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embedding methods



fundamental problem of solid state

much easier than (e.g.) biological systems or cosmology: 
we know the fundamental microscopic model! 
 
fundamental Hamiltonian (without lattice vibrations…!):

kinetic 
energy

electron-electron 
interaction

lattice  
potential

much harder than many other fields: 
we don’t know how to solve the Schrödinger equation! 
 
problem: electron-electron interactions
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model Hamiltonians …

typical model Hamiltonian: Hubbard model (1964) 
 
single band version:

H = �t

X

hi,ji;�

c
†
i�cj� + h.c.+ U
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i

ni"ni#

Wannier basis kinetic energy Coulomb energy

most simple cartoon version of a correlated problem

no exact solution except for d=1 after 50 years!

crystal lattice: sit only at fixed positions („sites“)

kinetic energy: hop only from one site to the next 

charge repulsion: only repel on same site 

U

t

high-Tc model? no! need more (Qin et al., PRX (20); Xu et al. (24))



mean-field theory

spins interact & fluctuate pick 1: lose spatial dependence in effective field of others

Weiss mean-field theory:  
replace fluctuating environment by static field

self-consistency condition:   

spin has magnetization it would have in effective field created by it

magnetization : order parameter of phase transition

⟨S⟩ = tanh βJ⟨S⟩

⟨S⟩



dynamical mean field theory (DMFT)

interacting model → interacting „impurity“ 
in non-interacting effective bath

impurity dynamically exchanges electrons with bath

dynamical self-consistency: local lattice GF/SE = impurity GF/SE

exact in the limit of infinite coordination number (dimension)

more realism by

multiple bands

cluster methods (CDMFT, DCA)

combination with DFT                      (…) 
 

DMFT

Georges, Kotliar, PRB (1992) 
Georges et al., RMP (1996) 
Kotliar et al., RMP (2006)



the „impurity solver“
for completion of the self-consistency cycle we need 

achieved by impurity solver: key area of progress in method

continuous-time QMC (CTHYB, CTINT)

exact diagonalization (ED), numerical renormalisation group (NRG) 
 

G(z) ⇠ hT cimp,�(z)c
†
imp,�(0)i
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 real or imaginary timez = t, τ

……..
impurity bath sites

(NRG)

DMRG/MPS very powerful in 1D; no sign problem (cf. CT-QMC)

calculation on the real-frequency axis (cf. CT-QMC, ED)

no exponential growth of resources (cf. ED, NRG)

or DMRG impurity solver: 
 



DMRG/tensor networks in a 
nutshell



quantum states

{�i} i 2 {1, 2, . . . , L}

| "i, | #i

H = ⌦
L
i=1Hi Hi = {|1ii, . . . , |dii}

| i =
X

�1,...,�L

c�1...�L |�1 . . .�Li

quantum system living on L lattice sites

d local states per site

example: spin 1/2:      d=2

Hilbert space:

most general state (not necessarily 1D):



matrix product states

| i =
X

�1,...,�L

M�1M�2 . . .M�L |�1�2 . . .�Li

(1⇥D1), (D1 ⇥D2), . . . , (DL�2 ⇥DL�1), (DL�1 ⇥ 1)

M�i ! M�iX M�i+1 ! X�1M�i+1XX�1 = 1

general matrix product state (MPS): 

matrix dimensions: 

non-unique: gauge degree of freedom 



graphical representation
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matrix: vertical lines = physical states, horizontal lines = matrix indices 

     left edge               bulk                 right edge   complex conjug. 

rule: connected lines are contracted (multiplied and summed) 

     matrix product state in graphical representation 



matrix product operators (MPO)
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general operator:

rearrange indices:

matrix product operator:



applying an MPO to an MPS

M̃�i
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graphical representation with ingoing and outgoing physical states:

applying an MPO to an MPS: new MPS with matrix dims multiplied



Heisenberg model:

time-evolution

| (t)i = e�iĤt| (0)i

N ! 1 ⌧ ! 0 N⌧ = T

Ĥ =
L�1X

i=1

ĥi ĥi = Si · Si+1

e�iĤT =
NY

i=1

e�iĤ⌧ =
NY

k=1

e�i
PL�1

i=1 ĥi⌧ !
=

NY

k=1

L�1Y

i=1

e�iĥi⌧

assume initial state in MPS representation; time evolution:

how to express the evolution operator as an MPO?

one solution: Trotterization of evolution operator into small time steps

⌧ ⇠ 0.01

first-order Trotter decomposition



calculation of               as                 matrix:

Trotter decomposition

eÂ+B̂ = eÂeB̂e
1
2 [Â,B̂]

problem: exponential does not factorize if operators do not commute

but error is negligible as ⌧ ! 0

[ĥi⌧, ĥi+1⌧ ] / ⌧2

e�iĥi⌧ (d2 ⇥ d2)

HiU = U⇤ Hi = U⇤U† ) e�iHi⌧ = Ue�i⇤⌧
U

† = U · diag(e�i�1⌧ , e�i�2⌧ , . . .) · U†

Haegeman, Cirac, Osborne, Pizorn, Verschelde, Verstraete, PRL 107, 070601 (2011)  
Lubich, Oseledets, Vandereycken, SIAM J. Num. Anal. 53, 917 (2015) 
Haegeman, Lubich, Oseledets, Vandereycken, Verstraete, PRB 94, 165116 (2016)

review: Paeckel, …, US, Hubig, Ann. Phys. 411 (2019) 167998 

nowadays: time-dependent variational principle (TDVP)



arbitrary bipartition 

        MMMMMMMMMMMMMMMMMM

reduced density matrix and bipartite entanglement

bipartite entanglement in MPS

S = −

∑

α

wα log2 wαρ̂S =

∑

α

wα|αS〉〈αS |

codable maximum

use Schmidt decomposition

measuring bipartite entanglement S: reduced density matrix

|ψ〉 =

∑
ψij |i〉|j〉 ρ̂ = |ψ〉〈ψ| → ρ̂S = TrE ρ̂

S = −Tr[ρ̂S log2 ρ̂S ] = −

∑
wα log2 wα

system |i>

environment

universe

|j>

|ψi =
DX

↵

p
w↵|αSi|αEi
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 log2 D
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entanglement grows with system surface: area law

for ground states! 
 
 
 
 
 
 
 
 
 
 

entanglement scaling: gapped systems

S(L) ∼ L S(L) ∼ L
2S(L) ∼ cst.gapped

states

black
hole

Latorre, Rico,  Vidal, Kitaev (03)

Bekenstein `73
Callan, Wilczek `94

Eisert, Cramer, Plenio, RMP  (10)

S  log2 D ) D � 2S
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D > 2cst
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D > 2L
<latexit sha1_base64="vR7wLB+hKflXtOOy2xmLr+Hv0mM="></latexit><latexit sha1_base64="vR7wLB+hKflXtOOy2xmLr+Hv0mM="></latexit><latexit sha1_base64="vR7wLB+hKflXtOOy2xmLr+Hv0mM="></latexit><latexit sha1_base64="vR7wLB+hKflXtOOy2xmLr+Hv0mM="></latexit>

D > 2L
2
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random state in Hilbert space: entanglement extensive

expectation value for entanglement extensive and maximal

states with non-extensive entanglement set of measure zero

MPS: parametrize  
low-entanglement set  
efficiently!

time evolution leaves 
the cosy corner: up 
to exponential growth 
of resources

Hilbert space size: just an illusion? 

ground states are here!

Hilbert space



algorithms very efficient, Trotter error small

short-ranged Hamiltonians

true problem: truncation error due to entanglement bound:  

errors and limitations … 

x

t
(sub)system  length l

quasiparticles

out-of-equilibrium cartoon:

quasiparticles entangle in 
„light“ cone

S(t) ≤ S(0) + cst. × 2vt linear in time  
exponential D

in the worst case, matrix dimension D grows exponentially!
here: only power-law, but still very problematic

(Calabrese, Cardy, numerous papers)



tensor network states in one slide

typical object: model Hamiltonians (e.g. Hubbard model)  
 
single band version: H = �t

X

hi,ji;�

c
†
i�cj� + h.c.+ U

X

i

ni"ni#

extensions: PEPS, trees, …

S.R. White, Phys. Rev. Lett. 69, 2863 (1992)
U. Schollwöck, Rev. Mod. Phys. 77, 259 (2005) 
U. Schollwöck, Ann. Phys. 326, 96 (2011)  
J. I. Cirac et al., Rev. Mod. Phys. 93, 045003 (2021)  

| i =
X

�1,...,�L

M�1M�2 . . .M�L |�1�2 . . .�Li
maximal matrix dimension: D

σ1 σL

matrix product states (MPS): replace |ψ⟩ = ∑
σ1,…,σL

cσ1…σL |σ1…σL⟩

phys

aux



DMFT in a nutshell



early work on single-band Hubbard model 
 

later work on two-band Hubbard model (real time) 
 

even later work on multi-band models: fork algorithm 
 
 

parallel work on multi-band models (imaginary time)  

DMFT-DMRG work (incomplete) 

Karski, Raas, Uhrig (PRB 2005)
Karski, Raas, Uhrig (PRB 2008)

Ganahl, Thunström, …, Evertz (PRB 2014)
Ganahl, Aichhorn, …, Evertz (PRB 2015)
Wolf, McCulloch, Parcollet, US (PRB 2014) 

Bauernfeind, Zingl, …, Evertz (PRX 2017)
Bauernfeind el al. (PRB 2018)
Bauernfeind, Aichhorn (SciPost 2020)

Wolf et al, PRX 5, 041032 (2015)



 imaginary-time DMFT-MPS                

Gloc(i!n) =

Z
dk

1

i!n + µ� ✏k � ⌃latt(i!n)

Gp(⌧) = h |ce�(H�E)⌧ c†| i
Gh(⌧) = h |c†e�(H�E)⌧ c| i

Gp(t) = h |ce�iHtc†| i
Gh(t) = h |c†e�iHtc| i

⇤(i!n)

Gimp(i!n) =
1

i!n + µ � Λ(i!n) � Σimp(i!n)

G(iωn) =

Z ∞

−∞
dτe−iωnτ [�θ(τ)Gp(τ) + θ(τ)Gh(τ)]

χ =
1

N

NX

n=1

|⇤(iωn) � ⇤Discr(iωn)|2

⇤Discr(iωn) =
LbX

l=1

V 2
l

iωn � εl

G(!)
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Gimp = Gloc
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✏l, Vl
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Wolf et al, PRX 5, 041032 (2015) 
adapt Caffarel&Krauth (PRL 1994) 
from ED to MPS

„DMFT is just DFT for people who  
hate themselves more“ (chatGPT)



bath representations



how do I map a bath to 1D MPS?

approach A:  „star“ geometry  

approach B:  chain geometry obtained by tridiagonalization 

„natural“ DMFT bath geometry 

long-ranged hopping

strongly entangled (?)

required in NRG (separation of energy scales)

weakly entangled (?) - good for MPS

impurity

non-interacting
bath sites

1      2      3     4  

1’     2’     3’     4’  

1      

2      

3      

no!

Wolf, McCulloch, Schollwöck,  
PRB 90, 235131 (2014)



more advanced geometries

distributed tree geometry 

fork geometry 

Bauernfeind, Zingl, …, Evertz (PRX 2017)
Bauernfeind el al. (PRB 2018)
Bauernfeind, Aichhorn (SciPost 2020)



time evolution:
finite temperature,
linear prediction,

time steppers 



 DMFT loop - details                

Green’s function of non-interacting bath:

self-energy brings in interaction:

local Green’s function from bath at impurity:

DMFT: no momentum dependency of self-energy

local self-energy of bath equals local self-energy of impurity:

G0
bath(k, iωn) = (iωn + μ − ϵk)−1

Σbath(k, iωn)

Gbath(k, iωn) = (iωn + μ − ϵk − Σbath(k, iωn))−1

assume we know it

Gloc(iωn) = ∫ dk
1

iωn + μ − ϵk − Σbath(k, iωn)

Σbath = Σbath(iωn)

Σbath(iωn) = Σimp(iωn)



 DMFT loop - details                

local GF equals impurity GF:

hybridisation from last eqn is modeled by a non-interacting bath:

determine bath parameters by cost function:

use tensor networks/MPS to calculate impurity Green’s function:

FT, then determine self-energy of impurity via Dyson, close the loop:

Gimp(iωn) = Gloc(iωn)

Gimp(iωn) =
1

iωn + μ − Λ(iωn) − Σimp(iωn)
,

Λdiscr(iωn) =
Lb

∑
l=1

|Vl |
2

iωn − ϵl
.

χ =
1
N

N

∑
n=1

|Λ(iωn) − Λdiscr(iωn) |2

Σimp(iωn) = (G0
imp)−1(iωn) − G−1

imp(iωn),

Gp(τ) = − Θ(τ)⟨ΨGS | ̂c0e−(Ĥ−E0)τ ̂c†
0 |ΨGS⟩ Gh(τ) = Θ(−τ)⟨ΨGS | ̂c†

0e
(Ĥ−E0)τ ̂c0 |ΨGS⟩



bath representations



how do I map a bath to 1D MPS?

approach A:  „star“ geometry  

approach B:  chain geometry obtained by tridiagonalization 

„natural“ DMFT bath geometry 

long-ranged hopping

strongly entangled (?)

required in NRG (separation of energy scales)

weakly entangled (?) - good for MPS

impurity

non-interacting
bath sites

1      2      3     4  

1’     2’     3’     4’  

1      

2      

3      

no!

Wolf, McCulloch, Schollwöck,  
PRB 90, 235131 (2014)



more advanced geometries

distributed tree geometry 

fork geometry 

Bauernfeind, Zingl, …, Evertz (PRX 2017)
Bauernfeind el al. (PRB 2018)
Bauernfeind, Aichhorn (SciPost 2020)
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Multi-orbital DMFT on classical devices
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Benchmarks for SrMnO3:

Speed up by factor of three!

[1]: Bauernfeind et al., Phys. Rev. X 7, 031013 (2017)

[2]: Bramberger et al., SciPost Phys. 14, 010 (2023) 
[3]: Gunst et al., J. Chem. Theory Comput., 14, 4 (2018)

Milestone: K4-M2.6

No sign problem!

Imag+Real TE

Sublattice decoupling in tetragonal CuO2:

M. Grundner, M. Bramberger, S. Paeckel, U. Schollwoeck



time evolution:
finite temperature,
linear prediction,

time steppers 



purification and finite-T evolution

⇢̂P =
X

n

⇢n|niP P hn| | iPQ =
X

n

p
⇢n|niP |niQ

⇢̂P = trQ| iPQ PQh |

hÔP i⇢̂P = trP ÔP ⇢̂P = trP ÔP trQ| iPQ PQh | = trPQÔP | iPQ PQh | = PQh |ÔP | iPQ

⇢̂P (t) = e�iĤt⇢̂P e
+iĤt = e�iĤttrQ| iPQ PQh |e+iĤt = trQ| (t)iPQ PQh (t)|

| (t)iPQ = e�iĤt| iPQ

purification: any mixed state can be expressed by a pure state on a 
larger system (P: physical, Q: auxiliary state space) 

simplest way: Q copy of P

expectation values as before:

time evolution as before:



time-evolution of thermal states

e��Ĥ = e��Ĥ/2 · ÎP · e��Ĥ/2 = trQe
��Ĥ/2|⇢0iPQ PQh⇢0|e��Ĥ/2

hB̂(2t)Âi� = Z(�)�1tr
⇣
[eiĤte��Ĥ/2B̂e�iĤt][e�iĤtÂe��Ĥ/2eiĤt]

⌘

.

 0  2  4  6  8  10  12

 0.1

 1

 10

in
ve

rs
e

 t
e

m
p

e
ra

tu
re

 β
scheme A

 0  2  4  6  8  10  12

scheme B

 0  2  4  6  8  10  12  14  16  18  20  22

time t

0.1

1

10

106
107
108
109
1010
1011

optimized
scheme

Σi Mi
3

 0  2  4  6  8  10  12

0.1

1

10

scheme A

 0  2  4  6  8  10  12

scheme B

 0  2  4  6  8  10  12  14  16  18  20  22

time t

0.1

1

10

64

128

256

512

1024

2048

optimized
scheme

maxiMi

problem: usually we do not have mixed state in eigenrepresentation

thermal states: easy way out by imaginary t-evolution

purification of infinite-T state: product of local totally mixed states

gauge degree of freedom: arbitrary unitary evolution on Q 

lots of room for improvement:
original, improved, and currently best
scheme

build MPOs and compress them:



linear prediction

ansatz: data is linear combination of p previous data points

x̃n = −
p∑

i=1

aixn−i

find prediction coefficients by minimising error for available data

E =
∑

n

|x̃n − xn|2

wn

calculationprediction

index n labels time: time series

error estimate

(Barthel, Schollwöck, White, PRB 79, 245101 (2009))

iteratively continue time series from data using ansatz 

how to overcome the entanglement limitation?



some results of linear prediction
spinons in spin-1/2 chain: 
experiment vs. numerics 

R
e 

S(
k,

t)

time t

k=π/4, exact
k=π/2, exact

k=3π/4, exact
DMRG

linear prediction

-0.2

-0.15

-0.1

-0.05

 0

 0.05

 0.1

 0.15

 0  5  10  15  20  25  30

tobs-tfit tobs

10-12
10-10
10-8
10-6
10-4

 0  25  50  75  100  125  150

transverse Ising model: 
prediction of S(k,t)

error

extends time domain 10x

4

   

50

100

 

 

En
er

gy
 (m

eV
)

 

 
a)    Data 150K

0   

50

100

 

Wavevector k
En

er
gy

 (m
eV

)

 

 
b)   tDMRG 150K

π 2π 20 40 60 80 100
        

        

        T=200Kf)

Energy (meV)
20 40 60 80 100
0

1

2 T=150Ke)

Energy (meV)

                                        
        

        

        

        

        

 

 
T=75Kd)

LL field theory
DMRG

                                        
0

1

2

3

4

S(
k,
ω

) (
m

ba
rn

 m
eV

−1
 s

r−
1  p

er
 C

u2+
)

 

 

0.96π<k<1.04π

T=50Kc)
data

FIG. 5: (color online) Finite temperature behavior. a) INS
data at 150K is accurately described by, b), the tDMRG sim-
ulation. c-f) The temperature dependence at k = π. The Lut-
tinger liquid theory agrees with the INS at low energies and
temperatures. The tDMRG calculations however give precise
agreement over the full energy and temperature range. Re-
maining differences at low energies are due to the interchain
coupling and the background subtraction procedure.

a quantitative description of the truncation of spinon
states. The vertex operator approach is compared to the
constant energy cuts (Fig. 3) and unlike the MA provides
accurate agreement with the measurements throughout
the Brillouin zone including at highest energies. The
VOA can also be used to assess the relative importance
of 2- and higher-spinon contributions to the scattering.
Considering only 2-spinon processes (dashed line) shows
marked differences from the measurements above 30meV
and away from k = 0,π. Therefore, as suspected in
Ref. [38], and very recently shown in Ref. [39], higher-
order spinon processes must be included. Finally, unlike
the nonlinear LL field theory, the Bethe Ansatz computa-
tions are able to capture the threshold singularities quan-
titatively throughout the Brillouin zone (Fig. 4). Fur-
thermore they also agree with the cutoff from 2-spinon
processes at the upper threshold, which is not a MA type
step function but a square-root cusp.

tDMRG for finite temperatures – The problem of the
finite-temperature DSF remains for the moment inacces-
sible to these exact integrability-based methods. How-
ever, finite-temperature response functions of 1D sys-
tems, like →Sa

j (t)S
b
j′ (0)〉 in Eq. (2), can be evaluated in a

quasi-exact manner up to some maximum reachable time
tmax on the basis of the time-dependent density matrix
renormalization group (tDMRG) [40–42]. A correspond-
ing scheme, introduced in Ref. [43], is based on a sequence
of imaginary-time and real-time evolutions during which
the occurring many-body operators are approximated in
matrix product form. As described in Refs. [43] and [44],
one can use linear prediction [45, 46] to extend the ob-
tained data from the time-interval [−tmax, tmax] to infi-
nite times before doing the Fourier transform in Eq. (2)
that yields the DSF. A difficulty in the DMRG simu-
lations is the (typically linear) growth of entanglement

with time [47–49]. In tDMRG calculations, this leads to
a severe increase of the computation cost and strongly
limits the maximum reachable times tmax. It is only due
to a novel much more efficient evaluation scheme for the
thermal response functions [50–52] that we are now able
reach sufficiently large tmax such that the linear predic-
tion becomes very accurate and, precise structure factors
can be computed.

The tDMRG simulations compared to finite tempera-
ture KCuF3 INS data – The results shown in Fig. 5, give
the first application of this optimized tDMRG scheme
[50, 51] to determine the full momentum- and energy-
dependence of the DSF at T > 0. The simulations
were carried out with systems of 129 sites and a DMRG
truncation weight [53] of 10−10, guaranteeing negligible
finite-size and truncation effects. The tDMRG results
clearly provide an excellent description of the experimen-
tal cross-section without adjustable parameters except at
lowest energies where the interchain coupling is signifi-
cant. As mentioned before, the linear LL theory allows
finite temperature comparison at k = π, however the as-
sumption of a linear dispersion results in strong discrep-
ancies at higher energies and temperatures. In contrast,
tDMRG is able to accurately describe the system over
the full energy and temperature range. It also provides
an accurate description of the INS data throughout the
Brillouin zone (not just at k = π as for the LL theory).

Conclusion – Detailed comparison to high-quality in-
elastic neutron scattering data shows the inadequacy of
conventional approximations for the dynamic structure
factor of the 1D S-1/2 HAF. Instead, excellent agree-
ment is found with new theories based on exact solu-
tions. These comparisons directly show the importance
of computing cross-sections beyond 2-spinon terms, and
the correct fitting of the high-energy cutoffs. Further-
more we have shown that the data at finite tempera-
tures can be modeled by a novel DMRG method, giv-
ing excellent agreement over the full temperature, energy
and wavevector range. This paper demonstrates that the
combination of integrability and DMRG calculations pro-
vides a solution to the long-standing problem of the re-
sponse of the 1D S-1/2 HAF over all experimental param-
eters. We anticipate that these powerful techniques will
in the future be successfully applied to other problems
in low-dimensional magnetism as they allow for unam-
biguous identification of deviations due to experimental
phenomena [54] and approximations in other theoretical
approaches.
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perfect agreement with 
high-precision neutron scattering
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when does it work?

why do we predict S(k,t) in time and not e.g. G(x,t)  
(and Fourier transform to momentum space later)? 
 
linear prediction works best for special time series

G(k, ω) =
1

ω − εk − Σ(k, ω)

superposition of exponential decays

cf. pole structure of momentum-space of Green‘s functions 

G(k, t) = a1e
−iω1t−η1t

xn+m =
pX

⌫=1

c⌫e
i(!⌫�⌘⌫)mxn

excellent for spectral functions! 



GF at large i⍵

generic feature of Matsubara GF: jump of 1 at 
  

Fourier transform gives

this is a feature of small imaginary times: problem for time steppers

⌧ = 0
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exact

calc
essentially exact at timesteps

but miss short-time details

G(τ) = − ⟨𝒯c(0)c†(τ)⟩



Krylov time-evolution

approximate 
                       

Taylor expansion 
 

cost:    m times  

error:  decreases as 

behaviour:

alternating signs,  fixed

error not optimal for cost:   has part in      

|ψ(t + δt)⟩ = exp(−iHδt) |ψ(t)⟩

H |ϕ⟩

δtm/m!

δt

Hm+1 |ψ⟩ span{Hn |ψ⟩}m
n=0

|ψ(t + δt)⟩ =
m

∑
n=0

(−i)n δtn

n!
Hn |ψ(t)⟩



Krylov time-evolution

variational ansatz 
 
            

 
in Krylov space

Krylov space: 

orthonormal basis determined on the fly by Gram-Schmidt: 
Lanczos iterations 
 
       

   

|ψ(t + δt)⟩ = arg min
|ϕ⟩

∥|ϕ⟩ − exp(−iHδt) |ψ(t)⟩∥

span{Hn |ψ⟩}m
n=0

|q0⟩ = |ψ(t)⟩
βn |qn+1⟩ = H |qn⟩ − αn |qn⟩ − βn−1 |qn−1⟩



Krylov time-evolution

Hamiltonian tridiagonal in Krylov basis 

introduce (N x m) matrix  
 
projected Hamiltonian       (m x m)

variational principle in Krylov space  

solved by 

proof via Moore-Penrose pseudo-inverse

    (dimension: m)

αn = ⟨qn |H |qn⟩ βn−1 = ⟨qn |H |qn−1⟩

Qm = [ |q0⟩ |q1⟩… |qm−1⟩]

Tm = Q†
mHQm

|y⟩ = Q†
m exp(−iHδt) |ψ(t)⟩ = Q†

m exp(−iHδt)Qm |e0⟩

|e0⟩ = [1 0 0 …]T

|ψ(t + δt)⟩ = arg min
|y⟩

∥Qm |y⟩ − exp(−iHδt) |ψ(t)⟩∥



Krylov time-evolution
  hence 

approximation: 
 

 
                 

 trivial: (m x m) matrix!       

error: decreases exponentially fast 

behaviour:

very precise, but slow

long-range interactions possible

any smaller  at almost no cost: continuous time evolution

|y⟩ = Q†
m exp(−iHδt)Qm |e0⟩ |ψ(t + δt)⟩ = Qm |y⟩

|ψ(t + δt)⟩ = QmQ†
m exp(−iHδt)Qm |e0⟩

≈ Qm exp(−iQ†
mHQmδt) |e0 = Qm exp(−iTmδt) |e0⟩

exp(−iTmδt) m ≈ 3…10,δt ≈ 0.05

δt



benchmarking: CTQMC vs MPS

: Krylov  from timestep                                     

: 2TDVP with timestep  

don’t use Trotter  

τ < 4 Δτ = 0.0005 Δτ = 0.1

τ > 4 Δτ = 0.1

CTQMC/MPS perfectly on top!  

no fit/noise in MPS

short-time
time-stepping 
issues



test case
LiV2O4: „Hund-assisted orbital-

selective Mottness“ 

M. Grundner,  F. Kugler, O. Parcollet, U. Schollwöck,  A. Georges, A. Hampel
(PRB 112, L041106 (2025))

physics: see also S. Backes, Y. Nomura, R. Arita, H. Shinaoka, PRB 111, L041102 (2025)



LiV2O4: basics

local symmetry splits 5 d-orbitals of V:

3 low-lying t2g orbitals, 2 eg

t2g orbitals split in 2 eπg, 1 a1g

1.5 electrons per V

geometric frustration 
(no magnetic order)

Fermi liquid scale ( ) well below 10 K 

large mass enhancement below 25 K:  
 

ρ ∝ T2

m∗/m ∼ 25ahampel@flatironinstitute.org

Introduction: LiV2O4

● edge shared VO octahedra in a 
spinel structure

● geometrically frustrated (no long 
range magnetic order)

● large mass enhancement observed 
below 25 K with m*/m~25

● ultra low FL scale, with ρ ~ T2 only 
below 10 K

● trigonal D3d local symmetry (see 
right)

● slight change in structure at room T

2

[1] S. Kondo et al., PRL 78 (1997)

LiV2O4

intensively studied since late 90es
„heavy fermion physics“ in a transition metal oxide

 (Kondo PRL 1997)

 
Fig. 1| Heavy fermion behavior of LiV2O4. a-d, Representative electronic band 

structures of the free electron model (a); flat band induced by geometrical frustration in the 

kagome lattice (b); hybridization between localized f-electron and itinerant electrons (i-

electrons) (c); and bandwidth renormalization induced by strong electron correlation via 

intraorbital Coulomb (U), interorbital Coulomb (U’), and Hund’s coupling (JH) (d). The red 

dashed curve corresponds to the bare band dispersion without electron correlations. e, Crystal 

structure of LiV2O4 composed of VO6 octahedra and LiO4 tetrahedra. The V atoms form a 

frustrated pyrochlore network. f, Heavy Fermi liquid behavior of LiV2O4. The temperature-

dependent electrical resistivity (red circles) shows a coherent-incoherent crossover while the 

electronic specific heat C/T (blue circles) shows a large Sommerfeld coefficient g » 420 mJ/mol 

K2. Inset shows rxx versus T2 plot (red) and T2 fitting result (green). g, The Kadowaki-Wood 

ratio of various materials, defined as the ratio of the coefficient of the T2 term in electrical 

resistivity and g2. LiV2O4 lies close to f-electron heavy fermion systems (green circles and line). 

Orange and blue circles represent the Kadowaki-Wood ratio of transition metals and oxide 

compounds, respectively. The value of the Kadowaki-Wood ratio was adapted from ref.47. 



where does this come from?

standard explanation of heavy fermions in rare earths 
(localized f-electrons meet itinerant d-electrons) cannot work

adaptation: d-electrons  a1g electrons 
                f-electrons  eπg electrons

Kondo-like explanation does not work 
(FM Hund > AFM Kondo, exp. details) 
 
instead: 
a1g band lightly doped ( ) 
eπg bands bystanders 
strong mass renormalization due to proximity to Mott transition

(…)

common problem: temperature! 11,000 K vs. 10 K, achieve 300 K …  

→
→

n ≈ 0.98

 (Anisimov et al PRL 1999)

 (Arita PRL 2007)

 
Fig. 1| Heavy fermion behavior of LiV2O4. a-d, Representative electronic band 

structures of the free electron model (a); flat band induced by geometrical frustration in the 

kagome lattice (b); hybridization between localized f-electron and itinerant electrons (i-

electrons) (c); and bandwidth renormalization induced by strong electron correlation via 

intraorbital Coulomb (U), interorbital Coulomb (U’), and Hund’s coupling (JH) (d). The red 

dashed curve corresponds to the bare band dispersion without electron correlations. e, Crystal 

structure of LiV2O4 composed of VO6 octahedra and LiO4 tetrahedra. The V atoms form a 

frustrated pyrochlore network. f, Heavy Fermi liquid behavior of LiV2O4. The temperature-

dependent electrical resistivity (red circles) shows a coherent-incoherent crossover while the 

electronic specific heat C/T (blue circles) shows a large Sommerfeld coefficient g » 420 mJ/mol 

K2. Inset shows rxx versus T2 plot (red) and T2 fitting result (green). g, The Kadowaki-Wood 

ratio of various materials, defined as the ratio of the coefficient of the T2 term in electrical 

resistivity and g2. LiV2O4 lies close to f-electron heavy fermion systems (green circles and line). 

Orange and blue circles represent the Kadowaki-Wood ratio of transition metals and oxide 

compounds, respectively. The value of the Kadowaki-Wood ratio was adapted from ref.47. 



DFT band structure

zoom in; contribution of t2g orbitalsahampel@flatironinstitute.org

DFT results

5

● a1g / eg
π orbitals at Fermi level 

(4 V sites)

● eg
σ orbitals and O-p well 

separated

 (oxygen p)

 (vanadium eg)

 (vanadium t2g)



local interactions: DFT+DMFT

Hubbard-Kanamori model (3-band Hubb. with Hund’s coupling J)

U = 3.94eV
U′￼= 2.83eV
J = 0.56eV

MPS-DMFT solver extended to finite T (purification method)  
β = 4,000 (2.9 K) 

BM14557 PRB April 3, 2024 11:19

M. GRUNDNER et al. PHYSICAL REVIEW B 00, 005100 (2024)

FIG. 5. (a) Comparison of spectral functions obtained on tilted
contours with real-axis reference data (“real”) and the tilted (MAX-
ENT) result from the tilted contour with α = 0.1. The kink at ω/D =
±1 is model specific. The dashed lines are data before posthyp pro-
cessing. (b) Shows the spectral functions of (a) and A(ω) obtained
after a MAXENT continuation of G0.1(z) on a logarithmic frequency
scale for ω/D > 0 in [10−3, 100].

is not surprising. In comparison to the parallel (inversion)372

and parallel (extrapolation) methods, accuracy is lower for the373

tilted (MAXENT) method, in particular at low frequencies. The374

tilted (MAXENT) method is, however, the fastest, so may be375

very useful in DMFT applications for the intermediate steps376

of the iteration procedure. Note that the tilted contour can also377

be combined with the extrapolation scheme of Appendix B to378

yield the tilted (extrapolation) method; results will be shown379

for the self-energies calculated in the following section.380

V. THREE-BAND MODEL CALCULATIONS381

The need for reliable high-performance calculations of382

low-frequency information is particularly pressing for mul-383

tiorbital models used in realistic quantum embedding com-384

putations of strongly correlated materials [32–34], more385

specifically for transport computations. Accurate real fre-386

quencies quantum impurity solvers are rare, with the notable387

exception of NRG, which is however limited in the num-388

ber of orbitals. In order to benchmark our method in such389

a case, we use the three-band Anderson model with the390

FIG. 6. Energy (a) and entanglement entropy (b) during time
evolution for U/D = 2. Imaginary-time evolution along a tilted con-
tour shifts the energy expectation value of the time-evolving state
towards the ground-state energy. Entanglement entropy, here given
by the sum of the entanglement entropies for all system cuts, is
reduced strongly along the tilted contours resulting in substantial
speed ups.

Hubbard-Kanamori interaction, which reads as 391

ĤK = U
∑

m

n̂m↑n̂m↓ + U ′
∑

m ̸=m′

n̂m↑n̂m′↓

+ (U ′ − J )
∑

m<m′,σ

n̂mσ n̂m′σ − J
∑

m ̸=m′

d̂†
m↑d̂m↓d̂†

m′↓d̂m′↑

+ J
∑

m ̸=m′

d̂†
m↑d̂†

m↓d̂m′↓d̂m′↑, (25)

where m, m′ run from 1 to 3, U and U ′ are the intraorbital 392

and interorbital Hubbard interactions, and J is the Hund’s 393

coupling. d̂mσ and d̂†
mσ are fermionic annihilation and creation 394

operators on band m. For the sake of consistency with real 395

material calculations, we choose U ′ = U − 2J [63]. Each im- 396

purity couples to a bath as in the SIAM. While it is not the 397

most generic case (which would have nondiagonal bath cou- 398

plings), we expect our approach to generalize without major 399

difficulty. 400

As density of states we use the same semicircular density 401

of states as before and obtain the bath parameters as for 402

the SIAM. Each bath is modeled by Nb = 99 bath sites, if 403

not stated otherwise. As interaction parameters we consider 404

U/D = 2 and J/D = 0.3. In all calculations, we set η = 0. 405

The simulations are carried out using 2TDVP until t = 406

20D−1 and 1TDVP until the final time of t = 180D−1. We use 407

a tree tensor network, more specifically a T3NS [64] where 408

trees are constructed only of rank-three tensors. These are 409

either branching tensors with three legs establishing a tree 410

geometry or physical tensors identical to matrix product state 411

tensors with two auxiliary connecting legs and one physical 412

leg carrying the physical degrees of freedom (see Fig. 7). 413

This representation is more adequate to multiorbital impurity 414

problems and contains the fork geometry of [42] as a special 415

case without the need of numerically costly four-leg tensors. 416

The TDVP implementation follows [65]. The computational 417

005100-6

QMC-DMFT solver down to as low T as possible for benchmark

later: NRG-DMFT solver for lowest T and simplified model



consequences of local interactions

DFT occupations

n(a1g) = 0.427

n(eπ
g ) = 0.537 (×2)

become in DMFT 

n(a1g) ≈ 0.9

strong peak of DOS at Fermi energy

 extremely flat band

n(eπ
g ) ≈ 0.3 (×2)



what is happening? Hund’s coupling!

effect strongly dependent on Hund’s coupling 

eπg bands not just bystanders 

mechanism (Figs. at T=11.6K)

Hund repopulates orbitals

Hund inhibits low-energy 
motion (high spin states)  
low-energy flat band

orbital selective  
Mott-like physics

robust under  
a1g doping, J

4

FIG. 4. (a) Evolution of Σa1g with increasing J at T =11.6 K.
Results are obtained with the TN solver at fixed U =3.94 eV
and U 0 =U�2J . Inset: scattering rate obtained as in Fig. 2(b).
(b) Histogram displaying the statistical weights of the relevant
multiplets in each valence (N) and spin (S) sector, obtained
from QMC at T=11.6 K. (c) Evolution of the effective crystal
field coming from ReΣ(0) and of the orbital populations with
increasing J . (d) TFL for LVO as a function of the a1g occu-
pancy when changing the crystal field (as indicated in the top
horizontal scale, see text) and for an effective model involv-
ing only the a1g orbital, using the same intra-orbital U value.
TFL is estimated via the peak position of χ00(ω) at T =0 from
NRG (see End Matter). The vertical lines in panels (c) and
(d) indicate the LVO values.

by adjusting the chemical potential. Figure 4(d) shows
TFL determined by NRG as a function of the a1g orbital
occupancy (lower horizontal scale) or the applied crys-
tal field (upper scale). We see that TFL is driven to re-
markably low values as half-filling of the a1g orbital is
approached, with values as low as 10�6 K at 1% doping.
This can be interpreted as the system reaching an orbital-
selective Mott (OSM) phase [5, 14, 19–21] in which the
eπ

g electrons remain itinerant while the a1g ones basi-
cally localize, full localization being prevented at T = 0
by inter-orbital hopping [26]. The relevance of the OSM
phenomenon and of Hund physics as a possible cause
for d-electron HF behavior was recently emphasized by
Crispino et al. [5] and also previously mentioned qualita-
tively for LVO in the NMR study of Shimizu et al. [14].

While our results support the relevance of Mottness
for LVO [12], they provide novel insights into the mecha-
nism responsible for the HF behavior in LVO, namely the
decisive role of Hund coupling and the wide range of per-
missible fillings. In Fig. 4(d), we compare TFL of LVO, as
a function of orbital occupancy, to that of a single-band
model with the same DOS as the one of the a1g orbital
(also solved in DMFT). We see that, in order to reach a
value of TFL in the range 1–2 K, as observed in experi-

ments, a tiny doping of ⇠ 1% is required in the single-
band picture. By contrast, the small TFL is robustly gen-
erated from the realistic multi-orbital description, as a
result of orbital and Hund physics, in a wide range of
a1g doping. More broadly, our results emphasize that
the multi-orbital character of the system is crucial, with
inter-orbital correlations playing a key role, and hence
that the eπ

g bands are not merely spectators.
Comparison to experiments—Finally, we discuss how

our results compare to experimental observations. The
resistivity, Hall effect, specific heat and susceptibility
measurements on single crystals [3], as well as optical
spectroscopy [42], all point to electronic coherence setting
in below Tonset ⇠ 10–30 K. Above Tonset , LVO displays
a large scattering rate and resistivity. This is consistent
with our results in Fig. 2. Furthermore, a T 2 depen-
dence of the resistivity is only observed below TFL⇠2 K,
in excellent agreement with our estimate of TFL⇠1–2 K.
The gradual emergence below Tonset of an extremely nar-
row quasiparticle peak reported in photoemission spec-
troscopy [43] also aligns with our Figs. 2(c) and 3(b).
Angle-resolved photoemission experiments would be de-
sirable to test the predictions of Fig. 3(a).
The low-T specific heat coefficient C = γT + . . . can

be evaluated within DMFT from the zero-frequency spec-
tral functions and quasiparticle weights of each orbital m
as γ= 2π2

3 k2
B

P
m Am(0)/Zm. The bare DFT value from

our calculated DOS is γDFT=17.1 mJ/mol K�2, in good
agreement with previous theoretical estimates [7, 18].
Reported experimental values in the low-T HF regime
are in the range γ/γDFT ⇠25 [1, 3] to⇠30 [44]. A com-
parable value is reached in our DMFT calculations at
T ⇠ 8 K, but, at low T , we overestimate γ/γDFT by a
large factor (⇠10). We note, however, that no clear sat-
uration of C/T at low T is seen experimentally, and that
further increase of γ at low T was reported on some sam-
ples [44, 45], so that the precise behavior of the specific
heat of LVO at low T is yet to be fully clarified.
We conjecture that the overestimation of γ at low T

comes from the intrinsic limitations of single-site DMFT.
In this approach, γ is inversely proportional to Z, which
we find to be tiny for the a1g orbital. In a more ac-
curate treatment beyond the single-site approximation,
the inter-site magnetic exchange should intervene and
reduce C/T by reducing the entropy associated with
fluctuating local moments above Tonset . Indeed, slave-
particle [46, 47] or cluster-DMFT calculations [48] yield,
for a single band model, γ/γDFT ⇠ 1/(Z + JAF/εF) with
JAF the antiferromagnetic superexchange and εF a typi-
cal (bare) electronic scale. In many oxides, the exchange
term limits the value of γ as compared to the DMFT
1/Z enhancement. Remarkably, this effect appears to be
much less pronounced in LVO, allowing γ to reach the
large observed value. This is most likely due to frustra-
tion [14, 44, 45, 49–52] which results in a large amount
of entropy stored at low T and hence a reduced value of

4

FIG. 4. (a) Evolution of Σa1g with increasing J at T =11.6 K.
Results are obtained with the TN solver at fixed U =3.94 eV
and U 0 =U�2J . Inset: scattering rate obtained as in Fig. 2(b).
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multiplets in each valence (N) and spin (S) sector, obtained
from QMC at T=11.6 K. (c) Evolution of the effective crystal
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increasing J . (d) TFL for LVO as a function of the a1g occu-
pancy when changing the crystal field (as indicated in the top
horizontal scale, see text) and for an effective model involv-
ing only the a1g orbital, using the same intra-orbital U value.
TFL is estimated via the peak position of χ00(ω) at T =0 from
NRG (see End Matter). The vertical lines in panels (c) and
(d) indicate the LVO values.
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parable value is reached in our DMFT calculations at
T ⇠ 8 K, but, at low T , we overestimate γ/γDFT by a
large factor (⇠10). We note, however, that no clear sat-
uration of C/T at low T is seen experimentally, and that
further increase of γ at low T was reported on some sam-
ples [44, 45], so that the precise behavior of the specific
heat of LVO at low T is yet to be fully clarified.
We conjecture that the overestimation of γ at low T

comes from the intrinsic limitations of single-site DMFT.
In this approach, γ is inversely proportional to Z, which
we find to be tiny for the a1g orbital. In a more ac-
curate treatment beyond the single-site approximation,
the inter-site magnetic exchange should intervene and
reduce C/T by reducing the entropy associated with
fluctuating local moments above Tonset . Indeed, slave-
particle [46, 47] or cluster-DMFT calculations [48] yield,
for a single band model, γ/γDFT ⇠ 1/(Z + JAF/εF) with
JAF the antiferromagnetic superexchange and εF a typi-
cal (bare) electronic scale. In many oxides, the exchange
term limits the value of γ as compared to the DMFT
1/Z enhancement. Remarkably, this effect appears to be
much less pronounced in LVO, allowing γ to reach the
large observed value. This is most likely due to frustra-
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Fig. 1| Heavy fermion behavior of LiV2O4. a-d, Representative electronic band 

structures of the free electron model (a); flat band induced by geometrical frustration in the 

kagome lattice (b); hybridization between localized f-electron and itinerant electrons (i-

electrons) (c); and bandwidth renormalization induced by strong electron correlation via 

intraorbital Coulomb (U), interorbital Coulomb (U’), and Hund’s coupling (JH) (d). The red 

dashed curve corresponds to the bare band dispersion without electron correlations. e, Crystal 

structure of LiV2O4 composed of VO6 octahedra and LiO4 tetrahedra. The V atoms form a 

frustrated pyrochlore network. f, Heavy Fermi liquid behavior of LiV2O4. The temperature-

dependent electrical resistivity (red circles) shows a coherent-incoherent crossover while the 

electronic specific heat C/T (blue circles) shows a large Sommerfeld coefficient g » 420 mJ/mol 

K2. Inset shows rxx versus T2 plot (red) and T2 fitting result (green). g, The Kadowaki-Wood 

ratio of various materials, defined as the ratio of the coefficient of the T2 term in electrical 

resistivity and g2. LiV2O4 lies close to f-electron heavy fermion systems (green circles and line). 

Orange and blue circles represent the Kadowaki-Wood ratio of transition metals and oxide 

compounds, respectively. The value of the Kadowaki-Wood ratio was adapted from ref.47. 
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Since their invention, time-evolution methods for tensor74

networks have also been frequently used on the imaginary75

axis, for instance, for ground-state searches. This reflects the76

fact that imaginary-time evolution generally acts as a grad-77

ual energy truncation: it suppresses high-energy states and78

enhances low-energy states exponentially in the long-time79

limit [4]. Entanglement growth does not act as a limiting80

factor. So far, energy truncation algorithms have only been81

combined successfully with tensor network methods that82

calculated correlation function directly in frequency space83

[11,13]. Imaginary-time evolution methods for tensor net-84

works have also been successfully employed in the context of85

dynamical mean-field theory (DMFT) and related embedding86

methods [32–34] giving access to realistic multiband models,87

but with limited reliable information on low-frequency be-88

havior [35–38]. Related real-time methods for DMFT have89

made good progress over the last years [39–42] but realistic90

materials with multiband physics are very challenging and91

frequency resolution is limited by finite simulation times due92

to entanglement growth.93

The goal of this paper is to combine real- and imaginary-94

time evolutions in the complex plane in order to de-95

velop methods to extract real-time information while using96

imaginary-time evolution to limit the growth of entanglement97

during time evolution. This leads to much faster, less resource-98

intensive calculations which in turn give cheaper access to99

the same information as real-time evolutions or allow one100

to proceed to longer times and better frequency resolution.101

Note that the idea of complex time evolution has been recently102

discussed in the context of quantum Monte Carlo simulations103

[43]. Similar ideas are also published in another work [44].104

We introduce contours in the complex plane as z(t ) = t +105

iτ (t ) and extend the definition of COP(t ) as106

COP(z) = ⟨ψ0| Ô†(z)P̂ |ψ0⟩ , (4)

where107

Ô(z) = e+i(Ĥ−E0 )zÔe−i(Ĥ−E0 )z (5)

with z the complex conjugate of z. Effectively, then108

COP(z) = ⟨ψ0| Ô†e−i(Ĥ−E0 )zP̂ |ψ0⟩ . (6)

Any discussion of possible contours in the complex plane109

cannot be exhaustive; we present easily implemented contours110

for which reliable postprocessing methods exist to extract the111

desired real-time result. The various schemes allow mutual112

verification, and present a different balance of speed vs pre-113

cision. We first focus on the single-impurity Anderson model114

(SIAM) as a test case for which extremely precise data are115

available, also within the framework of tensor network meth-116

ods. After establishing benchmark data (Sec. II), we introduce117

two main classes of contours: a contour parallel to the real118

axis (Sec. III) and a tilted contour inclined with respect to119

the real axis (Sec. IV). The results from these contours all120

have to be postprocessed, for which we present various ap-121

proaches; we will denote the resulting methods by “contour122

used (postprocessing approach)”. We show results both for123

the impurity spectral function and for the numerically chal-124

lenging calculation of the self-energy at very low frequencies,125

down to the Fermi-liquid regime where Im #(ω) ∼ ω2. An126

additional procedure is based on a kink contour; it requires 127

no postprocessing at all, but has to be controlled for numer- 128

ical instability; it is discussed in Appendix D, but not used 129

in the main text. All methods exhibit a substantial speedup 130

and provide accurate results. The methods are robust and 131

cheap. Furthermore, unlike in [44], our methods do not require 132

to calculate powers of the Hamiltonian, a task which may 133

prove difficult for multiband systems. We further illustrate our 134

method on the example of a model with three impurity orbitals 135

that interact via a Hubbard-Kanamori or a Dworin-Narath 136

interaction (Sec. V). We show that even the calculation of 137

the self-energy at very low frequencies can be achieved in the 138

three-band case, with a quality comparable to the numerical 139

renormalization group (NRG) [45–47]. We therefore expect 140

that our methods are also applicable in realistic calculations 141

for multiband materials. 142

II. BENCHMARK MODEL: SIAM 143

The first test case for the usefulness of the various com- 144

plex time-evolution schemes is the retarded impurity Green’s 145

function and the associated impurity spectral function of the 146

single-impurity Anderson model (SIAM). The SIAM is a pro- 147

totypical model describing magnetic impurities in metals [48] 148

that features low-energy structures that are well understood 149

both numerically [45–47,49] and analytically [48,50]. 150

The Hamiltonian of the SIAM is given by Ĥ = Ĥimp + 151

Ĥbath with 152

Ĥimp = Un̂0↑n̂0↓ + ϵ0(n̂0↑ + n̂0↓), (7)

Ĥbath =
Nb∑

k=1

∑

σ

(v0,kσ ĉ†
kσ ĉ0σ + v∗

0,kσ ĉ†
0σ ĉkσ ) +

Nb∑

k=1

∑

σ

ϵkσ n̂kσ ,

(8)

where ĉ†
kσ (ĉkσ ) are fermionic creation (annihilation) operators 153

with spin σ ∈ {↑,↓}. The impurity site is located at k = 0. 154

n̂kσ are occupation number operators and U is the Coulomb 155

repulsion strength. ϵ0 is chosen as −U/2; the model is at 156

half-filling. The on site potentials ϵkσ and the impurity-bath 157

hopping elements v0,kσ are obtained by discretizing the hy- 158

bridization function '(ω). For our calculations we use a semi 159

elliptical hybridization function defined as 160

− 1
π

Im'(ω) = D
2π

√

1 −
(

ω

D

)2

, (9)

for ω ∈ [−D, D], where D represents the half-bandwidth. The 161

support of the hybridization function is discretized linearly 162

into an odd number of equally sized intervals; see [47,51] for 163

details of this discretization procedure. For simplicity, we will 164

drop all spin indices in the following. 165

The T = 0 retarded impurity Green’s function is, without 166

spin indices, given by 167

G(t ) = −iθ (t )⟨{ĉ0(t ), ĉ†
0}⟩ψ0, (10)

where |ψ0⟩ is the ground state of the SIAM with energy E0. A 168

Fourier transformation yields 169

G(ω) =
∫ ∞

0
dt eiωt e−ηt G(t ), (11)
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enhances low-energy states exponentially in the long-time79
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factor. So far, energy truncation algorithms have only been81

combined successfully with tensor network methods that82

calculated correlation function directly in frequency space83

[11,13]. Imaginary-time evolution methods for tensor net-84

works have also been successfully employed in the context of85

dynamical mean-field theory (DMFT) and related embedding86

methods [32–34] giving access to realistic multiband models,87

but with limited reliable information on low-frequency be-88

havior [35–38]. Related real-time methods for DMFT have89

made good progress over the last years [39–42] but realistic90

materials with multiband physics are very challenging and91

frequency resolution is limited by finite simulation times due92

to entanglement growth.93
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to proceed to longer times and better frequency resolution.101

Note that the idea of complex time evolution has been recently102

discussed in the context of quantum Monte Carlo simulations103

[43]. Similar ideas are also published in another work [44].104
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with z the complex conjugate of z. Effectively, then108
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for which reliable postprocessing methods exist to extract the111

desired real-time result. The various schemes allow mutual112

verification, and present a different balance of speed vs pre-113

cision. We first focus on the single-impurity Anderson model114

(SIAM) as a test case for which extremely precise data are115

available, also within the framework of tensor network meth-116
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have to be postprocessed, for which we present various ap-121

proaches; we will denote the resulting methods by “contour122

used (postprocessing approach)”. We show results both for123

the impurity spectral function and for the numerically chal-124

lenging calculation of the self-energy at very low frequencies,125

down to the Fermi-liquid regime where Im #(ω) ∼ ω2. An126

additional procedure is based on a kink contour; it requires 127

no postprocessing at all, but has to be controlled for numer- 128

ical instability; it is discussed in Appendix D, but not used 129

in the main text. All methods exhibit a substantial speedup 130

and provide accurate results. The methods are robust and 131

cheap. Furthermore, unlike in [44], our methods do not require 132

to calculate powers of the Hamiltonian, a task which may 133

prove difficult for multiband systems. We further illustrate our 134

method on the example of a model with three impurity orbitals 135

that interact via a Hubbard-Kanamori or a Dworin-Narath 136

interaction (Sec. V). We show that even the calculation of 137

the self-energy at very low frequencies can be achieved in the 138

three-band case, with a quality comparable to the numerical 139

renormalization group (NRG) [45–47]. We therefore expect 140

that our methods are also applicable in realistic calculations 141

for multiband materials. 142

II. BENCHMARK MODEL: SIAM 143
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plex time-evolution schemes is the retarded impurity Green’s 145

function and the associated impurity spectral function of the 146

single-impurity Anderson model (SIAM). The SIAM is a pro- 147

totypical model describing magnetic impurities in metals [48] 148

that features low-energy structures that are well understood 149

both numerically [45–47,49] and analytically [48,50]. 150

The Hamiltonian of the SIAM is given by Ĥ = Ĥimp + 151

Ĥbath with 152
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(v0,kσ ĉ†
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0,kσ ĉ†
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Nb∑
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σ

ϵkσ n̂kσ ,

(8)

where ĉ†
kσ (ĉkσ ) are fermionic creation (annihilation) operators 153

with spin σ ∈ {↑,↓}. The impurity site is located at k = 0. 154

n̂kσ are occupation number operators and U is the Coulomb 155

repulsion strength. ϵ0 is chosen as −U/2; the model is at 156

half-filling. The on site potentials ϵkσ and the impurity-bath 157

hopping elements v0,kσ are obtained by discretizing the hy- 158

bridization function '(ω). For our calculations we use a semi 159

elliptical hybridization function defined as 160
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for ω ∈ [−D, D], where D represents the half-bandwidth. The 161

support of the hybridization function is discretized linearly 162

into an odd number of equally sized intervals; see [47,51] for 163

details of this discretization procedure. For simplicity, we will 164

drop all spin indices in the following. 165

The T = 0 retarded impurity Green’s function is, without 166

spin indices, given by 167

G(t ) = −iθ (t )⟨{ĉ0(t ), ĉ†
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where |ψ0⟩ is the ground state of the SIAM with energy E0. A 168
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∫ ∞
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compensated by a kink in Aτ (ω) at ω = 0. The latter requires256

high-accuracy results from long-time evolutions where tensor257

network methods are limited. As a result, the compensation is258

imperfect.259

Our solution of this issue uses a linear combination of a few260

Aτk (ω) computed on parallel contours t + iτk (as described261

above), which is designed to compensate the low-frequency262

singularity introduced by the e−τ |ω| factor. Introducing some263

weights ak , and defining the function264

h(ω) ≡
n∑

k=1

ake−τk |ω| (18)

we have265

A(ω)h(ω) =
n∑

k=1

akAτk (ω). (19)

We choose the weights ak such that the function h(ω) is flat266

close to ω = 0, i.e., we cancel the first powers of its low-ω267

expansion:268

n∑

k=1

ak = 1, (20a)

n∑

k=1

akτ
l
k = 0 (20b)

for l = 1, . . . , n − 1. As h is close to 1 at low ω, h(ω) = 1 +269

O(ωn), we can now safely invert (20):270

A(ω) = 1
h(ω)

n∑

k=1

akAτk (ω). (21)

In practice, we need to take τk which are neither too close271

[leading to large ai that amplify numerical noise, due to the272

Vandermonde determinant in the linear system (21)], nor too273

distant as time-evolution errors affect precision. In this work,274

we used n = 3 and τk = 1, 1.15, 1.3, if not stated otherwise.275

We will refer to this approach as the parallel (inversion)276

method.277

Note that one can also perform a direct extrapolation to278

τ = 0 using several parallel contours, which we call the par-279

allel (extrapolation) method. We present it in Appendix B280

for completeness, but it turns out to be slightly inferior to281

the parallel (inversion) method. The parallel (extrapolation)282

method will be used in this paper as a check for the parallel283

(inversion) method.284

Results. We present results of the spectral function of the285

benchmark SIAM in Figs. 2(a) and 2(b). We use δt = 0.2D−1,286

wt = 10−11, Nb = 59, tmax = 90D−1, and η = 0.001D. The287

simulation reached a maximum bond dimension of m =288

1023. Both the parallel (inversion) and parallel (extrapolation)289

method provide spectral functions in excellent agreement with290

the much more costly (more than an order of magnitude)291

real-time benchmark data both at higher and in particular292

also at very low frequencies. The (generalized) Friedel sum293

rule πDA(0) = 2 is matched to fractions of a percent. As294

both methods operate on the same numerical data, the parallel295

(extrapolation) method provides a cheap control of the quality296

of the spectral function. For Fig. 3(a) we use larger baths and297

a larger maximum bond dimension to calculate the spectral298

FIG. 2. (a) Comparison of spectral functions obtained on a par-
allel contour: “real” stands for the real-time reference data, τ = 1
on the parallel contour without post-processing, parallel (extrapo-
lation) and parallel (inversion) for the two methods of the main
text. Nearly all spectral weight can be recovered by both methods
in excellent agreement. The parallel (inversion) method used n = 3
with τk = 1, 1.15, 1.3; the coefficients ak (see text) are then approx-
imately 33.2, −57.8, 25.6. The parallel (extrapolation) method used
corrections to sixth order with 13 contours centered on τ = 1 with
a distance δτ = 0.075. (b) Zoom at low frequencies with the same
labels, showing the high accuracy of the parallel (inversion) and
parallel (extrapolation) methods at very low frequencies.

function for larger values of U/D both by real-time calcula- 299

tions and by the parallel (inversion) method. The Friedel sum 300

rule is matched to very high accuracy in all cases; real-time 301

results are much less accurate for larger U/D. 302

The determination of the self-energy &(ω) is numerically 303

more challenging than that of the spectral function A(ω). 304

We calculate it from the Dyson equation &(ω) = G−1
0 (ω) − 305

G−1(ω), where G0(ω) is the impurity Green’s function for 306

the noninteracting case. Its inverse is given by G0(ω)−1 = 307

ω + iη − ϵ0 − ((ω) with η = 0 here. We used the analyt- 308

ically known hybridization function. We obtain G(ω) from 309

the parallel (inversion) method, which yields A(ω), i.e., the 310

imaginary part of G(ω). We then use the Kramers-Kronig rule 311

to obtain the real part of G(ω). 312

To assess the quality of our self-energies, we henceforth 313

include benchmark results from NRG. The NRG data were 314
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FIG. 3. (a) Spectral function of the SIAM for U/D ∈ {2, 3, 4}
with Nb = 299, using the n = 2 parallel (inversion) method with
τk ∈ {1.15, 1.3}; the coefficients are approximately ak ∈ {8.6, −7.6}.
We have an overall higher-frequency resolution due to a finer
bath discretization, zero broadening, and a time evolution tmax ∈
{150D−1, 200D−1, 250D−1}. The maximum bond dimension is m =
1500 SU(2) states. In all cases, in particular for larger U/D, the
matching of the Friedel sum rule is less accurate for the real-time
method. (b) Corresponding self-energies.

obtained in a state-of-the-art implementation [55–60] based315

on the QSPACE tensor library [61], using a symmetric improved316

estimator for the self-energy [62]. The latter allows one to fol-317

low the imaginary part of the self-energy down to extremely318

low values of |Im "|/D.319

As shown in Fig. 3(b), the self-energies calculated by com-320

plex time evolution reach the Fermi-liquid ω2 regime. The321

final breakdown at very low frequencies (ω/D ≈ 0.007) is due322

to small deviations from the sum rule and the use of Dyson’s323

equation. We expect that the use of improved estimators [62]324

will alleviate this problem in future implementations. Before325

the breakdown, agreement with NRG results is excellent. Note326

that self-energies calculated from real-time results are much327

less accurate and plagued by unphysical oscillations.328

IV. COMPLEX TIME EVOLUTION329

AT FIXED ANGLE: TILTED CONTOUR330

In our second complex time approach, time is evolved331

along a complex contour tilted by various angles α with332

FIG. 4. Symmetrically split complex time contour: Contour Cres

from 0 to z is replaced by two symmetric contours C+ and C− from 0
to z/2 and −z/2, respectively.

respect to the real axis, where z(t ) = t + it tan α, i.e., τ = 333

t tan α > 0. We adapt the symmetric splitting of real-time 334

evolutions to the complex plane by splitting z = z′ + z′′ with 335

z′ = z′′ = z/2. Then we have 336

⟨ψ0| ĉ†(0)ĉ(z) |ψ0⟩ = [ĉ(−z/2) |ψ0⟩]†ĉ(z/2) |ψ0⟩ , (22)

⟨ψ0| ĉ(z)ĉ†(0) |ψ0⟩ = [ĉ†(z/2) |ψ0⟩]†ĉ†(−z/2) |ψ0⟩ . (23)

The two contours on which complex time evolution occurs 337

now look as in Fig. 4. 338

In all calculations, we use δ|z| = 0.2D−1, and again wt = 339

10−11 and Nb = 59. The maximum complex time is in all 340

cases |z|max = 90D−1, or real times tmax = 90D−1 cos α. The 341

resulting Green’s function is Fourier transformed as 342

Gα (ω) =
∫ ∞

0
dt Gα[z(t )]eiωt−ηt (24)

(again with η = 0.001D); the subscript α indicates that we 343

evaluate on a tilted contour. The spectral functionA(ω) is then 344

extracted as Aα (ω) ≡ −(1/π )ImGα (ω). Results are shown on 345

a linear and a logarithmic frequency scale in Fig. 5. Note that 346

we do not expect to obtain the correct A(ω) for α ̸= 0, as Aα 347

is just an intermediate step in the computation. Nevertheless, 348

we find that peak positions in Aα are well preserved for 349

moderate angles, thus still allowing for a rough interpretation 350

of quasiparticle peaks [see Fig. 5(a)]. We find a significant 351

reduction in the entanglement entropy for all angles that can 352

be understood as the result of damping the statistical weight 353

of high-energy states, as it is reflected in a reduction in the 354

time-dependent energy expectation value of the system (see 355

Fig. 6). The dampened growth in the entanglement entropy 356

leads to a speed up of a factor of the order 100 in the SIAM 357

model for the specified parameters compared to our real-time 358

reference calculation. This is reflected in the very small final 359

bond dimensions, m = 52 for α = 0.3, m = 66 for α = 0.2, 360

and m = 137 for α = 0.1. In order to compute the spectral 361

function A(ω), the data have to be postprocessed, in this 362

case by an analytical continuation of the complex time data 363

to the real axis by MAXENT, yielding the tilted (MAXENT) 364

method (see Appendix C for a detailed discussion of MAX- 365

ENT). The agreement with the real-time data is overall very 366

good and the Friedel sum rule obeyed to 0.4%, but there are 367

small, but noticeable, deviations from the true A(ω) between 368

ω/D ∼ 10−2 and ω/D ∼ 10−1 [Fig. 5(b)]. As the analytic 369

continuation kernel is generally ill conditioned and its current 370

formulation leads to deviations around the Fermi edge, this 371
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remaining error: Dyson! Σ(ω) = G−1
0 (ω) − G−1(ω)








