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5.2 Ulrich Schollwöck

1 Tensor networks and embedding techniques

In this lecture, I will bring together two widely used approaches to the quantum many-body
problem which take quite unrelated perspectives. After a long prehistory, tensor networks firmly
entered the realm of strongly correlated systems as described by the Heisenberg and Hubbard
model Hamiltonians in the form of White’s density-matrix renormalization-group (DMRG) in
1992 [1]. This method for determining ground states and low-lying excited states was quickly
recognized to be, ignoring some subtle details, nothing but an efficient way of variationally
determining the lowest-lying eigenstates of a Hamiltonian within a very special class of ansatz
states, so-called matrix-product states (MPS). The Hamiltonian is treated exactly, the state space
is strongly restricted. Powerful generalizations and improvements have been brought forward
over the last 30 years [2, 3].

At the same time, earlier insights into simplifications of the quantum many-body problem in
large dimensions (more precisely, in systems with large coordination numbers) [4] led Georges
and Kotliar to the formulation of dynamical mean-field theory (DMFT) as an embedding ap-
proach to the many-body problem [5–9]. Unlike tensor network methods, it approximates the
interaction part of the Hamiltonian by treating a manageable subsystem exactly while modeling
the rest of the system by an effective non-interacting “bath” and computes physical observ-
ables without explicitly calculating the many-body wave function. DMFT crucially relies on
a self-consistency condition for the determination of the bath. Its earliest predecessor is the
well-known Weiss mean-field theory of ferromagnetism, where self-consistency is achieved at
the level of spin magnetization: The interaction of one particular spin to the others is modeled
by a coupling to an effective magnetic field constant in space and time, and the self-consistency
condition is that the magnetization of that spin in the effective field must be the same as the mag-
netization leading to that effective field; after all, the chosen spin was not special. In DMFT for
electronic problems, one electronic orbital (site) is picked out and couples through electronic
hopping to other orbitals (sites). The “bath” is now time-dependent (dynamical) as opposed to
the effective field in Weiss theory, and it turns out that for many problems this is the decisive
step forward. Just like the Weiss field, which implies that we consider the other spins to be non-
interacting, the bath consists of non-interacting electrons, making the problem more treatable.
The self-consistency condition of DMFT, to be detailed below, is that the local self-energy of
the chosen orbital is the same as the local self-energy of the lattice; again, the chosen orbital
was not special. As in the case of DMRG, original DMFT has been the first step towards highly
useful generalizations of the idea of dynamical embedding, and in both cases these generaliza-
tions are the subject of intense ongoing research [7–9]. What is particularly interesting about
DMFT is that the approach also works for real systems, with the band structure of the material
under study calculated by density functional theory (DFT). The DFT band structure has issues
with strong correlations due to local interactions, but this part is dealt with by DMFT. The
DFT+DMFT method, as we may call it, has emerged as a very powerful method to study real
strongly correlated materials beyond simple Hubbard and Heisenberg Hamiltonians [9].
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Fig. 1: Impurity and bath in the NRG framework: The interacting impurity (blue) sits at the
end of a one-dimensional chain. All other sites correspond to orbitals with non-interacting
electrons, which have an on-site energy and hop to the nearest-neighbor; they form the bath.

These seemingly unrelated approaches to the quantum many-body problem come together be-
cause DMFT (and generalizations) requires for the self-consistency condition the calculation
of the local Green function of the chosen interacting orbital, embedded in the non-interacting
bath. While this is a much simpler problem than the full many-body problem, this calculation
still represents the core numerical challenge and limitation of DMFT, where actual DMFT cal-
culations spend most of their time. A substantial fraction of methodological progress has been
related to improving schemes for calculating that Green function. As the setup resembles that
of an interacting impurity in a solid with bands of (non-interacting) electrons, well-known from
the famous Kondo problem, one speaks colloquially of the “impurity problem” that has to be
solved within DMFT and of the “impurity Green function”; the methods are called “impurity
solvers”. We will use DMRG and more generally tensor network techniques, of which it is one,
as impurity solver, hence the title of the lecture.

Most numerical techniques for solving quantum many-body problems have been tried and are
used regularly for the impurity problem. Arguably the most versatile technique at the moment is
continuous-time quantum Monte Carlo, which comes in two main incarnations, treating kinetic
terms as a correction to the local interaction, or the local interaction as a correction to kinetic
terms (CT-HYB and CT-INT) [10,11]. We will speak of QMC-DMFT. Other methods are ED-
DMFT and NRG-DMFT. In the former [12], the bath is represented by a short chain of non-
interacting electronic sites, with dynamical quantities expressed through Matsubara (imaginary)
frequencies (for details, see below); calculations are based on exact diagonalization (ED). The
use of DMRG replacing ED is suggested by the fact that DMRG is able to treat larger systems
than ED. Alternatively, one can express bath properties by using real frequencies and use the
framework of the numerical renormalization group (NRG), which was specifically developed
for the Kondo problem, to solve the impurity problem [13]. The use of DMRG replacing NRG
is suggested by the fact that NRG leads to an effectively one-dimensional problem (Figure 1),
where DMRG excels. The computational scaling of DMRG is also more advantageous for more
complicated (e.g. multi-orbital) problems.

The idea of using tensor network (TN) algorithms, in particular DMRG, as an impurity solver,
is therefore unsurprisingly not recent, but goes back to the early 2000s (see e.g. [14] for an
early example; the next bigger steps came around 10 years later, see [15–18]). The two main
approaches to TN-DMFT (real-time DMFT [15–17] and imaginary-time TN-DMFT [18]) are
direct adaptations of NRG-DMFT and ED-DMFT. Despite this conceptual simplicity, TN-
DMFT has faced numerous challenges and it is only recently that it has emerged not just as a
serious competitor to other approaches, but even having a certain lead, in particular when used
in cooperation with other DMFT impurity solvers.
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I will set out by discussing some of the essentials of DMRG, MPS and tensor networks, to
set the nomenclature and also in order to develop an understanding where the methodological
bottlenecks lie. I will do the same for DMFT, but in a more compressed form as the progress
I want to describe is essentially on the tensor network side; in fact, in our calculations we use
the highly developed and refined TRIQS library [19, 20] more or less as a black box for DMFT
which in a self-consistency loop both generates the precise impurity problem to be solved and
then processes the solution we provide. There is no change to DMFT involved except for the
impurity problem module.
We will then discuss crucial improvements to earlier tensor network setups for impurity prob-
lems and more generally the calculation of spectral (Green) functions. They are at the heart of
this lecture, and in fact topics of ongoing research.
Next, I will set these improvements to work, using the example of LiV2O4 [21]. The low-
temperature properties of this material have puzzled the community for almost three decades,
and numerous explanations have been put forward. All were hampered by the fact that these
properties have no high-temperature counterpart and only emerge after a low-temperature cross-
over where several very small temperature scales are involved. In the past, DMFT (or rather,
the impurity solvers) were not able to access the crossover regime and lower temperatures.
This is now possible using TN solvers; at the higher temperatures also accessible to QMC
solvers, agreement is excellent. Most importantly, we now have an understanding of the low-
temperature behavior of LiV2O4, and a methodology which should be able to solve similar
problems quite easily.
I conclude by ongoing research which has not yet fully been integrated into TN-DMFT, but
will be so very soon: can we make calculations of spectral functions and Green functions using
real frequencies numerically less limited in reachable times, hence frequency resolution, by a
smart use of time-evolution contours in the complex plane? Current results seem to be very
promising [22].

2 Tensor networks in a nutshell

Before we dive into details, the key messages which will be required for the rest of the lecture,
are: tensor networks yield low-entanglement approximations of quantum states; ground states
and mixed thermal states are mostly weakly entangled, hence the power of tensor networks;
real-time evolutions take us quickly out of this cosy corner, making long time evolutions, hence
fine spectral resolution (which we require), a key challenge in the field.
Let us illustrate tensor networks by starting with the simplest such network, a matrix product
state (MPS): let us consider the state space of a (one-dimensional) lattice with L sites, where
the local Hilbert space of site i is spanned by site-local states {|σi⟩}. The simplest local Hilbert
spaces are the two degrees of a spin-1/2, {| ↑ ⟩, | ↓ ⟩}, or the four degrees of freedom of a local
electronic orbital, {|∅⟩, | ↑ ⟩, | ↓ ⟩, | ↑↓⟩}. Let us call the number of local degrees of freedom
d, here 2 or 4. The Hilbert space of the entire system, given by the tensor product of L local
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σ1 σL

Fig. 2: A matrix product state (MPS), the simplest tensor network state (TNS): each site (orbital)
is represented by a tensor (spherical blob), here with three indices, Mσ

αβ . The physical leg,
indicated by a vertical line, represents the local state |σ⟩; the two auxiliary legs, indicated by
horizontal lines, are contracted over when linked between tensors. The remaining scalar is the
expansion coefficient cσ1σ2...σL in Eq. 1.

spaces, then has dimension dL, and the most generic pure quantum state reads

|Ψ⟩ =
∑

σ1,...,σL

cσ1σ2...σL|σ1σ2 . . . σL⟩ (1)

with complex coefficients cσ1σ2...σL . In bulk systems we are interested in the thermodynamic
limit L → ∞, making an exact treatment unfeasible in that limit, as dL diverges exponentially.
Matrix product states (MPS) form a subset of the full Hilbert space, where the expansion co-
efficients are given by the product of matrices Mσi: at each site i, there is one matrix for each
local state |σi⟩. The most general MPS then reads

|Ψ⟩ =
∑

σ1,...,σL

Mσ1Mσ2 . . .MσL|σ1σ2 . . . σL⟩. (2)

As the matrices are multiplied, their dimensions must match between neighboring matrices; the
first and last matrix must be row and column vectors, such that the total product is a scalar
cσ1σ2...σL . We can immediately think about generalizations: we read the local objects as (three-
legged) tensors Mσ

αβ where the “auxiliary indices” α and β are contracted with neighboring
tensors. We can have, e.g., five-legged tensors Mσ

αβγδ, with four auxiliary indices, which link
to four other tensors, sitting on the nearest-neighbor sites of a square lattice; ultimately the
state coefficients result from contracting over all of the auxiliary indices. An MPS is shown in
Figure 2.
It can be shown easily [3] by applying singular value decompositions (SVDs) to coefficients
cσ1σ2...σL that each state can be expressed exactly as an MPS. The price to pay is that towards
the center, the matrices become exponentially large, with the largest dimension being dL/2,
so nothing seems to be gained. The interesting observation is that many quantum states can
be expressed almost exactly by much smaller matrices that are limited to some dimension of at
mostD×D, whereD is somewhere inO(100) toO(1000), for which matrix multiplications are
fast and efficient, as they scale as D3. The effective number of coefficients is then O(dD2L),
no longer exponential in system size.
Why is this? It turns out (we only need the result) that if the matrices are chosen to obey certain
normalization conditions (always possible), each chain can be partitioned between site ℓ and
ℓ+1 into parts A and B and the MPS be written as

|Ψ⟩ =
∑

α

sα|α⟩A|α⟩B (3)
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where sα ≥ 0,
∑

α s
2
α = 1 and the states

|α⟩A =
∑

σ1...σℓ

(Mσ1Mσ2 . . .Mσℓ)1,α|σ1 . . . σℓ⟩ (4)

|α⟩B =
∑

σℓ+1...σL

(Mσℓ+1Mσℓ+2 . . .MσL)α,1|σℓ+1 . . . σL⟩ (5)

form orthonormal sets within A and B. This is a so-called Schmidt decomposition. Imagine you
have an exact MPS, then the sum will run over an exponential number of values α. It turns out,
however, that for many states of interest (ground states and low excitations of Hamiltonians with
short-ranged interactions) the values of the (ordered) sα decay very quickly to exponentially
small values, and only a minuscule amount actually contributes to the state. In fact, the reduced
density matrix for A reads

ρ̂A =
∑

α

s2α|α⟩AA⟨α|, (6)

such that errors in observables become negligible if we restrict ourselves to the D largest values
sα, which imposes a compression condition on the matrices Mσ with very little actual loss. As
the von Neumann entropy of entanglement of A and B is given by

SvN = −trA ρ̂A ln ρ̂A = −
∑

α

s2α ln s
2
α, (7)

a quickly decaying spectrum of the sα corresponds to weak entanglement between A and B.
This link is not mathematically rigorous (it is easy to construct counterexamples [23]), but effec-
tively holds for all states we are encountering in actual systems. The quickly decaying spectrum
then reflects the so-called area law: while thermal entropy scales as the volume of a system, the
von Neumann entropy of low-lying states (of gapful Hamiltonians) scales only as the surface
area between A and B [24]. In one dimension, the surface is a point, and entanglement and the
computational complexity of the state (which is roughly exponential in entanglement) do not
increase, hence the extreme power of MPS for such systems. In two dimensions, entanglement
scales as L for a system of size L×L; the required matrix dimensions then grow exponentially
in L, strongly limiting performance of MPS in two dimensions (other TNs do not have this
issue, but are otherwise computationally much more demanding).
In this lecture, we are concerned with time-dependent Green functions, which require a time-
evolution of a quantum state. It is also known that the states obeying the area law form a
(non-empty!) set of measure zero in Hilbert space in the thermodynamic limit, which happens
to contain the most interesting states for us. Time evolution will take us inevitably out of
this comfortable, but minuscule corner of Hilbert space. In the worst case, entanglement will
grow linearly in time, hence required matrix dimensions D grow exponentially in time. This
very strongly limits the reachable times. In the case of spectral functions, the entanglement
growth is more benign (logarithmic), but still dimensions D will grow with some power law
in time, imposing a strong restriction on reachable times. This limitation, of course, limits the
resolution we may achieve in frequency space and is therefore the central bottleneck of the
following discussion.
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Fig. 3: A matrix product operator (MPO): on each site (orbital), we have a tensor (square
blob), now with four indices, W σσ′

αβ . The physical legs, indicated by vertical lines, represents
the ingoing and outgoing local states |σ(′)⟩; the two auxiliary legs, indicated by horizontal
lines, are contracted over when linked between tensors. When applying an MPO (auxiliary leg
dimension DO) to an MPS, a new MPS results, but with auxiliary leg dimension DOD.

Finding ground states within the ansatz class of MPS for a given Hamiltonian is what DMRG
does, and we can treat this as a black box here. Similarly, there is a large number of methods for
the time evolution of MPS [25], which are contained as black boxes in available tensor network
codes. As we will push those to the limit, at least a minimal understanding is useful. We want
to calculate |Ψ(t)⟩ = e−iĤt|Ψ(0)⟩ with results also at intermediate times.
The earliest algorithms [26–29] all built on the idea of the Trotter decomposition. In its simplest
incarnation, it runs as follows: we decompose the time evolution into small timesteps ∆t. If
the Hamiltonian decomposes into local Hamiltonians acting on a few neighboring sites as Ĥ =∑

j ĥj , at least the neighboring local Hamiltonians will not commute in non-trivial problems,
[ĥj, ĥj+1] ̸= 0. A decomposition of the exponential is therefore not exact,

e−iĤ∆t = e−i
∑

j ĥj∆t ≈
∏

j

e−iĥj∆t, (8)

but the error is of order (∆t)2 and can be made arbitrarily small (and smarter Trotter decompo-
sitions exist).
The more relevant error, however, comes from the increasing entanglement of the time-evolving
state. Technically, this manifests itself as follows (for details, see [3, 25]): the factorized time-
evolution operator can be expressed as a matrix product operator (MPO), which looks like an
MPS, but with two physical legs, one for the ingoing physical state and one for the outgoing
state. It can be applied to an MPS by contracting over physical legs, and a new MPS results
with matrix dimension DOD, where DO is the matrix dimension of the MPO. This state (its
MPS representation) has to be compressed back to some matrix dimension D′, at an acceptable
loss of accuracy, to keep it numerically tractable. Growing entanglement manifests itself by
growing D′ if we want to keep a certain accuracy, or declining accuracy if we limit D′ to some
maximum value. Either way, this is the key bottleneck and it represents physics, not some
algorithmic short-coming.
When using more recent time-evolution methods such as TDVP (time-dependent variational
principle), which has become pretty much the standard by now [25], both the time-stepping
error and the entanglement growth problem persists, but TDVP is much better at treating longer-
ranged interactions and overall substantially faster. Another approach, the Krylov space method,
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which we will discuss below, will allow us to circumvent certain unexpected problems arising
from time-stepping; the entanglement issue persists. We will discuss one way out of this generic
problem, linear prediction, further below; it is quite specific to Green functions and spectral
functions, but this is what we want to calculate.

3 DMFT in a nutshell

Let us now turn to a similarly concise presentation of DMFT, as it has been presented numerous
times in this lecture series over the years (most recently in [8, 9]). Even more importantly, the
fine details do not matter to us and are best taken care of by the mentioned standard open-source
packages. We mainly discuss where and how TNS (mostly MPS) come into play.

Imaginary-time TN-DMFT. This approach simply adapts the approach of [12]. There, frequency-
dependent quantities are expressed as a discrete set of values at the imaginary Matsubara fre-
quencies iωn, where ωn = π(2n+1)/β with β = (kBT )

−1; they become dense as we approach
T = 0.
Let us start from the Green function of the non-interacting part of the Hubbard Hamiltonian
which has a dispersion relation εk (which we may have obtained from band structure, as given
by DFT). The chemical potential µ is chosen to give the correct filling. Then G0

lattice(k, iωn) =
(iωn+µ−εk)−1, a standard result. When switching on the interaction, this modifies the Green
function through the self-energyΣlattice(k, iωn). Let us assume we know it, thenGlattice(k, iωn) =(
iωn+µ−εk − Σlattice(k, iωn)

)−1. By a Fourier transformation, we can find the local lattice
Green function at position 0 (which we take to be the location of the impurity), which we call
Gloc, as

Gloc(iωn) =
∫

dk
1

iωn + µ− εk −Σlattice(k, iωn)
. (9)

The central approximation of DMFT is that Σlattice does not depend on k, Σlattice = Σlattice(iωn),
and that the momentum dependence of the Green function only enters through the non-interacting
dispersion relation εk. Then

Gloc(iωn) =
∫

dk
1

iωn + µ− εk −Σlattice(iωn)
, (10)

where we still have to find Σlattice(iωn), which is done through self-consistency: the local self-
energy of the lattice must be the same as the local self-energy of the interacting impurity whose
electrons are exchanged with the bath,

Σlattice(iωn)
!
= Σimp(iωn) (11)

(Of course, we have to have Σimp(iωn); at some point, we must start with an educated guess.)
Now the local lattice Green function must be close to the local Green function of the impurity,
which is no special site, just one we picked, Gimp(iωn)

!
= Gloc(iωn). The impurity Green

function reads
Gimp(iωn) =

1

iωn + µ− Λ(iωn)−Σimp(iωn)
, (12)
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where the hybridization Λ(iωn) encodes the hopping of electrons between impurity and bath.
As we have both Gimp(iωn) and Σimp(iωn), we can determine Λ(iωn) from Equation (12).
It can be shown that for Lb non-interacting bath sites with on-site energies εl and hopping
amplitude Vl between impurity and bath site l, the hybridization function is given by

Λdiscr(iωn) =
Lb∑

l=1

|Vl|2
iωn − εl

. (13)

We turn this relationship around and find for given Lb (typically small, O(10) or so) Vl and εl
such that Λdiscr(iωn) approximates Λ(iωn) as closely as possible, i.e., minimizes

χ =
1

N

N∑

n=1

∣∣Λ(iωn)− Λdiscr(iωn)
∣∣2 (14)

or some similar cost function (one may place different emphasis on the Matsubara frequen-
cies, typically only the smaller Matsubara frequencies are considered, as the large-frequency
behavior is universal).
Now comes the moment of the TN impurity solver. We consider the Hamiltonian Ĥ formed
from the impurity site with its local microscopic interaction at position 0 and the bath sites
at positions 1 through Lb, with on-site energies εl and hopping Vl between 0 and l. For this
Hamiltonian, we use DMRG to find either the ground state |ΨGS⟩ (for a T = 0 calculation) or
the thermal density operator (for T > 0) by an imaginary time evolution, as described below.
Starting from this (mixed) state, we determine the retarded Green function of the impurity
in imaginary time as (here written for the ground state; the thermal expression is a simple
adaptation, because we will represent mixed states as pure states, see below; we also suppress
spin indices)

Gp(τ) = −Θ(τ)
〈
ΨGS

∣∣ ĉ0e−(Ĥ−E0)τ ĉ†0
∣∣ΨGS

〉
, Gh(τ) = Θ(−τ)

〈
ΨGS

∣∣ ĉ†0e(Ĥ−E0)τ ĉ0
∣∣ΨGS

〉

(15)
such that

Gimp(τ) = Gp(τ) +Gh(τ), (16)

where Θ(τ) is the Heaviside step function. At this moment, the use of the TN impurity solver
is complete. We obtain the impurity Green function in Matsubara frequencies as

Gimp(iωn) =
∫ ∞

−∞
e−iωnτGimp(τ). (17)

We now obtain the self-energy Σimp(iωn) from Dyson’s equation

Σimp(iωn) = (G0
imp)

−1(iωn)−G−1
imp(iωn), (18)

where G0
imp(iωn) is the impurity Green function if we switch the interaction on the impurity site

off. We have closed the self-consistency loop! It turns out that we need O(10) iterations of the
loop to converge the result. Imaginary-time TN-DMFT was pioneered in [18], and has been
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applied in various cases, culminating in [21], which will be detailed as a test case below. The
key advantage of imaginary-time TN-DMFT is that imaginary time-evolution is much more
benign than real-time evolution and that the bath sizes are quite small. The downside is that
any quantity on the real-frequency axis can only be obtained by analytical continuation from
the imaginary to the real axis, which is numerically unstable and also the key issue with QMC-
DMFT, in particular for very low frequencies.

Real-time TN-DMFT. Historically this approach, which is in fact numerically more challeng-
ing, predates imaginary-time TN-DMFT. It was inspired by NRG-DMFT, which works on the
real-frequency (energy) axis and does not suffer from the drawbacks of analytical continuation.
NRG-DMFT also excels at the lowest temperatures; however, it is handicapped by structural
constraints that lead to an explosion of computation time for the study of interesting materi-
als and is not good at larger frequencies. As NRG can be formulated as a very special MPS
algorithm, the use of real-time TN-DMFT promises better performance.
Compared to imaginary-time TN-DMFT, the main changes are that local bath and impurity
Green functions, the local bath and impurity self-energies, and the hybridization function are
functions of ω instead of iωn. The hybridization function is represented by a bath in a different
way: let us take an electronic band of some bandwidth 2D (D not to be confused with the matrix
dimension D), and discretize it into Nb intervals Il which in the simplest case have equal size,
but different choices are possible (in NRG for instance, intervals become exponentially small
close to the Fermi edge, a key ingredient for the success of NRG). The local site energy and the
hopping between impurity and bath energy interval is given by

|Vl|2 = −
∫

Il

dω
1

π
Im∆(ω) (19)

εl = − 1

|Vl|2
∫

Il

dω
1

π
ω Im∆(ω) (20)

The required bath sizes Nb are much larger, of the order of a few hundred sites, because we
have to discretize energies on a very fine grid. We cannot really expect information lost by
coarse-graining in energy (frequency) space to miraculously reappear. Also, the spectral func-
tionA(ω), essentially the imaginary part of the Green function, contains a lot of fine structure to
be resolved: in principle, it consists of a dense set of δ-peaks for T → 0. (All this information
is smoothened out and hidden across all imaginary frequencies when analytically continuing
from the real to the imaginary axis, which makes the reverse procedure so difficult.)
From the pure TN perspective, the key difference is that time evolutions are now in real time,
e.g.,

Gp(t) =
〈
ΨGS

∣∣ ĉ0e−i(Ĥ−E0)tĉ†0
∣∣ΨGS

〉
. (21)

Numerically, this is very challenging due to strong entanglement growth, hence achievable sim-
ulation times are quite limited. Nevertheless, the method has been successfully applied to two-
orbital problems [15–17] and materials with three and more orbitals, starting with [30], albeit
with limited frequency resolution.
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Fig. 4: Mapping the bath: On the left is the natural star-like structure of the problem: an
impurity (orange) is linked by hopping to bath orbitals (blue). This can be mapped on to a
chain with nearest-neighbor hopping by tridiagonalization (center); we call this the “chain
geometry”. It can also be simply translated into long-ranged hoppings by flattening the star
(right); we call this the “star geometry”.

4 Bath representations: chains, stars, forks and trees

The label “tensor network” reflects that we consider states on graphs to whose vertices we
attach local Hilbert spaces; they can be site or orbital, momentum or energy local; the first is
the most frequent case. This leaves a large amount of freedom: what graphs do we consider?
How do we arrange the orbitals on the graph? In some cases, like when we are interested in
a one-dimensional nearest-neighbor hopping Hubbard model, the choice is pretty obvious: we
choose a one-dimensional chain, and put adjacent orbitals on adjacent vertices; then we have
on-site interactions and hopping to the neighboring vertices. In many other cases, like ours, the
answer is not so clear; rigorous results hardly exist.

Tensor network algorithms like DMRG exploit gauge degrees of freedom for the local tensors
which allow us to give them very convenient (generalized) orthonormality properties [3] which
both accelerate and numerically stabilize algorithms: many calculations can be avoided and
replaced by exact analytical results. These orthonormality properties rely on the absence of
loops in the graphs. Hence, quite generally, we prefer to work with chain-like tensor networks,
which we already discussed (Figure 2), and tree tensor networks to be discussed below (Figure 6
shows two cases important for us). This lecture will entirely focus on loop-free networks.

Single-orbital setup. For a single-orbital problem (one relevant electronic band), the choice is
between a chain or a tree-like structure. Almost all experience so far is on chains in this case,
and we will only consider those. There is then the question how we arrange the bath orbitals
(sites). The simple impurity problem is given by one impurity orbital with interacting electrons;
these electrons can hop back and forth between the impurity orbital and one of many bath
orbitals; there is no hopping between the bath orbitals themselves and the electrons on the bath
orbitals are non-interacting (these are highly delocalized bath states), so the physics suggests a
star-like structure as shown on the left of Figure 4.

How do we map this to a linear tensor network? We leave the impurity orbital untouched and
put it on one end. Standard wisdom is that hopping entangles parts of a system, so it should
be convenient to map the bath to a linear object with short-ranged hopping. In fact, any non-
interacting problem can be brought into tridiagonal form, where the diagonal represents on-site
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Fig. 5: Occupation numbers in a T = 0 bath with an impurity.

energies and the two off-diagonals a nearest-neighbor hopping. This tridiagonalization step is
routinely employed in NRG [31], and the resulting Hamiltonian formally resembles a Hubbard
chain with on-site energies and nearest-neighbor hopping (shown in the center of Figure 4). On
the other hand, we could simply place the bath orbitals one after another on the chain, leaving
the star-structure unaffected (shown on the right of Figure 4). The price to pay are long-ranged
hopping terms, which are harder to implement and should lead to faster entanglement. Or so it
seems. In fact, it turns out that the entanglement growth is much faster in the chain geometry,
hence the required computational resources are much larger.
Why is this? Figure 5 has the answer. Unlike in a typical Hubbard model problem, on which
most intuition has been developed, and in fact unlike the chain geometry setup, where there
is the same (or no) on-site energy on each site after tridiagonalization, in our case, the on-site
energies are spread widely. In a real-frequency TN-DMFT, one encounters at T = 0 occupation
numbers as shown in Figure 5 if we order the sites l from small to big on-site energy εl: the
low-lying orbitals contain 2 electrons, the high-lying orbitals none, and the edge would be
sharp in the absence of the impurity. Coupling to the impurity broadens the step. This blocks
the dynamics on almost all sites except close to the step: there are either no electrons that can
hop or electrons cannot hop into the full orbital. This dynamical blocking without counterpart
in the “normal” Hubbard model strongly suppresses entanglement growth.

Multi-orbital setups. In many cases of interest, the band structure around the Fermi level is
dominated by multiple bands. For instance, in transition metals, there are 5 3d-bands; effects
like crystal symmetry breaking often separate groups of 3d-bands by energies such that only one
group needs to be considered, often leading to 3-band or 2-band situations. In such cases, each
of the orbitals of the “impurity” (n orbitals of interacting electrons for a n-band setup) connects
to one (sometimes more, e.g., in the presence of spin-orbit coupling) of the n bands (represented
by one bath each). Of course, one may represent n baths by n linear tensor networks which are
joined into one huge linear structure. This means, however, that cumbersome, extremely long-
ranged hoppings appear, in particular in real-time TN-DMFT with its large baths.
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Fig. 6: Fork tensor network (left; from [30]) and T3NS (three-legged tree tensor network; right).
Note that the fork shows a two-orbital problem where the spin-up and spin-down electrons have
been put into separate baths for each band, which is often numerically advantageous. In the
T3NS we distinguish two types of tensors, “physical” (red or black), with two auxiliary and
one physical leg, as in an MPS, and “geometrical” (grey), which have three auxiliary and no
physical leg, carrying the structure of the tree. The red tensors show where the impurities could
sit in a five-band problem.

A natural answer is provided by fork tensor networks [30]: One arranges the 3 or 5 interacting
orbitals “vertically”, and the bath orbitals which represent the 3 or 5 bands fan out “horizon-
tally”, which resembles a fork (left part of Figure 6). The big advantage of this setup is that it
contains no loops and places corresponding bath and impurity sites in proximity; it is a special
case of a tree tensor network. This setup has allowed important progress in DMFT calculations
for transition metal oxides. There is, however, one big disadvantage: while all bath sites and
the first and last impurity orbitals are represented by three-legged tensors, as in an MPS, with
computational cost scaling as D3, the central impurity orbital(s) yield four-legged tensors (one
physical and three auxiliary legs), such that computation cost scales as D4. Given that D can
be pretty large, O(100) or even O(1000), the calculation cost for this single tensor will become
dominant at some point.

A way out, pioneered by [32] (and first used in [33], slightly modified, in the present context),
are T3NS (three-legged tree tensor network states); right part of Figure 6. They sit on a tree-
tensor network where every tensor is three-legged. This is achieved by introducing two different
types of vertices on a graph, physical vertices which connect to two other vertices and have one
physical leg, and “geometrical” vertices which carry the branching structure: they connect to
three other vertices and have no physical leg. In the worst case of extreme branching, the number
of vertices is doubled, but this factor 2 in computational cost vastly outweighs the disadvantage
of four-legged tensors, which actually increases with the number of bands. In a T3NS one
has the additional advantage that one can represent the bath sites efficiently by trees instead of
chains; for very large baths in real-time TN-DMFT this may hold considerable advantage.
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5 Time evolution: Finite temperatures, linear prediction,
time steppers

Finite temperatures. Most tensor network calculations are concerned with ground states or
the time-evolution of pure states prepared in, say, cold atom experiments. On the other hand,
many materials present interesting cross-overs in their properties, as there are competing en-
ergy scales; the smaller scales, which often correspond to interesting collective behavior, be-
come more prominent as temperature is lowered and thermal effects no longer “smear out”
these scales. It is therefore relevant to be able to calculate spectral functions at any non-zero
temperature. There are several techniques for that. The historically oldest technique is called
purification [29] and transforms any mixed state into a pure state, to which conventional ten-
sor network techniques can be applied. Consider some density operator ρ̂ on a system S. Its
eigendecomposition reads

ρ̂S =
∑

α

pα|α⟩SS⟨α|, (22)

where the (real) pα sum to 1, and where the states {|α⟩S} live in the Hilbert space HS of the
physical system S. We now “double” the physical system by creating an environment E which
has the same Hilbert space as S, HE = HS , so we can identify 1-to-1 states |α⟩S and |α⟩E in S
and E. In this larger Universe SE, we introduce a pure state

|Ψ⟩SE :=
∑

α

√
pα|α⟩S|α⟩E; (23)

then the mixed state of S is given by the partial trace over E of the pure state projector given by
|Ψ⟩SE:

ρ̂S = trE
(
|Ψ⟩SESE⟨Ψ |

)
. (24)

This allows us to replace all calculations using mixed states by familiar pure-state calculations,
at the cost of working in a universe double the size of the system, for instance

⟨ÔS⟩S = trSÔS ρ̂S = trSÔStrE
(
|Ψ⟩SESE⟨Ψ |

)
= trSEÔS|Ψ⟩SESE⟨Ψ | = SE⟨Ψ |ÔS|Ψ⟩SE. (25)

Similarly, and relevant in our case, the real-time evolution of a density operator,

ρ̂S(t) = e−iĤStρ̂S(0)e+iĤSt, (26)

becomes a pure-state real-time evolution of |Ψ⟩SE ,

|Ψ⟩SE(t) = e−iĤSte−iĤEt|Ψ(0)⟩SE, (27)

where ĤE can be any hermitian operator. It turns out that the choice of ĤE strongly influences
the amount of entanglement, hence the dimensions of the MPS and the computational cost.
Without a rigorous mathematical proof, the best choice is to set ĤE = −ĤS . A hand-waving
argument is to consider the time-evolution of a purified projector on an eigenstate of ĤS: it
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is exactly for this choice of ĤE that the purification stays invariant, hence maintains constant
entanglement as it ideally should for an energy eigenstate evolving in time.
The problem is of course that we usually don’t know the eigenrepresentation of ρ̂S; if we did,
we could solve everything directly. In the case of a thermal density operator ρ̂S(β) = e−βĤS

there is a simple constructive procedure: we can write

ρ̂S(β) = e−βĤS/2 · Î · e−βĤS/2 (28)

where (up to normalization!) the identity operator Î is the infinite-temperature density operator
ρ̂S(0). An imaginary time-evolution up to times −iβ/2 can be carried out by standard time-
evolution tools and is in fact numerically advantageous: all numerical errors are damped out
exponentially. It therefore remains to purify the identity. But this is very simple: assuming that
HS is a tensor product of local state spaces H1

S of dimension d (works in our use cases), the
identity, normalized to 1, is purified by

|Ψ(0)⟩1SE =
1√
d

∑

σ

|σ⟩S|σ⟩E, (29)

where we couple states in S and E pairwise with equal weight. This can be represented as
a MPS of dimension D = 1 (build this as an exercise; or check for instance [3]) and can be
written down by hand. In fact, smart choices of pairs enables the introduction of good quantum
numbers for a drastic speed-up: for instance, for a spin-1/2,

|Ψ(0)⟩1SE =
1√
2

(
|↑ ⟩S|↓ ⟩E − |↓ ⟩S|↑ ⟩E

)
(30)

is a purification which conserves both magnetization and total spin. The purification of the
normalized identity on all of S is then simply the tensor product of these states on all sites.

Linear prediction. Either due to entanglement growth (as the dominant problem) meeting lim-
ited computational resources or due to accumulating numerical errors, high-accuracy calcula-
tions are strongly limited in time. This is a crucial problem: take a correlated metal. The main
energy scale is set by the bandwidth, which is often of the order of 1 eV (corresponding to a
temperature of 11 600 K). At the same time, many correlation effects are on energy scales of
the order of 1 meV (or about 10 K). This means that we have to resolve frequencies down to
0.001 or less of the typical frequency set by the bandwidth, or times that are about 1000 times
the typical time scale (like the inverse hopping in the Hubbard model). Similarly, we have to
access temperatures being a similar fraction of the dominant temperature scale.
At the moment, no tensor network time-evolution for non-trivial problems gets anywhere near
that. A powerful, but also quite simple technique that allows to extend the time range by a factor
of 10 or so for specific time-dependent quantities is provided by linear prediction [34]. Let us
assume that we have a time series of values xn at times n∆t, n = 1, . . . N. We make the bold
assumption that the values xn are for any n a fixed linear combination of p previous values,

xn
!
= −

p∑

k=1

akxn−k. (31)
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We obtain the {ak} by using available data xn and choosing the {ak} to provide the opti-
mal fit over some training set of {xn}, typically excluding short-time behavior. Once we
have the {ak}, we can predict xN+1 =

∑p
k=1 akxN+1−k from data up to xN , and extend this

prediction iteratively as long as we wish. Formally, we can introduce a column vector with
xn = [xn−1 . . . xn−p]

T and a matrix

A =




−a1 −a2 . . . −ap
1 0

0 1
. . .

. . . . . . 0

0 1




(32)

such that xn+1 = A·xn and xn+m = Am·xn. The last equation indicates that the time series is
given by a superposition of p oscillating exponential decays,

xn+m =

p∑

ν=1

cνe−i(ων−iην)mxn. (33)

But this is ideal for the calculation of time-dependent Green functions: they usually have the
form

G(k, ω) =
1

ω − εk −Σ(k, ω)
(34)

where the complex self-energy Σ(k, ω) determines where the poles of G(k, ω) sit. Assuming
we have a single pole at ω1−iη1, the Fourier transform from frequency to time yields

G(k, t) = c1e−i(ω1−iη1)t, (35)

and a superposition of such terms for multiple poles. But this is exactly the form of the time
series of linear prediction; it is hence perfectly suited for our purpose.

Time steppers, beware! Perhaps the biggest surprise (which should not have been one) encoun-
tered in imaginary-time TN-DMFT was the problematic use of time-steppers: as discussed,
most time-evolution methods rely on partitioning the object e−Ĥτ into small timesteps e−Ĥ∆τ

and factorizing (“Trotterizing”) this expression. The Trotter error is given by some power in
∆τ , which we therefore control very well; it can be made very small.
The Fourier transformation of the Matsubara Green function G(ω) = −⟨T ĉ(0)ĉ†(τ)⟩, where
T is the time-ordering operator, reads for large frequencies exactly 1/i|ω|. This reflects the
jump of 1 at t=0 due to time-ordering and the fact that fermionic operators anticommute, hence
a fundamental quantum property. Yet, using time stepper methods naively, one finds that the
numerator deviates substantially from 1. This is not a consequence of the Trotter errors as such.
Assume that the value of G(τ) is exact at each timestep τn = n∆τ . How do we interpolate
between these values? This is important because the statement that “short times correspond to
large frequencies” in a Fourier transformation is not precise: large frequencies correspond to
short time intervals in sampling; in fact, this is the origin of the wrong large-ω behavior.
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Fig. 7: Time stepper problem (left): even if we know G(τ) exactly at certain points in time, how
do we interpolate? After proper time evolution (right): for some Green function calculated both
by MPS and QMC, we find that ImG(iωn)ωn approaches −1 correctly for large ωn; the QMC
results exhibit statistical noise around the MPS results (see second inset).

The changes in G(τ) are largest for small times, and therefore reducing timesteps is important
for small t. Naive reductions of ∆τ in time-stepping methods increase computation time drasti-
cally and numerical errors somewhat. An alternative approach, which we use for short times be-
fore switching to time-steppers is the Krylov method, which we formulate here for real-times (so
that there is no misunderstanding that it applies to real and imaginary time-evolutions): assume
we want the time evolution of some state, |ψ(δt)⟩ = e−iĤδt|ψ(0)⟩; inspired by a Taylor series
expansion of the evolution operator (which is not advisable), we iteratively build a Krylov-basis
of Hilbert space by performing an iterative Gram-Schmidt orthogonalization of the sequence
{|ψ(0)⟩, Ĥ|ψ(0)⟩, Ĥ2|ψ(0)⟩, . . .}, leading to Krylov basis vectors |q0⟩, . . . , |qm−1⟩. This be-
comes computationally very expensive with increasing powers of Ĥ , but m less than 10 easily
suffices. We then get highly exact results by evaluating e−iĤδt|ψ(0)⟩ in the subspace spanned
by the (incomplete) Krylov basis: by the Gram-Schmidt construction, the Hamiltonian is tridi-
agonal in the Krylov basis, αn = ⟨qn|Ĥ|qn⟩ and βn−1 = ⟨qn|Ĥ|qn−1⟩. If we introduce the
matrix Qm = [|q0⟩|q1⟩ . . . |qm−1⟩] with the Krylov vectors as columns, the projected Hamil-
tonian matrix Tm = Q†

mHQm has dimension m×m and is tridiagonal. It can then be shown
that

|ψ(δt)⟩ ≈ Qm exp(−iTmδt)|e0⟩, (36)

where |e0⟩ = [1 0 0 . . .]T. Now, as m is small and Tm almost trivial to diagonalize numerically,
we can calculate at essentially no cost any time-evolution not just for δt, but also smaller times,
at the same or even higher accuracy; in other words, we get arbitrarily small time steps at almost
no extra cost. There is then no need to guess an interpolation of G(t), and results become
excellent.

It turns out that the recipe of using Krylov time evolution for short times before switching to
faster methods for longer times immediately resolves the large-frequency problem in G(iωn).
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Fig. 1| Heavy fermion behavior of LiV2O4. a-d, Representative electronic band 

structures of the free electron model (a); flat band induced by geometrical frustration in the 

kagome lattice (b); hybridization between localized f-electron and itinerant electrons (i-

electrons) (c); and bandwidth renormalization induced by strong electron correlation via 

intraorbital Coulomb (U), interorbital Coulomb (U’), and Hund’s coupling (JH) (d). The red 

dashed curve corresponds to the bare band dispersion without electron correlations. e, Crystal 

structure of LiV2O4 composed of VO6 octahedra and LiO4 tetrahedra. The V atoms form a 

frustrated pyrochlore network. f, Heavy Fermi liquid behavior of LiV2O4. The temperature-

dependent electrical resistivity (red circles) shows a coherent-incoherent crossover while the 

electronic specific heat C/T (blue circles) shows a large Sommerfeld coefficient g » 420 mJ/mol 

K2. Inset shows rxx versus T2 plot (red) and T2 fitting result (green). g, The Kadowaki-Wood 

ratio of various materials, defined as the ratio of the coefficient of the T2 term in electrical 

resistivity and g2. LiV2O4 lies close to f-electron heavy fermion systems (green circles and line). 

Orange and blue circles represent the Kadowaki-Wood ratio of transition metals and oxide 

compounds, respectively. The value of the Kadowaki-Wood ratio was adapted from ref.47. 

Fig. 8: Lithium vanadate LiV2O4: (left) Due to its crystalline structure, the degeneracy of the
5 3d orbitals of Vanadium is lifted; the Fermi surface crosses two degenerate eπg and one a1g
orbital. (right) The surprising feature of lithium vanadate is that in a plot of the Kadowaki-Wood
ratio of A, the T 2-coefficient in electrical resistivity, and γ2, the (square of the) Sommerfeld
coefficient in the electronic specific heat capacity, it sits right on the line defined by heavy
fermion materials (from [35]).

6 Test case: LiV2O4

Let us illustrate the previous discussion by a material, where in my opinion, tensor networks
have for the first dime decisively outperformed competing impurity solvers and been crucial in
elucidating (new) physics [21], as opposed to previous calculations, where quantitative improve-
ments in performance and accuracy were achieved without making a real qualitative difference.
At the same time, the cooperative concurrent use of competing impurity solvers served as an
excellent mutual benchmark in regimes where several methods work, providing confidence in
the validity of the approaches.

The material in question is LiV2O4, which we will call lithium vanadate in the following, al-
though there are further lithium vanadates with other stoichiometric coefficients. The relevant
orbitals around the Fermi edge are the 5 d-orbitals of vanadium. Due to the local symmetry pro-
vided by the crystalline structure (Figure 8), these 5 orbitals are not degenerate, but split into 2
eσg orbitals, 2 eπg orbitals and one a1g orbital. The resulting bands are such that the 2 bands from
the eσg orbitals are sufficiently high above the Fermi energy that they can be neglected here. The
lower three bands are all cut by the Fermi energy, and we have an effective three-band problem.
Furthermore, an electron counting yields that there are 1.5 electrons per V in these 3 orbitals,
which are hence on average quarter-filled. Also, the lattice structure is such that there is ge-
ometric frustration of (antiferro)magnetic interactions, such that this material does not show
magnetic order down to the lowest temperatures. It was also observed that the Fermi liquid
scale, where ρ ∝ T 2, is only reached well below 10 K.

The reason why this material has created a lot of interest since around 1997 [36–38] is an
anomalously large effective mass enhancement below about 25 K; experimentally, one finds
m∗/m ∼ 25, pointing to very strong collective effects. A further reason of interest was that
in a Kadowaki-Wood plot of A, the T 2-coefficient in electrical resistivity, vs. γ2, the (squared)
Sommerfeld coefficient in the electronic specific heat capacity (Figure 8), lithium vanadate is
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right on a line populated by “heavy fermion” materials, where large effective masses are found
in rare earth compounds. If one claimed that lithium vanadate was a heavy fermion material, it
were the first of its kind in a transition metal oxide.
The problem is that the standard explanation of heavy fermion behavior cannot work: in rare
earths, there are very narrow f -bands, corresponding to almost localized electrons, and d-bands
with itinerant electrons, which carry conductivity. Similar to the Kondo effect, where localized
impurity electrons form a singlet with free electrons in an antiferromagnetic interaction, the
localized f -band electrons form singlets with the d-band itinerant electrons, which are therefore
much less mobile, yielding a very large effective mass. In lithium vanadate there are no f -band
electrons. Yet, one finds that the eπg bands have a width of about 2 eV, and the a1g band is much
narrower at about 0.5 eV or so, so an early attempt at an explanation was that the eπg electrons
play the role of the itinerant electrons, and the a1g electrons that of the localized electrons [39].
Yet, this explanation does not hold up to closer inspection: the dominant magnetic interaction
is a ferromagnetic Hund coupling, various experimental details do not match this explanation,
and finally a band width of 0.5 eV is not excessively small.
Many other explanations were attempted, and it seems that most people were ultimately satisfied
with an explanation based on extensive numerics [40], where it was found that the interactions
in lithium vanadate repopulate bands such that there is a density of n ≈ 0.98 in the a1g band, in
close proximity of a density 1, with an associated transition to a Mott insulator. The closeness
of the transition should induce the observed strong mass renormalization; the eπg bands are then
mere bystanders.
The problem of all explanations was, to the extent that numerics were used, that the typical
temperature scale set by the bands is around 11 000 K (1 eV), and that starting from there,
numerical methods could not get below around 300 K, whereas the physics of interest is on
the scale of 10 K or so. This requires methods that can reach such temperatures and provide
energetic resolution better than 1/1000 of the typical energy scale! This is now possible.
In our calculations, we modeled the interactions on the Vanadium atoms by a standard three-
band Hubbard-Kanamori model given by

ĤK = U
∑

m

n̂m↑n̂m↓ + U ′
∑

m̸=m′

n̂m↑n̂m′↓ + (U ′−J)
∑

m<m′,σ

n̂mσn̂m′σ − J
∑

m̸=m′

d̂†m↑d̂m↓d̂
†
m′↓d̂m′↑

+ J
∑

m̸=m′

d̂†m↑d̂
†
m↓d̂m′↓d̂m′↑ .

Microscopic calculations yield values U = 3.94 eV, U ′ = 2.83 eV, and J = 0.56 eV, where
U ′ = U−2J, which are generally agreed on.
We applied (i) our TN-DMFT solver using purified MPS at non-zero temperatures down to 2.9 K
(β = 4000), and (ii) a high-performance QMC-DMFT solver down to the lowest temperatures
possible, and (iii) an NRG-DMFT solver, which is very reliable at temperatures close to zero,
but is only able to treat a simplified version of the Hubbard-Kanamori model, the Dvorin-Narath
model, where the last line of the Hubbard-Kanamori model containing pair hopping terms is
dropped.
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DMFT results: technical lessons from low T
● For T=11.6 K we made the first 

quantitative benchmark between 
TN and QMC

● stark mismatch at low frequencies

● TN: effective temperature (T=0) vs. 
physical temperature due to 
purification (start TE with maximum 
entangled state and evolve to β

● QMC: FL state very sensitive to 
warmup -> ~1 day of warmup 
necessary 
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Fig. 9: Limits of accuracy: We show the most challenging quantity calculated, the imaginary
part of the self-energy. β = 1000, the lowest temperature reached by QMC. On the top are
results for the eπg bands without specific issues. On the bottom are results for the a1g band.
Blue: a T = 0 calculation for TN-DMFT; orange: the β = 1000 result for TN-DMFT. QMC
agrees well even at the difficult smallest Matsubara frequency, provided that the warm-up time
is ramped up from more typical 30 minutes to extreme 18 hours.

Let us be clear up front regarding the limitations. Figure 9 shows that QMC-DMFT recognizes
the bend of the difficult ImΣa1g towards zero at the lowest frequencies, required by Fermi liquid
physics, only after unusually long warm-up times; acceptance rates are extremely low. It should
be noted, though, that here QMC-DMFT has been pushed to β=1000 (11.6 K), beyond the usual
state of the art. TN-DMFT maps ImΣ properly, but runs into difficulties at its lowest temper-
ature β=4000 (2.9 K), where we observe an odd-even effect in bath length for the 1–2 lowest
Matsubara frequencies. Physics dictates the correct choice, but a question mark remains.
Let us now turn to the physics. In a DFT calculation, where interactions are treated in a very
approximate manner, the (low-temperature) occupations are found to be n(a1g) = 0.427 and
n(eπg ) = 0.537. Proper consideration of the local interactions shifts them to n(a1g) ≈ 0.9 and
n(eπg ) ≈ 0.3. This already excludes the explanation based on a vicinity to a Mott transition;
n(a1g) ≈ 0.9 is too small for that.
A crucial observation is now, on the other hand, given by the spectral function A(k, ω). Fig-
ure 10 shows in the left panel as lines the DFT bands around the Fermi energy; the colors
indicate the spectral function A(k, ω) at T=11.6 K. The crucial feature is the very narrow hori-
zontal structure, a flat band, right at the Fermi energy. The physics is easier to see if we consider
the momentum-integrated A(ω) at various temperatures (right panel), focusing on the contribu-
tion from the a1g band. As we lower temperature, a very sharp peak emerges at temperatures
of a few 10 K, still rounded out at around 40 K, very pronounced and peaked at around 10 K.
This very narrow peak (not visible in previous calculations due to temperature) corresponds to
an emerging flat band with quite localized, hence very heavy electrons, and is therefore at the
bottom of the experimental phenomenon to be explained.
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Fig. 10: Spectral functions A(k, ω) at T=11.6 K (left) and A(ω) at various T (right). The lines
on the left are the DFT band structure. On the right, one sees that the a1g part of A(ω) develops
a very sharp peak at very low T, previously unreached. From [21].

It turns out that the effect is due to Hund’s coupling J, involving all three bands: the two eπg
are not bystanders. We can show that for fixed U, U ′ the splitting of the levels (hence the
redistribution of the densities to the values reported above) is driven by J, but for J ≳ 0.3eV
essentially independent of J. The Hund coupling at the same time leads to the formation of
high-spin states between electrons in all three bands (almost the entire weight of states with 2 or
3 electrons on the V d-orbitals is in S=1 and S=3/2 states). This is the underlying mechanism
of the low-energy flat band, because this inhibits the low-energy motion in the a1g band, which
we can also read as a high effective mass. We might call the effect “Hund-driven orbital-
selective Mott physics”.

4

FIG. 4. (a) Evolution of ⌃a1g with increasing J at T =11.6 K.
Results are obtained with the TN solver at fixed U =3.94 eV
and U 0 =U�2J . Inset: scattering rate obtained as in Fig. 2(b).
(b) Histogram displaying the statistical weights of the relevant
multiplets in each valence (N) and spin (S) sector, obtained
from QMC at T=11.6 K. (c) Evolution of the e↵ective crystal
field coming from Re⌃(0) and of the orbital populations with
increasing J . (d) TFL for LVO as a function of the a1g occu-
pancy when changing the crystal field (as indicated in the top
horizontal scale, see text) and for an e↵ective model involv-
ing only the a1g orbital, using the same intra-orbital U value.
TFL is estimated via the peak position of �00(!) at T =0 from
NRG (see End Matter). The vertical lines in panels (c) and
(d) indicate the LVO values.

by adjusting the chemical potential. Figure 4(d) shows
TFL determined by NRG as a function of the a1g orbital
occupancy (lower horizontal scale) or the applied crys-
tal field (upper scale). We see that TFL is driven to re-
markably low values as half-filling of the a1g orbital is
approached, with values as low as 10�6 K at 1% doping.
This can be interpreted as the system reaching an orbital-
selective Mott (OSM) phase [5, 14, 19–21] in which the
e⇡g electrons remain itinerant while the a1g ones basi-
cally localize, full localization being prevented at T = 0
by inter-orbital hopping [26]. The relevance of the OSM
phenomenon and of Hund physics as a possible cause
for d-electron HF behavior was recently emphasized by
Crispino et al. [5] and also previously mentioned qualita-
tively for LVO in the NMR study of Shimizu et al. [14].

While our results support the relevance of Mottness
for LVO [12], they provide novel insights into the mecha-
nism responsible for the HF behavior in LVO, namely the
decisive role of Hund coupling and the wide range of per-
missible fillings. In Fig. 4(d), we compare TFL of LVO, as
a function of orbital occupancy, to that of a single-band
model with the same DOS as the one of the a1g orbital
(also solved in DMFT). We see that, in order to reach a
value of TFL in the range 1–2 K, as observed in experi-

ments, a tiny doping of ⇠ 1% is required in the single-
band picture. By contrast, the small TFL is robustly gen-
erated from the realistic multi-orbital description, as a
result of orbital and Hund physics, in a wide range of
a1g doping. More broadly, our results emphasize that
the multi-orbital character of the system is crucial, with
inter-orbital correlations playing a key role, and hence
that the e⇡g bands are not merely spectators.

Comparison to experiments—Finally, we discuss how
our results compare to experimental observations. The
resistivity, Hall e↵ect, specific heat and susceptibility
measurements on single crystals [3], as well as optical
spectroscopy [42], all point to electronic coherence setting
in below Tonset ⇠ 10–30 K. Above Tonset , LVO displays
a large scattering rate and resistivity. This is consistent
with our results in Fig. 2. Furthermore, a T 2 depen-
dence of the resistivity is only observed below TFL⇠2 K,
in excellent agreement with our estimate of TFL⇠1–2 K.
The gradual emergence below Tonset of an extremely nar-
row quasiparticle peak reported in photoemission spec-
troscopy [43] also aligns with our Figs. 2(c) and 3(b).
Angle-resolved photoemission experiments would be de-
sirable to test the predictions of Fig. 3(a).

The low-T specific heat coe�cient C = �T + . . . can
be evaluated within DMFT from the zero-frequency spec-
tral functions and quasiparticle weights of each orbital m

as �= 2⇡2
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m Am(0)/Zm. The bare DFT value from

our calculated DOS is �DFT =17.1 mJ/mol K�2, in good
agreement with previous theoretical estimates [7, 18].
Reported experimental values in the low-T HF regime
are in the range �/�DFT ⇠25 [1, 3] to⇠30 [44]. A com-
parable value is reached in our DMFT calculations at
T ⇠ 8 K, but, at low T , we overestimate �/�DFT by a
large factor (⇠10). We note, however, that no clear sat-
uration of C/T at low T is seen experimentally, and that
further increase of � at low T was reported on some sam-
ples [44, 45], so that the precise behavior of the specific
heat of LVO at low T is yet to be fully clarified.

We conjecture that the overestimation of � at low T
comes from the intrinsic limitations of single-site DMFT.
In this approach, � is inversely proportional to Z, which
we find to be tiny for the a1g orbital. In a more ac-
curate treatment beyond the single-site approximation,
the inter-site magnetic exchange should intervene and
reduce C/T by reducing the entropy associated with
fluctuating local moments above Tonset . Indeed, slave-
particle [46, 47] or cluster-DMFT calculations [48] yield,
for a single band model, �/�DFT ⇠ 1/(Z + JAF/✏F) with
JAF the antiferromagnetic superexchange and ✏F a typi-
cal (bare) electronic scale. In many oxides, the exchange
term limits the value of � as compared to the DMFT
1/Z enhancement. Remarkably, this e↵ect appears to be
much less pronounced in LVO, allowing � to reach the
large observed value. This is most likely due to frustra-
tion [14, 44, 45, 49–52] which results in a large amount
of entropy stored at low T and hence a reduced value of
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Fig. 11: Hund’s physics in lithium vanadate. Left panel: difference in the real parts of the
zero-frequency self-energy of the eπg and a1g bands, showing their relative shift due to Hund’s
coupling J, and the resulting changes in electronic densities. Above a certain threshold, den-
sities are robust under changes of J. Right panel: total spin vs. number of electrons on the
impurity orbitals at J=0.56 eV. High-spin states dominate. From [21].
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of this picture, the authors of Ref. [12] performed dy-
namical mean-field theory (DMFT) [17] calculations on
a simplified two-orbital model down to room tempera-
ture (as well as projective Monte Carlo calculations at
T = 0). However, because of the very low energy scales
involved, a full calculation of a realistic model for LVO in
the DFT+DMFT framework covering the whole T range
from above Tonset to below TFL has not been achieved
yet [18].

In this Letter, we leverage on recent advances in
DMFT impurity solvers to achieve this goal and elucidate
the physics responsible for the HF behaviour in LVO.
To probe the full crossover from a higher-T incoherent
metal to the low-T heavy-mass FL and to access the low
FL scale, we use a combination of three DMFT solvers:
Quantum Monte Carlo (QMC) for 10 K < T < 300 K,
tensor networks (TN) for T > 1 K and the numerical
renormalization group (NRG) for T < 1 K.

We show that LVO is close to a Hund-assisted orbital-
selective Mott state [5, 14, 19–21]. The inter-orbital Hund
coupling J (and therefore the e⇡g bands) plays a central
role. First, it induces a redistribution of the (a1g, e⇡g ) or-
bital populations per vanadium due to interaction from
(0.4, 2⇥0.55) in DFT to (0.9, 2⇥0.3) in DMFT. Second,
it is responsible for the heavy mass and low TFL via the
spin-blocking mechanism characteristic of Hund systems
in which electrons can only hop between atomic config-
urations with maximum spin [22–25]. LVO is shown to
be close to an orbital-selective Mott state in which the
a1g orbital is prevented to fully localize at T = 0 due to
inter-orbital hopping [26]. Remarkably, we obtain a low
TFL already at ⇠10% doping of the a1g band, in contrast
to the ⇠2% doping of Ref. [12].

Electronic structure and e↵ective model—LVO crys-
tallizes in the fcc spinel structure (space group Fd3m).
Crystal structure data from neutron scattering are avail-
able down to 12 K [1]. The primitive unit cell contains 14
atoms, with 4 V atoms, each embedded in an octahedral
crystal field of the surrounding oxygen atoms. The octa-
hedra themselves are corner-sharing and the local point
group is trigonal D3d, lowering the symmetry of the sys-
tem and splitting the t2g states into a single a1g and a
doubly degenerate e⇡g orbital higher in energy.

We perform DFT calculations using the Quan-
tum ESPRESSO software package fixing the structural
parameters to the 12 K experimental values [1]. Maxi-
mally localized Wannier functions (MLWFs) for the a1g

and e⇡g states are constructed with Wannier90 [27],
accurately reproducing the DFT low-energy electronic
structure. In Fig. 1(a), the bandstructure of the Wan-
nier Hamiltonian is shown together with its projection
on the a1g and e⇡g states. The projected density of states
(DOS) in Fig. 1(b) reveals that the a1g DOS is sharply
peaked at 0.1 eV above the Fermi level, whereas the e⇡g
DOS is relatively flat.

The constrained random phase approximation [28] as

FIG. 2. (a) Im⌃(i!n) for the a1g orbital (circles) and e⇡g or-
bitals (crosses) at various T from DFT+DMFT using QMC,
TN, and NRG. Inset: zoom at low frequencies. (b) Scattering
rate and (c) spectral function at the Fermi level as a function
of T . Results at i0+ in (b)–(c) for QMC and TN were ob-
tained by fitting a fourth-order polynomial to the lowest eight
Matsubara points. Insets in (b)–(c) magnify the FL behavior.

implemented in the RESPACK code [29] is used to de-
termine the e↵ective Coulomb interaction at low energy.
We focus on the static, ! = 0 limit and fit the resulting
four-index tensor to the symmetrized Kanamori form (in-
cluding spin-flip and pair-hopping terms) with three inde-
pendent parameters. The optimal fit yields U =3.94 eV,
U 0 = 2.83 eV, and J = 0.56 eV, which violates the full
rotational invariance (U 0 = U�2J) by only ⇠ 0.01 eV.

We use DMFT to solve the e↵ective many-body model,
with a combination of impurity solvers to cover all T
regimes (see [6] for details). First, we use the continuous-
time hybridization-expansion QMC solver implemented
in the TRIQS software library [30, 31] and its interface
to electronic structure codes TRIQS/DFTTools and
TRIQS/solid dmft [6, 32, 33]. QMC calculations were
performed down to 11.6 K (1/1000 eV). Second, the T =
0 TN-based solver from [34–36] was extended to T >
0 using thermal-state purification [37, 38] and applied
down to 2.9 K (1/4000 eV). Third, to access the sub-
1 K regime, we use NRG, similarly as in Refs. [39, 40].
To make non-degenerate three-orbital NRG calculations
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Fig. 12: Imaginary part of the low-frequency self-energy of the eπg bands (bottom) and the a1g
band. The results of all impurity solvers at various T collapse on the same curve; in particular,
the sharp bend appearing for the a1g band self-energy is properly captured. From [21].

Let us return to the question of the reliability of these simulations. It can be assessed from the
imaginary part of the self-energy on the Matsubara axisΣ(iωn), which is not the physically most
intuitive quantity, but numerically particularly demanding. As one can see, all three methods
– NRG at the lowest T, tensor networks at very low T, and QMC at higher T seamlessly
overlap (Figure 12). In particular, the strong bend emerging at the lowest ωn for very low
T is resolved consistently. A numerically easier, but physically more obvious quantity is the
spectral weight right at the Fermi edge. It should become large for the a1g band at the lowest
temperatures, and linear in T in the Fermi liquid regime. This is observed, but more importantly,
the results of NRG, TN and QMC impurity solvers connect with high accuracy (Figure 13). In
fact, the narrow flat band observed in theory was at the same time independently seen in ARPES
measurements of lithium vanadate at 6 K [35].
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in which electrons can only hop between atomic config-
urations with maximum spin [22–25]. LVO is shown to
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tum ESPRESSO software package fixing the structural
parameters to the 12 K experimental values [1]. Maxi-
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and e⇡g states are constructed with Wannier90 [27],
accurately reproducing the DFT low-energy electronic
structure. In Fig. 1(a), the bandstructure of the Wan-
nier Hamiltonian is shown together with its projection
on the a1g and e⇡g states. The projected density of states
(DOS) in Fig. 1(b) reveals that the a1g DOS is sharply
peaked at 0.1 eV above the Fermi level, whereas the e⇡g
DOS is relatively flat.
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rate and (c) spectral function at the Fermi level as a function
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We focus on the static, ! = 0 limit and fit the resulting
four-index tensor to the symmetrized Kanamori form (in-
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U 0 = 2.83 eV, and J = 0.56 eV, which violates the full
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0 TN-based solver from [34–36] was extended to T >
0 using thermal-state purification [37, 38] and applied
down to 2.9 K (1/4000 eV). Third, to access the sub-
1 K regime, we use NRG, similarly as in Refs. [39, 40].
To make non-degenerate three-orbital NRG calculations
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Matsubara points. Insets in (b)–(c) magnify the FL behavior.

implemented in the RESPACK code [29] is used to de-
termine the e↵ective Coulomb interaction at low energy.
We focus on the static, ! = 0 limit and fit the resulting
four-index tensor to the symmetrized Kanamori form (in-
cluding spin-flip and pair-hopping terms) with three inde-
pendent parameters. The optimal fit yields U =3.94 eV,
U 0 = 2.83 eV, and J = 0.56 eV, which violates the full
rotational invariance (U 0 = U�2J) by only ⇠ 0.01 eV.

We use DMFT to solve the e↵ective many-body model,
with a combination of impurity solvers to cover all T
regimes (see [6] for details). First, we use the continuous-
time hybridization-expansion QMC solver implemented
in the TRIQS software library [30, 31] and its interface
to electronic structure codes TRIQS/DFTTools and
TRIQS/solid dmft [6, 32, 33]. QMC calculations were
performed down to 11.6 K (1/1000 eV). Second, the T =
0 TN-based solver from [34–36] was extended to T >
0 using thermal-state purification [37, 38] and applied
down to 2.9 K (1/4000 eV). Third, to access the sub-
1 K regime, we use NRG, similarly as in Refs. [39, 40].
To make non-degenerate three-orbital NRG calculations

Fig. 13: Zero-frequency limit of the spectral function of the a1g band of lithium vanadate: NRG,
TN and QMC solvers match seamlessly across the entire temperature range. From [21].



DMRG Impurity Solver 5.23

BM14557 PRB April 3, 2024 11:19

COMPLEX TIME EVOLUTION IN TENSOR NETWORKS AND … PHYSICAL REVIEW B 00, 005100 (2024)

FIG. 12. Imaginary part of the retarded Green’s function vs t
and spectral function vs ω for the SIAM at U/D = 2 and other
parameters as before, obtained using the kink contour method with
α′′ = 0.1 and α′ = π

2 . The “stable” label refers to the second contour
in Fig. 11(a) with tmax = 20D−1 or τmax = 0.998 = 1.996D−1. The
“stable” contour result is in excellent agreement with the real-time
reference data.

APPENDIX E: COMPARISON OF CONTOURS684

The ideal choice of complex contour is dependent on the685

model and its specific high-energy quasiparticle peak struc-686

ture, as the loss of high-energy information is greater if687

the contour is further away from the real-time axis during688

early times. A second, more crucial, aspect is the growth of689

entanglement entropies over time on the complex contours,690

as it determines the computational cost. This is illustrated691

on Fig. 13. Not surprisingly, the real-time contour has the692

strongest overall growth of entanglement, which does not693

saturate, explaining the vastly larger numerical resources re-694

quired. The tilted contour (here α = 0.1) starts with a similar695

growth of entanglement at early times when it is close to696

the real axis, but actually reveals even a slight decrease697

before saturation at some relatively small value. The kink698

contour without postprocessing (kink α = 0.1) has a very699

strong initial growth of entanglement, even stronger than for700

real-time evolution, because it does not exploit time splitting701

in the real-time direction. Ultimately, though, entanglement702

strongly resembles that of the tilted contour, reminiscent of the703

FIG. 13. Comparison of the entanglement entropy on different
complex time contours. As the system is heterogeneous, the sum of
the entanglement entropies for all system cuts is shown. Kink α =
0.1 is the postprocessing free contour with vertical contour along the
negative imaginary axis and a tilted contour in positive imaginary
direction until t = 30D−1 and τ = 0.563 a parallel contour with
constant imaginary part τ = 0.563. Times of contours exploiting
real-time splitting were multiplied by a factor 2 to represent the same
final time.

observed saturation of entanglement growth for all complex 704

time contours. Finally, the parallel contour at constant τ has 705

the slowest early growth of entanglement as it aggressively 706

suppresses high-energy states, but then settles on a somewhat 707

larger saturation value as the contour stays closer to the real 708

axis. (Note that the α = 0.1 and τ = 0.563 data do not allow 709

for immediate comparison; they are rather indicative of typ- 710

ical behavior for the respective contours.) The saturation of 711

entanglement observed for all complex contours explains the 712

large accessible times. Note that significant deviations from 713

the presented values for α and τ can deteriorate results. While 714

small values for α and τ essentially constitute real-time calcu- 715

lations, large values for α can result in ill-conditioned analytic 716

FIG. 14. Coefficient c of −Im %(ω) = c ω2 obtained in NRG
calculations at weak interaction for various M, &, and nz ∈
{3, 4, 6, 12}. For each M and &, one observes a roughly linear de-
pendence of cNRG in 1/n2

z , permitting an extrapolation toward the
ideal nz = ∞ limit. The extrapolated value is in perfect agreement
with the analytically known result cexact .

005100-11

Fig. 14: Left: Contours in the complex plane for the same final real time: real time (blue),
parallel (red) and tilted (violet). Right: entanglement growth with time for various contours.
All contours in the complex plane have largely lower entanglement growth than the real-time
contour, saving substantial resources and allowing larger times. From [22].

7 Real time and complex time evolution

The central weakness of TN-DMFT on the imaginary axis is, as in the case of QMC-DMFT, the
necessity to perform some kind of analytical continuation from the imaginary to the real axis, an
ill-conditioned problem. While a plethora of techniques has been developed (most prominently,
maximum-entropy methods and the Padé approximation), none of them is fully convincing. On
the other hand, real-frequency information is experimentally crucial, for instance for scattering,
ARPES, and transport experiments. As we have already seen, we often require extremely high
resolution, better than 1/1000. For this, analytic continuation methods are particularly bad.

The problem with real-time calculations is that they are limited in time due to entanglement
growth, hence yield limited frequency resolution. One way forward is the use of time-evolution
contours in the complex plane, where going into the complex plane suppresses high-frequency
information, which we are usually less interested in, and strongly suppresses entanglement
growth. The complex plane allows myriads of contours, and it is hard to name an “optimal” one.
For instance, one contour might allow for faster time-evolutions because of less entanglement,
but loses some accuracy. In the first self-consistency loops of a DMFT calculation, this may be
an acceptable trade-off. In any case, the chosen contour must come with a numerically robust
continuation scheme to the real axis.

Figure 14 (left) shows possible contours, in particular two that have been studied in depth: (i)
a contour tilted by an angle α with respect to the real axis, and (ii) a contour which follows
the imaginary axis up to some imaginary time τ and then continues parallel to the real axis
(“parallel contour”). In all cases, entanglement, hence required tensor sizes, are much smaller
than for a real time evolution (right panel); actual calculation times, which of course depend
on α and τ , cannot easily be compared between contours as it is hard to define final identical
accuracy on the real axis. In general, the parallel contour is slower, but ultimately yields the
more accurate results for the moment. (All is of course much faster than on the real axis.)
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Let us therefore consider the parallel contour in more detail. We introduce a generalized spectral
function

Aτ (ω) :=
1

2π
lim
η→0+

∫
dt ei(ω+iη)t〈{ĉ0(t+iτ), ĉ†0}

〉
ψ0

(37)

such that we can connect to the usual spectral function and the retarded Green function as

A0(ω) = A(ω) = − 1

π
ImGR(ω). (38)

This is already the complete information required forGR(ω): we can determine ReGR(ω) from
ImGR(ω) by invoking the Kramers-Kronig relation, whose numerical implementation does not
introduce unexpected problems.
The usefulness of this approach comes from the following analytically exact inversion formula

Aτ (ω) = A(ω) e−τ |ω| (η → 0). (39)

This simple result, which only holds for the spectral function, not Green functions in general,
can be derived easily by expressing Aτ (ω) in the Lehmann representation. We can therefore
directly calculate A(ω) from Aτ (ω)!
Yet, a naive application of this formula runs into the following problem: because of |ω|, e−τ |ω|

has a kink right at ω=0, in the low-frequency regime that interests us most. As A(ω) does
not have such a kink, there must be one in Aτ (ω) to exactly compensate for that kink in the
exponential. Numerically, one finds (not surprisingly) that this kink is rounded out due to
finite times reached! There is, however, a surprisingly simple and cheap workaround: we can
eliminate the kink to some desired order in τ by a superposition of several Aτk(ω), where the
displacement from the real axis is by various τk. In fact, it is not even necessary to redo the
costly time-evolutions; one may add small imaginary time-evolutions at the origin which cover
the difference between the various τk. Hence, the additional cost is negligible.
In the superposition of n contours, we choose the weights ak (which by construction must be
both positive and negative) such that

n∑

k=1

ak = 1
n∑

k=1

akτ
l
k = 0 (40)

where l = 1, . . . , n−1. For n=3, then, we eliminate the kink up to ω2 in

h(ω) =
n∑

k=1

ak e−τk|ω|. (41)

Summing the inversion formula over the choices of τk weighted by ak, we find

A(ω)h(ω) =
n∑

k=1

akAτk(ω) (42)

which we can very stably solve for A(ω) also for small ω. A robust choice is for instance n=3

with τk = 1, 1.15, 1.3.
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compensated by a kink in Aτ (ω) at ω = 0. The latter requires256

high-accuracy results from long-time evolutions where tensor257

network methods are limited. As a result, the compensation is258

imperfect.259

Our solution of this issue uses a linear combination of a few260

Aτk (ω) computed on parallel contours t + iτk (as described261

above), which is designed to compensate the low-frequency262

singularity introduced by the e−τ |ω| factor. Introducing some263

weights ak , and defining the function264

h(ω) ≡
n∑

k=1

ake−τk |ω| (18)

we have265

A(ω)h(ω) =
n∑

k=1

akAτk (ω). (19)

We choose the weights ak such that the function h(ω) is flat266

close to ω = 0, i.e., we cancel the first powers of its low-ω267

expansion:268

n∑

k=1

ak = 1, (20a)

n∑

k=1

akτ
l
k = 0 (20b)

for l = 1, . . . , n − 1. As h is close to 1 at low ω, h(ω) = 1 +269

O(ωn), we can now safely invert (20):270

A(ω) = 1
h(ω)

n∑

k=1

akAτk (ω). (21)

In practice, we need to take τk which are neither too close271

[leading to large ai that amplify numerical noise, due to the272

Vandermonde determinant in the linear system (21)], nor too273

distant as time-evolution errors affect precision. In this work,274

we used n = 3 and τk = 1, 1.15, 1.3, if not stated otherwise.275

We will refer to this approach as the parallel (inversion)276

method.277

Note that one can also perform a direct extrapolation to278

τ = 0 using several parallel contours, which we call the par-279

allel (extrapolation) method. We present it in Appendix B280

for completeness, but it turns out to be slightly inferior to281

the parallel (inversion) method. The parallel (extrapolation)282

method will be used in this paper as a check for the parallel283

(inversion) method.284

Results. We present results of the spectral function of the285

benchmark SIAM in Figs. 2(a) and 2(b). We use δt = 0.2D−1,286

wt = 10−11, Nb = 59, tmax = 90D−1, and η = 0.001D. The287

simulation reached a maximum bond dimension of m =288

1023. Both the parallel (inversion) and parallel (extrapolation)289

method provide spectral functions in excellent agreement with290

the much more costly (more than an order of magnitude)291

real-time benchmark data both at higher and in particular292

also at very low frequencies. The (generalized) Friedel sum293

rule πDA(0) = 2 is matched to fractions of a percent. As294

both methods operate on the same numerical data, the parallel295

(extrapolation) method provides a cheap control of the quality296

of the spectral function. For Fig. 3(a) we use larger baths and297

a larger maximum bond dimension to calculate the spectral298

FIG. 2. (a) Comparison of spectral functions obtained on a par-
allel contour: “real” stands for the real-time reference data, τ = 1
on the parallel contour without post-processing, parallel (extrapo-
lation) and parallel (inversion) for the two methods of the main
text. Nearly all spectral weight can be recovered by both methods
in excellent agreement. The parallel (inversion) method used n = 3
with τk = 1, 1.15, 1.3; the coefficients ak (see text) are then approx-
imately 33.2, −57.8, 25.6. The parallel (extrapolation) method used
corrections to sixth order with 13 contours centered on τ = 1 with
a distance δτ = 0.075. (b) Zoom at low frequencies with the same
labels, showing the high accuracy of the parallel (inversion) and
parallel (extrapolation) methods at very low frequencies.

function for larger values of U/D both by real-time calcula- 299

tions and by the parallel (inversion) method. The Friedel sum 300

rule is matched to very high accuracy in all cases; real-time 301

results are much less accurate for larger U/D. 302

The determination of the self-energy &(ω) is numerically 303

more challenging than that of the spectral function A(ω). 304

We calculate it from the Dyson equation &(ω) = G−1
0 (ω) − 305

G−1(ω), where G0(ω) is the impurity Green’s function for 306

the noninteracting case. Its inverse is given by G0(ω)−1 = 307

ω + iη − ϵ0 − ((ω) with η = 0 here. We used the analyt- 308

ically known hybridization function. We obtain G(ω) from 309

the parallel (inversion) method, which yields A(ω), i.e., the 310

imaginary part of G(ω). We then use the Kramers-Kronig rule 311

to obtain the real part of G(ω). 312

To assess the quality of our self-energies, we henceforth 313

include benchmark results from NRG. The NRG data were 314
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FIG. 3. (a) Spectral function of the SIAM for U/D ∈ {2, 3, 4}
with Nb = 299, using the n = 2 parallel (inversion) method with
τk ∈ {1.15, 1.3}; the coefficients are approximately ak ∈ {8.6, −7.6}.
We have an overall higher-frequency resolution due to a finer
bath discretization, zero broadening, and a time evolution tmax ∈
{150D−1, 200D−1, 250D−1}. The maximum bond dimension is m =
1500 SU(2) states. In all cases, in particular for larger U/D, the
matching of the Friedel sum rule is less accurate for the real-time
method. (b) Corresponding self-energies.

obtained in a state-of-the-art implementation [55–60] based315

on the QSPACE tensor library [61], using a symmetric improved316

estimator for the self-energy [62]. The latter allows one to fol-317

low the imaginary part of the self-energy down to extremely318

low values of |Im "|/D.319

As shown in Fig. 3(b), the self-energies calculated by com-320

plex time evolution reach the Fermi-liquid ω2 regime. The321

final breakdown at very low frequencies (ω/D ≈ 0.007) is due322

to small deviations from the sum rule and the use of Dyson’s323

equation. We expect that the use of improved estimators [62]324

will alleviate this problem in future implementations. Before325

the breakdown, agreement with NRG results is excellent. Note326

that self-energies calculated from real-time results are much327

less accurate and plagued by unphysical oscillations.328

IV. COMPLEX TIME EVOLUTION329

AT FIXED ANGLE: TILTED CONTOUR330

In our second complex time approach, time is evolved331

along a complex contour tilted by various angles α with332

FIG. 4. Symmetrically split complex time contour: Contour Cres

from 0 to z is replaced by two symmetric contours C+ and C− from 0
to z/2 and −z/2, respectively.

respect to the real axis, where z(t ) = t + it tan α, i.e., τ = 333

t tan α > 0. We adapt the symmetric splitting of real-time 334

evolutions to the complex plane by splitting z = z′ + z′′ with 335

z′ = z′′ = z/2. Then we have 336

⟨ψ0| ĉ†(0)ĉ(z) |ψ0⟩ = [ĉ(−z/2) |ψ0⟩]†ĉ(z/2) |ψ0⟩ , (22)

⟨ψ0| ĉ(z)ĉ†(0) |ψ0⟩ = [ĉ†(z/2) |ψ0⟩]†ĉ†(−z/2) |ψ0⟩ . (23)

The two contours on which complex time evolution occurs 337

now look as in Fig. 4. 338

In all calculations, we use δ|z| = 0.2D−1, and again wt = 339

10−11 and Nb = 59. The maximum complex time is in all 340

cases |z|max = 90D−1, or real times tmax = 90D−1 cos α. The 341

resulting Green’s function is Fourier transformed as 342

Gα (ω) =
∫ ∞

0
dt Gα[z(t )]eiωt−ηt (24)

(again with η = 0.001D); the subscript α indicates that we 343

evaluate on a tilted contour. The spectral function A(ω) is then 344

extracted as Aα (ω) ≡ −(1/π )ImGα (ω). Results are shown on 345

a linear and a logarithmic frequency scale in Fig. 5. Note that 346

we do not expect to obtain the correct A(ω) for α ̸= 0, as Aα 347

is just an intermediate step in the computation. Nevertheless, 348

we find that peak positions in Aα are well preserved for 349

moderate angles, thus still allowing for a rough interpretation 350

of quasiparticle peaks [see Fig. 5(a)]. We find a significant 351

reduction in the entanglement entropy for all angles that can 352

be understood as the result of damping the statistical weight 353

of high-energy states, as it is reflected in a reduction in the 354

time-dependent energy expectation value of the system (see 355

Fig. 6). The dampened growth in the entanglement entropy 356

leads to a speed up of a factor of the order 100 in the SIAM 357

model for the specified parameters compared to our real-time 358

reference calculation. This is reflected in the very small final 359

bond dimensions, m = 52 for α = 0.3, m = 66 for α = 0.2, 360

and m = 137 for α = 0.1. In order to compute the spectral 361

function A(ω), the data have to be postprocessed, in this 362

case by an analytical continuation of the complex time data 363

to the real axis by MAXENT, yielding the tilted (MAXENT) 364

method (see Appendix C for a detailed discussion of MAX- 365

ENT). The agreement with the real-time data is overall very 366

good and the Friedel sum rule obeyed to 0.4%, but there are 367

small, but noticeable, deviations from the true A(ω) between 368

ω/D ∼ 10−2 and ω/D ∼ 10−1 [Fig. 5(b)]. As the analytic 369

continuation kernel is generally ill conditioned and its current 370

formulation leads to deviations around the Fermi edge, this 371
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Fig. 15: Spectral function of the SIAM for U/D=2: here, a quite precise real-time calculation
is feasible. The raw data from a parallel contour is far away, but various schemes to bring us
to the real axis work very well (here, we discuss only the “inversion” scheme). The sum rule
πDA(0) = 2 is well obeyed. From [22].

As a simple test case, consider the single-impurity Anderson model Ĥ = Ĥimp + Ĥbath where

Ĥimp = Un̂0↑n̂0↓ + ε0(n̂0↑ + n̂0↓) (43)

and

Ĥbath =

Nb∑

k=1

∑

σ

(
v0,kσ ĉ

†
kσ ĉ0σ + v∗0,kσ ĉ

†
0σ ĉkσ

)
+

Nb∑

k=1

∑

σ

εkσn̂kσ (44)

with a semi-circular density of states

− 1

π
Im∆(ω) =

D

2π

√
1−

( ω
D

)2

(45)

at half-filling. This is a well-understood problem, hence a good benchmark. The gold-standard
results here are provided by NRG. The bath contained 299 sites, the density of states was
discretized linearly on the bandwidth 2D. Figure 15 shows the results for the spectral function
for U/D=2 also from a real-time calculation which is possible here. One recognizes that the
“raw” parallel contour data is quite far from the real-frequency data, but that the inversion
scheme (and also some extrapolation scheme, which we will not pursue here) very reliably put
us onto the real-frequency data.
Yet, the spectral function is comparatively benign, and in this plot possible issues with the
precise match of the sum rule πDA(ω=0) = 2 are obscured. Let us therefore turn to the
imaginary part of the self-energy, which is numerically challenging, in the limit ω/D → 0 for
various U/D. We observe (Figure 16) that a real-time calculation yields very bad results at
low frequencies, but that the complex parallel-contour calculation, combined with the inversion
method, is in excellent agreement with NRG results down to very low frequencies. The remain-
ing discrepancies come from the discretization which limits resolution and also to some extent
a quite naive use of Dyson’s formula Σ(ω) = G−1

0 (ω) − G−1(ω). Both can be improved (the
extreme quality of the NRG results rests on such an improvement [41]).
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compensated by a kink in Aτ (ω) at ω = 0. The latter requires256

high-accuracy results from long-time evolutions where tensor257

network methods are limited. As a result, the compensation is258

imperfect.259

Our solution of this issue uses a linear combination of a few260

Aτk (ω) computed on parallel contours t + iτk (as described261

above), which is designed to compensate the low-frequency262

singularity introduced by the e−τ |ω| factor. Introducing some263

weights ak , and defining the function264

h(ω) ≡
n∑

k=1

ake−τk |ω| (18)

we have265

A(ω)h(ω) =
n∑

k=1

akAτk (ω). (19)

We choose the weights ak such that the function h(ω) is flat266

close to ω = 0, i.e., we cancel the first powers of its low-ω267

expansion:268

n∑

k=1

ak = 1, (20a)

n∑

k=1

akτ
l
k = 0 (20b)

for l = 1, . . . , n − 1. As h is close to 1 at low ω, h(ω) = 1 +269

O(ωn), we can now safely invert (20):270

A(ω) = 1
h(ω)

n∑

k=1

akAτk (ω). (21)

In practice, we need to take τk which are neither too close271

[leading to large ai that amplify numerical noise, due to the272

Vandermonde determinant in the linear system (21)], nor too273

distant as time-evolution errors affect precision. In this work,274

we used n = 3 and τk = 1, 1.15, 1.3, if not stated otherwise.275

We will refer to this approach as the parallel (inversion)276

method.277

Note that one can also perform a direct extrapolation to278

τ = 0 using several parallel contours, which we call the par-279

allel (extrapolation) method. We present it in Appendix B280

for completeness, but it turns out to be slightly inferior to281

the parallel (inversion) method. The parallel (extrapolation)282

method will be used in this paper as a check for the parallel283

(inversion) method.284

Results. We present results of the spectral function of the285

benchmark SIAM in Figs. 2(a) and 2(b). We use δt = 0.2D−1,286

wt = 10−11, Nb = 59, tmax = 90D−1, and η = 0.001D. The287

simulation reached a maximum bond dimension of m =288

1023. Both the parallel (inversion) and parallel (extrapolation)289

method provide spectral functions in excellent agreement with290

the much more costly (more than an order of magnitude)291

real-time benchmark data both at higher and in particular292

also at very low frequencies. The (generalized) Friedel sum293

rule πDA(0) = 2 is matched to fractions of a percent. As294

both methods operate on the same numerical data, the parallel295

(extrapolation) method provides a cheap control of the quality296

of the spectral function. For Fig. 3(a) we use larger baths and297

a larger maximum bond dimension to calculate the spectral298

FIG. 2. (a) Comparison of spectral functions obtained on a par-
allel contour: “real” stands for the real-time reference data, τ = 1
on the parallel contour without post-processing, parallel (extrapo-
lation) and parallel (inversion) for the two methods of the main
text. Nearly all spectral weight can be recovered by both methods
in excellent agreement. The parallel (inversion) method used n = 3
with τk = 1, 1.15, 1.3; the coefficients ak (see text) are then approx-
imately 33.2, −57.8, 25.6. The parallel (extrapolation) method used
corrections to sixth order with 13 contours centered on τ = 1 with
a distance δτ = 0.075. (b) Zoom at low frequencies with the same
labels, showing the high accuracy of the parallel (inversion) and
parallel (extrapolation) methods at very low frequencies.

function for larger values of U/D both by real-time calcula- 299

tions and by the parallel (inversion) method. The Friedel sum 300

rule is matched to very high accuracy in all cases; real-time 301

results are much less accurate for larger U/D. 302

The determination of the self-energy &(ω) is numerically 303

more challenging than that of the spectral function A(ω). 304

We calculate it from the Dyson equation &(ω) = G−1
0 (ω) − 305

G−1(ω), where G0(ω) is the impurity Green’s function for 306

the noninteracting case. Its inverse is given by G0(ω)−1 = 307

ω + iη − ϵ0 − ((ω) with η = 0 here. We used the analyt- 308

ically known hybridization function. We obtain G(ω) from 309

the parallel (inversion) method, which yields A(ω), i.e., the 310

imaginary part of G(ω). We then use the Kramers-Kronig rule 311

to obtain the real part of G(ω). 312

To assess the quality of our self-energies, we henceforth 313

include benchmark results from NRG. The NRG data were 314
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FIG. 3. (a) Spectral function of the SIAM for U/D ∈ {2, 3, 4}
with Nb = 299, using the n = 2 parallel (inversion) method with
τk ∈ {1.15, 1.3}; the coefficients are approximately ak ∈ {8.6, −7.6}.
We have an overall higher-frequency resolution due to a finer
bath discretization, zero broadening, and a time evolution tmax ∈
{150D−1, 200D−1, 250D−1}. The maximum bond dimension is m =
1500 SU(2) states. In all cases, in particular for larger U/D, the
matching of the Friedel sum rule is less accurate for the real-time
method. (b) Corresponding self-energies.

obtained in a state-of-the-art implementation [55–60] based315

on the QSPACE tensor library [61], using a symmetric improved316

estimator for the self-energy [62]. The latter allows one to fol-317

low the imaginary part of the self-energy down to extremely318

low values of |Im "|/D.319

As shown in Fig. 3(b), the self-energies calculated by com-320

plex time evolution reach the Fermi-liquid ω2 regime. The321

final breakdown at very low frequencies (ω/D ≈ 0.007) is due322

to small deviations from the sum rule and the use of Dyson’s323

equation. We expect that the use of improved estimators [62]324

will alleviate this problem in future implementations. Before325

the breakdown, agreement with NRG results is excellent. Note326

that self-energies calculated from real-time results are much327

less accurate and plagued by unphysical oscillations.328

IV. COMPLEX TIME EVOLUTION329

AT FIXED ANGLE: TILTED CONTOUR330

In our second complex time approach, time is evolved331

along a complex contour tilted by various angles α with332

FIG. 4. Symmetrically split complex time contour: Contour Cres

from 0 to z is replaced by two symmetric contours C+ and C− from 0
to z/2 and −z/2, respectively.

respect to the real axis, where z(t ) = t + it tan α, i.e., τ = 333

t tan α > 0. We adapt the symmetric splitting of real-time 334

evolutions to the complex plane by splitting z = z′ + z′′ with 335

z′ = z′′ = z/2. Then we have 336

⟨ψ0| ĉ†(0)ĉ(z) |ψ0⟩ = [ĉ(−z/2) |ψ0⟩]†ĉ(z/2) |ψ0⟩ , (22)

⟨ψ0| ĉ(z)ĉ†(0) |ψ0⟩ = [ĉ†(z/2) |ψ0⟩]†ĉ†(−z/2) |ψ0⟩ . (23)

The two contours on which complex time evolution occurs 337

now look as in Fig. 4. 338

In all calculations, we use δ|z| = 0.2D−1, and again wt = 339

10−11 and Nb = 59. The maximum complex time is in all 340

cases |z|max = 90D−1, or real times tmax = 90D−1 cos α. The 341

resulting Green’s function is Fourier transformed as 342

Gα (ω) =
∫ ∞

0
dt Gα[z(t )]eiωt−ηt (24)

(again with η = 0.001D); the subscript α indicates that we 343

evaluate on a tilted contour. The spectral function A(ω) is then 344

extracted as Aα (ω) ≡ −(1/π )ImGα (ω). Results are shown on 345

a linear and a logarithmic frequency scale in Fig. 5. Note that 346

we do not expect to obtain the correct A(ω) for α ̸= 0, as Aα 347

is just an intermediate step in the computation. Nevertheless, 348

we find that peak positions in Aα are well preserved for 349

moderate angles, thus still allowing for a rough interpretation 350

of quasiparticle peaks [see Fig. 5(a)]. We find a significant 351

reduction in the entanglement entropy for all angles that can 352

be understood as the result of damping the statistical weight 353

of high-energy states, as it is reflected in a reduction in the 354

time-dependent energy expectation value of the system (see 355

Fig. 6). The dampened growth in the entanglement entropy 356

leads to a speed up of a factor of the order 100 in the SIAM 357

model for the specified parameters compared to our real-time 358

reference calculation. This is reflected in the very small final 359

bond dimensions, m = 52 for α = 0.3, m = 66 for α = 0.2, 360

and m = 137 for α = 0.1. In order to compute the spectral 361

function A(ω), the data have to be postprocessed, in this 362

case by an analytical continuation of the complex time data 363

to the real axis by MAXENT, yielding the tilted (MAXENT) 364

method (see Appendix C for a detailed discussion of MAX- 365

ENT). The agreement with the real-time data is overall very 366

good and the Friedel sum rule obeyed to 0.4%, but there are 367

small, but noticeable, deviations from the true A(ω) between 368

ω/D ∼ 10−2 and ω/D ∼ 10−1 [Fig. 5(b)]. As the analytic 369

continuation kernel is generally ill conditioned and its current 370

formulation leads to deviations around the Fermi edge, this 371
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Fig. 16: Low-frequency imaginary part of the self-energy of the SIAM: NRG vs. TN on the
real axis and a complex parallel contour, combined with our inversion method. Pure real-
time calculations fail; complex-time calculations agree very well with NRG down to very low
frequencies. Remaining discrepancies are mainly due to the limited bath size. From [22].

All methods are increasingly challenged for multi-orbital (multi-band) problems. For NRG, for
instance, three bands are the limit under the proviso that the Hubbard-Kanamori Hamiltonian
is simplified to the Dvorin-Narath Hamiltonian, where the pair-hopping term is eliminated.
This increases the orbital symmetry from SO(3) to SU(3), making NRG almost exact. For
the Hubbard-Kanamori Hamiltonian, results can be obtained, but are less accurate; still, they
present the best currently available benchmark (in particular when combined with the methods
in [41]). We again use a semi-circular DOS for the baths.

In both cases, calculations on the real-time axis are simply not sufficient. In the case of the
Dvorin-Narath model, complex contours perform significantly better, but the parallel contour
combined with inversion emerges as the clear winner, agreeing with NRG down to very low
frequencies. As in the case of the SIAM, obvious improvements are still possible. For the
Hubbard-Kanamori model, a similar picture emerges. NRG and the results from the parallel
contour plus inversion do not agree as well, but this is probably rather due to the limited accu-
racy of NRG for this model. It can be shown, however, that improvements would shift the NRG
curve downwards, closer to the TN result.
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FIG. 9. Imaginary part of the self-energy of the Hubbard-
Kanamori Hamiltonian. The real-time result (“real”) shows oscilla-
tions and fails at ω/D ≈ 0.05, missing the low-frequency physics.
The dotted line indicates the ω2 Fermi-liquid behavior of the self-
energy. The tilted (MAXENT) and tilted (extrapolation) methods do
not reach this regime. The parallel (inversion) method (with n = 2
with τk ∈ {1.15, 1.3} and ak ∈ {8.7, −7.7}) is in very good agree-
ment with NRG data but for a prefactor (see text) down to ω/D ≈
0.002.

In the case of the three-band Hubbard-Kanamori model,464

NRG provides the best results for comparison but is no longer465

an exact benchmark: The large dimension of the local Hilbert466

space requires a rather large value of the discretization param-467

eter, here # = 6 [47]. Averaging over nz shifted discretization468

grids mitigates the effects of a coarse resolution of the hy-469

bridization function to some extent [57]. As discussed in470

Appendix F, we found the best results by extrapolating to471

nz → ∞. Generally, we observe that the NRG result for the472

ω2 coefficient of −Im $ decreases with increasing resolution473

of the hybridization function (decreasing #, increasing nz). It474

is therefore remarkable that the T3NS result is slightly offset475

from the NRG result by a factor <1 in the ω2 regime before476

the breakdown occurs at ω/D ≈ 0.002.477

We also considered the Dworin-Narath Hamiltonian,478

which can be represented similarly as in Eq. (25), except479

that one necessarily has U ′ = U − J and that the last term480

in Eq. (25) (known as pair hopping) is missing [63]. It obeys481

a larger orbital symmetry than the Hubbard-Kanamori Hamil-482

tonian [SU(3) instead of SO(3)], and thus allows for highly483

accurate NRG calculations at # = 4 (see also Appendix F).484

Figure 10 shows the imaginary part of the self-energy for485

the Dworin-Narath Hamiltonian with the same parameters as486

before (U/D = 2 and J/D = 0.3). The performance of the487

time-evolution methods is similar to Fig. 9: going toward low488

frequencies, the real-time evolution soon yields unphysical489

results, the tilted (MAXENT) and tilted (extrapolation) schemes490

improve on this, while the best result by far is obtained via491

the parallel (inversion) method. The corresponding curve fol-492

lows the Fermi-liquid ω2 behavior down to ω/D ≈ 0.004.493

Importantly, the agreement with NRG is excellent, as the494

coefficients of the ω2 behavior match. This indicates that the495

small difference in the prefactor of the self-energy in Fig. 9496

comes from the fact that the Hubbard-Kanamori NRG result497

is not fully converged in all numerical parameters.498

FIG. 10. Imaginary part of the self-energy of the Dworin-Narath
Hamiltonian. The parallel (inversion) method is in very good agree-
ment with NRG data down to ω/D ≈ 0.004. All calculations are at
truncated weight wt = 10−10. Real-time evolution is up to tmax =
120D−1 with a maximum bond dimension m = 512. The tilted
(MAXENT) method uses angle α = 0.05 and goes to tmax = 180D−1

and maximum bond dimension m = 1024, the parallel (inversion)
method uses τ = 1 and goes to tmax = 140D−1 and maximum bond
dimension m = 1500, the bath size was increased to Nb = 139.
Results for the parallel (inversion) method are shown for n = 4 with
τk ∈ {0.85, 1, 1.15, 1.3}; the coefficients ak (see main text) are then
approximately {9.8, −14.2, 7.5, −2.1}.

The parallel (inversion) method emerges as the most 499

reliable and performing among the methods tested here. More- 500

over, it can be further improved systematically: it rests on 501

an analytically exact formula and the breakdown at very low 502

frequencies occurs because G(t + iτ ) was not calculated for 503

long enough times to yield highly reliable Gτ (ω) for very 504

small ω. As entanglement growth is curtailed, the region of ω2
505

scaling can be extended to smaller frequencies by longer time 506

evolutions. Note that the complex time evolutions employed 507

here easily generalize to less symmetric situations, as we did 508

not use any of the emerging larger symmetries, and also have 509

sufficient numerical efficiency to move to systems with more 510

than three orbitals. Additionally, we expect that the accu- 511

racy of the self-energies provided by complex time evolution 512

can be further improved by using improved estimators as in 513

NRG [62]. 514

VI. CONCLUSION 515

Complex time evolution is an addition to the toolbox of 516

tensor network simulations that offers high resolution when 517

computing Green’s functions at low frequencies at a fraction 518

of the computational cost. At the same time, it maintains 519

the quality of high-frequency data previously available. The 520

speedup is highest for the tilted contour, about two orders of 521

magnitude. MAXENT as a method of analytical continuation 522

provides very good, but not excellent, agreement with real- 523

time data where the latter is essentially exact. 524

The parallel contour calculations yielded the second 525

highest speedup of (more than) an order of magnitude; 526

postprocessing by two different methods, inversion and 527

005100-8

Fig. 17: Low-frequency imaginary part of the self-energy of the Dvorin-Narath model: NRG
vs. TN on the real axis and various complex contours, using different continuation methods.
From [22].
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FIG. 9. Imaginary part of the self-energy of the Hubbard-
Kanamori Hamiltonian. The real-time result (“real”) shows oscilla-
tions and fails at ω/D ≈ 0.05, missing the low-frequency physics.
The dotted line indicates the ω2 Fermi-liquid behavior of the self-
energy. The tilted (MAXENT) and tilted (extrapolation) methods do
not reach this regime. The parallel (inversion) method (with n = 2
with τk ∈ {1.15, 1.3} and ak ∈ {8.7, −7.7}) is in very good agree-
ment with NRG data but for a prefactor (see text) down to ω/D ≈
0.002.

In the case of the three-band Hubbard-Kanamori model,464

NRG provides the best results for comparison but is no longer465

an exact benchmark: The large dimension of the local Hilbert466

space requires a rather large value of the discretization param-467

eter, here # = 6 [47]. Averaging over nz shifted discretization468

grids mitigates the effects of a coarse resolution of the hy-469

bridization function to some extent [57]. As discussed in470

Appendix F, we found the best results by extrapolating to471

nz → ∞. Generally, we observe that the NRG result for the472

ω2 coefficient of −Im $ decreases with increasing resolution473

of the hybridization function (decreasing #, increasing nz). It474

is therefore remarkable that the T3NS result is slightly offset475

from the NRG result by a factor <1 in the ω2 regime before476

the breakdown occurs at ω/D ≈ 0.002.477

We also considered the Dworin-Narath Hamiltonian,478

which can be represented similarly as in Eq. (25), except479

that one necessarily has U ′ = U − J and that the last term480

in Eq. (25) (known as pair hopping) is missing [63]. It obeys481

a larger orbital symmetry than the Hubbard-Kanamori Hamil-482

tonian [SU(3) instead of SO(3)], and thus allows for highly483

accurate NRG calculations at # = 4 (see also Appendix F).484

Figure 10 shows the imaginary part of the self-energy for485

the Dworin-Narath Hamiltonian with the same parameters as486

before (U/D = 2 and J/D = 0.3). The performance of the487

time-evolution methods is similar to Fig. 9: going toward low488

frequencies, the real-time evolution soon yields unphysical489

results, the tilted (MAXENT) and tilted (extrapolation) schemes490

improve on this, while the best result by far is obtained via491

the parallel (inversion) method. The corresponding curve fol-492

lows the Fermi-liquid ω2 behavior down to ω/D ≈ 0.004.493

Importantly, the agreement with NRG is excellent, as the494

coefficients of the ω2 behavior match. This indicates that the495

small difference in the prefactor of the self-energy in Fig. 9496

comes from the fact that the Hubbard-Kanamori NRG result497

is not fully converged in all numerical parameters.498

FIG. 10. Imaginary part of the self-energy of the Dworin-Narath
Hamiltonian. The parallel (inversion) method is in very good agree-
ment with NRG data down to ω/D ≈ 0.004. All calculations are at
truncated weight wt = 10−10. Real-time evolution is up to tmax =
120D−1 with a maximum bond dimension m = 512. The tilted
(MAXENT) method uses angle α = 0.05 and goes to tmax = 180D−1

and maximum bond dimension m = 1024, the parallel (inversion)
method uses τ = 1 and goes to tmax = 140D−1 and maximum bond
dimension m = 1500, the bath size was increased to Nb = 139.
Results for the parallel (inversion) method are shown for n = 4 with
τk ∈ {0.85, 1, 1.15, 1.3}; the coefficients ak (see main text) are then
approximately {9.8, −14.2, 7.5, −2.1}.

The parallel (inversion) method emerges as the most 499

reliable and performing among the methods tested here. More- 500

over, it can be further improved systematically: it rests on 501

an analytically exact formula and the breakdown at very low 502

frequencies occurs because G(t + iτ ) was not calculated for 503

long enough times to yield highly reliable Gτ (ω) for very 504

small ω. As entanglement growth is curtailed, the region of ω2
505

scaling can be extended to smaller frequencies by longer time 506

evolutions. Note that the complex time evolutions employed 507

here easily generalize to less symmetric situations, as we did 508

not use any of the emerging larger symmetries, and also have 509

sufficient numerical efficiency to move to systems with more 510

than three orbitals. Additionally, we expect that the accu- 511

racy of the self-energies provided by complex time evolution 512

can be further improved by using improved estimators as in 513

NRG [62]. 514

VI. CONCLUSION 515

Complex time evolution is an addition to the toolbox of 516

tensor network simulations that offers high resolution when 517

computing Green’s functions at low frequencies at a fraction 518

of the computational cost. At the same time, it maintains 519

the quality of high-frequency data previously available. The 520

speedup is highest for the tilted contour, about two orders of 521

magnitude. MAXENT as a method of analytical continuation 522

provides very good, but not excellent, agreement with real- 523

time data where the latter is essentially exact. 524

The parallel contour calculations yielded the second 525

highest speedup of (more than) an order of magnitude; 526

postprocessing by two different methods, inversion and 527

005100-8

Fig. 18: Low-frequency imaginary part of the self-energy of the HK model: NRG vs TN on
the real axis and various complex contours, using different continuation methods. Note the
robustness of the inversion method: the superposition of 2 and 3 contours respectively hardly
affects the outcome. From [22].

8 Outlook

Quo vadis, TN-DMFT? What is the future potential? On the one hand, we have by now a
very reliable TN-DMFT working on the imaginary axis. It has shown its power in solving a
long-debated problem, the “heavy fermion” behavior of lithium vanadate, by accessing very
low temperatures reliably in a three-band problem. The setup of the problem and the quite short
run-times indicate that 5-band and maybe even 7-band problems are within reach. Of course,
all will depend on the size of the relevant temperature and energy scales to be resolved.
For TN-DMFT working on the real-time axis the jury is still out to some extent, but it is clear
already that time evolution on complex contours is perfectly suited to obtain much more precise
spectral functions and self-energies. What is still ongoing research is to go beyond “one-shot”
calculations and to integrate the results into the self-consistency loops of DMFT. There is,
however, no reason why this should present conceptual difficulties beyond the subtleties of a
proper implementation. To be followed!
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[2] U. Schollwöck, Rev. Mod. Phys. 77, 259 (2005)
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[25] S. Paeckel, T. Köhler, A. Swoboda, S.R. Manmana, U. Schollwöck, C. Hubig,
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