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Standard Model: Elementary Particles
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indistinguishability and statistics

N-particle systems described by wave-function with
N particle degrees of freedom (tensor space):
(x4, ..., XN)

iIntroduces labeling of particles

indistinguishable particles: no observable exists to distinguish them
in particular no observable can depend on labeling of particles

probability density is an observable
consider permutations P of particle labels

PV (x1,x0) = V(xo, x1) with [V (x1, x)|? = [V (x, x1)|?
~ PW(Xl, X2) = €i¢W(X1, X2)

when P2=|d = e¢=£1 (¥ (anti)symmetric under permutation)
antisymmetric: WY(x1, x2—x1) = 0 (Pauli principle)



antisymmetrization

N! terms — hard problem in general
easy O(N\B) for product wavefunctions

oy (X1) Qan(X1) + Qay(X1)

\/MA(pOtl (Xl) Py (X/\/) — \/% (pall(XQ) QDOQ'(Xz) .. . waN-(XQ)

<Pa1.(></\/) Do, .(X/\/) <PaN.(X/\/)

Slater determinants Po,. . oy(X1, ..., XN )




second quantization: motivation

labeling of coordinates of identical particles is artificial
get rid of coordinates?

Dirac formalism
separate coordinates from states

p(x) = (xlp)

absorb coordinates in operators

/ X D GIMO) G (x) = / A (@nlX) M) (XIom) =+ (@0 Mom)

coordinate-free formalism



second quantization: coordinates

vacuum state |0)

and

set of operators operators ‘i’(x)
defined by:

W (x)]|0) =0 {llA/(X) llA/(X’)} — 0 = {l/AfT(X), l//)T(X’)}

(0]0) =1 U(x), UT(x")} = 6(x—x")

anticommutator: {A,B} := AB + BA
density operator: N := / dx' UT(x" YW (x)

N0 (x) = — / dx' Ut (x' ) (x) T (x') = / dx’ (\TJ(X)\DT(X’) _ 5(x—x'))®(x') = U (x) (N-1)



second quantization: states

creation operator  C, = / dx o (X) VT (x)

[U(x), cb} = [dxX oo (X) {U(x), UT(x)} = pu(x)

{ca, cf} = / dx' oo (X) {W(xX'), i} = [dx @a(x)pp(x') = (alB)

Cx|0) = 0 {Ca,Cﬁ}:O:{C;,Cg}

00)=1  {ca ¢t} = (alB)



second quantization: Slater determinants

1 " N A
DParas..an (X1, X0, . . ., XN) = W <O } V(ix)V(x) ... ¥(xy) C;N . C);Q C;ftl

proof by induction
N=1: (0|W(x)cl |0)={0]|{¥(x) ¢} —c,¥(x)|0)=wa (x1)

N=2: <O | l//)(Xl)l//}(Xg) C;LQ C;l O>

— <O l//}(Xl) ((,DOC2 (XQ) — C;zl//)(XQ)) CcJ)rcl O>
— <O l//)(Xl)C;rtl O> (pa2(X2) — <O | LD(Xl)C;QIp(XQ)Cil | O>

= P, (X1) P, (X2) — P, (X1) 0y (X2)

0)



second quantization: Slater determinants

0) =
+ <O ‘ W(xi). . . W(xn_1) Gy s - - Cle

— <O ‘ WU(xi) ... V(xn_1) | P cl,

general N: commute ¥(xn) to the right
(0] W0a). . W)W 0m) eyl .- el

O> Pay (Xn)
O> Pay_, (Xn)

(—1)N-1 <o ‘ V(). . U a) ek, ... cl,

0> Poy (XN)

Laplace expansion in terms of N—71 dim determinants wrt last line of

oy (X1)  Qar(X1) +° Qau(X1)
P, (XQ) Pas (XQ) o Py (X2)

<Pa1.(></\/) <Pa2.(></\/) <PaN-(X/\/)



second quantization: Dirac notation

separate coordinates from orbitals
1 5 (e VO ) T t ot
CpOthtz---Ot/\/ (Xl' X2y -+ X/\/) — W <O { W(Xl)W(XQ) T W(X/\/) Capy """ Car Cay | O>

analogous to Dirac notation

Pa(X) = (X|a)

product states []_, ¢/ |0) are many-body generalization of Dirac states

evaluate matrix elements ...



second quantization: expectation values

expectation value of operator wrt N-electron Slater determinants

/dx1 e dXy Py (X1, X)) M(Xa, X)) Pageea (XL, X))
/dx— (0| TT &5, TT¥" (xa)[0) M(x)\/%<0|nl/7(xn)nc&}0>

= (0T 6, 77 [ dx TTWH () MGx) TTW () T, [0)

) —

=M
|0)(0] = 1 on 0-electron space

~ 1 ~ ~ ~ ~
M = N /dx1 e dxy VT () VT ) M, -+ xn) W (a) - - W (xy)

only valid for N-electron states!



second quantization: zero-body operator

zero-body operator M(x+,...xn) = 1 independent of particle coordinates

second quantized form for operating on N-electron states:
N 1

Mo = N dxidxo - xy VT (xn) - - VT O)WT () U)WV (x0) - - - W(xn)
1 N " N N N
= N dxo - xy W (xn) - VT (x) N V(xz) - W(xy)
1 " " N "
= NI dxp -+ Xy l/ﬂL(X/\/) T WT(Xz) 1 V(x2) - ¥V(xn)
only(!) when operating on N-electron state
1
= l2 - N=1

result independent of N



second quantization: one-body operators

one-body operator M(xq, ..., Xn) = ZJ M (X))

A 1
M N

dxy - dxy U (xp) - - ¥ () Z My (x) W(xq) - ¥ (xp)
= %Z/dleff‘t(xj) Mi(x) (N=1)! ¥(x))
= % Z/dxj W (x;) My (x) W(x;)

= /dx UT(x) Mi(x) ¥(x) result independent of N

expand in complete orthonormal set of orbitals

W = 37 [ 400, 0 M(3) 0, () €l = D (talMsfatm) € o,

n,m
transforms as 1-body operator




second quantization: two-body operators

two-body operator M(xq, ..., XN) = Z,-<J- Ma(x;, x;)

/\

M

1
N!

dxy -+ iy W) 0T () Y - Ma(xi, %) W(x1) -« W (x)

1<J

— % Z / dx;dx; V/)T(XJ-)U/)T(X/) Ms(x;, XJ) (N=2)! LD(X/)U/)(XJ)
N(/\}—l) 2 / i T ()W (1) Mo (i, x5) W ()W ()

_ ! / dx dx' WH(x') Wt (x) Ma(x,x') W(x) F(x')

2
result independent of N

expand in complete orthonormal set of orbitals

M

1
=3 30 [ dxx o, (X0, () Mo, X) 9, (X0, () € Ly o

n.n,m,nm

1
— E Z <OénOén/|M2|Olmam’> C;[tn, C;[cn Cour Cam/

n,n,m,nm



2-body matrix

_ = P~
My = 5 E (o | MalomQy) €, Ch, Can Car
W
n,n’,m,nv Y no contribution for

nn' mm’

n=n’or m=m’
sign-change for
n<n’ or m<m’

4-index tensor

collect terms with same operator content

M2 — E (Mnn’,mm’ T Mnn’,m’m) C(J)[cn/ C(J)rcn Cocm Cam/

n<n' m<m’

:ZMnn/,mm/

two-body matrix
of dim Norm(Norb—1)/2

together with Nors? hopping terms
completely specifies Hamiltonian



Exact Diagonalization



variational principle and Schrodinger equation

energy expectation value E[Y] = <Q<p\|‘jl‘_/\=;/>}>
variation
(OV|H|W)Y 4+ (V|H[oV) OV|V) + (V|ov)
ElV+oV] = E[V]A VIH|W O
[W+6W] = E[V] O (W) ==
=E[V]
OE[V] — H|W) — (V[H[V) [V)
variational equation: 0 = SV — WS - H.c.

equivalent to time-independent Schrodinger equation

H|Wn> — En|wn>



variational principle

expand |W) # 0 in eigenfunctions

S ) (W [HIW ) (W, W) ST E, n|w\ L X Eo(v n|w>{2

F[v] = = =

2 VW) (W [ W) (Wi | W) ST T S (WL W]

assume eigenvalues sorted Eo < E1 < ...
E[\VJ_H] > En If <\|/,"\UJ_n> =0 fori=20,..., n—1.

variational principle for excited states

in practice only useful when orthogonality to (unknown) states
ensured, e.g., by symmetry



Ha = (®|A|®)a = | (P2lH|P1) (PaH|Ds) -

expand in Slater basis

rewrite  H|V,) = E,|V,)

choose (orthonormal) orbital basis { ¢« | k } and corresponding
basis of Slater determinants { @«1,...knv | k1 < ... < kn')

|\U> — Z dki,....kn |q>/<1 ----- /</\/> — Za/ |(Dl> — |(I)> a

expand Schrddinger equation in Slater basis
E(®|W) = (®i[H|W) = ) _(&;|H|D;) ()W)
J
matrix eigenvalue problem
/<C|)1‘/:/’(Dl> <C|)1’/:/’(])2> \ /31\ /31\
| =F | a

o )y

Ea



variational principle

restrict to finite Slater basis |®) := (|P1), ..., &)

(®|H|®Va, = Ha, = Eqa, ~ |V,) = |®)a,
solve with LAPACK

~

art: systematically increase basis to achieve convergence



representation of basis

K—1
NK_1,...,N0) = H (C]:)nk 0)
k=0

1 (n3, n>, Ny, I’)o) state /
0 0000

1 0001

2 0010

3 0011 C1CO|O> P) 1
4 0100

5 0101 C2c0|0> |Py) 2
6 0110 clcl0) = |d3) 3
4 0111

3 1000

9 1001 C3CO|O> |Py) 4
10 1010 clclo) = |ds) 5
11 1011
12 1100 clclo) = |dg) 6
13 1101
14 1110
15 1111

occupation number representation

bit-representation of basis states

>>> for 1 1n range(2**4):
1f bin(i1).count('1')==2:
print(format(1i,

0011
0101
0110
1001
1010
1100

"04b"))



matrix elements: Fermi signs
<I>,|H|<D,/ ZT’”"’” O|C, ¢ C,T,Cm CJICV- . C,JEIO>

—I-Z Unn/,mm/<O]c,1~ - ¢ CT cle,c C/];V° = C,E\O}

n'>n :
m'>m normal-order and evaluate overlap (determinant)

orthonormal basis:
CgC2|q)/(181)> = gCQ C;C5TC4C2Coyo>
= (-1)’cigdceaq|0)
= (-1)’cgda(l - a6)qlo)
= (—1)*clcicicy-chl0)

= +|Pj241)) = (—Z_)QC;Cgcgcj; Cg 0)

count set bits: popcnt
\j |
10110101 = (—=1)° 11110001




many-body problem

dimension of Hilbert space

ways of putting N electrons in K orbitals: K (K-1) (K-2)- - - (K—=(N-1)) = KI/(K=N)!

order in which electrons are put does not matter: N!

K K
) _
dim A = Ntk = Ny (/\/)

use symmetry to reduce dimension
e.g., spin conserved

. K K
dim o™ = <N¢> " (/\h)

>>> def binom(K,N):
1f N==0:
return 1
else:
return (K-N+1)*binom(K,N-1)/N

>>> binom(24,12)**2
7312459672336

>>> binom(24,12)**2*8/2**30
54482

M N, N,;|dimension of Hilbert space
2 1 1 4
4 2 2 36
6 3 3 400
8 4 4 4 900
10 S5 5 63 504
12 6 6 853 776
14 7 7 11778 624
16 8 8 165 636 900
18 9 9 2 363 904 400
20 10 10 34 134 779 536
22 11 1 497 634 306 624
24 12 12 7312459 672 336



Sparseness

(D) H|Py) ZTnm Olc, -~ ¢ che CJ/£V°-°CZ,L’O>

+ Z Unn/,mm/<O’C/1- - Cp CT cle,c CJr Cy ch|0)

Iy
n'>n
m'>m

almost all matrix elements are zero, except

diagonal elements 1011001010

single hop 1011100010 N x (K=N)

pair-hop 100110001 N(IN-1)/2 x (K-N)(K-N-1)/2

even more sparse for TB (short-range hopping)
and local Coulomb (Hubbard) interaction

matrix-vector products are very fast



Lanczos method



minimal eigenvalue: steepest descent

energy functional

(VIHWV)
V)

F[w] =

direction (in Hilbert space) of steepest ascent

OEV| _ HIV) — E[V]|V)
JU V)

= [W,) € span ([¥), H[V))

minimize energy in span (|V), H|V))

steepest descent minimization in high-dimensional space
local minima?



minimal eigenvalue: steepest descent

minimize energy in span (|V), H|V))
construct orthonormal basis

Vo) = W) /(W)
by |vi) =)= Hlw) —|vo){vo|H|v)

define: an = <Vn|/‘/\Vn> by 1= \/<\71\\71>

H‘VO> — bl ‘V1> + do ‘V0>

do bl
Hspan(|W>,H|W>): by ag

diagonalize to find lowest eigenvector

iterate!



2
AE;st and norm(r)
S o o o o
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convergence

10-site Hubbard-chain, half-filling; dim=63,504
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minimize on s
minimize on s
minimize on s
etc.

nan (
nan (

nan (

Lanczos idea

Vp)) to obtain |Wy)
V1)) € span ([Wo), H[Wo), H?|Vo))
W,)) € span (|Wo), H[Wo), H*|Wy, H?[Wo))

instead of L-fold iterative minimization on two-dimensional subspaces
minimize energy on L+171 dimensional Krylov space

K" (Vo)) = span ([Wo), H|Wo), H* W), . . ., H" (W)

more variational degrees of freedom = even faster convergence



convergence to ground state

10-site Hubbard-chain, half-filling; dim=63,504

7

AE ot

100
iteration



Lanczos iteration

construct orthonormal basis Iin Krylov space

bn—l—l‘Vn+1> — ‘Vn—l—l H|Vn Z |V/ V/‘H|Vn

define: ap ‘= <Vn|H|Vn> bn = \/<Vn|Vn>

n

V| - bn—|—1 5m,n—|—1 — <Vm‘H|Vn>_ <Vm‘H‘Vn> 5m,i
(Vi
1=0
[ (Vm|H|vp) for m < n (5’0 [
(VmlHlva) = " form = w=| o & a ;
Vm|T1Vn) = bpt1 form=n+1 - 2 &
\ 0 form>n+1 \O 0 0 a )

H has upper Hessenberg form
symmetric/hermitian = tridiagonal



Lanczos iteration

orthonormal basis in Krylov space

Vo)

b1 |v1)
by V2>
bz |v3)

H|v,) =

(2

b1
0

Hict oy = | ©

= H
= H
= H
bn ‘ Vih— 1>
by O
a1 b2
by a
0 b3
O O
O O

Vo> — do
V1> — di
V2> — dp

Vo)
vi) — bi|vo)
Vo) — bo|vy)

0 0 0
0 0 ()\
b3 0 0
d3 0 0
0 ar—1 by
0 bL al



v=1nit
bO=norm?2 (v)
scal(1/b0,v)
w=0

w=w+H*v
al0]=dot(v,w)

Lanczos algorithm

axpy(-al[0],v,w)

b[1]=norm2 (w)
for n=1,2, ...
if abs(b[n]
scal(1/b[n.
scal( -b[n.

swap (v,w)
w=w+H*v

)<eps then exit
, W)
, V)

al[n]=dot(v,w)
axpy(-al[n],v,w)
b[n+1]=norm2 (w)

diag(alO]..

aln], bl[1]..b[n])

1f converged then exit

end

not part of tridiagonal matrix
v=|vp)

w= H|vp)

w=|1) = H|vo) — a|w)

iInvariant subspace
W= |V,)
V= —bn| Vn_1>

w= H|v,) — by|Vp_1)
alnl= (vy|H|Vn) — bn{Va|Vy_1)
W::“%+1>

getting a,.1 needs another H|v)



spectrum of tridiagonal matrix

toy problem: matrix with eigenvalues -3, -3, -2.5, -2,-1.99, -1.98, ... -0.01, 0

O-//./;ofo—‘**l+f*#: ———+

-1.5 |

Ritz values

——@ ® @ ®

1
N

@ ® @ @ @ & ® ® @ ® -

converged,
but only one of two degenerate states at -3

——@ @ @ ® @ @ @ ’ @ ® @ ® 1

0 5 10 15 20
Lanczos step




loss of orthogonality

toy problem: matrix with eigenvalues -3, -3, -2.5, -2,-1.99, -1.98, ... -0.01, 0

O _

'

-
—
S

loss of orthogonality (very small by):
additignal states when overconverged
10 20 30 40 50 60 70 80
Lanczos step

@
o T




convergence to extremal eigenvalues

toy problem: matrix with eigenvalues -3, -3, -2.5, -2,-1.99, -1.98, ... -0.01, 0

1 2!‘;‘% s0000009
[ 3"‘“: '
O 01 B . “‘ AAAAAAAMAAAAAAAAAAAAA‘AA‘“‘A MiiAA A A i
E . ’ . “““‘ AT, ‘AAA
®© 0.0001 f i
> ° |
ch ' ° .. exponential convergence
) 1e-06 | faster for large gap in spectrum |
'O | o N ge gap P ]
C;) 1e-08 O .. Eo — Eo - tan(arccos((Ws|Wp))) -
C_DU ' o mEv—Fo TL(1+2%) -
> 1 9-1 O B Py .. -
N ' lowest ® ® . -
0 1e-12 | 2™ owest O o - -
- " 3%lowest ¢ o ]
1e-14  highest 4 ® o N o .
1e-16 2™ highest 00°°c UUoUmyeluts "% ¢
e_ | ] ] ] ] ] ]

0 5 10 15 20 25 30 35 40
Lanczos step



AE ot

convergence to ground state

10-site Hubbard-chain, half-filling; dim=63,504

A —
U\ ] -
AT AN
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~

//

20 40 60 80 100
iteration

Eo — Eg - tan(arccos((Vo|Ws)))

e 60 <\ 7, (1126-8)



construction of eigenvectors

let 1/?,7 = (z/?n,,-) be the nt" eigenstate of the tridiagonal Lanczos matrix

(ao bl 0 0 0 0 \
by a1 b O 0 0
0 by a» b3 0 0
HICL(|VO)) — 0 0 b3 d3 0 0
O O 0 O ar—1 by
\0 0 0 0 - b a/

the approximate eigenvector is then given in the Lanczos basis
L
Vo) =) Pnilvi)
i=0

need all Lanczos basis vectors = would require very large memory

instead: re-run Lanczos iteration from same |vo)
and accumulate eigenvector on the fly



Green function

Ge(z) = <wc

> EN: clVf n|W>

need entire spectrum !?



GC(Z) —

Ge(2) = (Ve

Green function

(

1
Ve — H‘WC>

1

v/

C

v, ) =

>
3

n=0

CIV/ n|W>

(We W) (W, W)

Z_En

run Lanczos starting from |W:> (normalized!)

Green function is 0,0 element of inverse matrix

(Z—ao —bl 0 0 0 0 \
—bl Z — di —bg 0 0 0
0 —b2 Z — do —b3 0 0
0 0 —b3 Z — a3 0 0
0 0 0 0 Z — d| —1 —bL
\ 0 0 0 0 b, z—a, )



Z_

Green function

. _ o

HC _ Z do B o
BW 7z AWM

iInversion by partitioning

Invert block-2x2 matrix

AA+BC =1 = (A—BD 1C)A
CA+DC=0~C=—-D"1CA

— (e 8O (o A E0)

= (zma-gife-Am])

recursively




Aji(w-u)

convergence by moments

100

(WelH™ W)



summary

iIndistinguishable electrons second quantization

Qpal (Xl) (Pocg (Xl) e (pa/\/ (Xl) ~ ~

0o (2)  Pau(30) 0 oy(2) = (0|W(x1) - W(xn) ¢l -+ cl, |0)
Oay (XN) Qo (XN) 0 ©ay(Xn) GO0 =0  {U(x), U(x)} =0 = {@H(x), ¥1(x')}

(0]0)y =1 {U(x),¥f(x)} = 6(x—x")

(anti)symmetrization is hard
Slater determinants to the rescue

occupation number representation . | bit counting

o) =] (c)™0) 10110101 =(-1)°11110001

|nK_1P.

steepest descent = Krylov space spectral function: moments

SEW] _ AV —EWA) o i) 61(w) = -

Wi — T v

LIJ=2t °
U=4t

100

ettt N\ N —

0 20 40 60 80 100
iteration



