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Ai(—x) ~

Bi(—x) ~ —

homogeneous field

cos (£(—x)%? 4+ 7 /4)

Ai(x) ~
Ty/X
sin (£(—x)%2 — m/4)

—~ Bi(x) ~

; Bi(x)
d?
s TXe=Ep
Ai(X)
--------------------------------------- p(x) = Ai(x — E)
p(x) = Bi(x — E)
asymptotics

exp (—§x3/2)

2/ T/ X
exp (+5x3/?)

T/ X
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numerical differentiation

task: evaluate f'(x), only knowing f(x) at some specified abscissae x;

idea: approximate f by a function that can be easily differentiated, e.g.,
a Taylor expansion. Then combine the f(x;) such that — except for the
desired derivative — as many terms as possible are cancelled.

example: first derivative

> 3

f(Xo + h) - f(XQ) + h f/(Xo) —+ % f”(Xo) -+ % f”/(Xo) + O(h4)
f(x0) = f(xo)

/ h2 !/ h3 11/ 4

f(xg—h) = f(Xo)—hf(Xo)JF?f (Xo)—gf (x0) + O(h")

3
Then f(xg+h)—7F(xg—h)=2hf"(x) + % " (x0) + O(h*)
f(Xo —+ h) — f(XO — h)

f(x0) =
or (Xo) 5h

+ O(h?)




numerical differentiation

Approximations to 15t derivative:

f'(x0)
f'(x0)
f'(x0)
f'(x0)

abs(error)

£zoth)= f(z) -O(h) differences of similar

flaoth)—flwo=h) ~O(R?)  numbers in numerator

—f($o+2h)+6f($o2};3—3f($0)—2f(330—h) O(h3) & small denominator
—f($o+2h)+8f($o +h)—8f(€130 —h)+]c($0 —Qh) 4
2% o)

example: sin(x), xo = 1

O I I I I I
1071 3; O(h") error from
i *j/ approximation
1 0-5 i\ _ +/7Fk
L \-V N . +"‘x.+' 7}_, 7}_ i
. _ + \\4{\ . . + //+ /{,’
1 O —_ \I: N R /+ /./ _
N . / 7'_
107151 ¥ S )
&/h error from finite

h

102 107 10% 10° 10* 102 1(N

machine accuracy &



method of undetermined coefficients

idea: given a set of abscissae xn, €.9., xn=Xo+nh, n=-1, 0, 1, 2, make an ansatz with
undetermined coefficients, e.g.,:

/ a_1f(x_1) +agf(xg) +a1f(xy) + axf(x)
f'(x0) = -

determine the coefficients a; by requiring that the formula differentiates polynomials of
order, e.g., 0 to 3 exactly by solving the resulting system of linear equations

. Maple session:

> with (linalg ) :

:> n = 1: # formula for nth derivative

> meshi= [ XO-1/1, x0, x0+ 7, x0+ 2* /|, p := nops(mesh) : # absczﬁysaexl.
mesh:= [ x0— h,x0, x0+ h,x0+ 2 /]

> S x = array(| seq(map(x — x Nk, mesh), k=0 .p-1)]); # evaluate monomials on mesh
' 1 1 1 1 '

x0— /K x0 x0+ /4 X0+ 274

Sox= 2

(X0— 1) 0% (x0+h)* (x0+24)*

(X0—1h)> x0° (x0+ 1) (x0+24)°

> der = array([ seg(bmomial (4 7) * n!* x0" (k-n), £=0.p-1)]);
# derivative of monomials

der [:= [ 01 2x0 3x02]

:> coefficients = linsolve ( [ x, der_[); # cogfficients alpha
1 11 1 }

3/ 240 K 6 /1

coefficients =




Numerov method

one-dimensional Schrodinger equation
U (x) + k*(x)u(x) =0 where k?(x) = ZB(E — V(x))

numerical derivative

f(xo+h) —2f(x0) + f(xo—h) h?
h? 12

" (x) = F(x0) + O(h")

two-point iteration of wave function u(x;):

Uiyr = (2 = k7)) uj — uj—1 + O(h*)

Numerov trick:
remove leading error in derivative formula by using Schrodinger equation

h 4 h d? 4 kj2+1“J'+1
_EU( )(xj) + O(h*) = +15 42 (K20g)u(x)) +O(h*) =

—2k7uj + k7 Ui

4
5 + O(h™)

Numerov iteration:

2(1 — 5h2k?/12)u; — (1 + h2k?, /12)uj_s

Ujt+1 =
1+ h2/<j2+1/12

+ O(h®)



Numerov iteration close to eigenvalue

E <Ejp
W\\
E > Ej,
-20 0 20
E > V(x) E > V(x)
@ convex ¢ concave




(in)stability of Numerov iteration




