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embedding methods



fundamental problem of solid state

“ much easier than (e.g.) biological systems or cosmology:
we know the fundamental microscopic model!

fundamental Hamiltonian (without lattice vibrations...!):
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7=1
kinetic electron-electron lattice
energy interaction potential

“ much harder than many other fields:
we don’t know how to solve the Schrodinger equation!

problem: electron-electron interactions



model Hamiltonians

© typical model Hamiltonian: Hubbard model (1964)

single band version:

H= -t Z cwc]a—l—hc —|—UZnZTnZ¢
(1,7);0

T —

Wannier basis kinetic energy =~ Coulomb energy

: crystal lattice: sit only at fixed positions (,sites®)
W kinetic energy: hop only from one site to the next
t
charge repulsion: only repel on same site

I most simple cartoon version of a correlated problem
high-Tc model? no! need more (Qin et al., PRX (20); Xu et al. (24))

" no exact solution except for d=1I after 50 years!



mean-field theory
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spins interact & fluctuate  pick |:lose spatial dependence in effective field of others

I Weiss mean-field theory:
replace fluctuating environment by static field

O self-consistency condition: (S) = tanh SJ(S)
™ spin has magnetization it would have in effective field created by it

I magnetization (S): order parameter of phase transition



DMFT

© dynamical mean field theory (DMFT)

“interacting model — interacting ,,impurity* %@
P T= Is ‘

in non-interacting effective bath

Flstron roscrvsr

T impurity dynamically exchanges electrons with bath

5 dynamical self-consistency: local lattice GF/SE = impurity GF/SE

©exact in the limit of infinite coordination number (dimension)

I more realism b)’ Georges, Kotliar, PRB (1992)
Georges et al., RMP (1996)
' multiple bands Kotliar et al., RMP (2006)

4 cluster methods (CDMFT, DCA)

"I combination with DFT (...)



the ,,impurity solver®

T for completion of the self-consistency cycle we need

G(z) ~ <7’cimp,g(Z)CiTmp,g(0)> Z = t,7 real or imaginary time
© achieved by impurity solver: key area of progress in method

4 continuous-time QMC (CTHYB, CTINT)

T exact diagonalization (ED), numerical renormalisation group (NRG)

“ or DMRG impurity solver:

impurity  bath sites
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© DMRG/MPS very powerful in 1D; no sign problem (cf. CT-QMC)

@ calculation on the real-frequency axis (cf. CT-QMC, ED)

I no exponential growth of resources (cf. ED, NRG)



DMRG/tensor networks in a
nutshell



g uantum states

quantum system living on L lattice sites
d local states per site {05} i€ {1,2,...,L}
example: spin 1/2:  d=2 | T>, | i>

Hilbert space:

H=o;Hi  Hi={1),...,|di)}

most general state (not necessarily |1D):

Py= > ¢ Foy...op)

01,4...,07],



matrix product states

general matrix product state (MPS):

matrix dimensions:

(1 X Dl), (Dl X Dg), Ceey (DL_Q X DL—l); (DL—l X 1)
non-unique: gauge degree of freedom

XX—l — 1 M(Ti N MJ»zX MJH_l N X_lMUH'l



graphical representation

matrix: vertical lines = physical states, horizontal lines = matrix indices

left edge bulk right edge complex conjug.

rule: connected lines are contracted (multiplied and summed)

matrix product state in graphical representation



matrix product operators (MPO)

general operator:

> >1 TLOL L g oo L o)
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rearrange indices:

/ / / / /
01...01,,05...0 01070205...0L0

matrix product operator:

— Z Z MLt M2 ..MJLJ/L|01 .op)oy...o%
{o} {0}



applying an MPO to an MPS

graphical representation with ingoing and outgoing physical states:

applying an MPO to an MPS: new MPS with matrix dims multiplied

(ab ,(a’b") Z N Mbb’




time-evolution

assume initial state in MPS representation; time evolution:
(1)) = e e(0))

how to express the evolution operator as an MPO!?

one solution: Trotterization of evolution operator into small time steps

N — o0 7T — 0 Nt =T 7~ 0.01

L—1
Heisenberg model: [ = Z h; h;=S;- S;1
1=1

N N N L—-1
.o Lo ) L—13 .7
e—lHT _ | |e—1HT _ | | e_lzizl hﬂ'@l | | | o 1h;T
1=1 k=1 k=1 i=1

first-order Trotter decomposition



Trotter decomposition

A

calculation of e 7 as(d? x d?) matrix:

HU=UAN H,=UANU" = e H™ =y My =r. diag(e_i)‘lT,e_iA”, c) Al

problem: exponential does not factorize if operators do not commute

but error is negligible as [0

nowadays: time-dependent variational principle (TDVP)

Haegeman, Cirac, Osborne, Pizorn,Verschelde,Verstraete, PRL 107,070601 (2011)
Lubich, Oseledets,Vandereycken, SIAM J. Num.Anal. 53,917 (2015)
Haegeman, Lubich, Oseledets,Vandereycken,Verstraete, PRB 94, 165116 (2016)

review: Paeckel, ..., US, Hubig, Ann. Phys. 411 (2019) 167998



bipartite entanglement in MPS

“ measuring bipartite entanglement S: reduced density matrix
- W = Wlili p=0 Y| - ps=Trep
universe S = —Tr[p"S |092 pAS] = — Wq |Og2 Wa

D arbitrary bipartition
mmmmmmmMmMMMMMMMMMMM

) —%m--

© reduced density matrix and bipartite entanglement

use Schmidt decomposition

s = woGEH GS] S=— wqlog, W, EJCED
a

a

codable maximum



entanglement scaling: gapped systems

Latorre, Rico, Vidal, Kitaev (03)

T entanglement grows with system surface:area law  Bekenstein 73

Callan,Wilczek 94
O for ground states! Eisert, Cramer, Plenio, RMP (10)

LTS

-] —> <] —> - —
gapped  S(L) ~ cst. S(L) ~ L S(L) ~ L* black

hole

S <log, D = D > 2°

states D > 2¢st D > 2F D > 2L



Hilbert space size: just an illusion?

L]

[]

[]

[]

L]

ground states are here!

random state in Hilbert space: entanglement extensive
expectation value for entanglement extensive and maximal
states with non-extensive entanglement set of measure zero

MPS: parametrize
low-entanglement set
efficiently!

Hilbert space

time evolution leaves
the cosy corner: up
to exponential growth
of resources




errors and limitations ...

= algorithms very efficient, Trotter error small
= short-ranged Hamiltonians

= true problem: truncation error due to entanglement bound:

S(t) < S(0) + est. x 2ut | linear in time

exponential D

quasiparticles

out-of-equilibrium cartoon:

quasiparticles entangle in
,»light' cone

! (sub)system length ¢

L i (Calabrese, Cardy, numerous papers)

in the worst case, matrix dimension D grows exponentially!
here: only power-law, but still very problematic



tensor networlk states in one slide

= matrix product states (MPS): replace |y) = Z ¢ 5y...0,)

Ols-. 0]

o phys o

Z MM .. . M%"|ovoa...0r) & & & & & & & 4

..,or, maximal matrix dimension: D aux

= typical object: model Hamiltonians (e.g. Hubbard model)

single band version: H = —¢ Z cwcja + h.c. + Uanan
(,5);0

0 extensions: PEPS, trees, ...

S.R.White, Phys. Rev. Lett. 69,2863 (1992)

U. Schollwock, Rev. Mod. Phys. 77,259 (2005)

U. Schollwock, Ann. Phys. 326,96 (2011)

J- 1. Cirac et al., Rev. Mod. Phys. 93,045003 (2021)



DMFT in a nutshell



DMFI-DMRG work (incomplete)

= early work on single-band Hubbard model

Karski, Raas, Uhrig (PRB 2005)
Karski, Raas, Uhrig (PRB 2008)

= later work on two-band Hubbard model (real time)

Ganahl, Thunstrom, ..., Evertz (PRB 2014)
Ganahl,Aichhorn, ..., Evertz (PRB 2015)
Wolf, McCulloch, Parcollet, US (PRB 2014)

= even later work on multi-band models: fork algorithm

Bauernfeind, Zingl, ..., Evertz (PRX 2017)
Bauernfeind el al. (PRB 2018)
Bauernfeind, Aichhorn (SciPost 2020)

O parallel work on multi-band models (imaginary time)

Wolf et al, PRX 5,041032 (2015)



imaginary-time DMFT-MPS

N
B 1 = L 57 AGon) = Aoicer (o)
Gimp(in) = 1wy + 1 — A(I0n) — Zimp(iwn) N ngl| L:) V.2 ‘
Gimp = GZV_\’ Apiscr(10n) = I; T I_ €|
| 1
Gloc('%c)n) — /dklwn + U — € — Elatt(iwn) \#
/Elatt _ Zimp €, ‘/2
S el ol »DMFT is just DFT for people who
lmp(“"")‘Cimp’O(’w”) “Gml)  hate themselves more” (chatGPT)
YaGs>

G(iwn) = / " dre 'nT[—0(T)GP(T) + B(T)G"(T)]

\ GP(r) = (Wlee™ F=P7cf|w)
Wolf et al, PRX 5,041032 (2015)

h _ T —(H—E)T
adapt Caffarel&Krauth (PRL 1994) G7(r) = (¥lc'e c|¥)

from ED to MPS )
GP(t) = (¥lce "Ml |w)

- \/ G"(t) = (T|cTe™"Htc| D)




bath representations



how do | map a bath to |D MPS!?

,natural DMFT bath geometry Wolf, McCulloch, Schollwock,
PRB 90,235131 (2014)
. . ® |
impurity
. ' - o 2 < 2
non-interacting E 1
bath sites ® 3 50
“ § -1
approach A: ,,star” geometry 3_20
(c)
, _ :
| s 3 4 “ strongly entangled (?) c 1-—~—

approach B: chain geometry obtained by tridiagonalization (a)° (20, 20

@ required in NRG (separation of energy scales)

o ®© ® ©® ©
@ weakly entangled (?) - good for MPS no!

¢ ©
I’ 2’ 3’ 4’



more advanced geometries

Impurity site Bath site

{4 o &
Bauernfeind, Zingl, ..., Evertz (PRX 2017)

Bauernfeind el al. (PRB 2018) ‘ ‘ ‘ ‘
Bauernfeind, Aichhorn (SciPost 2020) B ‘ * * ‘

oo

fork geometry

By

distributed tree geometry



time evolution:
finite temperature,
linear prediction,
time steppers



DMFT loop - details

Green’s function of non-interacting bath:
0 k. i — (3 . —1
Gbath( Jw,) = (1w, + 1 — €)
self-energy brings in interaction: 2 .1 (K,iw,) assume we know it
Ghach(k.10,) = (1w, + p — 6 — 2y, 1 (K, i@,))”"
local Green’s function from bath at impurity:

1
Gi..(iw) = | dk
o) = [

DMFT: no momentum dependency of self-energy Xy .1 = Xt o, (i0),)

local self-energy of bath equals local self-energy of impurity:

Zhath(1®,) = Zimp(ia)n)



DMFT loop - details

local GF equals impurity GF: Gimp(ia)n) = G c(1@))
1
i@, + 1 — Ai,) - Ziyp(io,) ’

Gimpli®,) =

hybridisation from last eqn is modeled by a non-interacting bath:

L, v 2
Adiscr(®,) = 2

=1
determine bath parameters by cost function:

1w, — €

l & .
1= Z | Aliw,) — A gijgeri®n) 17

n=1

use tensor networks/MPS to calculate impurity Green'’s function:
GP(r) = = O()(PGglde T [P g)  G'(r) = O(=1)(P gl éle@Eme) [P 5g)
FT, then determine self-energy of impurity via Dyson, close the loop:

Zimplio,) = (Ggmp)—l(ia)n) - Gi‘r;p(ia)n),



bath representations



how do | map a bath to |D MPS!?

,natural DMFT bath geometry Wolf, McCulloch, Schollwock,
PRB 90,235131 (2014)
. . ® |
impurity
. ' - o 2 < 2
non-interacting E 1
bath sites ® 3 50
“ § -1
approach A: ,,star” geometry 3_20
(c)
, _ :
| s 3 4 “ strongly entangled (?) c 1-—~—

approach B: chain geometry obtained by tridiagonalization (a)° (20, 20

@ required in NRG (separation of energy scales)

o ®© ® ©® ©
@ weakly entangled (?) - good for MPS no!

¢ ©
I’ 2’ 3’ 4’



more advanced geometries

Bath site

Impurity site

o é s
AT
oo b
i

fork geometry

BT

Bauernfeind, Zingl, ..., Evertz (PRX 2017)

Bauernfeind el al. (PRB 2018)
Bauernfeind, Aichhorn (SciPost 2020)

Bl (

distributed tree geometry

No sign problem!
Imag+Real TE

wall time [h]
ot
o

o
Sy

MT3N

S
o

FTPS
Benchmarks for SrMnQOs:
Speed up by factor of three!



time evolution:
finite temperature,
linear prediction,
time steppers



purification and finite-T evolution

purification: any mixed state can be expressed by a pure state on a
larger system (P: physical, Q: auxiliary state space)

pp =Y _pnln)p p(nl V)P = D VPalIn)pIn)o

ﬁP — trQ ‘¢>PQ PQ <77b‘ simplest way: Q copy of P
expectation values as before:

(Op)pp = trpOppp = trpOptrglY) po Po(¥| = trpgOp|¥)rq ro (¥l = pPo(¥|Op[¥)prq
time evolution as before:

pp(t) = e ppe 1 = e Hlrg 1) pg po(Yle™ ! = trglY(t)) o PQ(¥(1)]

(1)) po = ¢ ) p



time-evolution of thermal states

problem: usually we do not have mixed state in eigenrepresentation
thermal states: easy way out by imaginary t-evolution

e PH — o=BH/2 [ o—BH/2 _ trQe—BH/2|pO> pole P/

PQ PQ

purification of infinite-T state: product of local totally mixed states

gauge degree of freedom: arbitrary unitary evolution on Q

lots of room for improvement: __ik, ..4& , jk, ,‘&

original, improved, and currently best
scheme

build MPOs and compress them: ; _‘M .l&'

(B(2t)A) 3 = Z(8) 'tr (ﬁeiﬁte—ﬁﬁﬂge—iﬁt][e—imﬁe—ﬁﬁmeim




linear prediction

(Barthel, Schollwock,White, PRB 79,245101 (2009))

“ how to overcome the entanglement limitation?

T ansatz: data is linear combination of p previous data points

prediction D calculation

Ly =— — E A; Ly —; index n labels time: time series
1=1

= find prediction coefficients by minimising error for available data

~ 2
_ T, — Ty |
E — error estimate
Wn,
n

T iteratively continue time series from data using ansatz



Re S(k.t)

some results of linear prediction

T transverse Ising model:

prediction of S(k,t)

tobstiit tobs
T T

0.15 T T
k=n/4, exact
k=n/2, exact
0.1 k=3n/4, exact
DMRG  x
linear prediction .
0.05 |
0 - % %
-0.05 |-
-0.1
-0.15 |-
_02 I 1
0 5 10 15 20 25 30
time t
3k p=10 DMRG & linear pred. -
2 DMRG & Parzen filter -------
T oL exact
=3
(42}

S(k,w)

0 0.5 1 1.5 2 25

frequency o

extends time domain |0x
Barthel, US, White (2009)

@ spinons in spin-1/2 chain:
experiment vs. numerics

—
100 a) Data 150K 4 c) T=50K d) T=75K
9 3 ° data LL field theory
g 0.96m<k<1.041 —— DMRG
50 W '
o 1 L J}L
So
[}
S
100 c2
®©
o]
€,
50 E)
X
0 s 27 20 40 60 80 100 20 40 60 80 100
Wavevector k Energy (meV) Energy (meV)

perfect agreement with
high-precision neutron scattering

Lake, ... Barthel, US, ...
PRL I'l'l, 137 (2013)



when does it work!?

“ why do we predict S(k,t) in time and not e.g. G(x,t)
(and Fourier transform to momentum space later)?

linear prediction works best for special time series

T superposition of exponential decays
p

_E ( (wy—1y)m

v=1
= cf. pole structure of momentum-space of Green's functions

1
w—e — 2N(k,w)

G(k,w) = G(k,t) — ale—iwlt—nlt

= excellent for spectral functions!



GF at large i®

@ generic feature of Matsubara GF:jump of | at 7 = 0
e, e’y =1 G(r) = — (T c(0)c' ()

= Fourier transform gives

Gliw) = == (] = o)

= this is a feature of small imaginary times: problem for time steppers

—G(T . .
(7) O essentially exact at timesteps
calc
' but miss short-time details
exact
i t t . > T

AT =0.1 (w=271/AT =062.8)



Kr_ylov time-evolution

"~ approximate

[w(t + 61)))= exp(=iH51) |y (1))

= Taylor expansion

|t +80) = ) (=)
n=0

i
~H" |y (D))
n!

Jcost: m times H| @)

Jerror: decreases as ot'"'/m!

“ behaviour:
“alternating signs, ot fixed

, . 1 ,
I error not optimal for cost: H™"" |y) has part in span{H" |y) }"_,



Kr_ylov time-evolution

T variational ansatz

|y(t + o1)) = arg nl%n || @) — exp(—iHdt) |w(2))]|

in Krylov space
T Krylov space: span{H" |y) }"_

“ orthonormal basis determined on the fly by Gram-Schmidt:
Lanczos iterations

| qo) = |y (2))
pla.1)=Hlqg,) —a,lq,)—F,_119,_1)



Kr_ylov time-evolution

@ Hamiltonian tridiagonal in Krylov basis
o, = <qn|H|qn> ﬂn—l — <Qn|H|Qn—l>

T introduce (N x m) matrix Q,, = [ go) | q1)--- | ¢,—1)]

projected Hamiltonian 7, = QT HQ,~ (m x m)
@ variational principle in Krylov space

|y(t + o1)) = arg nllyi>n 10,,|y) — exp(=iHét) |y (D)) ||

" solved by |y) = O exp(—iH5t) |y (1)) = Q) exp(—iHS1)O,, | €))

= proof via Moore-Penrose pseudo-inverse

T |eg) =[100 ...]" (dimension: m)



Kr_ylov time-evolution

9 |y) = Q) exp(—iH1)Q,, | €,) hence |w(t+ 1)) = O, |y)

"I approximation:

|y (t + 61) = Q,,0, exp(—iH50)Q,, | €y)
~ Q, exp(—iQ HQ 6t)|ey = Q, exp(—iT,5t)|ey)

D exp(—iT,ot) trivial: (m x m) matrix! m = 3...10,6r =~ 0.05
“ error: decreases exponentially fast

= behaviour:
© very precise, but slow
© long-range interactions possible

© any smaller of at almost no cost: continuous time evolution



IM[G(iwn)] * wn

benchmarking: CTQMC vs MPS

short-time

9 17 < 4:Krylov A7 = 0.0005 from timestep A7 = 0.1 time-stepping
issues

9 7 > 4:2TDVP with timestep A7t = 0.1

T don’t use Trotter

0.0
0.0
r— XYMPs
—0.2- -0.1 — XZMPs
. ~== XycTrve B=400eV*
0.2 XZctrye B=400eV-1
o — 7 CTQMC/MPS perfectly on top!
@ no fit/noise in MPS
—0.61
-0.8
16
-1.0 ]

14 16



test case

LiV20O4: ,,Hund-assisted orbital-
selective Mottness*

M. Grundner, F Kugler, O.Parcollet, U. Schollwock, A. Georges,A. Hampel
(PRB 112,L041106 (2025))

physics: see also S. Backes,Y. Nomura, R. Arita, H. Shinaoka, PRB | | 1, L041102 (2025)



LiV2O4: basics

= local symmetry splits 5 d-orbitals of V: @
T 3 low-lying ty; orbitals, 2 eg
T tyg orbitals splitin 2 e, | aig

= 1.5 electrons perV \t/

= geometric frustration
(no magnetic order)

LiV2Oy4
= Fermi liquid scale (p « T?) well below 10 K

© large mass enhancement below 25 K: m*/m ~ 25
(Kondo PRL 1997)

intensively studied since late 90es
»2heavy fermion physics” in a transition metal oxide

' 1 L 1 L |
10? 104 108

72 (MmJ2 mol-2 K#)




where does this come from!?

I standard explanation of heavy fermions in rare earths
(localized f-electrons meet itinerant d-electrons) cannot work

“ adaptation: d-electrons — ag electrons

f-electrons — e”; electrons
(Anisimov et al PRL 1999)

o Kondo-like explanation does not work

f-electron i-electrons

(FM Hund > AFM Kondo, exp. details) A
instead: (Arita PRL 2007) b w o
aig band lightly doped (n =~ 0.98) k

e"; bands bystanders
strong mass renormalization due to proximity to Mott transition

()

' common problem: temperature! | 1,000 K vs. 10 K, achieve 300 K ...



DFT band structure

vanadium e
( T 2)' 10 | ] T T T T

0'0._::\ E -.o,. e,gT [ 4 |

i 0.5¢ 1 F i
(vanadium tz) - -

e : I - -
O ! i P evestt -
g P 4 ) .',;:-" - ’ '
e \ J

o
o

_woulen
—K

—0.5}

(oxygen

- 1 1 DFTDOS -
1 [ — ay, DFTDOS |
el DFT DOS 1

—1.0f

oo,
e,
......
*oe,

”;'E'En;;?l;““"l- a 1g

(@

r K (b) (a.u.)

“ zoom in; contribution of ty; orbitals



local interactions: DFT+DMFT

= Hubbard-Kanamori model (3-band Hubb. with Hund’s coupling J)

[ = 394CV ﬁK—UZﬁmTﬁm¢+U ZﬁmTﬁ”W
m=£Em’
/I g1 a9t g
U = 2.83eV + WU =) ) fwehwe —J Y dy.d, dl,d,.
m<m',o m=£Em’
J =10.56eV 7Yy dl.dhd,d,.. (25)

m=£m’

= MPS-DMFT solver extended to finite T (purification method)
B = 4,000 (2.9 K)

© QMC-DMFT solver down to as low T as possible for benchmark

= later: NRG-DMFT solver for lowest T and simplified model



consequences of local interactions

0.4 ——r
= DFT occupations 2 ) Moy T 115K |
g |
n(alg) — 0.427 02 Y — A(lw)QMCalgT=145.1 K__
n(ef) = 0.537 (x2) .
0.0f
“ become in DMFT _o0.1
-0.2
n(a, g) ~ 0.9
-0.3
ne”) ~ 0.3 (X2
( g) ( ) "?a';‘r X W L r

D strong peak of DOS at Fermi energy

O extremely flat band



what is happening? Hund’s coupling!

4 effect strongly dependent on Hund'’s coupling

10 " mechanism (Figs.at T=11.6K)

s -0.3f ]
> _
w04l 17 = Hund repopulates orbitals
N - 3 1
L0 i @ Hund inhibits low-energy
W i H0.4 . . .
f Co6f T : motion (high spin states)
00 02 04 067 low-energy flat band
(c) J (eV)
o = orbital selective e 3 7
N S Mott-like physics !
0.4f e
; 3 172 ] -~
= 0.3¢ O 1 u
éozz— - i ] = robust under Intra-orbital
; ] aig doping, | E A
0.1p ]
0055123 4 5 6 ———
(b) N W' | ——
O e, bands not just bystanders K



















single band: spectral function & self-energy

= single-impurity Anderson model N e e
- rea parallel (inversion) -
(a) 2.5 '— parallel (extrapolation) @ —— parallel t=1 ]

A

Nb Nb
o _ AT A *k /\T A N
Hpah = E E Wo.k0 Cro Cos T V0.ko Coo Cro) T § : E :Eka”ka’

k=1 o k=1 o

= semi-circular density of states; bandwidth D

(b) oo 77 e

E —— nparallel (inversion)
e NRG
101 [

1 D o\’
——ImA(w) = E\/l —~ (5) U/D =2

9 band at half-filling

o)
> -
3107 ¢
g

~— -

= .
I 1073 .-~

-

T linear discretization, O(300) bath sites g

10—5 L PR S S A B 1 I T T B I 1 L 1 1
1073 1072 107! 10°

w/D

“ remaining error: Dyson! X(v) = G;Y(w) - G\ (w)












