
Do we need the wave-function?

we use the wave-function as a tool for calculating observables

observable for N indistinguishable particles

M(x) = M0 +
X

i

M1(xi) +
1

2!

X

i 6=j
M2(xi , xj) +

1

3!

X

i 6=j 6=k
M3(xi , xj , xk) + · · ·

= M0 +
X

i

M1(xi) +
X

i<j

M2(xi , xj) +
X

i<j<k

M3(xi , xj , xk) + · · ·

operators must be symmetric in particle coordinates,
if not they could be used to distinguish particles...



expectation values

expectation value

for non-local operators, e.g. M(x) = −½ ∆
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reduced density matrices

p-body density matrix of N-electron state
for evaluation of expectation values of Mp

Hermitean (x’↔x) and antisymmetric under permutations of the xi (or xi’)
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allows evaluation of expectation values of observables Mq with q ≤ p:
recursion relation
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Coulson’s challenge

kinetic energy

external potential
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minimize Etot = ⟨T⟩ + ⟨V⟩ + ⟨U⟩ as a function of the
2-body density matrix Γ(2)(x1’,x2’; x1,x2)

instead of the N-electron wave-function Ψ(x1,..., xN)

representability problem:
what function Γ(x1’,x2’; x1,x2) is a fermionic 2-body density-matrix?



Hartree term

exchange-correlation hole

electron density: Γ(x; x) = n(x)

conditional electron density: 2Γ(x, x’; x, x’) = n(x, x’) electron density at x’ given 
that an electron is at x
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rewrite in terms of Hartree energy
(how ⟨U⟩ differs from mean-field)
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pair correlation function exchange-correlation hole
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exchange-correlation holes from QMC
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