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Spherical Harmonics

spherical harmonics (Condon-Shortley phase-convention)

where associated Legendre functions
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Yl ,m(�,⇤) = (�1)
m+|m|
2

r
2l + 1

4⇥

s
(l � |m|)!
(l + |m|)!Pl ,m(cos �)e

im�

Pl ,m(cos �) =
(�1)l

2

l l!
sin

m �
d l+m sin2l �

d cosl+m �

D. A. B. Miller Quantum Mechanics for Scientists and Engineers Section 9.1 

Spherical polar coordinates 

The eigenfunctions and eigenvalues of angular 
momentum operators are most usefully 
written using spherical polar coordinates.  

The relation between spherical polar and 
Cartesian coordinates is 

   sin cosx r � ��  ,  sin siny r � ��  , cosz r ��       (9.12) 

and, in inverse form 

   2 2 2r x y z� � � , 
2 2

1

2 2 2
sin

x y

x y z
� �

� 	�
� � 


� 
� �� �
,  

   1tan
y
x

� � � 	� � 

� �

                          (9.13) 

� is known as the polar angle, and  

� is the azimuthal angle. 
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