inelastic Neutron Scattering: 
Dynamical Structure Factors

KCuF3: 1D Heisenberg chain, 
J =34 meV≈250K
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[Movie on Wikipedia: https://w.wiki/BCgs ]

  Explore elementary excitations of the system⟶
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Linear Response: 
Spectral Functions at Finite Field

Momentum k
En

er
gy

 ω

Dynamical structure factor Sz(k,ω) of a S-1/2 Heisenberg chain when changing an external magnetic field:

small B: spinons

large B: magnons

[T. Köhler, Master thesis, U. Göttingen 2013]
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Transient states out-of-equilibrium: 
Can we change the magnetisation by photo excitation?

EVOLUTION OF THE MAGNETIC AND POLARONIC ORDER … PHYSICAL REVIEW B 102, 014302 (2020)

FIG. 18. Phonon modes of regime II with A0 = 0.45 h̄/(ea0 ). For
a description of the symbols, see Fig. 12.

E. Regime III: Photoinduced ferromagnetism

In regime III, the system undergoes a photoinduced phase
transition, which converts the CE-antiferromagnetic order into
a ferromagnetic metallic state without charge and orbital
order.

1. Magnetic order

Initially, the antiferromagnetic correlation between the
zigzag chains is perturbed rather similar to regime II, leading
to an A-type magnetization as seen in Fig. 19. Unlike regime
II, however, the A-type diffraction pattern persists for several
picoseconds. During this time, the diffraction pattern of the
ferromagnet builds up until it replaces the A-type diffraction
pattern altogether.

The ferromagnetic state obtained is not fully established in
the simulation: the nonrelativistic Schrödinger equation em-
ployed in the simulations conserves the total spin. As a result,
the system evolves into a state that is better characterized as a
spin wave or a lattice of ferromagnetic domains.

Nevertheless, the diffraction pattern obtained is very sim-
ilar to the ferromagnetic structure. For each diffraction spot

FIG. 19. Spin-diffraction intensity of regime III with A0 =
0.53 h̄/(ea0 ). The peaks CS (0.5, 1, 1) and CS (0.5, 0.5, 1) shown in
red, respectively green, are characteristic for the CE-type ground
state. The peak CS (0, 0, 1) shown in blue is characteristic for A-type
magnetic structure. The ferromagnetic (B-type) peak CS (0, 0, 0) is
shown in orange. The original CE-type magnetic pattern is quickly
destroyed, while an A-type magnetic pattern emerges. The latter
evolves over time into a the ferromagnetic phase.

FIG. 20. Magnetic diffraction patterns of region III with A0 =
0.53 h̄/(ea0 ) at 0.3, 1.2, and 6.1 ps. The a axis points right, the b-axis
toward the back, and the c axis up. The small white spheres indicate
points with integer h, k, l in the Pbnm setting. Reciprocal space is
shown for h, k, l ∈ [−1.25, 1.25]. At 0.3 ps the diffraction pattern
is dominated by an A-type pattern. At 1.2 ps the diffraction pattern
exhibits spots from both A and B types, while at 6.1 ps the diffraction
pattern is ferromagnetic, i.e., B type. The double spots are a sign
of ferromagnetic magnetic domains, respectively a long-wavelength
spin wave, rather than a pure ferromagnet.

of the ferromagnetic structure, we do not obtain a single spot,
but a set of two “twin peaks.” The two peaks are located at
the supercell reciprocal-space vectors adjacent to those of the
ideal ferromagnet as seen in Fig. 20. The displacement of the
twin peaks from the diffraction spot of a true ferromagnet
is governed by the size of our supercell, which limits the
wavelength of the spin wave, respectively the domain size.

The ferromagnetic spin correlation function in Fig. 19
exhibits a finite signal by considering the contribution from
the immediate neighborhood of the specified reciprocal-lattice
vector. The signal at the center of the spot is zero. We
envisage that a larger supercell leads to larger domains and
thus to twin peaks that are even closer together, making them
indistinguishable by experiment.

2. Charge order

As shown in Fig. 21, the charge-order correlation CQ and
the orbital-order correlation CO are completely wiped out after
about 0.2 ps. The loss of orbital order makes the system
metallic as seen in Fig. 7. The loss in charge and orbital order
is also reflected in attenuation of the phonon displacements
shown in Fig. 22.

We attribute the ferromagnetic order to a mechanism in
the spirit of the double-exchange picture [48–50]. The origin

FIG. 21. Charge-order correlation CQ(1, 0, 0) (black) and
orbital-order correlation CO(0, 1

2 , 0) (red) as function of time for
regime III with A0 = 0.53 h̄/(ea0 ). The correlations are scaled each
so that their initial value is unity.
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Fig. 1. Left: Schematic representation of a usual light-induced demagnetization dynamics for a �± (blue/yellow) and a linearly (red) polarized light-pulse. The timescales during
which the electron–photon, the electron–electron, the electron–phonon and the electron–magnon couplings, as well as the hot electrons are particularly influential in the dynamics
are represented by color gradients. Right: Representation of the magnetic state and the density of states (DOS) at the intra-atomic, inter-atomic and macroscopic scale before,
100 fs after and 1 ps after the pulse. Before the pulse, the magnetic moments carried by the atoms are parallel (inter atomic scale), have their ground-state magnitude and the
exchange splitting of the DOS is at its maximum (intra atomic scale), such that at the macroscopic scale the magnetization is at saturation. After 100 fs the exchange splitting, as
well as the magnitude of each magnetic moment is reduced and their direction is randomized, such that the DOS also features traces of band-mirroring and the magnetization at
the macroscopic scale is reduced. Finally, after 1 ps, the magnetic state start to recover its original state. More details are available in the text.

of the length of the magnetic moment carried by each atom (2) a
random tilt of the magnetic moment of each atom resulting in a
cancellation of the average magnetization. However, to this day, there
is no consensus regarding the main source of demagnetization. In Sec-
tion 2.1, we therefore try to provide a nuanced view of the literature,
in which every result is looked at through the prism of the paradigms
present at the time it was produced. Nevertheless, knowing the type
of excitation responsible for the demagnetization does not on its own
explain how such excitations are triggered and then suppressed such
that the macroscopic magnetization dynamics, pictured on the left of
Fig. 1, is produced. Answering these questions requires us to disentan-
gle the contribution of the different types of mechanisms represented
on the left of Fig. 1, namely, the electron–electron, electron–phonon,
electron–photon, electron–magnon scatterings, as well as the so-called
hot-electrons. Indeed, throughout the years, all the aforementioned
phenomena have been included in diverse models and theories. In this
process, they all have been partially or fully held accountable for the
demagnetization. It is the object of Sections 2.2–2.4 to examine their
respective involvement. This discussion logically starts with a review
of the temperature models. The latters, as well as their many deriva-
tives, have then been used extensively as a basis to many theoretical
investigations of the ultrafast light-induced magnetization dynamics,
notably together with micromagnetic calculations. However, while it
provides a satisfying rationalization of the dynamics, they do not
provide any insights regarding the nature of the demagnetized state.
On the other hand, in Sections 2.3 and 2.4, we specifically focus on
mechanisms through which a longitudinal and a transversal reduction
of the magnetic moments can occur (aforementioned (1) and (2)).

We start by discussing the role of the electronic temperature as, as
described in the framework of the temperature models, the absorption
of light by the electrons is often accounted for by a rise of the latter.
According to ab initiocalculations performed by Chimata et al. [11]
and Scheid et al. [12], this contribution could lead to a longitudinal
reduction of the atomic magnetic moments. Then, we review the work
related to the electron–phonon coupling which can also participate to
the longitudinal reduction of the atomic magnetic moment by induc-
ing spin-flips through the Elliott–Yafet scattering. Lastly, we review
the theory of the superdiffusive spin-dependent propagation of high

energy electrons made by Battiato et al. [13] which, for a period, has
been one of the main candidate in the rationalization of the ultrafast
light-induced demagnetization.

On the other hand, to rationalize the presence of magnons, an
extensive body of work has been accomplished by coupling a tem-
perature model to the Landau–Lifshitz–Gilbert equation, providing a
classical magnetization dynamics. This method has shown its potential
in the rationalization of experimental results, and notably relates the
fundamental quantities regulating the dynamics of the magnetic mo-
ments to the demagnetization. Among those, a particular attention is
paid to the damping, as this quantity is directly related to the rate
of demagnetization [14]. We therefore discuss its origin, which has
been derived from first principles [15], as well as the implications
of such a discovery on our current view of both energy and angular
momentum conservation during the dynamics. Lastly, we review the
role of electron–magnon scattering in the experimentally seen ultrafast
generation of magnons and demagnetization. While clear theoreti-
cal [16] and experimental [17] evidences indicate that such a scattering
contributes to the emission of magnons, its involvement in the ultrafast
light-induced demagnetization is discussed.

1.2. The emergence of helicity-dependent effects

Next, in Section 3 we move on to the topic of the light-induced
helicity-dependent dynamics. We start by reviewing the body of work
related to the all-optical switching. This currently represents one of
the most promising method for the elaboration of new and faster
information storage technologies, as it suggests that timescales involved
in traditional ways of manipulating the magnetization, such as a current
or a magnetic field, can be drastically reduced by solely using light.
Interestingly, and quite confusingly, two types of all-optical switching
have been discovered: a helicity-dependent one [5], requiring multiple
pulses and occurring in a very wide range of magnetic ordering and
compounds [6,7], and a helicity-independent one [8], occurring in a
single pulse, independently of its polarization, and only in specific
alloys. Even more confusingly, these two different phenomena have
initially been discovered in the same ferrimagnetic GdFeCo alloy [5,
8]. However, further investigations allowed to clearly differentiate

Demagnetisation dynamics Transient ferromagnetic order in manganites

Typical setup: pump-probe experiments (on fs/ps/ns time scales)

[P. Scheid, Q. Remy, S. Lebègue, G. Malinowski, and S. Mangin,  
J. of Magn. and Magn. Mat. 560, 169596 (2022)]

[S. Rajpurohit, C. Jooss, and P.E. Blöchl,  
Phys. Rev. B 102, 014302 (2020)]
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Conclusions & Outlook

1. Basic properties of Quantum Many-Body Systems

2.Basic properties of Quantum Magnets

3. Dimer systems in a magnetic field

4. Unconventional states of matter: Luttinger liquids, spin nematic states, 
topological phases

5. Dynamical sturcture factors and nonequilibrium behavior
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