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Prelude
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DFT calculations do not describe correlated insulators such as NiO
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Prelude ;N(IT

m We consider a Grand Canonical Ensemble at inverse temperature p = 1/kgT
and chemical potential y

m Let ¢, (x) be a complete and orthonormal basis of single particle states
- for example « = (n,k, o) ora = (v,R;, o)
m Define the corresponding Fermion operators ¢! and ¢,

a The ‘Grand Canonical Hamiltonian’ K = H — 1 N is K = Ky + K; with

1

Ko = Z (tﬂvﬁ —H 504,/3) Ct;(rcﬂ' Ki = 5 Z Vavlgyfsvzy CIC;C,YCIS
a,B «,B,7.0

® We assume that we know all eigenstates K |i) = K; |i) - then

e B
V4

Ki

z=y et 0-—gleZ)  (Om-L

i

(iloli)
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The time-ordered imaginary time Green’s function N(IT

Define the imaginary time Heisenberg operators (with it — 1) ...

Cu(7) = e Ca e

ci(t') = e
... and the time-ordered imaginary time Green’s function
Gup(r,T) = —(T (1) () )mn

= —0(t-7){c (1) ¢f(T) )n+O(T —1)( ch(T) cu(7) )

—BKi
Z— lile(t)eh(T)li)

= 7@(‘[7‘[/)2

/ e PKi ot .
ro( -1 Y T lic(t)e Tl
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The time-ordered imaginary time Green’s function, cont’d ﬂ(IT

e PKi
Guplr. ) = —B(r=7) Y E o lile,(r)ch(x)li

BKi
el

+®(T’—T)Z °

0=t L X o lila i Uleh(e)l)
Joi

+o(c -0 Y o ek Gle ()l
jooi

/ eiﬁK/ T —T oK+ K

= —0(-7) L S e ae TR (jle” R of e 7 R
]

+0(r'-7) ¥ T (il % of e ) (jleF a e
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The time-ordered imaginary time Green’s function, cont’d ﬂ(IT

Gup(r.¥) = —O(—7) L “— (ile"" e e "h)) (le"h cf e Hi)
i
, e PRk 4 kK K
+O(T' —1) Y~ (ile" 7 ch e " n|j) (jle*r oy e i)
ij
1K 4 'K Ki-Ki . . /K/’Ki.ju.
(il ¢ e7T]j)(jl€" D cf e W) = e (ileilj) € 7 (jlehi)
N . . .
= e (ilal)) (lehli)
’ ’ e BKi - /)K"7K1' . PR T
Gop(r.T) = —O(-7) L~ T (i) Uikl
i
, efﬁK/ (T*T’)KjiKi R . .
+0O(t' —7) ) ——— " Tm ilegl)) (lcali)
i

T ERR2AN G



Fourier transform ﬂ(IT

ei‘BK’. TK/'7K]' . N i
Cup(t) = —0(1) ) ——— e 7 (ileli) Ulegli)
if
eiﬁK" TKl‘fKi a o Fin s s
+0(-1) ), e 7 (ilegli) (el
if
a Well defined only for T € [—hp, hp] = Fourier frequencies w, = n 277ﬁ =N+
Gr)x Y e ™" Gliwp)
n=—oo

® Boundary condition: G(t+ hp) = —G(t) = n=2v +1

1 & i , . KE i
G(t) = —— e T Giwy), Gliw,) = / dt €97 G(1)
L/ R 0
m Fermionic Matsubara frequencies w, = (ZL/;/;)”
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We recall the Green’s function ...

e BKi TKFKJ' . N st
Gup(r) = —O(1) ), ——e" 7 (ilali) (lgli) + O(=1)...
L)

... and evaluate its Fourier transform

N .
Goc,ﬁ(iwv) = / dt et Goc,ﬁ(T)
Jo
. K. | TP e i
e /hﬁ dt eT("“’VJfKi;K/) — g BKi erliovt =)\ e PKi 1 o= PK;
B i Ki - . K—K,
70 lwy + I-hj 0 jwy, — y A

In this way we obtain the Lehmann representation:

. e*,BKi + efﬁKJ <i|ca|j> O|C+|I>
Gy pliwy) = Z Z . K,-JPS(,
ij lwy = =~
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Real time Green’s function N(IT

Now consider the real-time Heisenberg operators ...
cult) = elt% ¢, e~ ch(it') = o' ct e %
... and the retarded real-time Green’s function
Ghstt) = —iot—1t) ({c () ch(t)})m
= —i0(t—t) ({ceh(t) i+ (ch(t)e () )
Now compare with the time-ordered imaginary time Green’s function

Gup(r.7) = —OT—=7)( (1) (7)) hin+O(7" = 1) (7)) cu(7) )y

@ T—itand £O (£(7'— 1)) = —iO(t —t')
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Fourier transform ﬂ(IT

: e P4 e PR K
Gip() = 10y ———5——e " (el (lcil)
L

a No limitation on t - we seek the conventional Fourier transform

1 o
&ty = 5 [ dwe ™ alw)

a We use the formula (Appendix A of my notes)

; 1 d ; 1
g —IEt  _ . —lwt
i(t)e ,,'L"Sw 2r /—oo dw e w—E+iy
~BKi =K (ilcylj) (ilckli)
= Glyw) = lim e’"re’” s
! n—0" i V4 w — /77 i +,',7
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Now compare: ﬂ(IT

, e Bk 4 o BK (ileli) Gilchli)
G,X”B(Iw,/) = Z ] KEK,,
i lwy, — jT

, e BK 4 PR (ilc,lj) (ilchli)

Glyw) = Iim ¥ Z . K-[iK-
n—0 i w +in — I‘h i

m There is one function G, s(z) of the complex variable z - called ‘the’ Green'’s
function - which gives G, 4(icwy) when evaluated at the Matsubara frequencies
and Ggﬁ(w) when evaluated at a line infinitesimally above the real axis

e Bk + K (ilc,lj) {jlckli)
Gup(2) = 7 KK
—w

ij z
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Why is that important?

arlsruhe Institute of Technology

a The imaginary-time Green’s function is better to handle mathematically

m It can be written as a Grassmann functional integral and expanded into

Feynman diagrams whereas the real-time Green’s function cannot
a Therefore a procedure that is followed in hundreds of papers is as follows:

m Evaluate an approximate G(iw,) e.g. by Feynman diagram expansion

and some trick e.g. summation of subclass of diagrams

® Then simply replace G(iw,) — G(w + in) to obtain an approximate

real-time Green’s function

T ERR2AN G



Rewriting G

Ga,ﬁ(z)

Karlsruhe Institute of Technology

e 51 o bk (ilauli) Glchlh

K=K
o 4 z-
o Bk (ileylf) (lc i) e B (ileyli) (legli)
7 Z AR TE Tz, KK
o Bk {ileuli) (ilehli) e b (ilefli) (leyli)
= 7 7 _ K/;KI 77 Z z+ @
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Physical interpretation

arlsruhe Institute of Technology

m We assume ¢, = G, C} = Gy,

a The expression for ‘the’ Green’s function becomes

e PR [ ilegoli) Uleg i) (ilegqli) g, |
T z- At 2+

Gk,[f(z) =

m |j) has one electron less than |i) - |j) has one electron more than |i)
a K; — K; is the energy needed to remove/add an electron with wave vector k

w Assume K = Y (ex— 1) G ,Cco
k.o

@ Then K; = K+ (ex — ) = Kj — Kj = £(ex — 11)
® Gi(2) has poles on the real z-axis - the dispersion with k gives

the band structure observed inphotoemission/inverse photoemission
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Noninteracting case

Gk,a(z) = Z

(ilc o) Ul G| )

e PR [ (ilG 1)) Uloeel)
— Ki—Ki
i.j - =

Assume K = Y (ex—p) ¢l ko
ko

@ Then K; = Kj+ (ex — ) = Kj — Kj = £(ex — 1) -

independent of |})

KK

Z+ 55—

Gk,a(z) _ e?K <i|Ck'(7€CkIIf;‘i> <i‘clt,trikj7#‘i>
i 2= "H 2= 7w
_ 1-— fk,a fk,a
2ol o
_ 1
2t

|

|
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Noninteracting case

Karlsruhe Institute of Technology

a For noninteracting ‘band electrons’ ...

’
Ko=) (ek—1) GioCc = CGokel2) = ——
ko Z= 5

m The generalization to an arbitrary noninteracting Hamiltonian is ...

t— —1
Ko:Z(tA,p’—y%,ﬁ)C;[Cﬁ = Go(2) = (Z_TP‘)
xp

... where Gy (z) and t are matrices of dimension 2n, x 2n,
Check: Set 1, 5 = ek dn,p



The self energy

a For a noninteracting Hamiltonian ...

t— —1
KO:Z([\‘[) ]’l(slxﬂ)CC’B = Go(z):(z_ ‘u>
x.p

a For an interacting Hamiltonian ...
K=Y (tup— 1 Sup) CiCs —|— Z Vieps.y CACEC,Cs
®p

.. we define the self energy ~(z) by the Dyson equation

G(z) = (z—t__hﬂ—Z(z)>1 = (Ga1(z)—2(z))

A



Interacting band structure

Karlsruhe Institute of Technology

For ‘band electrons’ we have

Ger(2) = z-FEw(2)
But recall:
Gk.+(2) has poles on the real z-axis - the dispersion with k gives
the band structure observed inphotoemission/inverse photoemission
However, a pole of Gg ,(z) means G,;;(z) =0

The equation for the interacting band dispersion Ex = hwy therefore is

€k — K1 _
'h Tk(wk) = 0

Wk —

For simplicity we drop u, omit k and set h = 1
w—€—%(w)=0

A



We seek solutions of w — e — X(w) =0
Y (w) has the form (see my notes)
o
L(w) = Vur+ ) —

i w_gi

To see the implications of this let us consider just a single pole:

zwzw‘ic

The equation for poles of the Green'’s function is: w — ex = X(w)

()|

Energy
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We seek solutions of w — e — X(w) =0

Y (w) has the form (see my notes)
Y(w) = Vyr + Z

i

oj
w—j

To see the implications of this let us consider just a single pole:

S(w) = 2

w—_
The equation for poles of the Green'’s function is: w — ex = X(w)

Ol o &

Energy
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We seek solutions of w — e — X(w) =0

Y (w) has the form (see my notes)
Y(w) = Vyr + Z

i

oj
w—j

To see the implications of this let us consider just a single pole:

S(w) = 2

w—_
The equation for poles of the Green'’s function is: w — ex = X(w)

)| So-g

Energy
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We seek solutions of w — e — X(w) =0

Y (w) has the form (see my notes)
Y(w) = Vyr + Z

i

oj
w—j

To see the implications of this let us consider just a single pole:

S(w) = 2

w—_
The equation for poles of the Green'’s function is: w — ex = X(w)
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We seek solutions of w — e — X(w) =0

Y (w) has the form (see my notes)
Y(w) = Vyr + Z

i

oj
w—j

To see the implications of this let us consider just a single pole:

S(w) = 2

The equation for poles of the Green'’s function is: w — ex = X(w)

w=¢

X(w)

Energy
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Prelude

Karlsruhe Institute of Technology

DFT calculations do not describe correlated insulators such as NiO
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Crash course in Grassmann variables

Karlsruhe Institute of Technology

® Grassmann variables are objects - we write them as ¢; or ¢, where i and j
distinguish different Grassman variables - which anticommute

Pidj =~ Pi Pip; = —¢; i Pidj = —9;i-

a The asterisk * is part of the name of the Grassmann variable
& ¢ipf = —¢7¢; = 0 - the square of any Grassmann variable is zero

a A Grassmann algebra consists of all combinations of nonvanishing products of
the ‘Grassmann basis’, e.g. with basis ¢ and ¢*

a+ arp + axp” + azp¢”

a The key property of Grassmann variables is the rule for ‘integration’
/d4>4>:1, /d¢1:o

T ERR2AN G
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Crash course in Grassmann variables N(IT

a Functions of Grassmann variables are defined via the power series expansion

’
exp(aig + a¢" +asp’¢) = 1+ (a¢+ap’ +ap p) + 5aa(¢” +¢7¢)

1+ (a1¢ + axp™ + az¢p™¢)

Therefore

[ do" dg explarg + 2" + s ¢) a [ dp dpgt ¢
— a5 [y dpg g’

—ag / d¢™ ¢* = —ag
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Crash course in functional integrals

a Divide [0, hg] into M intervals of length e = hp/M with M — o

M
Z=tre Pk —tre % —tr (e’*‘% )

a At each grid point 74 = k - € insert resolution of unity
m Here in terms of Fermion coherent states |®) (D

Cy @) (Pk| = Py k| Pr) (Pl

|Dg) (Pl &

| Pk ) (Pt

Karlsruhe Institute of Technology
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Crash course in functional integrals N(IT

The Hamiltonian was
1
K =3 (tup— 1 dup) C;Cﬁ 5 Y. Vagon C:ICECyC(s
«p a,B,7.0

Then, since € = % —0

K(ct, ¢)
h

() (k| €7 [Py 1) (Pr_1| = [Dk)(Dy] (1 +e ) | Dy 1) (Py_1| +0(€?)

[ Ph— 1) (Ph—1] + ..

@)@y (14+¢ i)

K(@f Pk—1)
A | Dk_q)(Pk_1] + O(e?)

= |Dy)(Dk|€°

m Analogous to derivation of the Feynman path integral for U(0, t) = e #H

T ERR2AN G
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Grassmann variable representation of Z

Let [0, hp] be divided into M intervals of length e = h3/M

Define imaginary time grid points tx = k-¢, k =1...M

For each grid point 7 introduce Grassmann variables ¢ , and ¢,
7 is the ‘compound index’ on Fermion operators c$ and ¢,

M .
Z = lim H H / d(p;‘,’,‘k d‘/’ﬂ,;k e~ Su(¢".9)
k=1 79 -

M— oo

Su(e*, )

€

u Pk = Pyh—t 1
Le {Z Pra 2 K (g i)
= v

K(¢%. ¢x—1): Grand Canonical Hamiltonian with c; — ¢, andc, = ¢,y

This indeed reproduces Z for noninteracting Fermions, see my notes

AT
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Grassman variable representation of Z N(IT

Recall

M

_ 1k cp 1
S(¢) = m L < [Z%k s hK(qb;,rpm)]

k=1

If we treat the Grassmann variables as ‘numbers’ and recall ¢ = %
.-hﬁ * aq‘)”/ 1 *

S is called the action associated with the Hamiltonian K

T ERR2AN G
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Green’s function as a functional integral N(IT

a The imaginary time Green'’s function can also be rewritten

‘ k(t) k(‘c’)‘
| | | | | | | |

; | W
T T’

Gup(t.T) = —(Tcu(t) (') )

= — lim HIA/I:1 Hﬁ’/ / d(/?;‘?"vk d(/)”,f,k q)ﬂ,k(T)q)*ﬁ’k(T/) e~ Su(@".9)
M Ik I, | d¢  do, e Su(¢*.¢)

m In order to take the limit M — oo easily we switch to Fourier transformed

Grassmann variables

T ERR2AN G



Fourier transform of S ﬂ
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w Define the Fourier transformed Grassmann variables (with w, = 22-17)

B
(LA 1T
el = e Wk p* , P — el Wk
Pya JM k;1 ¢k Py M k;1 Py k
m This is easily reverted
M M
(P* _ 1 i eiwka 43* ¢ _ 1 i efiwu‘rk@
M5 " M5 "
v=—"7+1 v=—"7+1

® The transformation ¢ , — ¢2 ,, is unitary = the Jacobian is unity

m The limit M — oo is trivial to take

T ERR2AN G
28
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Fourier transform of S

a After some algebra (see my notes) we find Z ...

‘- H H / dJ)H d‘f’f\,,y e—S(¢".9)

Slg*. 9l = - ; i € Gy aglicws) Pg, + Ki[§", ]
i t— 12
G, ' (iwy) = wy,— 5

Karlsruhe Institute of Technology
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Fourier transform of S

a After some algebra (see my notes) we find Z ...

z = T11I [ o, df,, eSEH
SW9l = = B B 0 Gogglica) gy, Kilg" )
1, . t—]/l

G, ' (iwy) = lwy———

... and the Green'’s function

G, sliw)) = v Ty & s
i) .11, [ d¢;, d§.,, e=S@"$)

Karlsruhe Institute of Technology

_H;z Hﬂ,’ / d(/})l d(/TJ",/,t (/7)&&’ qs*ﬁ.v 678(43*,43)
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Change of perspective ﬂ(IT

The Green’s function can be represented as a Grassmann functional integral

I, T1, [ 95, df, s Guy B3, € S@9)
H;l ]—I,\(, [ d(/s;,,ll d(ﬁ'\,/,g{ eis((i)*'(ﬁ) ,

Gac,ﬁ(iwv>

S Gl = — X Biu € Gy yliwn) By K56

a,Bv

m But G, G, X are ‘sets of complex matrices’: F, g(iwy), F € {Go, G, L}

- now take the above as definition of a functional G[G ']

This functional has Kj - the interaction part of H - as an implicit parameter

A
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We will now introduce a number of functionals

All of these have K; as an implicit parameter

None of them depends on Kj

Karlsruhe Institute of Technology
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More functionals

z

S[¢*, ¢]
Another functional

Q[G, ]

Let G, ' (iwy) =

= Q[G,

32

= —|n(f_°[H/dcpwdqaw 4’4’)

fee)

H H / dq)’yl/dlp'yv S’ 43)

v=—00 7

= =Y ny € Gyl plion) Bg, + Ki 9, ]
'Y,U

v=—00 7y

= jw, — t%’ (physical noninteracting Green'’s function)

"] is the grand canonical potential for K = Ky + K;

A
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Functional derivative of Q ﬂ(IT

Q[Ga1] = —3 ln(HH/d(Pwud(P,u S¢".¢ )>
Sl¢g™.¢] = - % Pa € Gy g iws) P, + K [F", ]
88[43*,43] _ _ plwye Fx 3 _ Slwye 7 Tk

= aGa;ﬁ(in) - € ¢zx,v ¢5v =¢e€ (Pﬁ,v q>zx,v
N BQ[G51] B ei“’l/f H Hy I d(P, U d(f), U ¢51/ 4>zx v S(¢"¢)
3Gy, (i) p I, 11, | d3, df,, e 43 oo

1 iwye -1 :
= —B e g[Go ]ﬁ,a(’wv)

A



One last functional ... N(IT

[ dEE AP B (".9)
Gigg") = - l) 9 Ot %H .
I, 11, [ d¢3, dp,, e=SE&"4)
SF* ¢l = —Y iy € Gylylicon) fg, + K19 G
e

u LetX, g(iwy) be a ‘self-energy’
m Let G[Z] be the solution of the equation G[G'[Z] + X] = G[Z]
m For a true Green’s function G and self-energy > : G~ ' = G51 —

GlG'+3]=6G[G,"|=G — G[Z]=G

T ERR2AN G
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The Luttinger-Ward functional ﬂ(IT

. _ N 2 (56
g[G—1] _ _HI‘ H”y’ j d(P:Mz (Nj(P”y,}z ibzx,v (Ibﬂ,v ? ~(¢ 2 .G
° I II, J ags ., dg., e—S(*.)

v

o = (1T et 209 ) o

GG 'Z]+%] = G[E]—-G
The Luttinger-Ward functional is
FZ] = O [G[Z]*‘ +z] + %Z €“¢1n det G[Z] ' (iw,)
A
—Q+ % Y e €In det G (iw,)
A

w (using G[E]~" +X — Go)

A
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The Luttinger-Ward functional was ﬂ(IT

FIx] = Q{G[Z] +Z} + = Z A€ | det G[X]~ (/wA)
Go
We want to calculate OF[Z]

aza“g(in)

For a function of a matrix M(x) the chain rule gives

of(M) of oM, ;
X o oM, ; ox
S R .
_ o0 _ EIQ) BGW;(IwA)+azW(/wA)

E)Za'ﬁ(iwt,) \ BGO’%J(I'(U/\) BZAp(le) BZAﬁ(/wl)

A
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Functional derivative of Q ﬂ(IT

Q[Ga1] = —3 ln(HH/d(Pwud(P,u S¢".¢ )>
Sl¢g™.¢] = - % Pa € Gy g iws) P, + K [F", ]
88[43*,43] _ _ plwye Fx 3 _ Slwye 7 Tk

= aGa;ﬁ(in) - € ¢zx,v ¢5v =¢e€ (Pﬁ,v q>zx,v
N BQ[G51] B ei“’l/f H Hy I d(P, U d(f), U ¢51/ 4>zx v S(¢"¢)
3Gy, (i) p I, 11, | d3, df,, e 43 oo

1 iwye -1 :
= —B e g[Go ]ﬁ,a(’wv)

A



We found

00

E)Za'ﬁ(ia)v)

‘m\—*

—_

Karlsruhe Institute of Technology

20 aG;'}(iw)\) aZW;(iw)\) |

YO aGO'%(;(I’UJ)\) _azayﬁ(iwv) E)Za,/g(iwv) |

[0G. L (iw;) ]

/w\eg G 7.6 _ 46 0 s 5/’

) O ( ’\) _aza,ﬂ(/wv) v.a 96,8 \v-
Z 6046 (G, (i) G, 5(iwp)
K M 0% plicwy)

eiwveg [Go]ﬁ,a (I'(UV)

A
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FIZ] = Q[G[Z]_1+Z}+1Z e“r¢1n det G[Z] ' (iw,)
B3

We use the identity (see Appendix of my notes) ...

aln(det A) _A,1
A Be

... and again the chain rule (replacing A — M~1)

Oin et | _ g~ 3ln det M~ BM;(}iZM 9
- — = 6 Ty
ox o aMw,J ox o ox
and find
dlIn det - d
" = G > Sy /(U/ "
az[x:ﬁ(lwt) 7§)\ [ } Y,( \) a):nﬁ(/wv)

AT
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IF[x]
aza'ﬁ(in)

40

AT

{ bl 1+z}+ Ze’“’\eln det G[Z] " (jwy)
| S —

Go
1 glane BG[Z] (Iw)\)
,y;/\ reg Go (Iw/\) aza,ﬁ (va)

1 .
_B e'weg [Go}ﬁ'a (iwy)

1 e ~9G[E] §(iwy)
+E,Y;)\ e G[Z](m(lw)\) W
—% &< G (i)
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What we found so far ﬂ(IT

m There exists a functional F[Z] of the self energy with the properties

o - —%;efw indet (G~ (iwn) ) + FIz)
OFIEl 1 e
Eopliw) — pO Gpalien)

m F[Z] has the interaction part K; as an implicit parameter

m F[X] does not depend on the noninteracting part Ky in the Hamiltonian



Stationarity property ﬂ(IT

Karlsruhe Insti

o - 7% Y &€ Indet (G (iwp) — X(iwn) ) + FI2]
A
We want to calculate 670
aZaﬁ(/wv)
We have shown
_OFRE] 1 e gy (i)
%, 5 (icoy) B B

We use G~ (iw,) = Gy ' (iwy,) — Z(iwy) and

dIn(detA) _ , dIn det G~ (iw,)

A, M T T amglw) Gl

42
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Stationarity property

We had
aF - _% Y &€ Indet (G (iwn)) + F=).
A
We found
dIn det G~ (iwy) .
= -G )
0%, p iy palicr) dry
oF[X] 1 iwe i
R S S = —— egweg I
9Tq g (ic0y) B palin)
Therefore
Q) 1 jwy€e i 1 iwye i —
o gRe _ o L[éG;/ /7*616/1(4)/_0
Tapliw) — p Gpalin) = pallicn)

AT
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ationalprincpl cmerging? AT
Variational principle emerging?

a We have seen that () can be expressed as a functional of the self energy ....

o] = f% ;e"“”e In det (Ga‘(iwA) 72(,@”) + F[z]

m ... which is stationary at the exact self-energy

[Q) 0
0%y p(iwy)
We therefore might choose a ‘trial self-energy’ of the form ...
S(iwy) = const+/ dw 0(@ .
—o0 w — lwy

... and derive Euler-Lagrange equation for ¢ (w)!

Sounds good but we have no explicit expression for F[Z] ...

A
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The Variational Cluster Approximation

Karlsruhe Institute of Technology

a We recall:

m F[Z] has the interaction part K; in the Hamiltonian as implicit parameter
m F[X] does not depend on the noninteracting part Ky in the Hamiltonian

m F[X] is the same for any two systems which have the same interaction part

T ERR2AN G
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Variational Cluster Approximation

Karlsruhe Institute of Technology

m Consider the 2D Hubbard model on an infinite square lattice
H = Zt,] cl /a“‘UZ”/T”/i

a We partition the square lattice into finite clusters - say 2 x 2

0o

H= - Y il /U+U2”: nj
{i,j}€Cluster

—t

Both systems have the same interaction part — they have the same F[X]
T

A



The 2 x 2 clusters can be solved exactly
All i) with K|i) = K;|i) are known

We can evaluate the Grand Partition Function Z and Q = —kg T log(Z)

z =Y e BKi
i
The Green’s function Gj(z) (i,j € {1,4}) can be calculated

Inversion gives G~'(z) and the Dyson equation gives %(z)

Gz = z- FTV —$(2)

Reverting the expression for Q) gives the numerical value of F[%]

FIE] = Q-+ lim % Y e In det (G*%iw)

n—0+

AT



The 2 x 2 clusters can be solved exactly
All i) with K|i) = K;|i) are known

We can evaluate the Grand Partition Function Z and Q = —kg T log(Z)

Z = Y et

i
The Green’s function Gj(z) (i,j € {1,4}) can be calculated
Inversion gives G~ (z) and the Dyson equation gives %(z)
G'z) = z- FTV —3(2)

Reverting the expression for Q) gives the numerical value of F[%]

FIE] = Q-+ lim % Y e In det (G*‘(ia;u)

n—0t

This gives us the self-energy %(w) and the numerical value of F[]

Karlsruhe Institute of Technology

A
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® Now we use £(z) as a ‘trial self-energy’ for the infinite system ﬂ(IT

KK
KKK
KKK

~_ _—

Note: this introduces an artificial supercell structure into the infinite system!

—1
Gi(z2) = (z- %7 -202))
This gives an approximate Grand Canonical Potential for the lattice:
1 ; L -
Ot = = I3 3 ; e In det Gic(jcwy) " + Newster FIZ]

A
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Variation of self-energy

Gl(z) = (z—e";“—i(a)1

Qg = — lim Z el In det Gl (i)~ + Nepster FIZ]

The Hamiltonian of the clusters was

H = - Y 7} cl ,a‘i'UZ”: nj,
{i,j}€Cluster

H must have the same interaction part as the lattice system

There is nothing that fixes the the single-particle matrix elements ?,7

® Changing 7; will change % (w) and F[%] 0 Qyar = Qart (1)
a Then we replace OQart _ 0 o aQJatt ~0
o% at,'j

Karlsruhe Institute of Technology
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Idea of the Variational Cluster Approximation

arlsruhe Institute of Technology

m Seek a reference system which has the same K;j as the original system but
consists of finite clusters

m Solve the finite clusters - possible due to small dimension of their Hilbert space
m ¥ and F[] for the reference system can be obtained numerically

m Use X as a trial self-energy for the original system - possible because
we know F[Z]

m Variation of £ by varying the parameters of K; for the reference system

T ERR2AN G



Bath sites

Karlsruhe Institute of Technology

a We have partitioned the planar model into finite clusters

a We may as well ‘decorate’ these clusters by ‘bath sites’

Q O

d O
a A ‘bath’ site is an orbital p without any interaction, i.e. in the interaction term ...

1
K1 = é Z VlXYﬁY@’YCI CE C,y 05
a,B,7,0

...there is no matrix element involving the orbital p
® ltfollows that £, , = £, = 0 for any a -  has no matrix elements involving p

T ERR2AN G
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Metal-insulator transition in a dimer

Foru = % the Hubbard model has particle-hole symmetry

U N
H—uN = Y z‘,,.c,.f[,cj,,,jLE Y (mi—1)(n—1)=N
ij.or i=1
np = Nis+n;,

v
2

Karlsruhe Institute of Technology
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Metal-insulator transition in a dimer

Karlsruhe Institute of Technology

Foru = % the Hubbard model has particle-hole symmetry

U
H—uN = Ez‘,,c,[,cm—k‘2 Z 71)—N§
ij.o
np = Nis+n;,

As reference system we use N dimers - one ‘Hubbard site’ and one ‘bath site’

— €
v t Uo’ o o o Ob
P P \%
o' o o' o U
ON ON ON ON
Forep = % the Hamiltonian for a dimer also has particle-hole symmetry

: U
Fi— uN; = =V Y (Clobyo + b1, Gio) + 5 (0= 1)(n = 1)
g

A



The Hamiltonian for dimer i is ﬂ(l'l‘

u
H—pN = =V} (clbis+bisCg)+ 5 (n—1)(n—1)

o

... and the only parameter to be varied is V - now we carry out our programme:

m For each V all eigenstates with 0 — 4 electrons can be calculated

® Q(V)and Gj;(z, V) can be calculated
m X(w, V) is obtained by inverting G,-,,-(z, V) and using the Dyson equation

m F[Z(V)] can be obtained from the relation

FIE(w, V)] = (V) —% ;e’we Indet G~ (iw,)

m X(w, V) is used a self-energy for the Hubbard-model, F[%(w, V)] is used
to calculate O 4( V)

A
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The resulting Q,,4+( V) curves and the phase diagram

Q [arb. u.]
Q [arb. u.]

01 02 03 04
v

v

m At T = 0: 2" order phase transition for U ~ 5.85 - metal insulator transition

m U = 5.2: Coexistence of solutions and 15! order phase transition at T ~ 0.11

m Consistent with DMFT, T, off by a factor of 2

003
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002

0015

001

0.005

Karlsruhe Institute of Technology

0

a
a
o
L] B, [ transition
[} ]
[} B
Two
I solutions "2
PR

st
1order

e

48

5

52 54 56 58

U

6

A



k-integrated spectral function ﬂ(

arlsruhe Institute of Technology

At T = 0 the self-energy of the ‘Hubbard orbital’ can be evaluated analytically

Y(w) = ngiz( ! + ! )

2 8 \w+3V  w-3V
‘A(u))
Im Z(@) ——
| |
Il Il /“ \‘ /\ Il Il
4 2 0 2 4
b
Il Il ‘}&\ /\‘ Il Il
4 2 0 2 4
I
\\
l
|
)\
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Summary

[ S\

Karlsruhe Institute of Technology

real time Greens function
The effect of interactions is described by adding the self-energy to G51 (2)

The real time Greens function is the combined photoemission/ inverse
photoemission spectrum

The imaginary time Greens function can be expressed as a Grassmann
variable functional integral

The grand canonical potential of an interacting electron system can be
expressed as a functional of its self-energy: Q[%]

Q)[X] is stationary at the exact self-energy &

Q[%] involves the Luttinger-Ward functional F[X] for which no explicit
expression is known

This can be circumvented by introduction of a reference system and
combination with numerical methods - Variational Cluster Approximation

m ‘The’ Greens function G(z) unifies the imaginary time Greens function and the



Dynamical mean-field theory

Consider the Hubbard model with N sites and pbc
H = Y Y tclc,+UY mwn =Y exct,co+UY. nny
k,o i

i i

In addition consider the ‘reference system’

~ N ~

H = Y A
i=

Ho= Yel, oty (VI co+Hc)+Unn
v v

0000 4000
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Dynamical mean-field theory

Consider the Hubbard model with N sites and pbc

H = Y Y tclc,+UY mwn =Y excl,co+UY nny
i,j o i k,o i
In addition consider the ‘reference system’

H = A;

M=

Hoo= Yel, oty (VWi co+He)+Un.n
v

I v,o
v

The crucial point: Both models have the same interaction term

K1 = U Z nmn[v
i

59
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Dynamical mean-field theory ﬂ(IT

® Hubbard model and reference system have the same F[%]

a The ‘Ilgands ! ,» are uncorrelated - only Ye.c(iw)y) is different from zero

ZEV iwv,o /LU+Z V /I+L L*CIU+H'C')+Uninni~L

a () is stationary under variations of the self-energy - we restrict the

‘domain of self-energies’ to those of the reference system %¢ ¢ (iw) )

0Q) 0Q)

i) 0 Tt °

with t € {e,, V,}

T ERR2AN G
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Dynamical mean-field theory ﬂ(IT

Recal: A = H;
Fli = EGV IITL',J //,1,’ I 2 (V ll+l oCio +H.c. ) +U nj+Nj,
v v
We compute the derivative of F[Z] with respect to a parameter t € {e,, V, }

oF ) 2 9%, (i)

S ot = LY az w)) ot

aB A
9%, p(i
= ZZ €'“1¢ Gp o (icwp) Paplin)
tx/S n Jat
2N aic,c(iwA)

_ iw)e
‘B ; e GCC(IU})\) ot

A
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Dynamical mean-field theory ﬂ(IT

We apply our general formula ...

Q] = 7% Y €€ Indet <G51(iw,\)72(iw,\)) + F[x).
A
.. to the Hubbard model
Que = — 2V Y e In{ }+2N FIS]
B3
We recall
aF[i] _ I(A)Ae ~ aicvc(IUJ)L)
7Bt = —— Ze 1(4\)781‘
aQ/ it 2 i e [ aic,c(iw/\)
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Dynamical mean-field theory ﬂ(IT

We found that for any ¢ € {¢,, V; }

Qa2 Y e | Y Gk, icon) — N Goolicy) 0o oliwn) _ g
ot B 5 . ot
The simplest way to solve this is to set for each w,
Y G(k,iwy) — N Geeliwy) = 0
k
= Gooliwn) = & ¥ Glkiw) = 0 Y g
k N k I(U)\ - —Hh ZC,C(’W/\)

This is precisely the self-consistency equation for Dynamical Mean-Field Theory!

T ERR2AN G



Generalizations N

arlsruhe Institute of Technology

In the same way one can derive cluster generalizations of dynamical mean-field
theory

Another way is to numerically evaluate the Luttinger-Ward functional in the
reference system - this is the Variational Cluster Approximation

And there is probably more to be discovered...for example even an approximate
form of F[X]

A
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Summary

[ S\

Karlsruhe Institute of Technology

a We have seen that the grand canonical potential of an interacting electron
system can be expressed as a functional of its self-energy: Q%]

a This functional is stationary at the exact self-energy

a Unfortunately this involves (the Legendre transform of) the Luttinger-Ward
functional for which we do not have any explicit expression

a This problem can be circumvented by combination with numerical methods -
a.g. in dynamical mean-field theory or cluster generalizations



