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1 Introduction

Numerically simulating strongly correlated quantum systems is in general a challenging task: as
the Hilbert space dimension grows exponentially, an exact representation is no longer feasible.
Analytical approximations are often based on weak interactions or correlations and cannot be
applied in the strongly correlated regime. In one dimension, matrix product states (MPS) con-
stitute the state of the art to represent quantum many-body states efficiently, i.e., with a number
of parameters that scales polynomially with the system size; see Ref. [1] for a review. Tensor
network states in general make use of locality in order to efficiently represent states. For MPS
and their one-dimensional structure, which renders the optimization through the density matrix
renormalization group algorithm highly efficient, this however poses limitations on the class of
states that can be represented with a number of parameters that scales polynomially and not
exponentially with the system size. In particular the simulation of two-dimensional systems
becomes highly challenging for MPS. A conceptually different approach has been taken in
variational Monte Carlo: Before the advent of neural quantum states, variational Monte Carlo
was commonly based on physically motivated trial wavefunctions. Typical examples include
Slater—Jastrow states in continuum electronic-structure calculations and Gutzwiller-projected
Fermi-sea or BCS states for lattice models. In these approaches, the qualitative structure of the
wavefunction is chosen from physical intuition, while a comparatively small or structured set
of variational parameters is optimized stochastically.

Ten years ago, a seminal paper proposed a new class of variational states: neural quantum
states [2]. The basic idea is that a neural network is used to approximate the quantum many-
body state

(o) =Y tu(s)Is), (1)

where the network parameters' § are the variational parameters of the ansatz. The sum runs over
all possible configurations spanning a basis of the Hilbert space, e.g., for a spin-1/2 system all
possible spin configurations in the z-basis, or for itinerant systems like a Fermi-Hubbard model
all Fock space configurations. The input to the network is then a given basis configuration
s, and the output is the corresponding wavefunction coefficient 5(s). The same construction
can be employed also in first quantization, where the input is the position of all N particles
{r;}i=1..~. We will in the following restrict ourselves to pure states, but note that density ma-
trices can also be represented by neural quantum states with results for finite temperature states
as well as open system dynamics. Neural quantum states generalize the philosophy of more
conventional variational Monte Carlo approaches by replacing part or all of the hand-designed
correlation structure by a highly flexible parametrization with many trainable parameters, thus
to some degree trading interpretability against expressivity of the ansatz. We will discuss in
more detail below in Sec. 2.1 how physically motivated design choices can be combined with
neural networks.

Itypically the weights and biases, see below for more details.
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Fig. 1: a) Basic building blocks of a feed-forward neural network. The input vector X is trans-
formed by an affine map z = Wx + b, followed by a non-linear activation h = o(z), depicted
in b). c¢) a sigmoid activation can be combined to form approximate window functions, which
in turn can be summed to approximate a target function.

Contrary to typical machine learning problems, in general there exists no training data in this
approach. The neural network represents the quantum state of interest, and therefore encodes
the probability distribution from which one obtains samples according to the state following the
Born rule. These samples are distributed as projective measurement outcomes of the current
state in the chosen reference or computational basis. The data, i.e., the samples, is thus gener-
ated by the network itself, and each training step corresponds to a newly generated dataset. The
updates to the network parameters are calculated based on these samples, and ideally, upon up-
dating the network parameters many times, the quantum state represented by the neural network
is very close to the desired state, e.g., the ground state of a given Hamiltonian. This optimiza-
tion procedure, discussed in more detail in Sec. 3, follows the standard variational Monte Carlo
approach: sample from the state, estimate expectation values from those samples, and update
the variational parameters accordingly.

Compared to tensor networks, locality is not automatically built into a generic neural network
architecture. It can, however, be incorporated through architectural choices such as local con-
nectivity, convolutional layers, or equivariant constructions. Given the great expressivity of
neural networks (to be discussed more below), the hope behind neural quantum states is to be
able to represent a large class of interesting quantum many-body states efficiently.

Neural networks most generally consist of linear parts, i.e., matrix multiplications, and non-
linear activation functions, see Fig. 1. These non-linear activation functions essentially give
the neural network their power. Neural networks with already one hidden layer are universal
function approximators: they can represent any continuous function on a bounded domain to
arbitrary accuracy, given enough neurons [3,4]. More formally, let X' C R" be compact and
let f € C(K). Let 0 : R — R be a non-polynomial, continuous activation function. Then for
every € > 0, there exists an integer N € N and parameters a; € R, w; € R", b; € R such that
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the function

f(x) = Z a; o(w;-x + b;) 2)
i=1
satisfies
sup | f(z)— f(z)] <e. (3)
reK

The basic intuition behind this theorem is as follows: a small network with a non-linear activa-
tion like a sigmoid, defined as

o(z) =1/(1+e7"), )

can approximate a "bump’. Consider an interval [a, b], then the function

g(x) = o(n(z—a)) — o(n(z-b)) (5)

approximates a function that is 1 on the interval [a, b] and O else in the limit of large n, see
Fig. 1c). Any function f that is piece-wise constant can now be approximated by sums of such
small neural networks. A neural network essentially is a finite sum of functions of the form
co(ax+b), and the number of neurons determines how many such functions we sum over. In the
case of neural quantum states, the neural network often maps from discrete numbers, like +1 on
each site for a spin-1/2 system, to a wavefunction coefficient. Restricted Boltzmann machines
have been shown to approximate probability distributions over discrete variables arbitrarily well
[5]. Note that in practice, there are two potential problems with this theorem: (i) it does not
guarantee an efficient representation, such that potentially prohibitively many parameters are
needed; and (i1) it only makes a statement about expressivity, not about trainability: finding the
set of parameters that corresponds for example to a desired many-body state is not guaranteed.
In the remainder of these notes, we will first discuss the question of expressivity in Section 2
and then move to the optimization in Section 3. The focus of these notes is on variational pure-
state NQS for strongly correlated lattice systems, with short comments on continuum fermions
and time evolution. Other important directions, such as density-matrix parametrizations, open-
system dynamics, and neural representations of operators, are mentioned only briefly. These
lecture notes are intended as an introduction and rough overview, not as a comprehensive and
exhaustive review. For the latter, see e.g. Refs. [6] and [7] for general reviews and [8] for a
review on time evolution methods with neural quantum states.

2 Expressivity of neural network quantum states

The main promise, and at the same time the main mystery, of neural quantum states is their
expressivity: per the universal function approximator theorem, neural networks can in principle
represent any smooth function with arbitrary accuracy. In practice, we are however limited to a
finite number of variational (read: network) parameters. This poses the question: how expres-
sive is a neural network with a fixed number of parameters? A closely related question pertains
to how the network makes use of these parameters to represent a desired quantum state, and
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how we should choose the network architecture for a given problem. While the original work
in Ref. [2] focused on restricted Boltzmann machines, many different network architectures are
now being used as neural quantum states, ranging from convolutional neural networks to Trans-
formers. Additionally, standard neural network architectures can be combined with physically
motivated constructions, such as determinants. Depending on the problem under considera-
tion, different representations can be chosen, e.g., regarding the reference basis, reference sign
structure, complex versus real output, or representation of a density matrix for mixed states.
Early work has shown that some interesting quantum many-body states can be represented ex-
actly by a neural network, sometimes by default, sometimes per clever choice of the network
architecture. We will discuss some of these instances in section 2.1 to gain a feeling for how the
specific architecture and/or non-linearities can be used to enforce physical properties of the state
under consideration. Through physically inspired architectures, we can gain not only an advan-
tage in expressivity for the problem under consideration, but also some sense of interpretability.
However, the guiding principle for what neural quantum states can represent efficiently remains
a subject of ongoing research. This is to be contrasted with one of the state-of-the-art methods
to numerically capture quantum many-body systems, namely matrix product states (MPS). In
the case of MPS, the entanglement constitutes a guiding principle, which limits which states
can be efficiently represented. Entanglement properties of neural quantum states depend, once
again, on architectural choices, such as number and choice of non-linearities, but at least some
volume law entangled states can be represented efficiently using neural quantum states [9, 10].
We will discuss the relation between matrix product states and neural quantum states as well as
the latter’s entanglement properties in more detail in section 2.2

2.1 Exactly representable states

Historically, restricted Boltzmann machines (RBMs), see Fig. 2a) have been used as the first
neural quantum states [2]. While other architectures may exhibit more expressivity, RBMs
often enable a better understanding. We can write an RBM wavefunction for spins s; = +1
with M hidden units as

M
reM(S) = exp Z a;S; H 2cosh | b, + Z Wiusi | - (6)
pn=1 %

i
In the following, we want to use this RBM representation to demonstrate how different types of
quantum states can be represented. We start by the N-spin GHZ state,

1
GHZ) = — - + N , 7
|GHZ) \/§(|TT D) (7
whose computational-basis amplitudes are nonzero only if s; = s5 = --- = sy. This global

condition can be enforced by nearest-neighbor equality constraints,

N-1
Yanz(s) o« H Os;si11- 3)
i—1
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Fig. 2: a) Restricted Boltzmann machine architecture; b) Connectivity for the complex restricted
Boltzmann machine to represent the GHZ state, where alignment of each pair of nearest neigh-
boring spins is mediated through a hidden unit; c) Connectivity for a complex restricted Boltz-
mann machine to represent the Toric code ground state with one hidden unit per vertex.

Each equality constraint can be implemented by one complex hidden unit?, see Fig. 2b)

' 2, 8= Siy1,
2 cosh [T(si—5i+1)] = ! 9
4 0, 8i 7 Sit1.

Thus, choose M = N —1 hidden units, no visible or hidden biases, a; = 0, b, = 0, and weights

(X0 i
Wiu = Zéi’u_ Z(Si’u-’_l’ o= 1,...,N—1. (10)

The resulting RBM wavefunction is

N-1 .
i
YreM(S) = H 2 cosh {Z(s#—suﬂ)} : (11)
p=1
Therefore,
IN=1 g =5y =+ = sp,
YreM(S) = _ (12)
0, otherwise.
After normalization, this gives exactly
1
[Yren) = —= (|11 D)+ [ 1), (13)

V2

This example demonstrates how hidden units can be used to enforce local constraints, in this
case S; = S;y1.

Similarly, hidden units can be used to enforce local parity constraints, see also [9]. Our next
example is the Toric-code Hamiltonian [11] with spins on the links (edges) of a square lattice,
indicated by the index e,

Hrc=-» A,—> B, A, =[] o2, B,= ][] o (14)
v P e€E+y e€dp

We work in the o*-basis,
021Se)e = SelSe)as Se = *£1. (15)

2For real finite RBM parameters, these hard zeros cannot be enforced exactly; see the discussion below.
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In this basis, the vertex constraint A, = 1 becomes
[[s=1 (16)
e€+v

Thus a toric-code ground state may be written as an equal-weight superposition over closed-
loop configurations,

[Yro) = ¢— > sk (17)

s: H€€+U se=1 Yv

Using an RBM with binary hidden variables h,, € {0, 1},

L+ exp (bﬁZste)r (18)

one hidden unit per vertex, i.e., connecting to four visible units, enforces the local parity con-

vre(s) = [

(2

straint. Choose

) dU _i_ﬂ—7 € E +1)7
by = 2 W, =4 ? (19)

2 0, otherwise,

where d,, is the degree of vertex v. Then

1+exp (b + ZWevse) =1+ H Se. (20)

€€+v

Therefore

N —
wRBM( H (1 + H 36> = HeE—i-u '86 =1 VU) (21)

ety 0, otherwise.

After normalization, this is exactly the toric-code ground state in the o*-basis. The plaquette
terms B, flip closed loops, and the equal-weight superposition is invariant under these flips.
Apart from constraints, hidden units can also be viewed as effectively mediating correlations
between visible units. Consider a spin Jastrow wavefunction

y(s) = exp (Za s; + Z J,Jszs]> , s; = +1. (22)

1<j

This state can be represented exactly by an RBM with one hidden unit for each nonzero pair
coupling J;; [12].
For a single pair (i, j), introduce a hidden unit coupled only to s; and s,

Vij (i, 85) = 2 cosh [wi; (si+mijs5)] (23)

where 1
nij = sgn(Jij), wij = 5 arcosh (62|Jij|> . (24)

If SiS; = MNij» then
'lbij(Si, Sj) = 2COSh(2wij) = 262‘Jij|, (25)
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whereas if s;5; = —n,;, then
Vij(siy85) = 2. (26)
Thus,
Vij(si,s5) = Cijexp (Jijsis;) , (27)

with the spin-independent constant C;; = 2¢l7il . Constants of this form only affect the overall

normalization. Therefore, choosing one hidden unit for every pair (7, j) gives

Yrem(s) = exp | Y as; | [ 2cosh [wi (si+sgn(Jiy)s))]. (28)

i 1<J

Using the identity above,

YreM(S) X exp (Z a;S; + Z Jijsisj> = ;(s). (29)

1<J

Hence a spin Jastrow state is exactly representable by an RBM with one hidden unit per nonzero
pair interaction.

These examples demonstrate how hidden units can encode correlations as well as enforce con-
straints between the visible units. Along the same lines of reasoning, it has been shown that an
exact representation of a variety of states is efficiently possible using neural quantum states, e.g.,
the Laughlin state [13—15] or Toric code ground states with independently tunable topological-
sector amplitudes [16]. Using deeper networks and more advanced architectures, the same
intuition applies in principle.

The exact RBM constructions above rely on complex-valued parameters. This is important:
with real finite parameters in the standard RBM form, the factors 2 cosh(b,+ >, Wi,s;) are
nonzero for generic configurations, such that hard zeros in the wavefunction are not obtained
exactly. Complex parameters, on the other hand, allow one to use zeros of the hyperbolic
cosine to enforce constraints exactly. Thus, hidden units can be viewed not only as mediating
correlations, but also as enforcing hard constraints through destructive interference.

Matrix Product States.— A different angle is provided by relating matrix product states to
neural quantum states: here, we do not explicitly construct the weights and biases of the neural
network to achieve certain conditions on 1(s) as above, but instead use the non-linearities of
the neural network to mimic the tensor contractions within the matrix product state. Different
approaches can be used to represent a given MPS as an NQS: in Ref. [17], a tensor network
contraction is expressed as a sum over discrete auxiliary variables, i.e., the hidden variable
marginalization of a Boltzmann machine. This can be viewed as the virtual indices of the ma-
trices/tensors in the MPS become the hidden spins in the network. This Boltzmann-machine
representation’ of the state is efficient in the sense that it has an almost-linear overhead in the
number of nonzero MPS parameters. In a related work [18], explicit mappings between tensor

3Note that this is not a restricted Boltzmann machine.
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networks and restricted Boltzmann machines are constructed, with the important consequence
that a non-local restricted Boltzmann machine can correspond to a exponentially growing bond
dimension (i.e. not an efficient representation) for the local tensor network. Beyond marginal-
izing over hidden units, one can also view the network itself, i.e., the computation of hidden
variables throughout the layers, as a form of contraction. In [19], a neural network is constructed
such that the layers emulate the tensor contraction. The network here is viewed as a computa-
tional circuit that evaluates the contraction. Using this algorithm, efficiently contractible tensor
networks can be represented by polynomially sized neural networks, with network size con-
trolled by the contraction complexity. A conceptually slightly different approach is taken in
Ref. [20], where the mapping from an MPS to a recurrent neural network (RNN) is shown. In
this case, one can make use of the fact that the left (or right) environment of an MPS can be de-
fined recursively, such that the hidden state of the RNN can be identified with the current MPS
boundary matrix. The RNN then updates its memory exactly as the MPS contraction would
update the boundary as one moves through the system. The squared MPS bond dimension y?
in this case corresponds to the RNN memory size.

In general, a tensor network represents the state (s) by contracting virtual indices (i.e. perform-
ing tensor products), while neural quantum states represent ¢(s) by computing or marginalizing
over hidden variables. This enables mappings between the two different representations since
contracting over virtual indices can be viewed as a hidden variable computation. These results
show that, if a quantum many-body state can be expressed as a matrix product state, then there
exists an efficient neural quantum state representation of this state.

Fermions.— Among the most challenging systems for numerical simulations are interacting
fermions in two or three spatial dimensions. In order to gain intuition how to construct neural
networks that can represent quantum states of interacting fermions, we will start from non-
interacting fermions on a lattice, following Ref. [21], described by the Hamiltonian

Ho =Y hiajstlatis: (30)
4 of
where 7, j label lattice sites and «, /3 label spin. It is useful to combine site and spin into a single
index I = (i, ).
Diagonalizing the single-particle Hamiltonian gives orbitals @;. and operators

AE=>"ondl,  Hy=) edl4. (31)
I €

For N fermions, the many-body ground state is obtained by occupying the N lowest single-
particle orbitals,

=2

o) = [ [ 4010) = ﬁ (Zdﬁké})my (32)

e=1 e=1
Now consider a Fock basis state |s) with occupied spin-orbitals [y, ..., Iy, written in a fixed
canonical order,
|s) = &j,el, - €1, 10). (33)
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Its overlap with the free-fermion ground state is

N
(slvo) = Olery -~ én, | ] (Z qys}) |0). (34)
e=1 1

Only those terms survive in which the N occupied orbitals € = 1,..., N are assigned to the
occupied spin-orbitals Iy, ..., Iy. Thus,
{slvo) = Z [H Pryeyee | Olepy - Chcl ) éypw)m)' (33)
peSN Le=1

Using the fermionic anticommutation relations, the creation operators are reordered into the
canonical order,

é}pu) N 'é}pw) = sgn(p) ¢, -+ . (36)

Therefore,
(Oeg, --enef - ) 10) = sgu(p), (37)

and hence

N
(slvo) = > sen(p) [[ 21, (38)
e=1

PESN

This is precisely the Leibniz formula for the determinant of the matrix obtained by selecting
from @ the rows corresponding to the occupied spin-orbitals in s

P11 Pra2 0 Pnw
B, Bry - b

(slthg) = det | 0 e (39)
Prva Prya 0 PN

Equivalently, if s o @ denotes the submatrix of ¢ obtained by selecting the occupied rows spec-
ified by s, then (s|¢)g) = det(s o ®). At this point, we have an exact expression for the wave-
function coefficients vy (s) of the ground state of a fermionic system without interactions and
without neural network.

In order to include interactions, we have to go beyond the single-particle orbitals used so far.
As a concrete example, we consider the prototypical model for interacting spin-1/2 fermions
on a lattice, see also [22]: the Fermi-Hubbard model, given by

=—tZ (e, ]a+hc>+Uannw (40)

(&

Here ¢ c and ¢, create and annihilate a fermion with spin o € {7, |} on lattice site i. The first
term descrlbes hopping between nearest-neighbor sites (i, 7) with amplitude ¢, while the second
term describes an on-site interaction of strength U between opposite spins.
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As a minimal example, we consider the two-site Fermi—Hubbard model in the N,, = 2 particle
sector with S7 = 0. The exact ground state can be written as

cos sin 6

1%0) = [W ( C1t u + Cz¢ L) + W ( mcu + CQTCu)] 10). (41)

The angle 0 is determined by

1 / 1 U
nd ( 1—1-@—1) U= (42)

For U = 0, one has § = 7/4, such that all four configurations have equal weight. In this case

the state is a single Slater determinant, (s|t)sp) = det(s o @), with

(43)

iST

I
> o4hsh
Shsk o o

Here the rows correspond to the physical spin-orbitals (1 1,2 1,1 /,2 |), and the two columns
correspond to the occupied spin-up and spin-down orbitals.

For U > 0, the relative weight of doubly occupied configurations is reduced, while inter-site
singlet configurations become enhanced. This can no longer be represented by a single Slater
determinant of the visible fermions. In order to express this state, we introduce a single (spin-
less) hidden fermion, that can occupy two possible hidden states, denoted by S and D. The
hidden orbital is chosen as & = (ctané, c)T, where c is a normalization constant. The hidden
occupation s is made explicitly dependent on the configuration of the visible fermions,

- S,  if there is no double occupation in s,
s(s) = (44)
D, otherwise.

Thus the hidden fermion selects different hidden amplitudes depending on whether the visible
configuration is singly occupied on both sites or contains a doublon. In order to obtain the wave
function of the physical fermions, we project back onto the physical Hilbert space by fixing the
hidden occupation according to 3(s), expressed as P below

ctané

N C R R
wurps) = P| 5 (eyel, + el ) 1000100 + 5= (e, + e, ) 1002l S |- 43)

The hidden fermion thus, similar to the hidden nodes in the RBM examples above, mediates cor-
relations between the physical or visible fermions and allow us to express correlated fermionic
states as the determinant of an enlarged matrix.

The two-site example illustrates the basic idea behind hidden fermion determinant states, orig-
inally introduced in Ref. [23]: one augments the physical Hilbert space by auxiliary fermionic
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degrees of freedom and then projects back to the physical Hilbert space. The hidden degrees of
freedom allow the effective determinant to depend on the visible configuration.

We will now introduce this approach a bit more generally, i.e., going beyond the toy example of
two visible and a single hidden fermion. We denote a Fock-space configuration in the enlarged
Hilbert space by [s, S), where s labels the physical fermion occupations and s labels the hidden
fermion occupations. Let @, and @;, denote the orbital matrices associated with the visible and
hidden fermions, respectively. Before projection, the wavefunction amplitude in the enlarged
Hilbert space is given by a determinant,

(s, 8| tbrps) = det (f ° 45“) . (46)
sody,

Here s o @, denotes the rows of @, selected by the occupied visible spin-orbitals in s, and so @),

denotes the rows of @;, selected by the occupied hidden orbitals. To obtain a wavefunction in the

physical Hilbert space, the hidden configuration is made dependent on the visible one, s = s(s).

This gives the projected amplitude

(s|¢mrps) = det <§(SS; f;}) : (47)
The lower blocks are configuration-dependent because the hidden occupation s(s) is chosen as
a function of the visible configuration. Thus, hidden fermions turn a fixed Slater determinant
in an enlarged Hilbert space into a configuration-dependent determinant in the physical Hilbert
space,

Yurps(s) = det M(s). (48)
In practical hidden-fermion determinant states, the lower blocks of the matrix are parametrized
by a neural network. A different view on the entire hidden fermion construction is thus that
the final non-linear activation function is a determinant [24]. From a standard machine-learning
perspective, a determinant is an unusual choice of non-linear activation. However, as we have
seen above, from a physical perspective, this choice comes very naturally, as free fermions are
captured exactly, and correlations can be encoded efficiently. An additional angle on why the
determinant can be a highly efficient non-linear activation function is that it naturally leads to
high-order correlations between the different inputs and thus visible nodes, which can, e.g.,
easily lead to a favorable entanglement scaling as discussed in more detail in Sec. 2.2.
This expressive determinant activation comes with an additional numerical cost: each wave-
function evaluation requires a determinant of the enlarged visible-plus-hidden matrix, scaling
naively as O(NJ

o). During Monte Carlo sampling, however, successive configurations often

differ only locally, so determinant ratios and inverse matrices can be updated using low-rank
formulas rather than recomputed from scratch. Recent fermionic NQS architectures exploit this
idea explicitly, trading off expressivity and efficient local updates to reach a favorable accuracy-
cost Pareto frontier [23, 25, 26].

Apart from the hidden fermion determinant states, there are other neural quantum state con-
structions in similar spirit to describe interacting fermions:
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* multiplying a fermionic reference state, such as a Slater determinant or pair-product/gemi-
nal state, by a correlation factor. This factor can be a conventional Jastrow factor or a
neural-network correlator, for example an RBM or autoregressive network [27,28].

* neural backflow, where a neural network is used to make the single particle orbitals con-
figuration dependent [29]. It has been shown that the hidden fermion determinant can be
expressed as a neural backflow state with a Jastrow factor [25].

* replacing the determinant in the above constructions by a Pfaffian, which is naturally
equipped to capture pairing [30].

The Fermi—Hubbard model discussed above is a minimal setting in which the competition
between kinetic energy and local interactions is present. The fermionic constructions dis-
cussed above, however, are not restricted to this model. They apply more generally to lat-
tice fermion Hamiltonians, including longer-range hopping [31] and interactions, multi-orbital
models [32,33], disordered systems, and all-to-all interacting fermionic models [34, 10].

The determinant- and Pfaffian-based ideas discussed above for lattice fermions also have nat-
ural analogues in continuum systems. In this setting, one often works in a first-quantized
representation, where a configuration is given by the particle coordinates R = (ry,...,ry),
possibly together with spin labels, and the wavefunction is represented directly as ¥»(R).
Fermionic antisymmetry is then imposed at the level of the coordinate-space wavefunction,
rather than through anticommuting creation and annihilation operators. A common strategy is
to combine neural-network correlation factors or backflow transformations with antisymmet-
ric structures such as Slater determinants or Pfaffians. This is the basic idea behind continuum
fermionic neural-network wavefunctions such as FermiNet and PauliNet, as well as more recent
Pfaffian—Jastrow—backflow ansitze for continuum Fermi gases [35-37]. These continuum con-
structions are conceptually close to the lattice determinant-based NQS discussed above: neu-
ral networks make the orbitals, pair functions, or correlation factors configuration-dependent,
thereby introducing correlations beyond a fixed mean-field determinant or Pfaffian. Recent
work also investigates the expressivity of fermionic neural-network architectures and asks under
which conditions antisymmetric wavefunctions can be approximated systematically by neural
ansitze [38,39].

2.2 Entanglement properties

In order to quantify the expressivity of a variational state, some measure has to be chosen. A
popular choice is the entanglement, as it provides a resource in quantum computing, plays a
crucial role in many quantum systems, and is known to be the guiding principle for matrix
product states. Typically, we consider the bipartite entanglement, i.e., we split our full system
into a subsystem A and B, trace out part B, and consider properties of the resulting reduced
density matrix p4 of part A in order to quantify how entangled A and B are. Upon writing the
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full state as a Schmidt decomposition
) =D VAl @ lvf) (49)
J

with Schmidt coefficients \;, we can write the reduced density matrix as

pa= Y e [t (i (50)
J
with entanglement energies §; = — log \;. The von Neumann entanglement entropy is then
Sa=—Trpalogpa=—Y Nlogh => \&. (51)

Note that the von Neumann entanglement entropy is just one scalar summary of the entire spec-
trum, and therefore naturally more information is contained in the full entanglement spectrum.
Often the ’amount’ of entanglement, and in particular the scaling of S, with the area (bound-
ary) and volume of the region A is considered. Interesting entanglement properties can however
go beyond this scaling, e.g., the topological entanglement entropy. For neural quantum states
on system sizes beyond exact diagonalization, the von Neumann entanglement entropy cannot
be evaluated efficiently and one resorts typically to the second Rényi entropy, which can be
evaluated based on Monte Carlo samples through the SWAP trick [40] as

Sou=—logTrp4 = — logz A2 = —log (SWAP,) . (52)

Similar to the von Neumann entanglement entropy, the second Rényi entropy is also a scalar
summary of the full entanglement spectrum. The latter is however more sensitive to the largest
eigenvalues, while the von Neumann entropy weights the tail of the distribution in comparison
more.

Matrix product states are constructed such that the bond dimension x directly corresponds to
the number of Schmidt coefficients ); that is taken into account at each bond along the one-
dimensional path through the system. Schmidt values \; with j >  are set to zero, effectively
truncating the entanglement spectrum and thereby limiting how much entanglement S, can
be represented. For neural quantum states, the natural question arises: what determines how
much entanglement can be represented by a given architecture? In order to tackle this question,
we have to be even more precise and distinguish: (i) capability — what can the architecture
represent if the best choice of parameters is found, which may provide a highly non-trivial task;
(1) trainability — (how) can we determine these optimal parameters; and (iii) typicality — how
much entanglement* does this architecture feature upon random initialization, i.e., without any
training. We discuss some results on the capability and typicality of neural quantum states with
regard to entanglement below, and refer to section 3 for more details on trainability in general.

4Or whatever other measure we want to apply to quantify expressivity.
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2.2.1 Capability

A number of research papers following different strategies has by now found that there are (at
least) two ingredients with a strong influence on the capabilities of a given architecture:

Locality.— The connectivity within the network has — at least in the context of RBMs — been
shown to determine the network’s capability to represent area versus volume law entanglement:
locality, i.e., restricting connections to a few nodes, leads to the capability to represent area
but not volume law entanglement [9]. This is conceptually similar to the case of MPS, where
locality is exploited to efficiently optimize the variational state, but also leads to the discussed
limitations regarding entanglement behavior. An RBM with long-range connectivity, which
is the standard case of each hidden node being connected to each visible node, can represent
volume law entanglement.

Non-linearity.— We have seen in Sec. 2.1 at the example of the RBM how the hidden units ef-
fectively can mediate higher-order correlation function. Beyond the concrete examples shown
above, one can also see how (higher-order) correlations between the visible units mediated
by the hidden units emerge through a Taylor expansion, see [41] for more details. Similarly,
Ref. [42] employs a Taylor expansion of the non-linear activation function to prove that an ex-
tensive number of non-linearities is necessary in a feed-forward neural network to represent
a volume law entangled state. This proof relies on the fact that only a small number of sites
is coupled in each non-linearity, such that only a finite amount of entanglement can be gener-
ated. The results of [42] are in line with earlier work emphasizing the role of the depth [43].
In Ref. [24], the standard non-linear activation function is fully replaced by an expansion in
orders of products of the visible units or correlations. This correlator transformer approach
provides a particularly clear picture on the role of the non-linearity: it is shown in [24] that
in order to represent volume law entanglement, correlations of the order of the system size
are required. Typical non-linear activation functions however have very quickly decaying pre-
factors of such high-order correlations of the visible units. The required large pre-factors can
be restored through deeper networks, where the repeated application of the corresponding non-
linearity enables higher-order correlation between the visible units.

As pointed out in [24] and [42], the determinant (and similarly the Pfaffian) in the fermionic
ansitze described above can effectively be viewed as a special non-linear activation function,
which immediately enables access to high order polynomials of the inputs. These determi-
nant and Pfaffian based constructions therefore more naturally represent states featuring high
amounts of entanglement. While this can be naturally seen through the arguments given in [24]
in terms of high order polynomials of the inputs which encode the entanglement, one can also
see this from a more physical point of view, as it has been shown that states with a Fermi surface
naturally exhibit an entanglement scaling of L¢~! log L, so a multiplicative logarithmic correc-
tion to an area law scaling [44]. The determinant construction naturally encompasses states
featuring a Fermi surface and thus the corresponding entanglement scaling.
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This favorable behavior of the determinant has also been observed in practice: Ref. [45] found
that representing the ground state of the SYK model, which features volume law entanglement,
requires an exponential in system size number of parameters if the state is represented by a
feedforward neural network. At the time, the authors concluded that neural quantum states can-
not represent volume law entangled states. A comment on this paper, Ref. [10], argued that the
failure to efficiently represent the state is due to the attempt to represent a fermionic ground
state with an architecture that is not tailored towards fermions. A complementary perspective is
provided by the role of the non-linearity: determinant-based ansitze provide high-order poly-
nomial structure from the start, and therefore offer a much more suitable inductive bias for
fermionic states with large entanglement than generic feed-forward architectures.

2.2.2 Typicality

In order to determine how much entanglement a given architecture typically features, the net-
work parameters are randomly initialized, and the entanglement entropy is evaluated without
any training. Ref. [9] demonstrates that the von Neumann entanglement entropy for randomly
initialized RBMs exhibits volume law behavior for the small system sizes considered, as long as
the ratio of hidden to visible units does not become too large. Many hidden units, and therefore
many variational parameters, may seem favorable for the expressivity of the ansatz. However,
at least in the case of random initialization considered here, more hidden units lead effectively
to a state closer to a product state because there is less dependence on the visible units [9].

In [46], different autoregressive architectures, which commonly feature a softmax as their out-
put activation function, are considered. Autoregressive architectures are designed using a chain
rule of probabilities, such that each local probability can be normalized, yielding a fully nor-
malized probability. The output activation function is therefore commonly chosen to be a soft-
max. The normalized probabilities enable perfect sampling and avoid Markov-chain Monte
Carlo sampling, i.e., there are no autocorrelations. The authors of Ref. [46] evaluate the sec-
ond Rényi entropy S5 4 for different widths of the distribution from which the random network
parameters are sampled and examine the scaling of S, 4 with the size of the region A. The
two main findings of this work are: (i) the non-linear (output) activation function matters: the
standard softmax normalization can suppress fluctuations and entanglement in randomly initial-
ized autoregressive wavefunctions, especially when the logits become large. They proposed a
square-modulus normalization as an alternative output map, which restores stronger fluctuations
and larger entanglement in the random-state ensemble; and (ii) the width of the random initial-
ization distribution can strongly affect both the entanglement of autoregressive NQS and their
subsequent VMC performance. For Gaussian-initialized RNN and autoregressive transformer
wavefunctions, the average entanglement is typically maximized at an intermediate width: too
small widths give nearly product states, while too large widths can lead, in softmax-based ar-
chitectures, to localized output distributions and suppressed entanglement. The Gaussian width
that minimizes VMC convergence time is also found at intermediate values and shifts to smaller
values as the network size increases. This suggests that initialization should be chosen with the
entanglement structure of the ansatz in mind.
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In Ref. [47], the second Rényi entropy is evaluated for randomly initialized non-autoregressive
vision transformers as well as Gutzwiller projected hidden fermion determinant states. For vari-
ous widths of the distribution from which the network weights are sampled, the hidden fermion
determinant state exhibits a higher value of the second Rényi entropy than the vision trans-
former. Simultaneously, a larger width of the distribution of the network weights consistently
leads to a higher entanglement entropy for the vision transformer, as predicted by the arguments
in [24]. From the arguments discussed in Sec. 2.2.1, a high entanglement content is expected
for the determinant based construction.

3 Training neural quantum states

In order to represent a desired quantum state, we need to find the best variational parameters 6
for the problem at hand. The procedure of optimizing these parameters is often referred to as
training, and typically consists of an iterative procedure, where the parameters are changed by
some small amount 6 in each training step. Given the representation we have (configuration
in, wavefunction coefficient out), everything is based on samples from the quantum many-body
state.

Below, we first outline how to evaluate observables using samples from the probability distribu-
tion defined by our neural quantum state. This constitutes the main tool required to implement
the variational Monte Carlo (VMC) method. The core objective of VMC is to optimize the
parameters 6 of a trial wavefunction |t)y) in order to find the best possible approximation to
our target state, e.g., the ground state of a given Hamiltonian. The same variational framework
can be used for several tasks. In ground-state searches, one minimizes the variational energy.
In real- or imaginary-time evolution, one updates the parameters such that the variational state
follows the projected time-dependent Schrodinger equation. If a target state is known, one may
instead minimize the infidelity, and if measurement data are available, one can train the NQS by
state reconstruction. In all cases, the central computational ingredients are wavefunction ratios,
Monte Carlo samples, and parameter derivatives of the log-amplitude.

3.1 Variational Monte Carlo

The expectation value of a general quantum-mechanical observable O with respect to the trial
wavefunction [t)g) is

A (19| Olthg)
(O = (Yo|te) 3)

By inserting a resolution of the identity,
> ls)(s| =1, (54)

and using the Born-rule probability distribution

[¢(s)?

2(8) = 5= (s 5)
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Fig. 3: Updating the neural network parameters according to the approximative gradient of the
energy obtained via Monte Carlo sampling.

we can rewrite the expectation value as an average over classical configurations:

(O)o = po(8)Otoc(s) = By, [Oroc(s)] - (56)
Here we have defined the local observable
_ Y W(S/)
Ote(s) = > (s]Os) R (57)

s/
This formulation allows us to estimate the quantum expectation value using a classical Monte
Carlo average. We first generate M samples {sy, ..., sy} from the distribution py(s), for ex-

ample using the Metropolis algorithm:
Our quantum state |¢)y) encodes a probability distribution over samples s given by

sl )P
Po(S) = Ty~ S e@E -

This expression defines a probability distribution over the entire computational basis. For our

Neural Quantum State ansatz, |1y), the probability of a configuration s is therefore proportional
to |19 (s)|?. We can now employ Markov-chain Monte Carlo to draw samples from this quantum
mechanical probability distribution. Starting from a configuration s, one proposes a local or
nonlocal update s — s’ and accepts it with probability

[o(s)PT(s" — s)
e(s)? T(s = s) ]

A(s — §') = min [1 (59)

where 7" denotes the proposal probability. After sufficiently many such Monte Carlo proposals
and updates, the samples follow the distribution py(s) as desired. In contrast, autoregressive
neural quantum states factorize the probability distribution as

N
po(s) = [ [ po(silsi, ... sicv), (60)
i=1
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such that configurations can be sampled directly from the normalized conditional probabilities,
without a Markov-chain. This avoids autocorrelation between samples, but imposes an order-
ing of the degrees of freedom and requires an architecture compatible with the autoregressive
factorization. This is often achieved through an explicit masking.

Upon sampling M samples from the distribution py(s), we compute the sample mean of the
local observable

R 1 A
(O~ < m; Oloc(Sm)- 61)

In order to find the ground state, we need to evaluate the expectation value of the Hamiltonian
H, which defines the variational energy, Fy = (I:I )o. The corresponding local observable is the
local energy,

Foe(s) = Z H,y ZZ (<SS)) , (62)

where
H,o = (s|H|s'). (63)

The variational energy can therefore be estimated as

1 M
Eo = By, [Bioc(8)] ~ 37 3 Floc(Sm), 8~ pols). (64)
m=1

To evaluate the local energy for a given sample s, one only needs the configurations s’ con-
nected to s by nonzero Hamiltonian matrix elements g, together with the corresponding
wavefunction ratios

Yo (s)
Yo(s) (©3)

3.1.1 Simple ground state search

For a ground state search, we want to minimize the energy, i.e., our cost function is Fjy. In
order to optimize the network parameters ¢, we must compute its gradient with respect to each
variational parameter 6. The analytic expression for this gradient, often derived using the log-
derivative trick, is given by a covariance

v9kE9 = 2Re (Epe [EIOCOI:] - Epa [EIOC]EPG [Ol:]) . (66)

This introduces a new quantity, Oy (s), which is the logarithmic derivative of the wavefunction

1 8%(5)

Ok(S) - ’lb@(s) 89k

= Op, log 1y (s). (67)

For a neural network, this derivative is readily available via backpropagation. It measures how
sensitively the log-amplitude changes under a variation of parameter 6.
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Crucially, the gradient can be estimated from the same set of M samples used to compute the
energy

| M
Vo, Ep =~ 2Re ( ZEIOC si)O;(si) ( ZElOC S; ) (M ;(9}:(51))> (68)

With the ability to compute this stochastic gradient, we can employ standard gradient-based
optimization algorithms, such as Stochastic Gradient Descent (SGD) or Adam, to iteratively
update the network parameters and minimize the energy

0+ 60— UV@EQ, (69)

where 7 is the learning rate. This iterative process of sampling, calculating the energy and its
gradient, and updating the parameters constitutes the complete VMC optimization loop.

3.1.2 Stochastic reconfiguration

Simple gradient descent updates the parameters according to the Euclidean gradient in param-
eter space. However, the physically relevant distance is not the Euclidean distance between
parameter vectors, but the distance between the corresponding quantum states. Stochastic re-
configuration (SR), an established tool in the variational Monte Carlo community, takes this
geometry into account. The basic idea of SR is to perform an approximate imaginary time evo-
lution [48] and thereby ultimately projecting onto the ground state: Let {|n)} be the eigenstates
of the Hamiltonian,

Hin) = Eyln), By<E <Ey<---. (70)

Starting from an initial state with nonzero overlap with the ground state,
[0(0) = ealn), o #0, (71)

imaginary-time evolution gives
(7)) = e ]3(0) ch ). (72)

After factoring out the ground-state contribution,

[9(7)) = e | col0) + ) ene T ny | (73)
n>0
Thus all excited-state contributions are exponentially suppressed relative to the ground state.
After normalization,

[0(7)) e
()l

Stochastic reconfiguration can be understood as projecting this imaginary-time evolution onto

0). (74)

the variational manifold spanned by the neural quantum state ansatz.
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For a small parameter update 66, we linearize the variational state as

[Wors0) = 1) + > _ 604D, |tp). (75)
k

Imaginary-time evolution, on the other hand, changes the state in linear approximation as

o) — (1 — 67H)|wp). (76)

Stochastic reconfiguration chooses 6 such that the variational change of the wavefunction best
approximates this imaginary-time step. This leads to the linear system®

Z Skl (591 = —0T Fk, (77)
l

where

S = (0;01), = (0;01) — (0}) (O) (78)

is the quantum geometric tensor, or covariance matrix of logarithmic derivatives, and
Fy, = (O3 Eioc) . = (O Eioc) — (Oy) (Eioc) - (79)
Here Oy (s) is the logarithmic derivative as before. The SR update therefore reads
60 = =67 S7'F. (80)

Equivalently, SR can be viewed as a natural-gradient method on the variational manifold. The
quantum geometric tensor or S-matrix measures how much the physical quantum state changes
when one changes the parameters 6. Compared to ordinary gradient descent, the SR update
therefore takes into account how sensitively the quantum state changes under variations of the
parameters. Note that, as SR for ground state search is based on imaginary time evolution, one
can use the same derivation to simulate a real time evolution by simply inserting the complex
in the SR equation.

Historically, SR was developed in the variational Monte Carlo community before the use of
neural quantum states, where typically only a few variational parameters are used [48]. Neural
networks on the other hand often operate with orders of magnitude more variational parame-
ters, such that the inversion of the S matrix can become computationally prohibitive. This has
motivated approximate or iterative variants of SR, including minimum-step stochastic reconfig-
uration (minSR) [49] and related linear-algebra reformulations of SR [51], which aim to retain
the geometric advantages of SR while scaling to modern deep NQS architectures.

Building on these scalable formulations of stochastic reconfiguration, several recent works have
adapted ideas from modern optimization to the SR update. The SPRING optimizer (Subsam-
pled Projected-Increment Natural Gradient Descent) combines the minimum-step formulation
of SR with randomized Kaczmarz-type updates, using subsampled projected increments to ac-
celerate the solution of the SR linear system [52]. A related direction is the MARCH optimizer

SFor a detailed derivation, see e.g. Refs. [48-50].
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(Moment-Adaptive ReConfiguration Heuristic), which further incorporates first- and second-
moment information, in analogy with the way Adam extends momentum-based gradient de-
scent. In practice, MARCH can be viewed as an adaptive-momentum variant of SR/MinSR
designed to improve stability and convergence in large-scale NQS optimizations [53]. These
scalable formulations address the cost of solving the SR equations, but they do not remove the
need for regularization: in practice, small singular values or noisy directions are still damped or
truncated to stabilize the update.

3.2 Trainability and design choices

The fact that a given network architecture has the capability to represent a certain class of quan-
tum states, such as volume law entangled states, does not necessarily imply the conclusion that a
specific or even any volume law entangled state can be found upon training the neural quantum
state. As a concrete example, for restricted Boltzmann machines, Ref. [5] showed that any prob-
ability distribution over discrete variables, and therefore the wavefunction amplitudes for any
quantum state, can be approximated arbitrarily well. However, such an approximation might
require the network weights to become extremely large, which can be very hard to optimize
to [24].

In general, beyond theoretical considerations as discussed above, these questions can be ex-
tremely hard to separate: if we perform variational Monte Carlo for example to find the ground
state of a system and do not converge to the true ground state, is the reason the limited capability
of the ansatz, or the challenging optimization landscape which keeps us from finding the net-
work parameters encoding the desired quantum state? Below we discuss some design choices
as well as possible routes towards convergence.

Reference basis.— First, one must choose a reference basis. Since the network represents
amplitudes v4(s) in this basis, the complexity of the amplitudes and phases, as well as the op-
timization problem, can depend strongly on the basis choice. A basis close to an approximate
eigenbasis can make the wavefunction compact, with most weight concentrated on a reference
configuration and physically interpretable excitations [54]. This compactness, however, is not
automatically advantageous for a generic NQS. A very peaked distribution can make sam-
pling difficult, since rare configurations may still contribute substantially to the local energy
or gradient. This sampling issue is closely related to the support-mismatch problem discussed
in Ref. [55]: even if a wavefunction is compact in a given basis, standard VMC estimators
can become unstable or biased when the sampling distribution fails to cover configurations that
are needed to evaluate local energies, gradients, or time-evolution updates. A peaked distribu-
tion can also make optimization difficult: representing near-zero amplitudes over a large part
of Hilbert space often requires large logits, weights, or biases, which may be hard to reach in
practice and can lead to ill-conditioned updates. A flatter basis distribution can therefore be
preferable, even if it is less compact, because the required correlations can be encoded with
lower-order terms and more moderate parameter values. This viewpoint is consistent with anal-
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yses of NQS basis dependence in terms of correlator, cluster, or cumulant expansions, where
the relevant question is not only how localized the probability distribution is, but how simple
the amplitude and phase structure are in the chosen basis [24, 56].

A further complication is that basis choice can affect trainability even when the target state
remains representable. KoZzi¢ et al. showed in a rotated Ising model that local basis rotations can
relocate the exact wavefunction within the variational loss landscape, increasing its geometric
distance from typical initializations and making optimization more likely to become trapped
in saddle-point or high-curvature regions. Thus, basis dependence is not only a question of
expressivity or sampling, but also of the geometry of the optimization landscape [57]. The best
basis is therefore not universally the most localized or the flattest one, but the one in which the
target state is simple for the chosen architecture, sampling strategy, and optimizer.

Reference sign or phase structure.— Second, one may build in a reference sign or phase
structure. For real wavefunctions it is often useful to separate amplitudes and signs,

U(s) = ()] S(s),  S(s) € {~1,+1}. (81)

More generally, for complex wavefunctions one may separate amplitude and phase. The sign or
phase structure can be the most difficult part of the wavefunction to learn. Supervised studies
of frustrated magnets found that learning the signs generalizes much worse than learning the
amplitudes [58], and variational studies of the frustrated J;-.J, model showed that optimization
can get stuck in low-energy states with an incorrect or overly simple sign structure [59, 60].
A common strategy is therefore to build in part of the sign structure explicitly. For bipartite
antiferromagnets, the Marshall sign rule provides such a reference sign, and it has often been
used either as an explicit gauge transformation or as a prior to stabilize NQS optimizations
[61,51]. This strategy is powerful when the reference sign is accurate, but it can also bias the
optimization if the true ground-state sign structure deviates from it.

For doped or fermionic lattice models, the sign structure becomes even more subtle. In Fock
space, the basis states already contain the fermionic operator ordering. The neural network
represents the coefficients in this fixed Fock basis. Thus, in a second-quantized formulation,
a determinant-based ansatz should not be described as “enforcing antisymmetry” of the coeffi-
cient function under particle exchange. Rather, the determinant provides a structured sign and
nodal pattern for the Fock-space amplitudes, inherited from the underlying single-particle or-
bitals or from their configuration-dependent generalizations. This can be a useful physical prior
for fermionic systems, as seen in determinant-based NQS for the ¢-J model [31]. At the same
time, studies of autoregressive RNNs for doped antiferromagnets show that the difficulty is not
only the fermionic sign: doping also enlarges the Hilbert space and can make both amplitude
and phase distributions substantially more complex [62]. More recently, Boolean Fourier anal-
ysis has provided another perspective on sign structures by expanding S(s) in parity functions,

S = Y ar]]s (82)

IC{1,..N} i€l
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In this language, sign learning is related to identifying the relevant high-order parity features.
This suggests that difficult sign structures may not be structureless, but may require architec-
tures or input features adapted to the appropriate correlators [63].

Symmetries.— Third, symmetries can be imposed either by the architecture or by explicit pro-
jection. Enforcing particle-number conservation, spin symmetries, translation invariance, point-
group symmetries, or gauge constraints reduces the effective variational space and can improve
both expressivity and trainability. Autoregressive models can, e.g., be constrained to sample
only configurations with the desired quantum numbers. In particular, U(1)-symmetric RNNs
preserve the autoregressive structure while restricting the samples to a fixed magnetization or
particle-number sector [64—66]. Spatial symmetries can be incorporated by symmetrizing the
wavefunction over the symmetry group, by targeting fixed quantum-number sectors, or by using
equivariant architectures such as group convolutional networks [67,68]. The practical tradeoff
can be computational: explicit projection over a symmetry group often requires evaluating the
ansatz on all symmetry-related configurations, increasing the cost by the size of the group. For
determinant- or Pfaffian-based fermionic states this overhead can be particularly relevant, since
each symmetry image may require an additional determinant or Pfaffian evaluation. Built-in
equivariance can reduce the overhead of explicit symmetry projection by enforcing the sym-
metry at the architectural level. For example, group convolutional neural networks implement
lattice symmetries directly through equivariant layers and have been shown to improve NQS
accuracy without increasing memory use [68]. In practice, the best-performing NQS are often
not generic neural networks, but those in which physical structure is built in from the start.

Initialization.— In order to ease the optimization problem, one can initialize the network pa-
rameters in a favorable place in the optimization landscape. This can be done by setting the
network weights according to the entries of a matrix product state [69], which can be efficiently
optimized within the capacities of MPS using the DMRG. While this is in general an intriguing
option, it can in practice limit the architectural choices of the neural quantum state. Another
option is to first perform a state reconstruction task by using data from a quantum simulator.
If the available data are projective measurements in one basis, that basis can be chosen as the
reference basis of the NQS and the Kullback-Leibler divergence or Wasserstein metric can be
minimized to match the probability distribution given by the NQS with the measured data dis-
tribution [70-72]. Going beyond snapshots in one basis is possible by either considering a few
local rotations, which can still be computed [73], or by additionally performing a minimiza-
tion to match global correlations in one or more bases beyond the reference basis [72]. These
works have demonstrated that improved convergence of the subsequent ground state search can
be achieved if the NQS is initialized using data from a state that is close to the ground state.
This advantage remains when using experimental data, where state preparation and measure-
ment imperfections can yield a data set significantly different from the ideal ground state. In
the absence of numerical or experimental data, one can also choose the random distribution and
its width in a favorable manner as discussed in Sec. 2.2, see also e.g. Ref. [46].
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Quantum geometric tensor.— One perspective on the complexity of the optimization land-
scape is provided by the quantum geometric tensor of the variational manifold (the S-matrix)
introduced in the context of stochastic reconfiguration above. Its spectrum gives local informa-
tion about which parameter directions correspond to physically distinct changes of the quantum
state. Large eigenvalues correspond to directions in which the state changes strongly, while
small eigenvalues correspond to flat, redundant, or poorly sampled directions. In the SR update,
Eq. (80), the energy gradient is preconditioned with the inverse of .S, so directions in which
a small parameter change produces a large change of the quantum state are correspondingly
rescaled.

The effective rank of the quantum geometric tensor gives an estimate of the number of linearly
independent directions in Hilbert space that are accessible by infinitesimal changes of the vari-
ational parameters and can thus be used as a diagnostic of the practical representational power
of an ansatz. If the rank saturates as the network is widened, additional parameters are largely
redundant for the target state. Note however that the relevant geometry of the variational man-
ifold evolves during training: The spectrum of the QGT can also change substantially during
training and across physical regimes, as observed for complex RBM wavefunctions in Ref. [74]
and for vision transformers and hidden fermion determinant states in [47]. The rank of the
quantum geometric tensor should not be interpreted as a global measure of the expressivity of
the ansatz. Rather, it measures the dimension of the local tangent space of physically distinct
wavefunction variations at the current parameter point. Since this tangent space changes during
training, the QGT rank is a local and trajectory-dependent diagnostic. It is nevertheless use-
ful in practice: if increasing the number of parameters no longer increases the effective QGT
rank near the optimized state, and the variational accuracy saturates at the same time, then the
additional parameters are largely redundant for the state being represented [75]. Conversely, a
growing QGT rank indicates that the enlarged ansatz provides additional independent directions
in Hilbert space that the optimizer can use. In Ref. [75], the width of the network is increased
at fixed depth to increase the number of parameters. From the QGT point of view, increasing
width and increasing depth explore different extensions of the variational manifold. Width adds
more tangent vectors of the same structural form, whereas depth changes the non-linear map
itself, as discussed in Sec. 2.2.1, and can therefore modify the tangent space qualitatively. A
saturation of the QGT rank under widening indicates local redundancy within that family, but
it does not rule out an increase of the effective rank, or an improvement in accuracy, under a
change of architecture such as adding depth.

The matrix S describes the geometry of the variational manifold, but it does not by itself de-
termine the update. The second ingredient is the force vector F}, which measures the overlap
between the tangent vector dg, [)4) and the imaginary-time direction —(H —F)|ig). Thus F
tells us which directions in the tangent space are energetically useful, while S tells us how these
tangent vectors overlap with one another. The SR equation

S0 = —nF (83)
therefore finds the linear combination of tangent vectors that best approximates the imaginary-
time update within the variational manifold. Convergence depends not only on the rank of
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S, but also on whether the force vector has support in well-conditioned directions of S. If F'
points mostly into small-eigenvalue or noisy directions, the SR update becomes unstable and
regularization is required.

In combination with the variational error and the stochastic-reconfiguration force vector, the
QGT spectrum provides a useful diagnostic of whether convergence is limited by insufficient
local expressivity, ill-conditioning, or by the global optimization landscape [74,75].

4 Concluding remarks

Neural quantum states provide a flexible variational ansatz for strongly correlated quantum
systems. Their appeal lies in the possibility of combining neural-network expressivity with
physical structure, such as locality, symmetries, reference signs, Jastrow factors, determinants,
Pfaffians, or autoregressive factorizations. At the same time, expressivity alone is not sufficient:
an architecture may be capable of representing a target state, but the corresponding parameters
may still be difficult to find in practice. More broadly, understanding how expressive different
NQS architectures really are, if and when they work well in practice, and why particular design
choices succeed or fail remains an active area of research. These notes aim to provide some intu-
ition for these questions by separating capability, typicality, and trainability, and by illustrating
how architectural ingredients such as nonlinearities, connectivity, symmetries, basis choice, and
fermionic determinant structures affect the states that can be represented and optimized. The
usefulness of an NQS therefore depends on the interplay between capability, typicality, train-
ability, sampling, and the chosen reference basis. This is both a challenge and an opportunity.
Rather than searching for a universally optimal neural network ansatz, current progress suggests
that the most successful approaches are those in which machine-learning flexibility is combined
with problem-specific physical insight. Neural quantum states should therefore be viewed not
as a replacement for traditional variational ansétze, but as a framework that can extend them in
a highly expressive form.
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