Do we need the wave-function?

observable for N indistinguishable particles

M(X) — MO+ZM1(X/)+ 51 ZMQ(X, XJ)—|— Z M3(X/ X, Xk)"‘"'

1% l;éjyék
- MO+ZM1(X')+ ZM2(X/ Xj) + Z Ms(xi, Xj, Xk) + - - -
1<J 1<J<Kk

operators must be symmetric in particle coordinates,
iIf not they could be used to distinguish particles...

we use the wave-function as a tool for calculating observables



expectation values

expectation value

<M1> — /O’Xl s dX/\/ W(Xl ..... X/\/) Z Ml (X,') W(Xl .....

— N/dxl Mi(x1) /dx2 cedxyV(xq, ..., xn) WV (xq

for non-local operators, e.g. M(x) = -2 A

(M) = / dxq -+ dxy V(xq, ..., ) Yy M) W(xi, ... xn)

— N/dxl lim Ml(xl)/dxz---dxl\/l//(x{ ..... xn)W(xq, ...,

X{ — X1

:/_(1)()({;)(1)



reduced density matrices

p-body density matrix of N-electron state
for evaluation of expectation values of M,

allows evaluation of expectation values of observables My with g < p:
recursion relation

1
rP(x), ..., Xpi X1, - Xp) = &/C/Xpﬂ A Xp Xp+15 X1, - - - Xp) Xp+1)



external potential

Kinetic energy

Coulomb repulsion

Coulson’s challenge

1
IR/
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representability problem:

l//> = /dx dx’

minimize Ewt = <T) + (V) + (U) as a function of the
2-body density matrix [@(x1’,x2°; X1,X2)
instead of the N-electron wave-function W(xj,..., xn)

l//> = /dx V(r) rY(x; x)

/dx A, T (X x)

xX'=x

2 (x, x": x, x")

r—r

what function (x1’,x2’; x1,x2) is a fermionic 2-body density-matrix?



exchange-correlation hole

electron density: I'(x; x) = n(x)
electron density at x’ given

conditional electron density: 2/ (x, x; X, X)) = n(X, X) ~ {1at an electron is at x

(2) /. / /
Coulomb repulsion (U) = /dx dx’ 2%, x ',X'X) _ E/dx dx’n(X’X)
r—r'| 2 r—r'|

rewrite in terms of Hartree energy
(how <U) differs from mean-field)

n(x,x") = n(x)n(x") g(x, x") = n(x)n(x") + n(x)n(x") (9(x, x") — 1)

(Hartree term) /\
Cpair correlation function) (exchange-correlation hole)
sum rule

[dx' n(x,x") = n(x) (N —1) [dx' n(x) (g(x,x") = 1) = -1



exchange-correlation holes from QMC

/
homogeneous electron gas g, 2 (r/rs)
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(110) plane of Si, electron at bond center
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