Introduction to topological phases in
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Classifying phases of matter — Symmetry breaking
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Classifying phases of matter — Beyond symmetry breaking

The quantum Hall effect (Von Klitzing, 1980)
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Uy — 2D, low T - B

Each integer V is a different phase — no symmetry difference

Universality and robustness: no adjustment for disorder, material...
Ry is a topological invariant : a form of order parameter defined globally

New organizing principle: topology
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Topological equivalence

Topological properties are robust Surface of genus 1:
mug or doughnut
Smooth, continuous deformations
do not affect topology
Wikipedia, Topology

In condensed matter:
Two phases are topologically equivalent if there is a continuous path with no gap closing

In this lecture, we focus on band insulators \ / \
Topology characterizes the single-particle
wave functions of a band / \ /
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Different types of topological phases Topological order

Gapped in the bulk

Topological (band) insulators Fractionalized excitations

Bulk: gap (anyons)
Edge: protected gapless edge Beyond band theory. '
modes Entanglement: no adiabatic
_ Topological semi-metals path to product state
- ﬂ . Protected gap closings in the bulk | i
i - ‘3 I

! v=
it I
¥ .. F D B u»

] k 3 5
B(T)

2D: quantum Hall effect, { ;
Chern insulators,...

d & ¢ y ’
2D: graphene Fractional quantum
J 3D: Weyl Hall effect

Gapped quantum spin
liquid

Magnetic field (T)

3D: 3D topological insulators Topological superconductors



Outline

Berry phase in quantum mechanics
definitions, Berry connection, Berry curvature, analogy with electromagnetism

Chern number in a condensed matter system
definition, quantization, link to the Hall conductance, chiral edge modes

Chern insulator models
lattice model with a magnetic field, Haldane model,
realizations in solid state and cold atom systems



Adiabatic evolution of a quantum state

A2

Derive the phase ¢(t) from Schrodinger’s equation A

A Initial state: ground state of the Hamiltonian W¥(t =0) = ¥ A(£=0)

At time t, the system is in the (non degenerate) ground state

of the Hamiltonian H) (8 0
H(t) | B =T
(0™ order of adiabatic approximation)

d|V(t))
dt
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Berry phase and dynamical phase S I
Two phases are associated with the adiabatic evolution of a quantum phase: (A - o
I - Bhorry = i/tf (7Y |d|qjg“)> dt
Qayn = -7 /o Byt ey =2 J, VAGOT gy

Alty)
= [ i1va e - ax
A(0)
Dynamical phase, depends on:
- Eigenenergies
- duration of the time-evolution

Berry phase or geometric phase

- independent of energies

- depends on the eigenstates

- depends on the path, independently of the speed

- a real number (normalization of wave function)



Gauge dependence, Berry phase for a closed loop

For an open path, the Berry phase is gauge dependent
\Ifg)\ — "X \I/g)\
(I)Berry — (I)Berry + XA(0) = X\(ty)

For a closed loop, it is gauge independent.

PBorry = ]{i<w§|w|\p§> -d\ = ]{AA .d\ A, = Berry connection
a C
If the gauge is smooth within the loop, we can apply Stokes’ theorem

(I)Berry — // (V)\ N .A)\) -1 do
P

We define the Berry curvature ) = (Vi A A))

A2

A




Analogy to electromagnetism

Electromagnetic

vector potential A(r)
Magnetic field B =V A A(r)
Aharonov-Bohm phase
(particle charge q)
Drp = 4 / A(7).dr = g// B(r).do
hJe h))s

cbservation plane/screen

Berry connection Ax

Berry curvature Q) = (V) A A)y)

Berry phase

(I)Berry = // Q)\ ﬁ do
Y



Chern number in a condensed matter system - definitions

We consider a 2D lattice system with translation invariance (A1, ey An) = (K, ky) € BZ
ik

Bloch’s theorem: single-particle states are """ uz(r)

Berry connection Berry curvature
TY ), . I y x
2= i(ug|Ok, , uz) Qp = Ok, Az — Ok, AL

Chern number

1
C=—=— [ Qdkdk,
27 BZ

well defined quantities if there is a gap everywhere in the BZ — band insulator

C is a topological invariant (invariant under any continuous transformation keeping the gap open)



Chern number — an integer

The Brillouin zone is a closed manifold, with periodic boundary conditions

1
P =— | Qp dkydk, =07
/BZ Stokes theorem f;« 0 C 21t /BZ k xWhvy

Only if A is consistently defined across the BZ

Example with C # 0

k BZ
Two-band model  |uk) = ax|Ak) + Bi|Bk) Y 5, %Ig
ap and [ have vanishing points in the BZ BZ 8. e Rt
We have to use two different gauge choices! ay #0
o € R+ B
1 1
= — Qr dk,dk, + — Q. dk,dk
C 27 BZ: & 4 T 27 BZ11 s 4
1
= — ¢ (A= Ap) - dl | ki
" e \ ur)r = eX®|ug) g
= x(k}) — x(k2) Ar = Arr + Vx(k)



Chern number and Hall conductance
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Thouless, Khomoto, Nightingale, den Nijs | v=1
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Result based on linear response, applying the Kubo formula to a space with periodic
potential and periodic boundary conditions
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Quantization of o,y - Laughlin charge pump

Adapted from Laughlin’s argument for the quantization of Hall conductance (1981)

2D system placed on a cylinder n

Faraday law of induction:
Adiabatic insertion of magnetic flux induces a current J

ﬁv

For one quantum of flux ®, = hc/e single-particle energies go back to themselves

AE = peV p e = total charge transferred from left to right
V = left-right voltage

J_ e
v - P

For an insulator (0, = 0): 04y =



Existence of gapless edge states

Halperin’s argument (1982)for the quantization of 0azy

Laughlin charge pump implies the existence of a reservoir of charges at the edge
If o,y # 0, there must be gapless modes at the edge
— C chiral edge modes

Intuitive pictures for a quantum Hall system

Landau levels curved by confining potential Semi-classical skipping orbits

Right-moving edge current

- . SN NNV NN NN
- - O o B
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Left-moving edge current

Topological edge modes are protected by the topological invariant of the bulk
(bulk-edge correspondence)



Summary of the first part
2D band insulators are characterized by an integer topological invariant called the Chern number C

C is a property of the Bloch states of each band

e2

h

Bulk-edge correspondence: there are C gapless chiral modes at the edge

Other topological insulators: if the system has additional symmetries (time-reversal, chiral...)
or dimensions, it is characterized by a different topological invariant.

There are still protected edge modes, but not necessarily chiral

Example: time-reversal symmetry in 2D (e.g. quantum spin Hall effect)

— helical edge modes and Z, topological invariant

Next step: Chern insulator models



The Quantum Hall effect

2D electron gas in a transverse magnetic field

(semiconductor quantum well)

Energy spectrum : Landau levels

Energy
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Each LL has Chern number C =1

(TKNN 1981)

v = number of filled LLs



2D square lattice in a magnetic field — Harper-Hofstadter model

Tight-binding model: NN hoppings on a square lattice

Minimal coupling to a magnetic field
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Harper-Hofstadter model

Example for ¢p=11/2 E/t
. SN Do Die)e Do [
Magnetic translations: unit cell with 4 sites

4 bands

Lowest band has Chern number = 1 |

Energy spectrum vs. magnetic flux
Hofstadter butterfly (1976)

7
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Harper-Hofstadter model: physical implementation

2D solid state material

Typical crystalline systems: no lattice effect
Lattice constant ~ angstroms

® = & requires B ~ 10°T

Moiré materials: superlattice scale ~10nm

Cold atoms in optical lattices

Square optical lattice — tight-binding model
Neutral atoms — artificial magnetic field?

Two-photon Raman process
Jaksch, Zoller 2003
= hwl — h(,UQ

ei(k_i—kz_é)-?? _ (102

Graphene aligned with hBN
+ magnetic field
— triangular Hofstadter model

Pioneering experiments



Haldane model (1988)

Two-band model on honeycomb lattice

tyonly (graphene): gap protected by inversion x TRS

M (staggered mass): opens trivial gap
t, (NNN hopping): opens topological gap

No net magnetic field
Breaks time-reversal symmetry

M/tg A
3v/3sin(®) L ¢=0

Phase diagram for the lowest band



Physical relevance of the Haldane model

Electronic matter: the Kane-Mele model (2005)

Two copies of the Haldane model with ¢= +71/2, one for each spin
— graphene with spin-orbit coupling :
?:tg 0:C,Cj

Not a Chern insulator, but quantum spin Hall effect
Caveat: spin-orbit coupling is too weak in graphene

&

Kane-Mele model physics is realized in moiré TMDs
(th: Wu, MacDonald PRL ‘19, exp: Li, Jiang, Shan, Mak et al Nature 2021)

The Haldane model is realized in cold atoms

a 500 u ]
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Jotzu, Esslinger et al Nature 2014 : , 'E-. ]
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Method: circular shaking of the lattice . |
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Time-reversal symmetry breaking

Time-reversal symmetry breaking is an essential ingredient of Chern insulators
— if a band is topological, it has a degenerate time-reversed partner with the opposite Chern number

Oy 7# 0 can occur through spontaneous time-reversal breaking thanks to interactions

Flat band: ferromagnetic exchange

Atomic physics Solid state physics

Hund’s rule Same rule applies for a flat band

VARLR L INPSPSPNFNP PP
1s 2s 2p

XL LI N !

1s 25 20



Example of spontaneous TRS breaking: twisted bilayer graphene

TBG: two layers of graphene, rotated to create a moiré (superlattice) pattern

Band structure of TBG: Dirac cones at the corners of the Brillouin zone

Similar to graphene, but for one
valley, same chirality at both corners

Adding a staggered mass opens a topological gap!
(reverse Haldane model)

Experiment: hysteresis of
Hall response
Two degenerate bands with opposite C ! ]
TRS breaking thanks to flatness of the band (exchange) ' |

0

R, (hie?)

C:]_ -1 — - — e tteeeeeenaeaeaaan 4

. Serlin, Young et al Science (2020)




Conclusion

We have introduced topological phases through the example of Chern insulators
— concepts of Berry phase, topological invariant, models and their physical realization.

Chern insulators go much beyond quantum Hall systems:
cold atoms, electronic systems in the absence of a magnetic field

Many other types of topological phases, gapped and gapless, characterized by their
band structure, or interaction-driven.

Topology in physics goes beyond condensed matter
— classical systems (oceanic waves, metamaterials...)
band structure topology is a wave phenomenon, topological order is based on quantum entanglement
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